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Abstract  

Rock discontinuities significantly impact the mechanical and hydraulic behavior of rock masses. A 
crucial aspect of rock engineering involves classifying discontinuities with similar orientations into 
groups. For this purpose, clustering algorithms, such as K-Means and Fuzzy K-Means (FKM), have 
been employed. However, the outcomes of these algorithms are influenced by the selection of initial 
cluster centers. This paper proposes an improved FKM algorithm to automatically identify rock 
discontinuity sets based on the Fisher distribution (FFKM). The algorithm uses the Fisher 
distribution to generate and select appropriate initial cluster centers. The performance of FFKM was 
initially validated using a published data set, and its results were compared with other clustering 
methods commonly used for grouping discontinuities. Results demonstrated the superior 
performance of FFKM over the FKM algorithm, comparable to other methods. Subsequently, the 
proposed algorithm was employed to analyze a fracture data set sampled at an open-pit iron mine. 
The FFKM facilitated identifying the correct number of sets and produced results consistent with 
the fracture sets observed in the field. Finally, the algorithm was verified using an artificial 
discontinuity data set, and the results demonstrated that the method correctly identified the number 
of sets and provided discontinuity sets similar to the original data set. The FFKM algorithm offers 
significant advantages: it maintains the essential characteristics of the FKM algorithm, effectively 
addresses the challenge of selecting suitable initial cluster centers, requires only the expected 
number of discontinuity sets as an input parameter, processes data within an acceptable 
computation time, serves as a tool for defining the number of discontinuity sets, and mitigates the 
drawbacks of the stereographic projection method. 

Keywords: Rock discontinuity sets; Fuzzy K-Means algorithm; Orientation analysis; Rock mass 
characterization; Open-pit iron mine. 

1-Introduction 

The identification and characterization of rock discontinuity sets with similar orientations are 
essential in geotechnical engineering and mining applications. These structures play a significant 
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role in defining the fracture systems that intricately influence the mechanical and hydraulic 
behavior of rock masses.1 

Discontinuity orientations are commonly represented by the hemispherical projection of 
discontinuity poles for visualization. Visual interpretation of the contour plot is a widely used 
technique for identifying discontinuity sets. However, this method is constrained by subjective 
factors, including personal experience, the size of the counting circle, discontinuity sets with 
markedly distinct frequencies, outliers, and overlapping among sets.2–4 

To address these limitations, various mathematical and statistical techniques have been explored for 
the automatic and objective identification of discontinuity sets.2,5Among these techniques, cluster 
analysis stands out as the most suitable tool due to its capability to identify clusters without 
requiring any preliminary information.  

Hammah and Curran6 introduced the Fuzzy K-Means (FKM) clustering algorithm for detecting 
rock discontinuity sets and developed a methodology for calculating distances between 
discontinuities and cluster validity indexes. As a result, FKM and K-Means have become widely 
adopted for clustering discontinuity sets. 

Since both methods are local search algorithms, they are inherently sensitive to the initial cluster 
centers. Improper initialization can lead to erroneous clustering results, slower convergence, and an 
increased likelihood of becoming trapped in unsuitable local minima.1,7 A methodology proposed 
by Hammah and Curran,6 involves generating each cluster center randomly, running the algorithm 
multiple times, and meticulously observing the cluster results. However, this approach demands 
significant computational resources and does not consistently yield satisfactory results. 

As an alternative to the FKM6, Jimenez-Rodriguez and Sitar2, and Jimenez8 introduced the spectral 
clustering method integrated with K-Means and Fuzzy K-means algorithms, respectively.  Both 
algorithms appropriately address the issue of selecting initial cluster centers, ensuring reliable 
results in most cases. However, they cannot guarantee an optimal global solution. 7,9,10 

There are several works attempting to focus on the determination of cluster centers and the 
efficiency of discontinuity identification. Zho et al.11compared the manual and an automatic method 
by fuzzy K-means clustering to optimize the discontinuity extraction. They demonstrated that the 
utilization of an automatic method will reduce the cost and risk of investigating discontinuity 
planes. Golzari Oskouei et al.12 focusing on the sensitivity of the FKM to the initial cluster centers, 
introduced the method FKMAWCW by using an automated attribute-weight and cluster-weight 
learning during the clustering process. 
 
The perspective of developing algorithms for identifying rock discontinuity sets, insensitive to 
initial cluster centers and can achieve a global optimum solution, opens up the possibility of 
integrating between intelligent optimization algorithms and K-Means or FKM.7,13,14 
 
Xu et al.1 introduced a method that combines FKM with a mutative scale chaos optimization 
algorithm, while other authors have explored the use of swarm intelligence algorithms. Li et al.4 
developed a K-Means algorithm incorporating particle swarm optimization, and Song et 
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al.5proposed integrating the FKM algorithm with Quantum Particle Swarm Optimization. These 
methods effectively address the limitations of FKM and K-Means and provide consistent results.13 
 
Similarly, Cuy and Yan7,10  embedded FKM with two distinct genetic algorithms: differential 
evolution and variable-length string. The results demonstrate that both methods are more robust 
than FKM6 and align with other algorithms discussed previously. Moreover, they operate entirely 
autonomously, as they do not require specifying the number of discontinuity sets as an input 
parameter. 
 
In a novel approach, researchers have directly employed intelligent optimization algorithms to 
develop new clustering methods for characterizing discontinuity sets. Examples of such algorithms 
include the fast search and find of density peaks algorithm15, sparrow search algorithm14, and whale 
optimization algorithm.16These methods exhibit excellent clustering capability, and their results 
closely resemble those obtained by swarm intelligence algorithms but offer the distinct advantage of 
not requiring the pre-specification of the number of discontinuity sets.14,16 

 
While the algorithms discussed previously have demonstrated promising results in identifying rock 
discontinuity sets, they also come with inherent limitations. For instance, the spectral method faces 
challenges in constructing a proper similarity matrix, selecting suitable scale parameters, and 
dealing with computational complexity.9,17 Swarm intelligence and mutative scale chaos algorithms 
are complex in theory and require debugging of numerous parameters.9,7 
 
Additionally, genetic algorithms tend to exhibit premature and slow convergence.9,17 Finally, 
methods that directly employ intelligent optimization algorithms may experience unstable result 
accuracies and require a large number of input parameters.14 
 
In this context, we propose an improved Fuzzy K-Means algorithm, denoted as FFKM, for the 
automatic identification of rock discontinuity sets. FFKM integrates into FKM an initialization 
method based on the Fisher distribution to generate and select the initial cluster centers. This 
approach eliminates the need for parameter adjustments or additional intelligent optimization 
algorithms. FFKM maintains the fundamental features of FKM and only requires the specification 
of the expected number of sets as input parameters. 
 
2. Material and Methods 

2.1- Representation of discontinuity orientations  

A rock discontinuity can be treated as a flat plane, and its spatial orientation is commonly 
represented by dip angle (00 ≤ 𝜷𝜷 ≤ 900) and dip direction(00 ≤ 𝜶𝜶 ≤ 3600). Alternatively, the 
orientation of discontinuities is represented by their unit normal vectors, 3,7 which are computed by 
Eq.1. 

𝒆𝒆𝒊𝒊 = �
𝑥𝑥𝑖𝑖 = sin(𝛽𝛽)𝑠𝑠𝑠𝑠𝑠𝑠(𝛼𝛼)     
𝑦𝑦𝑖𝑖 = 𝑠𝑠𝑠𝑠𝑠𝑠(𝛽𝛽)𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼)     
𝑧𝑧𝑖𝑖 = cos (𝛽𝛽)                        

 (1) 
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Fig. 1 illustrates a unit normal vector, 𝒆𝒆𝒊𝒊 = �𝑥𝑥𝑖𝑖,𝑦𝑦𝑖𝑖,𝑧𝑧𝑖𝑖�, representing a discontinuity plane within the 
right-handed Cartesian coordinate system. In this system, the positive y-axis is horizontal to the 
north, the positive x-axis aligns horizontally with the east, and the positive z-axis is vertically 
upward.4,9,15 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2 - Fuzzy K-Means algorithm for the identification of rock discontinuity sets 

The Fuzzy K-Means (FKM) is an unsupervised classification method utilized for detecting regions 
with a high density of elements. It achieves this by partitioning a data set into K clusters minimizing 
the fuzzy objective function (Eq. 2):1,6 

𝑱𝑱 = ���𝒖𝒖𝒊𝒊𝒊𝒊�
𝑚𝑚
𝑑𝑑2�𝒆𝒆𝒊𝒊,𝑽𝑽𝒋𝒋� 𝑲𝑲 ≤ 𝑵𝑵

𝐾𝐾

𝑗𝑗=1

𝑁𝑁

𝑖𝑖=1

 

  

 

Where N is the number of discontinuities, K is the number of clusters, 𝒆𝒆𝒊𝒊 and 𝑽𝑽𝒋𝒋denote the unit 
normal vector of the ith discontinuity and jth cluster center, respectively. Here, m means the 
fuzziness index and is equal to 2.5,10. The distance between 𝒆𝒆𝒊𝒊and 𝑽𝑽𝒋𝒋 is expressed as 𝑑𝑑2�𝒆𝒆𝒊𝒊,𝑽𝑽𝒋𝒋�, and 
𝒖𝒖𝒊𝒊𝒊𝒊 denotes the membership degree of the ith discontinuity to the jth cluster, computed by Eq. 3: 

𝒖𝒖𝒊𝒊𝒊𝒊 = �� 1
𝑑𝑑2(𝒆𝒆i,𝑽𝑽𝒋𝒋)

�
1

(𝑚𝑚−1)�
� �∑ � 1

𝑑𝑑2(𝒆𝒆𝐢𝐢,𝑽𝑽𝒕𝒕)
�
1

(𝑚𝑚−1)�𝐾𝐾
𝑡𝑡=1 �

−1

𝒋𝒋 = 1,2, … ,𝑲𝑲 𝑎𝑎𝑎𝑎𝑎𝑎 𝒊𝒊 = 1,2 … ,𝑵𝑵  

 

(2) 

(3) 

Fig. 1. Representation of a Rock Discontinuity 
Orientation.  
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The membership degree ranges between 0 and 1 and can be interpreted as the probability that an 
observation belongs to a set. Consequently, when an observation is assigned to a cluster, it usually 
exhibits a high membership degree in that cluster and a low degree in the remaining clusters. This 
feature provides information about the uncertainty in data set.6,8 

2.3. Definition of clustering distance and computation of cluster centers 

The distance metric plays a crucial role in clustering as it quantifies the similarity or dissimilarity 
among data points. In this paper, we utilize the sine-squared measure (Eq.4) it assesses similarity 
based on the sine-squared value of the acute angle between two-unit normal vectors6: 

𝑑𝑑2�𝒆𝒆𝒊𝒊,𝑽𝑽𝒋𝒋� = 1− �𝒆𝒆𝒊𝒊 ∙ 𝑽𝑽𝒋𝒋�
2 

Where “∙” is the operator of dot product between two vectors. 

To determine the cluster centers, it is necessary to define the eigenvalues and eigenvectors of the 
orientation matrix S of each cluster: 

 

𝑺𝑺𝒋𝒋 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
��𝑢𝑢𝑖𝑖𝑖𝑖�

𝑚𝑚𝑥𝑥𝑖𝑖𝑥𝑥𝑖𝑖
𝑁𝑁

𝑖𝑖=1
��𝑢𝑢𝑖𝑖𝑖𝑖�

𝑚𝑚𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖
𝑁𝑁

𝑖𝑖=1
��𝑢𝑢𝑖𝑖𝑖𝑖�

𝑚𝑚𝑥𝑥𝑖𝑖𝑧𝑧𝑖𝑖
𝑁𝑁
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��𝑢𝑢𝑖𝑖𝑖𝑖�
𝑚𝑚𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖

𝑁𝑁
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��𝑢𝑢𝑖𝑖𝑖𝑖�
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��𝑢𝑢𝑖𝑖𝑖𝑖�

𝑚𝑚𝑧𝑧𝑖𝑖𝑦𝑦𝑖𝑖
𝑁𝑁

𝑖𝑖=1

��𝑢𝑢𝑖𝑖𝑖𝑖�
𝑚𝑚𝑥𝑥𝑖𝑖𝑧𝑧𝑖𝑖

𝑁𝑁

𝑖𝑖=1
��𝑢𝑢𝑖𝑖𝑖𝑖�

𝑚𝑚𝑦𝑦𝑖𝑖𝑧𝑧𝑖𝑖
𝑁𝑁

𝑖𝑖=1
��𝑢𝑢𝑖𝑖𝑖𝑖�

𝑚𝑚𝑧𝑧𝑖𝑖𝑧𝑧𝑖𝑖
𝑁𝑁

𝑖𝑖=1 ⎦
⎥
⎥
⎥
⎥
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⎥
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Where, 𝒙𝒙𝒊𝒊,𝒚𝒚𝒊𝒊,𝒛𝒛𝒊𝒊 are the cosine directors of the ith discontinuity. 

The eigenvalues of 𝑺𝑺𝒋𝒋 , denoted as �𝝉𝝉𝒋𝒋1, 𝝉𝝉𝒋𝒋2, 𝝉𝝉𝒋𝒋3� , are ordered such that �𝝉𝝉𝒋𝒋1 < 𝝉𝝉𝒋𝒋2 < 𝝉𝝉𝒋𝒋3�  in 
relation to their respective normalized eigenvectors �𝝃𝝃𝑗𝑗1, 𝝃𝝃𝑗𝑗2, 𝝃𝝃𝑗𝑗3�. Consequently, the eigenvector 
associated with the highest eigenvalue, in this, case 𝝉𝝉𝒋𝒋3 and 𝝃𝝃𝑗𝑗3, can be considered an excellent 
estimator of the center of the jthcluster.6,9 

 

2.4. Cluster validity index  
Cluster validity indices are effective methods for determining the ideal number of clusters, 
particularly when this information is unknown.3 In engineering practices, the number of 
discontinuity sets often varies between 2 and 5.9,10In this paper, we have utilized the Xie and Beni 
(XB) index 18 (Eq. 6). 

This index simultaneously evaluates the compactness and separation of FKM partitions. The ideal 
partitions are achieved when the clusters are both compact and well-separated. Consequently, 
smaller values of XB indicate the best partitioning and the ideal number of clusters. The numerator 
represents the fuzzy objective function (Eq.2), and can be interpreted as a measure of compactness, 
while the denominator indicates the minimum distance between the cluster centers. 

(4) 

(5) 
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𝑿𝑿𝑿𝑿 =
∑ ∑ 𝑢𝑢𝑖𝑖𝑖𝑖

2 𝑑𝑑2(𝒆𝒆𝐢𝐢,𝑽𝑽𝒋𝒋)𝑁𝑁
𝑖𝑖=1

𝐾𝐾
𝑗𝑗=1

𝑵𝑵×𝑚𝑚𝑚𝑚𝑚𝑚𝑗𝑗≠𝐾𝐾�𝑑𝑑2�𝑽𝑽𝒋𝒋,𝑽𝑽𝐊𝐊��
 

 

2.5. Methodology for initial cluster centers selection 

The initialization method of the FFKM is grounded in the concept that initial cluster centers should 
be randomly generated and sufficiently distant from each other to ensure proper initialization. 6,19 
To generate the random data, the FFKM algorithm adapts the Monte Carlo Simulation method for 
discontinuity orientations based on the Fisher Distribution (MCSFD) developed by Zheng et al..20 

The Fisher distribution21 is a commonly used probability density function (PDF) for characterizing 
rock discontinuity orientations due to its capability to model spherical data.11 It is based on polar 
coordinates, referring to (𝜃𝜃, 𝜑𝜑), and exhibits a symmetric distribution around the mean orientation 
direction on a unit sphere. When the positive z-axis is the axis of rotational symmetry, the mean 
orientation is equal to zero. In this case, the Fisher distribution is in its standardized form, and its 
PDF is defined as: 21 

𝑓𝑓(𝜃𝜃,𝜑𝜑) =
𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘(𝜃𝜃)𝑒𝑒𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘(𝜃𝜃)

4𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋ℎ(𝑘𝑘)
 

 

or 

�
𝑓𝑓(𝜃𝜃) = 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘(𝜃𝜃)𝑒𝑒𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘(𝜃𝜃)

2𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘) , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒              0 ≤ 𝜃𝜃 ≤ 𝜋𝜋

𝑓𝑓(𝜑𝜑) = 1
2𝜋𝜋 ,                              𝑤𝑤ℎ𝑒𝑒𝑒𝑒 0 ≤ 𝜑𝜑 ≤ 2𝜋𝜋 

 

 

where 0 ≤ 𝜃𝜃 ≤ 𝜋𝜋, 0 ≤ 𝜑𝜑 ≤ 2𝜋𝜋, and k is the concentration parameter and controls the directional 
dispersion of the data about the mean. For large k, the data are concentrated in a small part of the 
sphere around the mean orientation vector, while values close to zero indicate a tendency for the 
data to spread over the sphere’s surface. 

The MCSFD considers that, the variable 𝜑𝜑has a uniform distribution over (0, 2𝜋𝜋) and can be 
generated with the following equation:9 

 

𝜑𝜑 = 2𝜋𝜋𝜋𝜋 

 

Similarly, 𝜃𝜃is determined as the inverse form of the cumulative PDF of the standardized Fisher 
distribution (Eq.7), expressed as:9,20 

(6) 

(7) 

(7a) 

(8) 

(9) 



   

7 

𝜃𝜃 = 𝑐𝑐𝑐𝑐𝑐𝑐−1 �
𝑙𝑙𝑙𝑙[𝑒𝑒𝑘𝑘 − (2 𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘) 𝜇𝜇)]

𝑘𝑘
� 

where 𝜇𝜇 is a random number distributed according to the uniform distribution (0,1). 

However, since discontinuity orientations are not represented in polar coordinates, it is necessary to 
convert (𝜃𝜃,𝜑𝜑) into dip angle and dip direction (𝛽𝛽,𝛼𝛼) using Eq.10. 

�
𝛼𝛼 = 𝜑𝜑 − 𝜋𝜋,      𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝜑𝜑 ≥ 𝜋𝜋
𝛼𝛼 = 𝜑𝜑 + 𝜋𝜋,       𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝜑𝜑 ≤ 𝜋𝜋
𝛽𝛽 = 𝜃𝜃                                        

 

Thus, the FFKM algorithm employs the MCSFD to generate an arbitrary number of initial center 
sets. Each set is a potential solution to initialize the clustering algorithm and is composed of K unit 
normal vectors. To ensure proper separation between these vectors, FFKM utilizes the Fisher 
distribution (Eq. 7) with a concentration parameter, k=0.01. 

Fig. 2 illustrates the behavior of the Fisher distribution (Eq. 7) for different values of the k. It shows 
that for small values, the dispersion increases. When k lies in the interval [0.1;0[ the dispersion 
tends to be maximal, and the curves are similar. This characteristic often is propagated to the sets 
generated by FFKM, resulting in appropriate initial center sets. Therefore, there is flexibility in 
selecting the value of k within this interval. 

 
 
 
 
To determine the most suitable initial center set, the FFKM calculates the minimum distance, 𝑫𝑫𝑚𝑚𝑚𝑚𝑚𝑚, 
between each pair of  K unit normal vectors within each set using Eq.4. The sets are then compared 
based on their respective 𝑫𝑫𝑚𝑚𝑚𝑚𝑚𝑚values, and the set with the highest Dmin (denoted as H𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚) is 
selected to initialize the clustering algorithm. 
 

(10) 

Fig.2 Density of 𝜃𝜃 for the standard Fisher distribution for different values of k. 
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Simulations were conducted to determine the optimal number of initial center sets. The results 
revealed that the H𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 values increase with the number of generated sets, eventually stabilizing 
around one thousand (Fig. 3). This number offers a good balance between solution quality and 
computational efficiency. 

 

 
Fig. 3. The behavior of the 𝑯𝑯𝑯𝑯𝒎𝒎𝒎𝒎𝒎𝒎in relation to the number of initial center sets for different K 
values. 
 

Let’s illustrate the FFKM’s initialization method using a scenario with three discontinuity sets, 
K=3, and considering only two initial center sets, namely IC1 and  IC2.  The method characterizes 
IC1 and  IC2 as a matrix composed of K unit normal vectors, where each row corresponds to an 
initial center. Thus, each initial center set is generated as follows: (a) set the number of 
discontinuity sets, K, (b) generate K random center (𝜃𝜃𝑗𝑗 ,𝜑𝜑𝑗𝑗)(𝑗𝑗 = 1,2, . . . ,𝐾𝐾) using Eq.8 and Eq.9, 
(c) convert (𝜃𝜃𝑗𝑗 ,𝜑𝜑𝑗𝑗)  into spherical coordinates (𝛽𝛽𝑗𝑗 ,𝛼𝛼𝑗𝑗)  using Eq.10 and (d) calculate the 
corresponding unit normal vectors based on (𝛽𝛽𝑗𝑗 ,𝛼𝛼𝑗𝑗) by Eq.1. 

After generating the initial center sets, the FFKM computes the distance matrices for IC1 and IC2, 
identifies the 𝑫𝑫𝑚𝑚𝑚𝑚𝑚𝑚  values, and establishes the set with the highest 𝑫𝑫𝑚𝑚𝑚𝑚𝑚𝑚  value (𝑯𝑯𝑯𝑯𝒎𝒎𝒎𝒎𝒎𝒎). Fig. 4 
displays IC1 and IC2 alongside their respective distance matrices. By analyzing the 𝑫𝑫𝑚𝑚𝑚𝑚𝑚𝑚  values 
(Fig.4b, d), we can verify that 𝑯𝑯𝑯𝑯𝒎𝒎𝒎𝒎𝒎𝒎  is 0.9986, which corresponds to an angular distance of 
approximately 87°. Since the set with 𝑯𝑯𝑯𝑯𝒎𝒎𝒎𝒎𝒎𝒎 is considered more spread out and potentially leads to 
better clustering results, the method chooses IC1 for initialization. Fig.4 (e) illustrates the 
stereographic projection of IC1. 
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Fig. 4. Representation of the initialization method for K=3 discontinuity sets: (a) Initial center set 
IC1; (b) distance matrix IC1; (c) Initial center set IC2; (d) distance matrix IC2; (e) Stereographic 
projection of IC1 in the upper hemisphere and equal area.  
 
2.6. FFKM algorithm 

The FFKM algorithm was developed using the open-source software for numerical computation, 
Scilab version 2023.1.0, which is available for freely downloaded from: 
https://github.com/andreklen/FFKM-algorithm.git. The main steps and the flowchart of the 
algorithm (Fig. 5) are presented below. 
 
Initialization method 

Step 1- Specify the desired number of clusters, Kmax.   

ForK=2 to Kmax 

Step 2- Randomly generate 1000 initial center sets, each containing K unit normal vectors. 

Step 3- Choose the suitable initial center set: (1) calculate𝑫𝑫𝒎𝒎𝒎𝒎𝒎𝒎 for each initial center set generated 
in step 2 (Eq. 4) and (2) compare sets based on 𝑫𝑫𝒎𝒎𝒎𝒎𝒎𝒎 values, the set with the highest, H𝑫𝑫𝒎𝒎𝒎𝒎𝒎𝒎,is 
then selected to initialize the FFKM algorithm. 

End of initialization method 

Step 4- Represent the discontinuities by their unit normal vectors (Eq. 1). 

https://github.com/andreklen/FFKM-algorithm.git
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Fuzzy K-Means 

Step 5- Compute the distance between each discontinuity and the cluster centers (Eq.4). 

Step 6- Calculate the membership degree using (Eq.3). 

Step 7- Update the K cluster centers by applying the eigenanalysis method (Eq.5). 

Step 8- Repeat steps 5, 6, and 7 until the maximum change of membership degree is less than the 
threshold represented by Eq.8.6,7 

𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖 = ��𝑢𝑢𝑖𝑖𝑖𝑖 − 𝑢𝑢
^
𝑖𝑖𝑖𝑖�� < 0.001 

Where 𝒖𝒖𝒊𝒊𝒊𝒊 and 𝒖𝒖
^
𝒊𝒊𝒊𝒊are the membership degree of iterations 𝑡𝑡 and 𝑡𝑡 + 1,respectively. 

Step 9- Assign each discontinuity to the clusters based on its highest membership degree. 

Step 10- Compute the objective function (Eq.2). 

 End of Fuzzy K-Means 

Step 11- Calculate the XB index (Eq.6). 

End For 

(8) 



   

11 

 

Fig. 5. Flowchart of the FFKM algorithm. 
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3. Examples analyses  

3.1. Analysis of a published data set 

To assess the applicability and the quality of the clustering results obtained with the FFKM 
algorithm, we compared it to Fuzzy K-Means6 (FKM), and three other methods designed to address 
the challenge of selecting initial cluster centers: Spectral Clustering Method2 (SCM), K-Means 
Particle Swarm Optimization4 (KPSO) and Variable Length String Genetic Algorithm10 (VGA). In 
all analyzed examples, FFKM, FKM, and VGA employed a fuzziness index of 2. 
 
For this purpose, the methods were applied to a data set comprising 286 fracture measurements 
from San Manual copper mine in Arizona, USA.22 This data set has served as a benchmark in 
previous studies by several authors2,9,10. Consequently, the clustering results are well-documented, 
and the discontinuities are classified into three sets. 

Table 1 and Fig.6, show the clustering results of all methods. It can be observed that the FFKM 
performs well, providing sets and mean orientations that are similar to those obtained by the other 
methods. The main difference among the results lies in how each method classifies the 
discontinuities near the boundaries between clusters (overlapping regions).10 

Table 1 
Clustering results of different methods using San Manual copper mine data set. 

Method Sets 
 
 
 

Mean orientations 
Dip angle (°) /DipDirection (°) 

Number of 
discontinuities 

FKM 

    1 80 / 250 115 

2 81 / 346 115 

3 17/ 128 56 

KPSO 

1 76/ 253 115 

2 83 / 348 114 

3 22 / 124 57 

SCMa 

1 78/ 253 124 

2 82 / 347 107 

3 14 / 134 55 

VGAb 

   1  79 / 253 115 

2 81/ 346 115 

3 14/ 138 56 

FFKM    1  80 / 250 115 
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  2 81/ 346 115 

  3 17/ 128 56 

a Results reproduced 2 
b Results reproduced 10 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 6. Comparison of the clustering results for data set of San Manual copper mine 
in upper inupper hemisphere and equal area. (a) FKM, (b) KPSO, (c) SCMa, (d) 
VGAb, (e) FFKM. (Color should be used for the printed version) 

(a) (b) 

(c) (d) 
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Methods based on Fuzzy algorithms, such as FKM, FFKM and VGA, enable each discontinuity to 
belong to two or more clusters simultaneously utilizing the membership degree, uij, (Eq.3). At the 
end of all iterations, the ith discontinuity is assigned to the jth cluster corresponding to the highest 
value of uij. The computation of uij  assists the algorithms in estimating the uncertainties present in 
the overlapping regions. 

In contrast, methods like KPSO and SCM, which are based on the K-means algorithm, assign each 
discontinuity to the closest cluster in each iteration and, therefore do not account for uncertainty. In 
other words, they operate under the assumption that each discontinuity belongs exclusively to one 
cluster, without considering the possibility of overlaps or ambiguities in cluster assignments. 
Therefore, the Fuzzy algorithms offer insights into the uncertainty associated with cluster 
assignments and demonstrate, in some cases, superior handling of overlapping scenarios compared 
to methods based on K-Means algorithm.8 

Although the FFKM does not achieve the global optimum like VGA or KPSO, it tends to converge 
to suitable solutions when properly initialized, the number of clusters is correct, and the groups are 
partially separated 6. This explains why the sets identified by VGA and FFKM are the same but 
exhibit slight differences in mean orientations. 

The FKM algorithm, due to its inherent difficulty in choosing the proper initial cluster centers, was 
randomly initialized multiple times to select three suitable initial cluster centers from the data set. 
The results were carefully observed until the algorithm achieved discontinuity sets comparable to 
those of other methods (Fig. 6a).6,9 This methodology requires several simulations to achieve 
reliable clustering results for each potential number of sets, and in some cases, the results are not 
consistent, making it difficult  to correctly classify the data set.9 

Although the FFKM and FKM achieve the same clustering results, the FFKM accomplishes this 
faster and with only one simulation. Additionally, Table 2 shows that different initial center sets, 
generated and selected by the FFKM, enable the algorithm to identify discontinuity sets with the 
same number of elements, similar mean orientations, and consistent objective function values. 
These results demonstrate that the proposed method improves the FKM by solving the problem of 
selecting initial cluster centers and producing clustering results equivalent to other methods. 
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Table 2 
Clustering results of FFKM with different initial center sets. 

Initialization Initial center set 
(Dip angle(°)/Dip Direction(°) 
 

𝐻𝐻𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 Set Mean orientations 
Dip angle(°)/Dip Direction(°) 

Value of 
objective 
function 

1 

39/286 

85° 

1 79.609/250.117 

91.599 51/138 2 80.909/346.024 
75/28 3 16.977/128.222 

2 

45/104 

89° 

1 79.694/250.093 

91.599 50/317 2 80.907/346.006 

72/213 3 16.978/128.242 

3 

35/129 

82° 

1 79.703/250.162 

91.601 73/256 2 80.902/346.053 
60/5 3 16.985/128.440 

 
 

Additionally, the Xie and Beni (XB) index and computation time were used to evaluate the FFKM’s 
ability to determine the correct number of sets for K=2 to 5. The algorithm took 3.586 seconds,1 to 
converge across the range of Kvalues. Table 3 demonstrates that the XB index identified the 
number of sets when it reached the minimum value for K=3.  

Table3 
Xie and Beni (XB) index for clustering results to San Manual copper mine data set. 
Set (K) 2 3 4 5 

XB 0.380 0.322 0.808 1.292 

 
 

3.2. Analysis of fracture data set from an open-pit iron mine 

The open-pit iron mine studied in this case is located in the occidental segment of the Quadrilátero 
Ferrífero in the state of Minas Gerais, Brazil. The Quadrilátero Ferrífero covers approximately 7000 
km2 and stands as one of the world's major mineral provinces, boasting an important history of over 
300 years of consistent exploration, particularly for iron and gold. 23 
 
The geological distribution of the mine consists of primarily of itabirites and compact hematite 
from the Cauê Formation of the Itabira Group, Minas Supergroup, Paleoproterozoic period. The 

 

1All the computations of this article were performed on an HP Pro Tower Computer running Windows 11 Pro, equipped 
with an Intel® Core™ i7-12700 processor (2.10 GHz) and 32 GB RAM. 
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itabirites are classified as compact, semi-compact, and friable. It is estimated that more than 80% of 
the deposit is composed of Compact Itabirite, characterized by hard rock with low iron content.22 
 
The mine is divided into five operational sectors (Fig.7), and only the central sector was selected for 
the development of the case study. A total of 1007 fracture orientations were collected every 20 
meters, from the operational slopes of the itabirite (compact, semi-compact, and friable) using 
compass measurements and the scanline sampling method.  Fig. 8 provides an overall view of the 
central sector. 
 

 
Fig. 7. View of the open-pit mine, each color represents an operational sector. Highlighted is the 
central sector. 

 
Fig. 8. Overview of the central sector. 

 
During the geotechnical mapping of the central sector, three predominant sets of fractures were 
identified, and they are observed in all lithotypes and slope cuts of the mine, as illustrated in Fig. 9. 
For clustering the fracture sets and determining their mean orientations, the data were represented 
through the contour plot of the stereographic projections (Fig. 10). The visual interpretation of the 
contour plot reveals the presence of two main fracture sets with Dip angle/Dip direction around 
51°/302° and 39°/126°.  
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Uncertainty becomes apparent when comparing the observed fracture sets during geotechnical 
mapping with the results depicted in the contour plot. This discrepancy occurs because the sub-
vertical fracture set F2, is less frequent than the others, making it not visible (Fig. 10). However, it 
should be considered since it influences the rock mass failure mechanism through the formation of 
unstable rock blocks. 

 

 

Fig. 9. View of an operational slope of compact itabirite featuring the three predominant sets of 
fractures, F1, F2, and F3. 

 

Fig. 10: Contour plot of the date set in the upper hemisphere and equal area. 
 
In the face of this uncertainty, the FFKM is employed to aid in identifying the correct number of 
sets and classifying the fractures. The XB index was used as a supplementary tool in determining 
the correct number of sets, and the algorithm was run for K=2 to K=52. It can be observed from the 
corresponding XB indices (Table 4) that the optimal number of sets is three, which align with the 
observations made during the geotechnical mapping process. 

 

2 The algorithm converges in a computation time of 4.51 seconds. 
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Table 4 
Xie and Beni (XB) index for clustering results to open-pit iron mine data set. 
Set (K) 2 3 4 5 

XB 0.327 0.309 1.353 1.358 

 
 

The clustering results and features of the three sets of fractures identified by the FFKM algorithm 
are displayed in Fig. 11 and Table 5. Notably, as shown in Fig. 11 (a, b), the FFKM successfully 
identified the sub-vertical set F2, even though it has a significantly lower frequency than the other 
sets. 

In prior investigation, the fracture set F1 was established as parallel to the banding and serves as the 
main conditioning structure. Additionally, the fracture set F1 exhibits an average plane dipping 
almost vertical toward the plane of the sub-vertical set F2 and in the opposite direction to the plane 
of set F3.24 The algorithm results depicted in Fig. 11 (a, d), clearly illustrate that the fracture sets 
identified by the FFKM display these characteristics. 

 
 
 
 
 
 

Fig.11. Clustering results of the FFKM in the upper hemisphere and equal area. (a) Poles of the fracture 
sets, (b) Contour plot of the fracture set F2, (c) Contour plot of the fracture sets F1 and F3, (d) Mean 
dip planes of fracture sets. 
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Table 5 
Clustering results obtained by the FFKM for three fracture sets. 

Initial center set 
(Dip angle(°)/Dip Direction(°) 
 

𝐻𝐻𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 
Set Mean orientations 

Dip angle(°) /Dip direction(°) 
Number of 
fractures 

34/315 

85° 

F1      39 / 127 440 

54/134 F2       86 / 227 158 

86/41 F3      50/308 409 

 
 

The results demonstrate that the FFKM algorithm effectively identified the number and the fracture 
sets observed in the central sector. Additionally, this example illustrates how the stereographic 
projection method can be subjective, potentially leading to incorrect results. It emphasizes that the 
FFKM can assist in overcoming the limitations associated with this method. 

3.3. Analysis of artificial data set  

To investigate the applicability of the FFKM in a more complex scenario, an artificial data set was 
generated based on MCSFD.20 This data set consists of five discontinuity sets with varying numbers 
of elements,  mean orientations, concentration parameters, and different degrees of overlap  
between sets.1,4  The parameters of Fisher distribution and characteristics of each discontinuity set 
are listed in Table 6. The poles of the five artificial discontinuity sets are presented in Fig. 12 (a). 

Table 6 
Parameters of the Fisher distribution for generating the artificial data set. 
Set Mean Orientations  

Dip angle(°)/Dip Direction(°) 
Number of  
discontinuities 

Concentration 
parameter k 

1 70/340 122 27 

2 80/290 89 13 

3 70/210 63 17 

4 10/170 93 10 

5 65/40 70 35 
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The clustering results of the FFKM3 are presented in Fig. 12 (b) and Table 7. The XB index, listed 
in Table 8, indicates that the algorithm correctly identifies the number of sets. As Table 7 shows the 
re-grouped discontinuity sets are similar to the predefined artificial data set, although the mean 
orientations and the number of discontinuities in each set differ slightly. 

This occurs due to overlap between the sets, where some discontinuities are closer to the center of 
the new group than the original group. For example, the discontinuity with orientation 63/191, 
indicated by the arrow in Fig 12 (a b), originally belonged to sub-horizontal set 4, and is correctly 
reassigned by FFKM to sub-vertical set 3.  
 
This reallocation process occurs across all groups, influencing the computation of the mean 
orientations for the formed sets. Thus, the results of the FFKM align with the mean orientations and 
the number of discontinuity sets used to generate the artificial data set, confirming the feasibility of 
the proposed algorithm. 
 

 

 
 
Table 7 
Clustering results obtained by the FFKM for the artificial discontinuity data set. 

 

3 The algorithm converges in a computation time of 3.61 seconds. 

Initial center set 
Dip angle(°)/Dip Direction(°) 
 

𝐻𝐻𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚  Set 
 
 

Mean Orientations  
Dip angle(°)/Dip Direction(°) 

Number of  
discontinuities 

55/331 

53° 

1 70/339 133 
74/182 2 84/287 79 
53/263 3 62/207 64 
62/62 4 10/173 76 

Fig 12. Poles of artificial discontinuity data set in the upper hemisphere and equal 
area. (a) artificial data set; (b) clustering results of FFKM.  
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Table 8 
Xie and Beni (XB)index for clustering results to artificial discontinuity data set. 

Set (K) 2 3 4 5 

XB 0.503 0.437 0.457 0.421 

 

4. Conclusions 

The FKM algorithm, employed for identifying discontinuity sets, faces inherent challenges in the 
selection of initial clustering centers. In instances where these initial centers are not appropriately 
chosen, the algorithm may inaccurately partition the data set. In response to this issue, we proposed 
the Fuzzy K-Means algorithm based on the Fisher distribution (FFKM). 

 This new algorithm addresses the challenge of selecting initial cluster centers, providing a more 
robust solution to mitigate the risk of incorrect data set partitioning. The FFKM employs the Monte 
Carlo Simulation method in conjunction with the Fisher distribution to randomly generate and 
choose the suitable initial center set for initializing the clustering algorithm.  

To validate the effectiveness of the proposed method, a real data set published by Shanley and 
Mahtab20 was used as a benchmark. The FFKM performed well in identifying the discontinuity sets 
and the correct number of sets, aligning with the results obtained by other methods. Compared to 
FKM, FFKM demonstrates improvement by addressing the challenge of selecting initial cluster 
centers. 
 
Subsequently, the FFKM was applied to a fracture data set collected from an open-pit iron mine. In 
this scenario, where the number and the compositions of fracture sets were uncertain, the algorithm 
played a crucial role in identifying the fracture sets and determining the appropriate number of sets. 
The clustering results were consistent with the fracture sets observed during the geotechnical in situ 
mapping. 

Additionally, we created an artificial discontinuity data set to test the FFKM's performance in a 
more complex context. In this data set, the number of discontinuity sets is known, the concentration 
parameters and the number of elements in each set are different, and the boundaries between 
clusters are unclear. In this analysis, the initial cluster centers led the algorithm to results that 
agreed with the predefined artificial data set, including the identification of the correct number of 
sets. 
 
Therefore, the results demonstrate that FFKM enhances the FKM algorithm by effectively 
addressing the challenge of selecting initial cluster centers. It performs well in identifying 
discontinuity sets, even in situations where the number of clusters is unclear. 

81/117 5 65/39 85 
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The main advantages of the proposed method are: (i) it preserves the implementation features of the 
FKM; (ii) it requires only the expected value of the number of clusters as input parameters; (iii) it 
exhibits a reasonable computational time.  

However, the proposed method does not guarantee achieving the global optimum and requires the 
expected number of discontinuity sets as an input parameter. Additionally, simulations revealed that 
clustering results can be slightly influenced when the initialization method fails to select appropriate 
initial cluster centers, with an average failure rate of approximately 3% across all cases studied. 
 
Therefore, future research must be conducted to improve the algorithm’s performance by: (i) 
studying the range of 𝐻𝐻𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 values that ensure correct clustering results, (ii) verifying if FFKM 
can achieve the global optimum, and (iii) determining if the same initial cluster center set can lead 
to appropriate partitions in different data sets. 
 

The algorithm has been implemented in Scilab version 2023.1.0 and is customizable to suit various 
user applications. It is available for download, along with the example data set, from: 
https://github.com/andreklen/FFKM-algorithm.git. 
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