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ABSTRACT 

The present work aims at the geometric optimization, by means of  constructal design and 

exhaustive search, of two rectangular fins inserted in a lid-driven cavity subjected to 

unsteady, incompressible, laminar, two-dimensional mixed convective flow with stable 

stratification. The main purpose is to maximize the dimensionless heat transfer rate ( q ) 

and time and spatial-averaged Nusselt number ( HNu ). The domain presents three 

constraints: cross-sectional areas for each fin and total area of the cavity. Two degrees of 

freedom are investigated, height/length ratios of the left and right rectangular fin (H1/L1 

and H2/L2), considering three different fraction areas for fins and two different Richardson 

numbers Ri = 0.1 and 1.0, representing two conditions for mixed convective flow. All 

cases have constant Reynolds and Prandtl numbers (ReH = 400 and Pr = 6.0). The 

conservation equations of mass, momentum, and energy are solved using the Finite 

Volume Method. Recommendations for fins shapes were strongly affected by the 

performance indicators chosen. Results also indicated that asymmetric configurations for 

the fins with different fraction areas for each fin led to the best thermal performance. 

Moreover, the optimal shapes and the effect of degrees of freedom over performance 

indicators were also affected by the Richardson numbers investigated. 
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Nomenclature 

A Area of the cavity [m²] 

A1 Area of the left fin [m2] 

A2 Area of the right fin [m2] 

Cp Specific heat [J kg-1 K-1] 

g Gravity acceleration in y-direction [m s-2] 

GrH Grashof number based on cavity height [ - ] 

H Cavity height [m] 

H1 Height of the left fin [m] 

H2 Height of the right fin [m] 

k Thermal conductivity of the fluid [W m-1 K-1] 

L Length of the cavity [m] 

L1 Length of the left fin [m] 

L2 Length of the right fin [m] 

n* Normal dimensionless coordinate to the fin surfaces 

NuH 
 

Nusselt number based on cavity height [ - ] 

HNu  Spatial-averaged Nusselt number based on cavity height [ - ] 

,H mNu  Once maximized Nusselt number based on cavity height [ - ] 

,H mmNu  Twice maximized Nusselt number based on cavity height [ - ] 

P Pressure [N m-2] 

Pr Prandtl number [ - ] 

q  Heat transfer rate between the cavity flow and fins [W] 

q  Heat transfer rate per unit length [W m-1] 

q   Dimensionless heat transfer rate [ - ] 

mq   
 

Once maximized dimensionless heat transfer rate [ - ] 

mmq  Twice maximized dimensionless heat transfer rate [ - ] 

RaH Rayleight number based on cavity height [ - ] 

ReH Reynolds number based on cavity height [ - ] 
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Ri Richardson number [ - ] 

T 

T∞ 

Temperature [K] 

Free-stream temperature [K] 

u Velocity in the x-direction [m s-1] 

v Velocity in the y-direction [m s-1] 

W Depth of the cavity in z-direction [m] 

x Spatial coordinate in x-direction [m] 

y Spatial coordinate in y-direction [m] 

z Spatial coordinate in z-direction [m] 

       

Greek Symbols 

 Thermal difusivity [m2 s-1] 

 Thermal expansion coefficient [K-1] 

 Kinematic velocity [m2 s-1] 

 Fluid dynamic viscosity [kg m-1 s-1] 

 Density [kg m-3] 

 Total fraction between fins and cavity areas [ - ] 

 Fraction area of the left fin [ - ] 

 Fraction area of the right fin [ - ] 

       

Subscript 

m Once maximized 

mm Twice maximized 

o Once optimized 

oo Twice optimized 

 

Superscript 

     

* Dimensionless variables 

_ Spatial-averaged variables 

 

1. INTRODUCTION 

Several engineering problems can be idealized by cavity flows with convective 

heat transfer, such as solar air heater, electronic packaging, and spacing between adjacent 

fins in heat exchangers. The mixed convection mechanism in lid-driven cavities occurs 
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due to two simultaneous and complex flow generation processes. One process is caused 

by the shear flow produced by the lid-driven wall's movement, while the other is due to 

buoyancy flow generated by non-homogeneity of the cavity thermal boundaries. 

Understanding these mechanisms is of great importance from technical and engineering 

perspectives. 

In this context, flow inside cavities has been broadly studied over the years [1-6]. 

Concerning convection heat transfer, several studies have been done to achieve a better 

understanding of the fluid dynamic and thermal behavior of forced convection [4, 5] and 

mixed convection [7, 8] in lid-driven cavity flows. Various contributions about 

“ordinary” lid-driven cavity flows, i.e., without inserted fins, have been pointed out. For 

illustration, the influence of different cross-sectional shapes for the cavity, e.g., 

rectangular, semi-circular, and trapezoidal over fluid and thermal behavior, has been 

investigated [6, 9-11]. Recently, new contributions have been produced about convection 

heat transfer considering nanofluid and porous medium in the enclosure domain [5, 12]. 

In addition, relevant studies concerning obstacles or fins inside a lid-driven cavity 

have been explored in literature. For instance, Oztop et al. [13] examined a lid-driven 

airflow under mixed convection within a square enclosure having an intruded circular 

body. Results showed that the thermal conductivity becomes insignificant in the thermal 

behavior for small values of the diameter of the body. Afterward, Khanafer and Aithal 

[14] investigated numerically a lid-driven cavity with a rotating cylinder, varying two 

essential parameters, i.e. the Richardson number and the non-dimensional angular 

velocity of the cylinder. It was shown that time and spatial averaged Nusselt number 

increased with the augmentation in the clockwise angular velocity of the cylinder for 

various Richardson numbers.  The problem of heat transfer by mixed convection in a 

cavity considering a heat-conducting solid in a backward step form was investigated by 

Gibanov et al. [15]. More recently, Gangaware et al. [16] examined the mixed convection 

flow in a lid-driven cavity with intruded heated triangular block. The body was subjected 

to constant heat flux and its position was varied along the vertical centerline of the cavity. 

In addition, it is worth mentioning Refs. [17-19], which fall in the same domain. 

Constructal Law is a physical principle postulating that for any finite flow system 

to persist in time (to survive), its design must evolve in such a way to easily the internal 

streams that flow through the thermodynamic system [20-22]. Constructal Design is the 

method based on objectives (performance indicators) and constraints used to apply the 

physical principle (Constructal Law) to investigate designs and rhythms along the time 
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of animate or inanimate flow systems [23].  Constructal Design proved to be fully 

versatile and interdisciplinary, since it has been adopted in the context of designs of 

natural flow, such formation of trees and river basin [22], economy and technology [23], 

global circulation, and climate [24], human movement urban traffic and social dynamics 

[25]. Regarding the original focus of Constructal Design, several geometric investigations 

in the engineering field have been performed, including turbines, renewable energy [26], 

solid mechanics (“flow of stresses”), refrigeration and heat exchangers [27-34]. 

Recently, some works have involved both Constructal Design and Exhaustive 

Search for the geometrical optimization of fins intruded in lid-driven convective cavity 

flows. On this regard, Dos Santos et al. [35] employed the Constructal Design method to 

evaluate the effect of a single rectangular fin inserted in the lower surface of forced 

convective lid-driven square cavity flow, considering various Reynolds numbers (10.0 ≤ 

ReH ≤ 103) and one magnitude of Prandtl number (Pr = 0.71). Results showed a strong 

influence of the fin geometry over the heat transfer between one rectangular fin and the 

surrounding flow, measured by the spatial and time-averaged Nusselt number in the fin 

surfaces. Moreover, optimal shapes had a strong dependence on the Reynolds number. 

Similarly, the same geometric configuration was investigated by Lorenzini et al. [36] for 

different Reynolds and Rayleigh numbers. It has been demonstrated that fin geometry had 

substantial influence over the Nusselt number in the fin. Furthermore, different 

magnitudes of Rayleigh number influenced the effect of the height/length ratio of the fin 

over the Nusselt number, especially for lower magnitudes of Reynolds number (ReH = 

10). Aldrighi et al. in Ref. [37] studied a laminar, steady, and forced convective lid-driven 

square cavity flow with rectangular fin inserted in the center of different cavity surfaces. 

It was shown that the highest NuH was obtained for fins intruded in the downstream 

surface for 50 ≤ ReH ≤ 500. More recently, Razera et al. [38] examined a semi-elliptical 

fin inserted in a lid-driven square cavity with mixed convection. The evaluation of Nusselt 

number was carried out for different Reynolds (10.0 ≤ ReH ≤ 103) and Rayleigh (103 ≤ 

RaH ≤ 106) numbers, showing that the optimal configuration presented a gain of around 

40% in the thermal performance compared to other geometries. 

In this context, the present work is aimed at the geometric optimization of a lid-

driven cavity under mixed convective, incompressible, laminar flows in a two-

dimensional domain. The performance indicators are the Nusselt number ( HNu ) and the 

dimensionless heat transfer rate ( q ). The cavity has two rectangular intrusions into the 
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lower surface. The geometry of the two fins is varied using the Constructal Design method 

and optimized using an exhaustive search, to obtain the best shapes, leading to the highest 

thermal performance. The sensitivity of the degrees of freedom of the domain has also 

been tested. All simulations have been performed for a stable stratified mixed convection 

flow with ReH = 400, Pr = 6.0 and considering two different Richardson numbers (Ri = 

GrH/ReH
2 = 0.1 and 1.0), which represent respectively a flow dominated by forced 

convective forces and an equilibrated condition between forced and natural convection, 

in coherence with Ref. [1]. Finally, the effect of different fraction areas for each of the 

two studied fins has been contemplated. 

 

2. MATHEMATICAL MODELING 

The geometric domain is considered two-dimensional and the flow is laminar, 

transient, and incompressible. In spite of transient simulations, results for heat transfer 

rate and Nusselt number are computed when the flow reaches the steady state. The 

thermophysical properties of the flow are kept constant throughout the domain, except 

for density, which is taken into account with the use of Boussinesq approximation [39]. 

The differential equations that describe the conservation equations of mass, momentum, 

and energy for a two-dimensional lid-driven cavity flow with the above considerations 

are given by Bejan in Ref. [40]: 

 

 

where u and v are the velocities in x- and y- directions, ρ0 is the fluid density at reference 

temperature, β is the thermal expansion coefficient, P is the pressure, υ is the kinematic 

viscosity of the fluid, α is the thermal diffusivity, T is the temperature, T0 is the reference 

temperature, and g is the gravity in the y-direction. 
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2.1. Problem Formulation and Geometric Optimization Procedure 

The analysis considers two-dimensional cavities with a square cross-section and 

two rectangular mounted fins, as depicted in Fig. 1. More precisely, the studied cavity 

has two fins inserted in the lower surface subjected to laminar and mixed convective flow. 

The velocity of the infinity plate placed in the superior surface of the cavity is obviously 

taken as reference for the computation of the Reynolds number (ReH = umaxH/υ = 400). It 

is also considered a stable stratification convective flow, i.e., the prescription of the 

highest temperature is performed on the upper surface. Regarding the thermal field, the 

upper surface of the cavity (infinite plate) is at a dimensionless temperature Ts
* = 1, while 

the two fins are at a lower temperature, Ti
*

 = 0. The lateral and inferior surfaces of the 

cavity are thermally insulated. As for fluid dynamic fields, it is imposed non-slip, and 

impermeability condition, i.e., dimensionless velocities are prescribed as null (u* = v* = 

0). The influence of the buoyancy forces is accounted with the use of two different 

Grashof numbers (GrH = 1.6 × 105 and 1.6 × 106), which led to two different Richardson 

numbers (Ri = ReH/GrH² = 0.1 and 1.0). For all cases, a fixed Prandtl number is taken into 

account, precisely Pr = 6.0.  

 

FIGURE 1 

 

To generalize the results, all the parameters are presented in dimensionless form, 

as given below: 

 

 

where H is the cavity height, L is the cavity length, H1 is the left fin height, L1 is the left 

fin length, H2 is the right fin height, L2 is the right fin length, A is the cavity area, umax is 

the highest velocity imposed in the lid-driven surface, Tmin is the lowest magnitude 
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temperature in the cavity flow imposed in the fins, and Tmax is the highest magnitude 

temperature in the cavity flow imposed in the lid-driven surface. 

The geometrical assessment is based on the definition of three restrictions, 

specifically the total area of the cavity and two fins areas (A, A1, and A2) which are given, 

respectively, by: 

 

 

 The fins areas can be represented by the fraction between fins and cavity areas as: 

 

 

The total fraction between fin and cavity areas, , is defined as: 

 

 

In the present study, the fraction area of each fin, 1 and 2, is varied 

concomitantly with the other one, while the total fin fraction area is maintained constant 

at T = 0.1 for all simulations. More precisely, three scenarios have been taken into 

account: 1 = 0.03 and 2 = 0.07 (case 1), 1 = 0.05 and 2 = 0.05 (case 2) and 1 = 0.07 

and 2 = 0.03 (case 3). 

The problem has three degrees of freedom (DOF): H/L (ratio between height and 

length of the cavity), H1/L1 and H2/L2 (ratio between the height and length of the fins). 

The main purpose is to determine the ratios H1/L1 and H2/L2 that maximizes the heat 

transfer between the fins and surrounding flow, more precisely the dimensionless heat 

transfer rate per unit length ( q ). The time and spatial averaged Nusselt number ( HNu ) 

have also been computed as a performance indicator in previous works of fins intruded 

in lid-driven cavity convective flows. Then, it is also computed here for comparison with 
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q . Moreover, the HNu  associated with fins heat exchange area are used for computation 

of q . The local NuH is given by: 

 

 

where n* represents a normal dimensionless coordinate to the fin surfaces. 

 For the sake of comparison between different shapes, it is computed the time and 

spatial-averaged Nusselt number for each fin. The spatial-averaged magnitude of NuH is 

defined by: 

 

 

where Lp is the surface perimeter of each fin, and dl is the line of integration along the fin 

perimeter. After the computation of the spatial-averaged Nusselt number in each fin, the 

averaged value is adopted for geometrical evaluation of the problem. Considering that the 

heat exchange area can vary for different ratios of H1/L1 and H2/L2, it is also important to 

take into account the heat transfer rate. The heat exchange between the fins and the 

surrounding flow is obtained from a balance between the convective heat transfer 

coefficient (which depends on HNu ) and the fins’ heat exchange areas. Therefore, it is 

also computed the heat transfer rate per unit length between the fins and the surrounding 

flow, as given by: 

 

  

where h  is the spatial averaged convection heat transfer coefficient, q  is the spatial 

averaged heat transfer rate, W is the cavity depth (cavity dimension in the normal plane 

of Fig. 1, i.e., in the z-axis direction) and T∞ is the free-stream temperature. 

Moreover, the time and spatial averaged dimensionless heat transfer rate per unit 

length can be written by: 
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where k is the thermal conductivity of the fluid. 

 The spatial averaged parameters are calculated after the fluid flow reached the 

steady state for the computation of time-averaged magnitudes of Nusselt number and 

dimensionless heat transfer rate per unit length. For the present investigation, this 

condition is achieved when t* = t.umax/H ≥ 50. Afterwards, the spatial averaged 

magnitudes of 
HNu  and q are obtained at each time step in the time interval of 50 ≤ t* ≤ 

100, and a mean between the obtained magnitudes is performed for the prediction of time-

averaged parameters. 

The search for better configurations is conducted by using a combination of 

Constructal Design and exhaustive search, i.e., examining all the possible configurations. 

As recently discussed in the literature [26, 38], to complete the procedure of optimization, 

one must choose an optimization method to find the best performance and evaluate the 

effect of geometry over flow system performance. The performance indicators are the 

maximization of Nusselt number (
HNu ) and dimensionless heat transfer rate per unit 

length ( q ), Eqs. (14) – (16), and the geometric investigation is subjected to the problem 

constraints, Eqs. (11) – (13). 

For sake of clarity, Figure 2 shows a flowchart of the numerical investigation. It 

is worth mentioning that T is constant being equal to T = 0.1, and 1 and 2 are varied 

respecting Eq. (13), with the purpose to maximize q and HNu . The optimization process 

is carried out in two phases. In the first step, the fin geometry is optimized by varying the 

ratio H1/L1, keeping fixed the ratio H2/L2 and both 1 and 2. Thus, the dimensionless heat 

transfer rate per unit length and time and spatial-averaged Nusselt number once 

maximized (
mq  and ,H mNu ) are defined, and the corresponding optimal ratio H1/L1 is 

named  the “once optimized ratio” (H1/L1)o. It is worth mentioning that the optimal ratio 

which maximizes q can be different from the optimal ratio that maximizes HNu . In the 

second step, the same process carried out in step 1 is repeated for other values of the ratio 

H2/L2.   The highest magnitudes of dimensionless heat transfer rate per unit length and 

Nusselt number are now the “twice maximized” q and HNu , i.e., in analogy with the 

( ) H P

S

q
q Nu L

k T T


 = =

−
 (17) 
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notations introduced in step 1, 
mmq  and ,H mmNu . The corresponding optimal shapes are 

the twice optimized ratio of H1/L1, (H1/L1)oo, and the once optimized ratio of H2/L2, 

(H2/L2)o. For all investigations, the ratios H1/L1 and H2/L2 are analyzed in the range 0.3 ≤ 

H1/L1, H2/L2 ≤ 10.0. The superior limit for the ratios H1/L1 = H2/L2 = 10.0 was established 

to avoid extremely thin configurations for the fins and intersection between the fins and 

superior cavity surface, being a sort of restriction for the present problem. The two 

optimization steps are performed for the above-mentioned three different magnitudes of 

1 and 2: Case 1) 1 = 0.03 and 2 = 0.07, Case 2) 1 = 0.05 and 2 = 0.05 and Case 3) 1 

= 0.07 and 2 = 0.03. Moreover, all geometric evaluations are performed for two different 

magnitudes of the Richardson number (Ri = 0.1 and 1.0), leading to a total amount of 486 

simulated cases to examine all possible configurations here investigated. 

 

FIGURE 2 

 

3. NUMERICAL MODELING 

For the numerical simulations, all geometries and meshes were constructed with 

the open-source program Gmsh 2.16.0 [41], in which the domain is discretized using 

finite rectangular volumes. The commercial CFD package FLUENT 14.0 [42], based on 

the Finite Volume Method [43, 44], is used to solve Eqs. (1)-(4) for different fin 

configurations (H1/L1 and H2/L2). The solver is pressure-based, and the velocity–pressure 

coupling is performed with the semi-implicit method for pressure-linked equation 

consistent SIMPLEC (Semi-Implicit Method for Pressure-Linked Equations Consistent) 

algorithm. For the solution of advective terms of conservation equations of momentum 

and energy, it is employed in the first-order upwind interpolation scheme. Moreover, the 

calculations are considered converged when the residuals for the mass, momentum, and 

energy between two consecutive iterations are less than 10-6, 10-6 and 10-8, respectively.  

The grid independence is achieved when the relative deviation between the spatial-

averaged Nusselt numbers obtained with two successive grids is less than 1.0 %. Thus, 

the relative deviation (RD) is given by: 
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1

% 100
i i

H H

i

H

Nu Nu
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Nu

+−
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where H is the height of the cavity, the superscript "i” represents the coarse mesh and 

“i+1’ the refined mesh. After the realization of the tests, Table 1 shows that the mesh with 

40,401 volumes is considered adequate for the proposed study, presenting a deviation that 

complies with the defined criterion. 

 

Table 1. Analysis of mesh quality for ReH = 400, Pr = 6.0, Ri = 0.1, 

 =   =  H1/L1 = 5.0, H2/L2 = 5.0. 

  

 

 

 

 

 

 

To verify the present numerical methodology, transient velocity and temperature 

fields were generated for a classic case of the lid-driven square cavity without fins. It is 

considered an unsteady mixed convective flow with ReH = 400 and Pr = 6.0. Results 

obtained with the present method are compared with those previously found in Dos Santos 

et al. [1] and Ji et al. [45]. In this problem, the fluid motion is caused by the imposition 

of velocity in the upper surface, while on the other surfaces, the velocity is null. In the 

thermal field, the heat transfer is due to the temperature difference between the upper and 

lower surfaces of the cavity, while the lateral surfaces are thermally insulated. As the 

boundary condition, the highest temperature (T* = 1.0) is imposed on the upper surface 

while the lowest temperature is maintained on the lower surface (T* = 0.0). More 

precisely, the instantaneous fields of velocity and temperature are computed in three 

monitoring points: P1 (X* = 0.5, Y* = 0.27), P2 (X* = 0.5, Y* = 0.48) and P3 (X* = 0.5, Y* 

= 0.93) which are the same coordinates supervised in the work of Ji et al. [45]. The 

velocity and temperature profiles for three monitor points for a flow with ReH = 400 and 

Pr = 6.0 obtained here and those predicted by Dos Santos et al. [1] and Ji et al. [45]  are 

presented in Figs. 3(a) – (f). Results showed that the instantaneous velocity and 

temperature fields predicted in the three monitoring points have similar behavior to that 

previously predicted in the literature. A slight deviation for the thermal field is noticed 

for the superior region of the cavity (X* = 0.5, Y* = 0.93) in the range of time 8 ≤ t* ≤ 18 

in comparison with the results presented by Ji et al. [45]. In spite of this, results present a 

Number of volumes  HNu  RD (%)  

2,601 1.9922 8.6604 

10,201 2.1648 2.3781 

22,801 2.2162 1.000 

40,401 2.2384 0.1064 

63,001 2.2408   
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strong agreement with the previous fields predicted in literature, so that the code can be 

considered verified and calibrated. 

 

FIGURE 3 

 

4. RESULTS AND DISCUSSION 

 

4.1. Geometric Investigation for ReH = 400, Pr = 6.0 and Ri = 0.1 

Two performance indicators have been here taken into account in the geometric 

optimization procedure, precisely the dimensionless heat transfer rate per unit length            

( q ) and time and spatial-averaged Nusselt number ( HNu ), for Ri = 0.1. Results of 

geometric investigation for three different scenarios are presented in the following order: 

case 1 ( = 0.03 and = 0.07), case 2 ( = 0.05 and = 0.05) and case 3 ( = 0.07 and 

= 0.03). 

More specifically, the first level of investigation, i.e. Ri = 0.1 and case 1 ( = 0.03 

and = 0.07) is shown in Fig. 4, where the dimensionless heat transfer rate per unit length 

( q ) is presented versus the ratio H1/L1, Fig. 4a, and spatial-averaged Nusselt number, 

( HNu ), is highlighted with the variation of the same parameter H1/L1, Fig. 4b. As a 

general trend, Fig. 4a illustrates that the increase of H1/L1 leads to an augmentation of q  

for all ratios H2/L2 investigated. Moreover, higher values of heat transfer rate are achieved 

as H2/L2 increases. Thus, the ratio H2/L2 = 10.0 conducts to the best performance 

considering q as performance indicator. These results are coherent with the 

augmentation of the heat exchange area of the fins as H1/L1 and H2/L2 increase. 

Nonetheless, the right fin has a higher portion of area (), thus affecting to more extent 

the values of q . In brief, among the analyzed geometries, it is possible to observe that 

the best performance is achieved for the highest intrusion of the fins, i.e., when (H2/L2)o 

= 10.0 and (H1/L1)oo = 10.0. The best configuration led to a magnitude of q nearly 120% 

higher than the worst one (H2/L2 = 0.9, H1/L1 = 0.3). Contrarily, Figure 4b shows that 

intermediate values of the ratio H1/L1 are associated to the highest magnitude of HNu .  

In addition, a general trend of decrease of HNu is observed when H1/L1 ≥ 3.0, for different 

magnitudes of H2/L2 investigated. However, a remarkable exception emerges with 
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reference to the case H2/L2 = 3.0, where an augmentation of HNu  magnitude is noticed 

for H1/L1 ≥ 6.0. Moreover, for H2/L2 = 5.0, it can be noticed that HNu has the highest 

magnitude for the lowest ratio of H1/L1, the only case in which this behavior was 

observed. Concerning the effect of H1/L1 over HNu  for different values of H2/L2, there 

is a tendency that lower H2/L2 ratios lead to higher values of HNu . For lower ratios of 

H2/L2, the main vortex is not suppressed in the right and upper portion of the cavity. 

Finally, among the curves shown in Fig 4b, the best configuration is obtained for (H2/L2)o 

= 0.3 and (H1/L1)oo = 1.0:  the performance proves to be 49% superior to the HNu  

obtained for the worst case, i.e. H2/L2 = 7.0 and H1/L1 = 10.0.  

In general, the results of Fig. 4 demonstrate that the effect of the variation of H1/L1 

over q and HNu , and consequently the optimal geometric configuration are strongly 

affected by the choice of performance indicator, which has always been an important 

focus in constructal design. Here, the heat transfer rate between the cavity flow and the 

fins is obtained from a balance between the convective heat transfer coefficient (which 

directly depends on Nusselt number) and the heat exchange area. Then, another important 

observation is that, under the present thermal and geometric conditions, the augmentation 

of the heat transfer area compensates for the decrease of Nusselt number caused by the 

restriction of fluid flow in the cavity, for the cases where the fins are highly intruded in 

the cavity. 

 

FIGURE 4 

 

Temperature fields with the best and worst performances for different ratios of 

H2/L2 are presented in Fig. 5 and provide a better understanding of the geometry influence 

for Ri = 0.1 and case 1. Regarding the analysis of q , the ratios chosen are H2/L2 = 0.9 

and 10.0, whereas for analyses of HNu  the ratios H2/L2 = 0.3 and 7.0 are presented. For 

each of these ratios, two different values of H1/L1 were chosen, based on the criterion of 

the best and worst performance with reference to each performance indicator ( q and 

HNu ). 
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More specifically, Figures 5a and 5b show in sequence the thermal fields for H1/L1 

= 0.3 and (H1/L1)o = 10.0 with H2/L2 = 0.9, considering q as a performance indicator. 

Based on pure observation, the intrusion of the left fin led to a higher interaction with the 

main vortex, conducting to an augmentation of heat transfer rate. The heat transfer once 

maximized for the ratio (H1/L1)o = 10.0, Fig. 5b, is 
mq = 5.4947, which represents a 

magnitude 57% higher than that reached for the ratio H1/L1 = 0.3 (Fig. 5a). Figures 5c 

and 5d highlight the thermal fields for H1/L1 = 0.3 and (H1/L1)o = 10.0 for H2/L2 = 10.0, 

considering  the same performance indicator q . The difference for these new 

configurations is the more pronounced insertion of the right fin into the cavity domain in 

comparison with the scenarios of Figs. 5a and 5b. This configuration caused an evolution 

of the main vortex toward the upstream surface of the cavity. Results also indicated that, 

in spite of hindering of the main vortex in the superior region of the cavity, the main 

vortex interacts with a more amount of area of the cooled fin, especially the right-side fin. 

In other words, even though the main vortex tends to be hindered, the configurations 

(H2/L2)o = 10.0 and (H1/L1)oo = 10.0 led to the twice maximized dimensionless heat 

transfer rate per unit length of 
mmq = 7.6783 (Fig. 5d). It is worth mentioning that, once 

the fraction areas of the fins are different, the imposition of the same ratio (H1/L1 = H2/L2) 

led to an asymmetric configuration. 

Figures 5e – 5h show the best and worst shapes using HNu as a performance 

indicator, for two magnitudes of H2/L2, (H2/L2)o = 0.3 (Figs. 5e – 5f) and H2/L2 = 7.0 

(Figs. 5g – 5h). The thermal fields distribution demonstrates that low magnitudes of H2/L2 

and H1/L1 led to the best performance due to the higher intensity of the main vortex. In 

spite of this, the variation of HNu  for the cases with the lowest and highest magnitude is 

not significant, so that the heat exchange area defines practically the heat transfer rate. 

More specifically, the twice maximized Nusselt number, ,H mmNu , obtained for (H2/L2)o = 

0.3 and (H1/L1)oo = 1.0 (Fig. 5e) is nearly 8% superior in comparison with the case with 

H2/L2 = 0.3 and H1/L1 = 10.0 (Fig. 5f). However, the heat exchange area of the case 

presented in Fig. 5f is almost 43% superior to that of Fig. 5e. In this sense, the 

dimensionless heat transfer rate obtained for the configuration of Fig. 5f is superior to 

that found for Fig. 5e. 

 

FIGURE 5 
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The best shapes obtained in Figs. 4 and 5 are summarized in Fig. 6. More 

precisely, Fig. 6 shows the influence of the ratio H2/L2 over the 
mq  (Fig. 6a) and ,H mNu

(Fig. 6b) as well as their optimal geometries (H1/L1)o for scenario 1. In the case of 
mq  

(Fig. 6a), it can be observed that the ratio (H1/L1)o = 10.0 is constant, which is a 

consequence of the best design obtained with the most intruded fin in the cavity. Fig. 6a 

also shows the influence of the ratio H2/L2 on the once maximized dimensionless heat 

transfer rate per unit length (
mq ). For lower ratios of H2/L2 (H2/L2 ≤ 6.0), a slight 

variability of 
mq  is detected, which suggests that the right fin does not have a strong 

influence on the thermal exchange for this ratio interval. This behavior can be related to 

an equilibrium between the decrease of ,H mNu  (Fig. 6b) and the augmentation of the fin 

area for H2/L2 ≤ 6.0. In the interval range of 6.0 ≤ H2/L2 ≤ 10.0, the magnitude of ,H mNu  

increases another time. This behavior associated with the augmentation of fin areas led to 

a significant increase of once maximized heat transfer rate (
mq ).  

Another important observation captured in Fig. 6 is that the effect of H2/L2 over 

mq  and ,H mNu , as well as, the optimal ratios of (H1/L1)o is quite different. For the 

assessment of 
mq  the best shape is achieved when the fins have the highest intrusion in 

the cavity, while for ,H mNu  there are two optimal regions, the most prominent for the 

lowest magnitude of H2/L2 and a local point of optimum for the superior extreme of H2/L2 

(H2/L2 = 10.0). Again, results showed that the balance between the Nusselt number and 

the heat exchange area is important for defining the design, which maximizes the heat 

transfer rate. Moreover, the effect of H2/L2 on the (H1/L1)o  is constant for
mq , and it has a 

sensible variation for ,H mNu .  

 

FIGURE 6 

 

Concerning the investigation of case 2 ( = 0.05 and = 0.05) for Ri = 0.1, Fig. 

7 shows the effect of the variation of the ratio H1/L1 over the heat flux q (Fig. 7a) and 

spatial-averaged Nusselt number HNu  (Fig. 7b). The curves depicted in Fig. 7a shows a 

similar trend of increase to that presented in Fig. 4a, i.e., the augmentation of H1/L1 leads 
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to an increase of q for all ratios H2/L2. Moreover, higher values of heat transfer rate are 

achieved for the uppermost magnitudes of H2/L2. In addition, for the majority interval 

ratio of H1/L1, the best geometry found is H2/L2 = 10.0. One exception is observed for the 

ratio H2/L2 = 3.0 in the interval of 3.0 ≤ H1/L1 ≤ 7.0. In this sense, among all the analyzed 

geometries, the best ones are (H2/L2)o= 10.0 and (H1/L1)oo = 10.0. Fig. 7b shows the effect 

of the ratio H1/L1 on the HNu  for case 2.   Based on pure observation in Fig. 7(b), it can 

be noted that the ratios H2/L2 = 0.3 and 0.5 ore in correspondence to the highest HNu in 

the lowest magnitudes of H1/L1. As the ratio H2/L2 increases, the optimum ratio H1/L1 

tends to be equal to 10.0, i.e., the other extreme.  For this geometric evaluation, a variation 

of nearly 54% on HNu  is achieved when comparing the best configuration ((H1/L1)oo = 

0.3 and (H2/L2)o = 0.3)) with the worst  case (H1/L1 = 0.5 and H2/L2 = 10.0).  

The above remarks indicated that it is interesting to evaluate the effect of fin 

fractions  and 2 on the thermal response the for the cases 1 and 2. It is possible to notice 

that the effect of H1/L1 over q is similar for both scenarios 1 and 2. However, the 

magnitudes for different ratios of H2/L2 are more concentrated for case 2, while for case 

1, the performance reached with (H2/L2)o = 10 is significantly superior than that achieved 

for other ratios of H2/L2. As for the other performance indicator HNu , the effect of H1/L1 

over HNu is different for cases 1 and 2, especially for the highest magnitudes of H1/L1 

where HNu present different trends (Figs. 4b and 7b). 

 

FIGURE 7 

 

The best shapes reached in Fig. 7 are summarized and presented in Fig. 8. More 

precisely, Fig. 8 shows the influence of the variation of the ratio H2/L2 over 
mq  and 

,H mNu  as well as their optimal geometries (H1/L1)o for case 2. Regarding the performance 

indicator 
mq  (Fig. 8a), it can be seen that the ratio (H1/L1)o = 10.0 is constant, which is 

matching to the result shown for case 1 (Fig. 6a).  In addition, Fig. 8a shows a similar 

trend with more slight differences between the highest and lowest magnitudes of 
mq .  

Moreover, the fluctuation of 
mq  with H2/L2 is more intense with reference to case 2 than 

for case 1: this behavior can be observed in the range 0.5 ≤ H2/L2 ≤ 6.0.  In other words, 

changes in fraction areas from case 1 to case 2 determine the scales of 
mq , but do not 
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have significant impact on the effect of the ratio H2/L2 over 
mq  and (H1/L1)o. In Fig. 8b, a 

decrease of ,H mNu  is observed as the ratio H2/L2 increases. More specifically, for H2/L2 

≥ 1.0, the ratio (H1/L1)o = 10.0 becomes the optimal one. In dissimilarity with Fig. 6b, 

results showed that passing from scenario 1 to scenario 2 influenced significantly the 

effect of the ratio H2/L2 over ,H mNu  and (H1/L1)o. In general, it has been demonstrated 

that the variation of fin fraction area from case 1 to case 2 was more important for the 

investigation of the once maximized Nusselt number than for the once maximized heat 

transfer rate. 

 

FIGURE 8 

 

Figures 9a-c show the temperature fields for three points in the curve of Fig. 8a. 

It can be seen that the higher insertion of both fins leads to better results for 
mq , even 

though the main vortex becomes suppressed for higher ratios H2/L2 (Fig. 9c). In this sense, 

the twice maximized heat transfer rate is 
mmq = 6.8345 for the optimal ratios (H1/L1)oo = 

(H2/L2)o = 10.0. One possible explanation for this behavior is the augmentation of the 

contact area available as the fin insertion increases and the consequent spreading of the 

main vortex towards the upstream surface of the lid-driven cavity. Figures 9d-e confirm 

that increasing the ratio H2/L2, with higher insertion of the right fin on the cavity, tends 

to suppress the main vortex. 

On the other hand, there is an augmentation of the vortex for lower ratios H2/L2 

(Fig. 9d). In this sense, because the flow comes from left to right into the cavity, the right 

fin possesses more influence in decreasing ,H mNu , i.e., smoothing the thermal gradients 

between the fins and surrounding flow. Another interesting observation is concerned with 

the best geometry found for 
mmq , which is the worst in terms of ,H mNu . Then, results 

indicated that the decrease of ,H mmNu  from the optimal shape, (H1/L1)oo = (H2/L2)o = 0.3, 

to the worst shape, considering the 𝑁𝑢𝐻
̅̅ ̅̅ ̅̅  as a performance indicator, is not enough to 

suppress the heat transfer rate, which increases with the augmentation of heat exchange 

area.  

 

FIGURE 9 
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Figures 10 show the effect of the variation of the ratio H1/L1 over q (Fig. 10a) and 

over HNu  (Fig. 10b), for Ri = 0.1 with reference to case 3 ( = 0.07 and = 0.03). Figure 

10a shows that an increase of H1/L1 leads to the augmentation of q for all ratios H2/L2, 

except for the ratios where H1/L1  ≤ 0.7. Among all the geometries analyzed, the best ones 

are for (H2/L2)o= 10.0 and (H1/L1)oo = 10.0. Comparing with cases 1 (Fig. 4) and 2 (Fig. 

7), it can be seen similar patterns as a general trend. The difference here is that the increase 

of  results in higher magnitudes q  for all ratios of H2/L2 analyzed. One possible 

explanation for this behavior can be related to the flow movement from the upper right 

region of the cavity towards the center of the domain. Once the right-side fin is close to 

the downstream upper corner of the cavity, it is strongly subjected to the influence of the 

main vortex flow. On the opposite, the left-side fin is lower affected by the main vortex, 

and the increase of the cross-sectional area of this fin is important for the augmentation 

of global heat transfer rate. Figure 10b indicates, in general, two points of maximum 

HNu  in the lowest and highest extremes of the ratio H1/L1. The behavior obtained here 

is more similar to that one achieved for case 2 (Fig. 7b). However, the variation of HNu  

between the best and worst cases is more intensive, and the local point of maximum in 

the lower extreme ratio of H1/L1 is more prominent. 

 

FIGURE 10 

 

Figures 11 show the influence of the ratio H2/L2 on 
mq  and ,H mNu  and their 

optimal geometries (H1/L1)o for case 3. More specifically, Figure 11a indicates that the 

same effect of the ratio H2/L2 over (H1/L1)o previously obtained for cases 1 (Fig. 6) and 2 

(Fig. 8) is also detected in case 3, i.e., (H1/L1)o = 10.0 for all magnitudes of H2/L2. 

However, the effect of H2/L2 over 
mq  has changed from previous cases 1 and 2 (Fig. 6a 

and Fig. 8a). As for scenario 3, it is noticed an intermediate point of the highest magnitude 

for 
mq  for the once optimized ratio (H2/L2)o = 5.0. Comparing the best shapes reached for 

cases 1, 2 and 3 (Figs. 6a, 8a and 11a), the best shape for the cases 1 and 2 are located at 

(H2/L2)o = 10.0 with 
mmq = 7.6784 and 

mmq = 6.8345, respectively, whereas for case 3 the 

point is located at (H2/L2)oo = 5.0 and 
mmq = 7.8407. In other words, the effect of increasing 

 results in an augmentation of 
mmq  and in the variation of the best ratio of (H2/L2)o. 
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Figure 11b shows the influence of the ratio H2/L2 on the ,H mNu  and their optimal 

geometries (H1/L1)o for case 3. A decrease of ,H mNu  is observed as the ratio H2/L2 

increases. Concerning the once optimized ratio (H1/L1)o, for the H2/L2 ≤ 1.0, the best value 

of (H1/L1)o is equal to 0.3 and for values of H2/L2 ≥ 1.0  the ratio (H1/L1)o increases 

monotonically up to the asymptotic value, which is the highest magnitude of (H1/L1)o. 

Comparing the three cases (1, 2, and 3), it can be noticed that the effect of H2/L2 over 

,H mNu  and (H1/L1)o has a significant change from the case 1 to cases 2 and 3 (Figs. 6b, 

8b, and 11b). In spite of slight differences, cases 2 and 3 presented a similar behavior.  

In general, once the flow does not have a symmetrical behavior, due to formation 

of the main vortex from the upper and downstream corner towards the cavity center, the 

consideration of different cross-sectional areas for the left and right fins influenced the 

effect of geometry over the thermal performance for both indicators established in the 

present work. This influence showed more intense for the ratio H2/L2 once the right fin is 

placed closer to the region of the main vortex generation.  

 

FIGURE 11 

 

4.2. Geometric Investigation for ReH = 400, Pr = 6.0 and Ri = 1.0 

In this section, a similar investigation performed for the flow with ReH = 400, Pr 

= 6.0 and Ri = 0.1 is performed with the aim to evaluate the influence of more intensive 

buoyancy forces (fixing Ri = 1.0) over the design of the rectangular fins inserted in lid-

driven mixed convective flow. For sake of conciseness, only the results of case 2 (= 

0.05 and  = 0.05) are presented in this section. 

Figures 12 show the effect of the variation of the ratio H1/L1 on the dimensionless 

heat transfer rate ( q ) (Fig. 12a) and spatial-averaged Nusselt number ( HNu ) (Fig. 12b) 

for Ri = 1.0 and scenario 2 ( = 0.05 and = 0.05). A comparison with Ri = 0.1 (Fig. 7) 

highlights that the effect of the variation of H1/L1 over q has a similar behavior for both 

the investigated values of the Richardson number, Ri = 0.1 and 1.0. The sole difference 

is related to the range of magnitudes for different ratios of H2/L2. Once the main vortex is 

more restricted in the upper region of the cavity, the highest magnitudes of H2/L2 (e.g., 

H2/L2 = 5.0, 7.0, and 10.0) have a prominent performance in comparison with those 

reached for H2/L2 ≤ 1.0. This variation in the magnitude of q between the highest and 
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lowest values of H2/L2 is not perceived for the case with Ri = 0.1. Concerning the effect 

of H1/L1 over HNu , results reveal important differences with the variation of Richardson 

number from Ri = 0.1 to 1.0. For example, the highest magnitudes of HNu  are obtained 

for the lowest curves of H2/L2 for all range of H1/L1 investigated when Ri = 0.1 and the 

opposite situation is noticed when Ri = 1.0. In other words, the lowest magnitudes of 

H2/L2 are associated with weak performance of HNu in a wide range of the ratio H1/L1. 

Moreover, it is worth mentioning that the effect of the ratio H1/L1 over HNu is also 

influenced by the Richardson number for all curves of H2/L2 investigated.  

 

FIGURE 12 

 

The best shapes reached in Fig. 12 are summarized in Fig. 13, where the influence 

of the ratio H2/L2 over 
mq  and ,H mNu  as well as their respective optimal ratios (H1/L1)o 

for case 2, are shown graphically.  In Fig. 13a, it can be observed that the ratio (H1/L1)o 

is constant and equal to 12.0, as occurred for case 2 with Ri = 0.1 (Fig. 8a). The behavior 

of 
mq a function of H2/L2 obtained for Ri = 1.0, and Ri = 0.1 is also similar. The main 

difference is concerned with the lack of a local point of maximum for intermediate ratios 

of H2/L2 for the case with Ri = 1.0. It is also noticed differences in the magnitude of 
mq  

for different Richardson numbers. For the investigation of ,H mNu , Fig. 13b shows a 

constant optimal ratio (H1/L1)o = 10.0, the same obtained when the performance indicator 

is 
mq . This behavior can be explained by the few sensibilities of the ratio H2/L2 over the 

once maximized Nusselt number ( ,H mNu ). It is worth mentioning that the variation of 

Richardson from Ri = 0.1 to Ri = 1.0 led to a significant variation on the effect of H2/L2 

over ,H mNu .  

The illustration of temperature fields for the best and worst geometries for both 

mq  and ,H mNu  related to Fig. 13 are depicted in Fig. 14. Based on pure observation for 

all fields, there is a trend of flow suppression on the top region of the cavity. This behavior 

is due to the difficulty of overcoming the buoyancy forces as a consequence of higher Ri 

and by the imposition of stably stratified mixed convective flow. In this sense, to facilitate 

the heat exchange, and thus increase 
mq , the right fin must have the highest possible 
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intrusion in the cavity, as shown in Fig. 14b. For ,H mNu , lower magnitudes of H2/L2 

allowed a higher growth of the main vortex toward the lower region of the cavity and led 

to a slight superior magnitude of HNu . In spite of this, the stable stratification in this 

case leads to few magnitudes of HNu  and few differences between the best (Fig. 14d) 

and worst shapes (Fig. 14c), nearly 8.0%. 

 

FIGURE 13 

 

FIGURE 14 

 

4.3. Optimal Shapes Obtained for Different Richardson and Fraction Areas 

This section illustrates the results of a comparison focused on the best shapes for 

each investigated fraction areas of the fins (cases 1, 2 and 3), for two different Richardson 

numbers studied, Ri = 0.1 and 1.0, for both 
mmq  and ,H mmNu  , and the respective optimal 

ratios, (H2/L2)o and (H1/L1)oo. 

As can be seen in Fig. 15a, the value of 
mmq  follows the following order: case 3 > 

case 1 > case 2 for Ri = 0.1. Comparing the worst with the best case, it was observed an 

increase of approximately 15% for 
mmq . Results also indicated that the twice optimized 

ratio (H1/L1)oo is insensitive to the fin fraction (1 or 2) when the 
mmq  is defined as a 

performance indicator. Moreover, when Ri = 0.1, results indicated that the highest 

possible penetration of left-side fin enhances the heat transfer rate maximization. 

Additionally, for 1 = 0.03 and 0.05, the highest performance is achieved for the highest 

possible magnitude of (H2/L2)o = 10.0, i.e., for the highest intrusion of the right-side fin 

in the cavity. For 1 = 0.07, this ratio collapses to (H2/L2)o = 5.0. Once the heat exchange 

area of right-side fin decreases for this case, one possibility to improve the heat transfer 

rate is to allow the higher incidence of the main vortex in the cavity domain and 

improving the fluid contact with the right side. This effect can be achieved by diminishing 

the restriction of the right fin in the upper portion of the cavity. From Fig. 15b, the value 

of ,H mmNu  follows the order case 3 > case 1 > case 2. For asymmetric cases (cases 1 and 

3), results also showed that the higher 1 is associated with an increase of ,H mmNu , i.e., 

geometrically, when the left fin has a higher area. This behavior is not intuitively expected 
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since the fin with a higher incidence of the main vortex must have a lower fraction area 

for two investigated performance indicators. Concerning the optimal shapes for ,H mmNu

, the best case is obtained for 1 = 0.07, (H2/L2)o = 0.3 and (H1/L1)oo = 1.0, whereas for the 

worst case for 1 = 0.03, (H2/L2)o  = (H1/L1)oo = 0.3.  

 

FIGURE 15 

 

Fig. 16 shows the temperature fields related to Fig. 15. Based on pure observation, 

for fraction areas 1 = 0.03 and 0.07, asymmetric fins dimensions led to the best 

performance, while for the case with 1 = 2 = 0.05, a symmetric pattern leads to the best 

thermal performance, independently of the established performance indicator ( q  or  

HNu ). Another important observation is that the symmetric fins impose a higher 

restriction on the main vortex, leading to lower performance in comparison with the 

asymmetric distribution of the fins. The temperature fields for the optimal shapes 

considering ,H mmNu  as performance indicators are depicted in Figs. 16 d – f. As a general 

trend, for varied fraction areas the best shapes are achieved for small ratios of (H1/L1)oo 

and (H2/L2)o, contrarily to which is noticed for the cases where it is needed to maximize 

mmq . The best shapes also presented asymmetric patterns for the cases with 1 = 0.03 and 

0.07 and symmetric for the cases with 1 = 2 = 0.05. In spite of the highest magnitude of 

the Nusselt number for lower magnitudes of (H1/L1)oo and (H2/L2)o, the heat exchanger 

area is not enough to compensate the decrease of the Nusselt number for each fin, when 

there is a higher intrusion in the cavity.  

 

FIGURE 16 

 

The same investigation performed in Figs. 15 and 16 is repeated for Ri = 1.0. Fig. 

17a shows the effect of 1 and 2 over 
mmq  and respective optimal shapes and Fig. 17b 

presents the same effect but considering ,H mmNu  as performance indicator. Figure 17a 

shows that asymmetric areas (1 = 0.03 and 0.07) perform better than the cases with 

symmetric areas (1 = 2 = 0.05), similarly to what previously observed for Ri = 0.1. 

However, for Ri = 1.0 the highest magnitude of 
mmq  is achieved for 1 = 0.03 instead of 
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1 = 0.07, which was the best configuration for Ri = 0.1. Concerning the optimal ratios, 

irrespectively of the case analyzed, it was obtained (H2/L2)o = (H1/L1)oo = 10.0. Comparing 

the worst with the best case, it was observed an increase of approximately 21% over 
mmq

, showing the importance to examine asymmetrical fins configurations. When ,H mmNu  is 

considered as a performance indicator, as in Fig. 17b, results show that asymmetric areas 

also operate better than the symmetric configuration. 

Moreover, the best shapes obtained with 1 = 0.03 and 1 = 0.07 led to a similar 

performance. Concerning the optimal ratios, the best shapes for Ri = 1.0 are achieved for 

more intrusive fins in comparison with those reached for Ri = 0.1. This behavior can be 

related to the restriction of the main vortex in the upper region of the cavity due to the 

augmented stratification in the convective flow. To increase the interaction between the 

fins and the main vortex flow, it is necessary to enhance the intrusion of the fins in the 

cavity. 

 

FIGURE 17 

 

Figure 18 shows the temperature fields related to Figs. 17. As already discussed, 

the asymmetric cases have shown the best results independently of the Richardson 

number here investigated (Ri = 0.1 or 1.0). It is possible to notice the effect of higher Ri 

in the thermal fields, so that the buoyancy forces become more predominant. For Ri = 1.0, 

the best performance is reached for case 1 ( = 0.03 and  = 0.07) with higher intrusion 

of the right fin and lower intrusion of left fin. In this configuration, most of the heat is 

exchanged with the right fin. In addition, case 3 ( = 0.07 and  = 0.03) proved also to 

reach a good performance. For this condition, the right fin has a lower intrusion in the 

cavity allowing a higher interaction of the main vortex with the left fin. The temperature 

fields for ,H mmNu  are shown in Figs. 18 d – f. The thermal fields morphology clearly 

illustrates a configuration with higher insertion of the fins in comparison with the scenario 

obtained for Ri = 0.1, induced by the suppression of the main vortex in the upper region 

of the cavity. It is also noticed that for case 2 ( ==0.05) although the same area 

distribution occurs for the two fins, the asymmetric configuration appears. This 

asymmetry was not noticed with reference to the mixed convective flow with Ri = 0.1. 

 

FIGURE 18 
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In general, for both the tested values of Ri, it is interesting to note that the results of 

,H mmNu  and 
mmq  indicate that the best geometric configuration is the asymmetric one. In 

addition, the best shapes for Ri = 0.1 have shown lower ratios, precisely (H2/L2)o = 0.5 

and (H1/L1)oo = 0.3, while in the configuration corresponding to Ri = 1.0 the fins present 

a higher intrusion in the cavity, in coherence with the values (H2/L2)o = 10.0 and (H1/L1)oo 

= 3.0. On the other hand, regarding the evaluation of 
mmq , there is a trend in which the 

optimum geometries converge for the ratios (H2/L2)o = (H1/L1)oo = 10.0. In sum, for 

different flow regimes (observed in the comparison between Ri = 0.1 and 1.0), the effect 

of the geometric ratios on the thermal performance is also affected, that is, the design 

depends on the type of flow appearing in the directed cavity. For both ,H mmNu  and 
mmq , 

case 3 is the best one for Ri = 0.1, whereas case 1 is the best one for Ri = 1.0. Therefore, 

results showed that the best configuration of the fraction area also depends on the flow 

regime imposed on the lid-driven flow.  

 

5. CONCLUSIONS 

The present work recounts a numerical study on the geometric investigation of 

two rectangular fins subjected to mixed convective flows in a lid-driven cavity. The flows 

are considered incompressible, laminar, and in a two-dimensional domain. The study has 

been carried out using Constructal Design and the optimization procedure is based on the 

Exhaustive Search method. Two performance indicators have been taken into account, 

i.e. the dimensionless heat transfer rate per unit length ( q ) and time and spatial-averaged 

Nusselt number ( HNu ). The domain has two degrees of freedom. It was investigated for 

three different fraction areas (named cases 1, 2, and 3), under two different mixed 

convective conditions, represented by Richardson numbers of Ri = 0.1 and 1.0. For all 

simulations, the Reynolds and Prandtl numbers were kept constant at the conditions given 

by ReH = 400 and Pr = 6.0.  

Results indicated that the choice of the performance indicator plays an important 

role in the theoretical recommendation about the design of intruded fins in a lid-driven 

cavity under mixed convective flow. It was demonstrated that the designs that maximize 

the Nusselt number did not lead necessarily to the highest heat transfer rate, showing that 
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this parameter depends on the balance between the Nusselt number and heat exchange 

area of the fins (mainly for the condition imposed here of constant cross sectional areas 

of the fins). Differences between the best shapes are more significant for flows with Ri = 

0.1, i.e. dominated by forced convection. In that cases, the consideration of dimensionless 

heat transfer rate ( q ) as performance indicator led to fins with higher intrusion into the 

driven cavity, while the employment of ( HNu ) conducted to fins with lower magnitudes 

for the ratios H1/L1 and H2/L2. For instance, for Ri = 0.1, the twice maximized 

dimensionless heat transfer rate (
mmq ) is obtained for the configurations having 1 = 0.07, 

2 = 0.03, (H2/L2)o = 10.0 and (H1/L1)oo = 10.0, while the twice maximized Nusselt 

number ( ,H mmNu ) is predicted with the configuration, 1 = 0.07, 2 = 0.03, (H2/L2)o = 0.5 

and (H1/L1)oo = 0.3. The augmentation of heat transfer rate is a result of an increase of 

heat exchange area associated with a slight drop of Nusselt number with the increase of 

the ratios H1/L1 and H2/L2. Moreover, results also indicated that the effect of the ratios 

H1/L1 and H2/L2 changed significantly for the two investigated performance indicators.  

For both the studied Richardson numbers, results indicated that the best geometric 

configuration was the asymmetric ones, independently of the performance indicator 

considered. In sum, for different flow regimes (observed in the comparison between Ri = 

0.1 and 1.0), the effect of the geometric ratios on the thermal performance is also affected, 

that is, the design depends on the kind of flow presented in the directed cavity. For both 

,H mmNu  and 
mmq , scenario 3 is the best one for Ri = 0.1, whereas case 1 is the best one 

for Ri = 1.0. Therefore, results showed that the best configuration of the fraction area also 

depends on the flow regime imposed on the lid-driven flow.  

All the above remarks highlight the importance of the geometric evaluation for a 

theoretical recommendation on the geometric configurations that lead to the best thermal 

performance.  
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Figures Caption 

Figure 1 – Schematic representation of the domain of lid-driven cavity flow with two 

inserted rectangular fins. 

Figure 2 – Flowchart of geometric optimization performed with Constructal Design and 

Exhaustive Search. 

Figure 3 – Instantaneous variables as function of time (t*) for mixed convective flow with 

ReH = 400, Pr = 6.0 and Ri = 0.1 in different cavity placements: a) u* (Y* = 0.27); b) T*(Y* 

= 0.27), c) u*(Y* = 0.48); d) T*(Y* = 0.48), e) u*(Y* = 0.93); b) T* (Y* = 0.93). 

Figure 4 – Effect of the ratio H1/L1 over the performance indicators for various ratios of 

H2/L2, Ri = 0.1, 1 = 0.03 and 2 = 0.07: a) q , b) HNu . 

Figure 5 – Temperature fields obtained from Fig. 4 with the best and worst performance 

reached for different ratios of H2/L2, Ri = 0.1, 1 = 0.03 and 2 = 0.07.  

Figure 6 – Effect of the H2/L2 ratio on the once maximized performance indicators and its 

optimal shapes, (H1/L1)o, for Ri = 0.1, 1 = 0.03 and 2 = 0.07: a) 
mq , b) ,H mNu . 

Figure 7 – Effect of the ratio H1/L1 over the performance indicators for various ratios of 

H2/L2, Ri = 0.1, 1 = 0.05 and 2 = 0.05: a) q , b) HNu . 

Figure 8 – Effect of the ratio H2/L2 on the once maximized performance indicators and its 

optimal shapes, (H1/L1)o, for Ri = 0.1, 1 = 0.05 and 2 = 0.05: a)
mq , b) ,H mNu Figure 9 

– Temperature fields obtained for some once optimized shapes predicted in Fig. 8 for Ri 

= 0.1, 1 = 0.05 and 2 = 0.05. 

Figure 10 – Effect of the ratio H1/L1 over performance indicators for various ratios of 

H2/L2, Ri = 0.1, 1 = 0.07 and 2 = 0.03: a) q , b) HNu . 

Figure 11 – Effect of the H2/L2 ratio on the once maximized performance indicators and 

its optimal shapes, (H1/L1)o, for Ri = 0.1, 1 = 0.07 and 2 = 0.03: a) 
mq , b) ,H mNu . 

Figure 12 – Effect of the ratio H1/L1 over the performance indicators for various ratios of 

H2/L2, Ri = 1.0, 1 = 0.05 and 2 = 0.05: a) q , b) HNu . 

Figure 13 – Effect of the H2/L2 ratio on the once maximized performance indicators and 

its optimal shapes, (H1/L1)o, for Ri = 1.0, 1 = 0.05 and 2 = 0.05: a) 
mq , b) ,H mNu . 

Figure 14 – Temperature fields obtained from configurations of Fig. 13 with different 

ratios of H2/L2, Ri = 1.0, 1 = 0.05 and 2 = 0.05. 
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Figure 15 – Effect of the fin fraction area (1 or 2) over the twice maximized performance 

indicators and the respective optimal shapes, (H2/L2)o and (H1/L1)oo, for Ri = 0.1: a) 
mmq

, b) ,H mmNu . 

Figure 16 – Temperature fields for the twice optimized shapes presented in Fig. 15 for Ri 

= 0.1. 

Figure 17 – Effect of the fin fraction area (1 or 2) over the twice maximized performance 

indicators and the respective optimal shapes, (H2/L2)o and (H1/L1)oo, for Ri = 1.0: a) 
mq , 

b) ,H mNu . 

Figure 18 – Temperature fields for the twice optimized shapes presented in Fig. 15 for Ri 

= 1.0. 
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Figure 1 – Schematic representation of the domain of lid-driven cavity flow with two 

inserted rectangular fins. 
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Figure 2 – Flowchart of geometric optimization performed with Constructal Design and 

Exhaustive Search. 
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Figure 3 – Instantaneous variables as function of time (t*) for mixed convective flow 

with ReH = 400, Pr = 6.0 and Ri = 0.1 in different cavity placements: a) u* (Y* = 0.27); 

b) T*(Y* = 0.27), c) u*(Y* = 0.48); d) T*(Y* = 0.48), e) u*(Y* = 0.93); b) T* (Y* = 0.93). 
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Figure 4 – Effect of the ratio H1/L1 over the performance indicators for various ratios of 

H2/L2, Ri = 0.1, 1 = 0.03 and 2 = 0.07: a) q , b) HNu . 
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Figure 5 – Temperature fields obtained from Fig. 4 with the best and worst performance 

reached for different ratios of H2/L2, Ri = 0.1, 1 = 0.03 and 2 = 0.07. 
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Figure 6 – Effect of the H2/L2 ratio on the once maximized performance indicators and 

its optimal shapes, (H1/L1)o, for Ri = 0.1, 1 = 0.03 and 2 = 0.07: a) 
mq , b) ,H mNu . 
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       a) 
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Figure 7 – Effect of the ratio H1/L1 over the performance indicators for various ratios of 

H2/L2, Ri = 0.1, 1 = 0.05 and 2 = 0.05: a) q , b) HNu . 
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Figure 8 – Effect of the ratio H2/L2 on the once maximized performance indicators and 

its optimal shapes, (H1/L1)o, for Ri = 0.1, 1 = 0.05 and 2 = 0.05: a)
mq , b) ,H mNu . 
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Figure 9 – Temperature fields obtained for some once optimized shapes predicted in 

Fig. 8 for Ri = 0.1, 1 = 0.05 and 2 = 0.05. 
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Figure 10 – Effect of the ratio H1/L1 over performance indicators for various ratios of 

H2/L2, Ri = 0.1, 1 = 0.07 and 2 = 0.03: a) q , b) HNu . 
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b) 

 

Figure 11 – Effect of the H2/L2 ratio on the once maximized performance indicators and 

its optimal shapes, (H1/L1)o, for Ri = 0.1, 1 = 0.07 and 2 = 0.03: a) 
mq , b) ,H mNu . 
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Figure 12 – Effect of the ratio H1/L1 over the performance indicators for various ratios 

of H2/L2, Ri = 1.0, 1 = 0.05 and 2 = 0.05: a) q , b) HNu . 
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Figure 13 – Effect of the H2/L2 ratio on the once maximized performance indicators and 

its optimal shapes, (H1/L1)o, for Ri = 1.0, 1 = 0.05 and 2 = 0.05: a) 
mq , b) ,H mNu . 
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Figure 14 – Temperature fields obtained from configurations of Fig. 13 with different 

ratios of H2/L2, Ri = 1.0, 1 = 0.05 and 2 = 0.05. 
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          a) 

 

            b) 

 

Figure 15 – Effect of the fin fraction area (1 or 2) over the twice maximized 

performance indicators and the respective optimal shapes, (H2/L2)o and (H1/L1)oo, for Ri 

= 0.1: a) 
mmq , b) ,H mmNu . 
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Figure 16 – Temperature fields for the twice optimized shapes presented in Fig. 15 for 

Ri = 0.1. 
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            a) 

 

            b) 

 

Figure 17 – Effect of the fin fraction area (1 or 2) over the twice maximized 

performance indicators and the respective optimal shapes, (H2/L2)o and (H1/L1)oo, for Ri 

= 1.0: a) 
mmq , b) ,H mmNu . 
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Figure 18 – Temperature fields for the twice optimized shapes presented in Fig. 15 for 

Ri = 1.0. 

 

 

 


