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Abstract
Differential logical relations are a method to measure distances between higher-order programs.
They differ from standard methods based on program metrics in that differences between functional
programs are themselves functions, relating errors in input with errors in output, this way providing
a more fine grained, contextual, information. The aim of this paper is to clarify the metric nature of
differential logical relations. While previous work has shown that these do not give rise, in general,
to (quasi-)metric spaces nor to partial metric spaces, we show that the distance functions arising
from such relations, that we call quasi-quasi-metrics, can be related to both quasi-metrics and partial
metrics, the latter being also captured by suitable relational definitions. Moreover, we exploit such
connections to deduce some new compositional reasoning principles for program differences.
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1 Introduction

Program equivalence is a crucial concept in program semantics, and ensures that different
implementations of a program produce exactly the same results under the same conditions, i.e.,
in any environment. This concept is fundamental in program verification, code optimization,
and for enabling reliable refactoring: by proving that two programs are equivalent, developers
and compiler designers can confidently replace one with the other, knowing that the behavior
and outcomes will remain consistent. In this respect, guaranteeing that the underlying notion
of program equality is a congruence is of paramount importance.

In the research communities mentioned above, however, it is known that comparing
programs through a notion of equivalence without providing the possibility of measuring the
distance between non-equivalent programs makes it impossible to validate many interesting
and useful program transformations [28]. All this has generated interest around the concepts
of program metrics and more generally around the study of techniques through which to
quantitatively compare non-equivalent programs, so as, e.g., to validate those program
transformations which do not introduce too much of an error [31, 27].

What corresponds, in a quantitative context, to the concept of congruence? Once
differences are measured by some (pseudo-)metric, a natural answer to this question is
to require that any language construct does not increase distances, that is, that they are
non-expansive. Along with this, the standard properties of (pseudo-)metrics, like the triangle
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15:2 On the Metric Nature of (Differential) Logical Relations

inequality dpx, zq ` dpz, yq ě dpx, yq, provide general principles that are very useful in
metric reasoning, replacing standard qualitative principles (e.g., in this case, transitivity
eqpx, zq ^ eqpz, yq $ eqpx, yq).

Still, as already observed in many occasions [11, 9], the restriction to language constructs
that are non-expansive with respect to some purely numerical metric turns out too severe
in practice. On the one hand, the literature focusing on higher-order languages has mostly
restricted its attention to linear or graded languages [31, 2], due to well-known difficulties in
constructing metric models for full “simply-typed” languages [12]. On the other hand, even if
one restricts to a linear language, the usual metrics defined over functional types are hardly
useful in practice, as they assign distances to functions f, g via a comparison of their values
in the worst case: for instance, as shown in [11], the two maps λx.x, λx. sinpxq : Real Ñ Real,
although behaving very closely around 0, are typically assigned the distance 8, since their
values grow arbitrarily far from each other in the worst case.

The differential logical relations [11, 9, 29, 10] have been introduced as a solution to the
aforementioned problems. In this setting, which natively works for unrestricted higher-order
languages, the distance between two programs is not necessarily given as a single number:
for instance, two programs of functional type are far apart according to a function itself,
which measures how the error in the output depends on the error in the input, but also on
the value of the input itself. This way the notion of distance becomes sufficiently expressive,
at the same time guaranteeing the possibility of compositional reasoning. This paradigm also
scales to languages with duplication, recursion [9] and works even in presence of effects [10].

In the literature on program metrics, it has become common to consider metrics valued
on arbitrary quantales [22, 36]. This means that, as for the differential logical relations, the
distance between two points needs not be a non-negative real, but can belong to any suitable
algebra of “quantities”. This has led to the study of different classes of quantale-valued
metrics, each characterized by a particular formulation of the triangular law. Among this,
quasi-metrics [19] and partial metrics [4, 23] have been explored for the study of domains,
even for higher-order languages [17, 26]. While the first obey the usual triangular inequality,
or transitivity, the second obey a stronger transitivity condition, also taking into account
the replacement of standard reflexivity dpx, xq “ 0 by a weaker quasi-reflexivity condition
dpx, xq ď dpx, yq, implying that a point need not be at distance zero from itself.

A natural question is thus: do the distances between programs that are obtained via
differential logical relations constitute some form of (quantale-valued) metric? In particular,
what forms do transitivity and reflexivity do these relations support? The original paper [11]
defined symmetric differential logical relations and gave a very weak form of triangle inequality.
Subsequent works, relating to the more natural asymmetric case, have either ignored the
metric question [9, 10] or shown that the distances produced must violate both the reflexivity
of quasi-metric and the strong transitivity of partial metrics [17, 29].

This paper aims at providing a bridge between current methods for higher-order program
differences and the well-established literature on quantale-valued metrics. More specifically,
we show that the distances produced by differential logical relations, that we call quasi-
quasi-metrics (or qq-metric), satisfy the quasi-reflexivity of partial metrics and the standard
transitivity of quasi-metrics. Such metrics thus sit somehow in between quasi-metrics and
partial metrics. We will establish precise connections between all those. We also exploit these
results to deduce some new principles of compositional reasoning about program differences
arising from the different forms of transitivity at play. Finally, we introduce a deductive
system, inspired from the quantitative equational theories of Mardare et al. [27], to derive
upper bounds on differences between programs.
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Contributions. Our contributions can be summarized as follows:
We introduce a new class of quantale-valued metrics, called qq-metrics. We show that
each such metric gives rise to two observational quasi-metrics over programs, and can be
seen as a relaxation of partial quasi-metrics [24]. This is in Section 3;
we establish the equivalence of the cartesian closed structure of qq-metrics with the
standard definition of differential logical relations. We also show that observational quasi-
metrics as well as partial quasi-metrics can be captured by suitable families of logical
relations. We exploit all such definitions to deduce some new compositional reasoning
principles for program differences. This spans through Sections 4-7;
finally, we introduce an equational theory for program differences via a syntactic presenta-
tion of differential logical relations and we formulate two conjectures about the comparison
of the different notions of program distances introduced. This is in Sections 8 and 9.

We give proof details in appendices.

2 From Logical Relations to Differential Logical Relations

In this section we recall how differential logical relations can be seen as a quantitative
generalization of standard logical relations, at the same time highlighting the metric coun-
terparts of qualitative notions like equivalences and preorders. Moreover, we introduce
quasi-quasi-metrics as the metric counterpart of quasi-reflexive and transitive relations. For
simplicity, we identify lambda terms using the standard β-equalities throughout this section.

Logical Relations. The theory of logical relations is well-known and has been exploited in
various directions to establish qualitative properties of type systems, like e.g. termination [18],
bisimulation [33] or parametricity [30, 21]. The idea is to start from some basic binary
relation ρo Ď oˆ o over the terms of some ground type o. The relation ρo can then be lifted
to a family of binary relations ρA Ď A ˆ A, where A varies over all simple types constructed
starting from o (indeed, one may consider recursive [14], polymorphic [32, 30] or monadic [20]
types as well, but we here limit our discussion to simple types). The lifting is defined
inductively by:

pt, t1q P ρAˆB ðñ pfstptq, fstpt1qq P ρA and psndptq, sndpt1qq P ρB, (^)
pt, t1q P ρAñB ðñ p@s, s1 P Aq ps, s1q P ρA ñ pt s, t1 s1q P ρB. (ñ)

Typically, one wishes to establish a so-called fundamental lemma, stating that well-typed
programs x : A $ t : B preserve relations. This means that, for any choice of a family of
logical relations ρA defined as above, one can prove

p@s, s1 P Aq ps, s1q P ρA ñ ptrs{xs, trs1{xsq P ρB. (Fundamental Lemma)

Notice that this is equivalent to the instance of reflexivity pλx.t, λx.tq P ρAñB.
Of particular interest are the equivalence relations (that is, those which are reflexive,

symmetric and transitive) and the preorders (that is, the reflexive and transitive ones). We
here focus on the latter, as we will not consider symmetry in this paper (see Remark 3). A
fundamental observation is that the logical relation lifting preserves preorders (and indeed,
equivalences): if ρA and ρB are reflexive and transitive, then ρAˆB and ρAñB can be shown
reflexive and transitive as well. The case of the function space crucially relies on the fact that
all programs of type A ñ B must preserve relations (or, in other words, that the fundamental
lemma holds): as we observed above, the reflexivity condition pt, tq P ρAñB coincides with
the fact that the function t is relation-preserving; transitivity, instead, can be proved by
combining relation-preservation, the reflexivity of ρA and the transitivity of ρB.

FSCD 2025



15:4 On the Metric Nature of (Differential) Logical Relations

Any logical relation ρ Ď A ˆ A induces an equivalence ”ρ, called the observational
equivalence, where t ”ρ u iff for all s P A, ps, tq P ρ iff ps, uq P ρ. Intuitively, two terms t, u are
equivalent if the relation ρ cannot distinguish them. For example, if the definition of ρo on
basic types only depends on the values t ñ˚ v produced by terms, one can usually deduce
that terms are indistinguishable from their associated values, that is t ”ρ v. In the absence
of symmetry, one obtains two observational preorders Ďl

ρ,Ď
r
ρ Ď A ˆ A defined by:

s Ďl
ρ t ðñ p@u P Aq pt, uq P ρ ñ ps, uq P ρ,

s Ďr
ρ t ðñ p@u P Aq pu, sq P ρ ñ pu, tq P ρ.

These preorders satisfy the following useful and easily provable properties:

▶ Proposition 1. For any binary relation ρ Ď A ˆ A and c P tl, ru,
(i.) Ďc

ρ Ě ρ iff ρ is transitive;
(ii.) Ďc

ρ Ď ρ iff ρ is reflexive;
(iii.) Ďc

ρ “ ρ iff ρ is a preorder;
(iv.) The following hold:

p@s, t, u P Aq s Ďl
ρ t ^ pt, uq P ρ ñ ps, uq P ρ, (left transitivity)

p@s, t, u P Aq ps, tq P ρ ^ t Ďr
ρ u ñ ps, uq P ρ. (right transitivity)

The reason why we delve into these basic properties of preorders is that we will soon
explore their (less trivial!) quantitative counterparts, that arise naturally in the theory of
differential logical relations. In particular, the left and right transitivity conditions will
correspond to stronger variants of the triangular inequality for metric spaces.

Beyond preorders, we are interested in the following weaker notion:

▶ Definition 2 (Quasi-Preorder). A relation ĺ Ď A ˆ A is called a quasi-preorder if it is
transitive and (left-)quasi-reflexive, that is, t ĺ u ñ t ĺ t.

Quasi-preorders are obtained by weakening the reflexivity condition of preorders: intuitively,
only the points which are smaller than someone are smaller than themselves. One can easily
develop a theory of logical relations for quasi-preorders. The sole delicate point is that, in
order to let such relations lift to function spaces, one has to slightly modify the relation
lifting as follows:

pt, t1q P ρAñB ðñ p@s, s1 P Aq ps, s1q P ρA ñ pt s, t1 s1q P ρB ^ pt s, t s1q P ρB. (ñq)

Compared to (ñ), (ñq) includes a second clause pt s, t s1q P ρB relating the action of t on
both s and s1. With this definition, one can easily check that if ρA, ρB are quasi-preorders,
and the fundamental lemma holds, then ρAˆB and ρAñB are quasi-preorders as well.

Differential Logical Relations. We now have all elements to discuss what happens when
extending logical relations to a quantitative setting. Rather than considering binary relations
ρ Ď A ˆ A expressing that a certain property holds for two terms s, t or not, we will consider
ternary relations ρ Ď A ˆ QA ˆ A, where ps, a, tq P ρ indicates that a certain relation holds of
s, t to a certain extent, quantified via a P QA. Here QA is a quantale, an algebraic structure
(recalled in the next section) that captures several properties of quantities as expressed by
e.g. non-negative real numbers.

In fact, just like for standard logical relations, a differential logical relation ρo Ď oˆQo ˆo

on a ground type can be lifted to a family of binary relations ρA Ď AˆQAˆA over simple types.
First, we define, by induction, the quantales QAˆB “ QA ˆQB and QAñB “ A ñ pQA _ QBq,
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where QA _ QB is the quantale of monotone functions, and A ñ QA _ QB is the quantale
of functions from the set of closed terms of type A to QA _ QB equipped with the pointwise
order. We then define the lifting of ρo by:

ppt, uq, pa, bq, pt1, u1qq P ρAˆB ðñ pt, a, t1q P ρA and pu, b, u1q P ρA,

pt, f, t1q P ρAñB ðñ p@s, s1 P A,@a P QAq if ps, a, s1q P ρA, then
pt s, fpsqpaq, t s1q P ρB and pt s, fpsqpaq, t1 s1q P ρB.

Notice that the definition of ρAñB closely imitates the clause (ñq) for quasi-preorders. Also
observe that the quantale QAñB for the function type is itself a set of functions relating
terms of type A and quantities in QA with quantities in QB. As we show in Section 5, this
definition gives rise to an interpretation of the simply typed λ-calculus where a fundamental
lemma holds under the following form: for all terms x : A $ t : B and choice of a family of
differential logical relations ρA as above, there exists a map t‚ : A ñ pQA _ QBq such that

p@s, s1 P A,@a P QAq ps, a, s1q P ρA ñ pt s, t‚psqpaq, t s1q P ρB. (fundamental lemma)

The function t‚ behaves like some sort of derivative of t: it relates errors in input with errors
in output. This connection is investigated in more detail in [9, 29].

So far, everything works just as in the standard, qualitative, case. However, the quantit-
ative setting is well visible when we consider the corresponding notions of equivalences and
preorders. Recall that an (integral) quantale is, in particular, an ordered monoid pQ,`, 0,ďq

of which 0 is the minimum element. For a differential logical relation ρ Ď A ˆ QA ˆ A,
reflexivity, symmetry and transitivity translate into the following conditions:

p@t P Aq pt, 0, tq P ρ, (reflexivity)
p@t, u P A,@a P QAq pt, a, uq P ρ ñ pu, a, tq P ρ, (symmetry)

p@s, t, u P A,@a, b P QAq ps, a, tq P ρ ^ pt, b, uq P ρ ñ ps, a` b, uq P ρ. (transitivity)

It is clear then that equivalence relations translate, in the quantitative setting, into some
kind of metric space. Similarly, the quantitative counterpart of preorders are the so-called
quasi-metric spaces [19], essentially, metrics without a symmetry condition, indeed a very
well-studied class of metrics. In particular, we will show that, similarly to preorders, any
ternary relation ρ Ď A ˆ QA ˆ A gives rise to left and right observational quasi-metrics
ρl, ρr : A ˆ A Ñ QA satisfying properties analogous to those of Proposition 1.
▶ Remark 3. While in the original definition [11] differential logical relations were symmetric,
symmetry was abandoned in all subsequent works. The first reason is that several interesting
notions of program difference, like e.g. those arising from incremental computing [9, 6, 1],
are not symmetric. A second reason is that the cartesian closure is problematic in presence
of both quasi-reflexivity and symmetry [29].

There is, however, an important point on which differential logical relations differ from
standard logical relations: while the former lift preorders well to all simple types, their
quantitative counterpart, the quasi-metrics, are not preserved by the higher-order lifting of
differential logical relations. Indeed, we observed that an essential ingredient in the lifting
of the reflexivity property is the fundamental lemma; yet, in the framework of differential
logical relations, the fundamental lemma produces, for any term t : A ñ B, the “reflexivity”
condition pt, t‚, tq P ρAñB, which differs from standard reflexivity in that the distance is
t‚ and not the minimum element 0. This means that the metric structure arising from
differential logical relation cannot be that of standard (quasi-)metric spaces. Rather, it must

FSCD 2025



15:6 On the Metric Nature of (Differential) Logical Relations

be something close to the partial metric spaces [4, 23], that is, metric spaces in which the
condition dpx, xq “ 0 is replaced by the quasi-reflexivity condition dpx, xq ď dpx, yq. We will
discuss the connections with partial metric spaces in the next sections.

By replacing reflexivity with quasi-reflexivity, we obtain the quantitative counterpart of
quasi-preorders, that we call qq-metrics (being “quasi” both in the sense of quasi-metrics,
i.e. the rejection of symmetry, and of quasi-preorders, i.e. the weakening of reflexivity).

▶ Definition 4. For a set X and a quantale Q, a relation ρ Ď X ˆ Q ˆ X is called
quasi-quasi-metric (or more concisely qq-metric) if it is transitive and satisfies the condition

p@x, y P X,@a P Qq px, a, yq P ρ ñ px, a, xq P ρ. (quasi-reflexivity)

As shown in Section 4, the qq-metrics capture the properties of distances which are preserved
by differential logical relations: indeed, the argument showing that the quasi-preorders lift to
all simple types scales well to the quantitative setting, showing that a qq-metric on the base
types gives rise to qq-metrics on all simple types.

The obvious question, however, is: what are these qq-metrics? How are they related to
the more standard quasi-metrics and partial metrics? This is what we are going to do in the
following section.

3 Quasi-Quasi-Metric Spaces

In this section we use the language of quantale-valued relations to explore the connections
between the qq-metrics introduced in the previous section and the more well-established
notions of quasi-metric and partial quasi-metric spaces.

Quantale-Valued Relations. Let us recall that a quantale Q is a complete lattice pQ,Ďq

endowed with a continuous monoidal operation b, with unit 1. Here, b being continuous
means that both xb p´q and p´q bx preserve arbitrary suprema for all x P Q. A quantale Q
is integral (cf. [22], p. 148) when 1 “ J and commutative when b is commutative. Suppose Q
is commutative. Given x, y P Q, their residual is defined as x⊸ y :“

Ž

tz P Q | z b x Ď yu

where Ď is the partial order of Q. Notice that z Ď x ⊸ y iff z b x Ď y, and that
px⊸ yq bx Ď y Ď x⊸ pybxq. A commutative quantale Q is divisible [23] if for all x, y P Q,
x Ď y holds iff y b py ⊸ xq “ x. Equivalently, Q is divisible iff, whenever x Ď y, there exists
z such that x “ y b z. In the following we will use Q to refer to a commutative, integral and
divisible quantale.

▶ Example 5. The Lawvere quantale is formed by the non-negative extended reals r0,`8s

with the reversed order x Ď y :“ x ě y, and with addition as monoidal operation. Notice
that the ordering of quantales is reversed with respect to usual metric intuitions: the “0”
element is the J, joins correspond to taking infs, etc.

Given a quantale Q and sets X,Y , a Q-relation over X,Y is a map s : XˆY Ñ Q, which
can be visualized as a matrix with values in Q. For Q-relations s, t : X ˆ Y Ñ Q, we write
s Ď t when spx, yq Ď tpx, yq for all x P X and y P Y . Given Q-relations s : X ˆ Y Ñ Q,
t : Y ˆZ Ñ Q and u : XˆZ Ñ Q, w : ZˆY Ñ Q, we define the Q-relations sbt : XˆZ Ñ Q
and u⊸ s : Z ˆ Y Ñ Q and s› w : X ˆ Z Ñ Q via the two operations:

psb tqpx, zq “
ł

yPY

spx, yq b tpy, zq,

pu⊸ sqpz, yq “
ľ

xPX

upx, zq ⊸ spx, yq, ps› wqpx, zq “
ľ

yPY

wpz, yq ⊸ spx, yq.
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The monoidal product b and the residuals ⊸,› of Q-relations satisfy properties analogous
to residuals in Q, e.g. s b ps ⊸ tq Ď t, pt › sq b s Ď t. It is well-known that Q-relations
form a category QRel whose objects are sets and such that QRelpX,Y q are the Q-relations
from X to Y . The operation s b t is the composition operator of this category, while the
identities are the relations defined as 1Xpx, xq “ 1 “ J and 1Xpx, y ‰ xq “ K.

Finally, for any relation s P QRelpX,Xq, define the relations ∆1s,∆2s P QRelpX,Xq

by ∆1s “ s ˝ ∆ ˝ π1 and ∆2s “ s ˝ ∆ ˝ π2, that is, ∆1spx, yq :“ spx, xq, ∆2spx, yq “ spy, yq.

Qq- and Quasi-Metric Spaces. For a relation s P QRelpX,Xq, reflexivity spx, xq “ 1
and transitivity spx, zq b spz, yq Ď spx, yq can be written more concisely as s Ě 1X and
sb s Ď s. A relation s satisfying both such properties is called a quasi-(pseudo)metric (or a
hemi-metric) over X (with values in Q). The “pseudo” prefix stands for the fact that the
usual separation property spx, yq “ 1 ñ x “ y needs not hold. As we do not investigate
separation here, all metric notions discussed in the rest of the paper are to be understood as
implicitly “pseudo”.

The following construction generalizes the observational preorders to Q-relations:

▶ Proposition 6. For all s P QRelpX,Xq, the relations sl :“ s › s, sr :“ s ⊸ s P

QRelpX,Xq are quasi-metrics and, for c P tl, ru, the following hold:
(i.) sc Ě s iff s is transitive;
(ii.) sc Ď s iff s is reflexive;
(iii.) sc “ s iff s is a quasi-metric;
(iv.) sl b s Ď s and sb sr Ď s, that is, the following hold:

p@x, y, z P Xq slpx, zq b spz, yq Ď spx, yq, (left transitivity)
p@x, y, z P Xq spx, zq b srpz, yq Ď spx, yq. (right transitivity)

We call the quasi-metrics sl, sr the left and right observational quasi-metric of s.
Qq-metrics correspond to Q-relations s P QRelpX,Xq satisfying transitivity s b s Ď s

and quasi-reflexivity s Ď ∆1s (i.e. spx, yq Ď spx, xq). From transitivity, we deduce that, for
a qq-metric s, both sl, sr Ě s hold, that is, the observational quasi-metrics yield tighter
distances than s. This implies that left and right transitivity read as stronger forms of the
triangular inequality. In particular, the following alternative characterization of qq-metrics
holds:

▶ Proposition 7. For any quasi-reflexive s P QRelpX,Xq, s is a qq-metric iff there exists a
quasi-metric q Ě s such that either sb q Ď s or q b s Ď s holds. Furthermore, when s is a
qq-metric, both sl and sr are quasi-metrics.

Qq- and Partial Metric Spaces. Let us now discuss the connection with partial metric
spaces. We here consider the non-symmetric variant of the partial metric spaces from [4],
called partial quasi-metric spaces (PQM) [24]. As we anticipated, these are metrics p for
which the usual reflexivity condition ppx, xq “ 1 is replaced by the weaker quasi-reflexivity
condition ppx, xq Ě ppx, yq. However, unlike the qq-metrics just discussed, PQMs satisfy a
stronger transitivity condition. When Q “ r0,`8s is the Lawvere quantale, this condition
reads as

ppx, zq ` ppz, yq ´ ppz, zq Ě ppx, yq. (strong transitivity in r0,`8s)

FSCD 2025
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The idea is that the self-distance of the central term z is “subtracted”. For a general quantale
Q, this becomes:

ppx, zq b pppz, zq ⊸ ppz, yqq Ď ppx, yq. (strong transitivity)

Define the relations Θl
s,Θr

s P QRelpX,Xq by Θl
spx, yq “ spy, yq ⊸ spx, yq and Θr

spx, yq “

spx, xq ⊸ spx, yq. A PQM can be thus more concisely be defined as a relation s P QRelpX,Xq

satisfying s Ď ∆1s and sb Θr
s Ď s. Notice that strong transitivity sb Θr

s Ď s looks similar to
the right transitivity sb qr

s Ď s. Indeed, the following result relates the relations Θc
s and sc:

▶ Proposition 8. For all s P QRelpX,Xq and c P tl, ru, sc Ď Θc
s. Moreover, if s is

quasi-reflexive, Θc
s Ď sc holds iff Θc

s is a quasi-metric iff s is a partial quasi-metric.

The result above suggests that the partial quasi-metrics can be seen as limit cases of
the qq-metrics, namely those for which the quasi-metric srpx, yq can be written under the
simpler form Θr

spx, yq “ spx, xq ⊸ spx, yq.
Unfortunately, while the standard definition of differential logical relations preserves

qq-metrics, it does not preserve partial quasi-metrics: [17, 29] show that the function space
constructions lifts PQMs into PQMs only when the monoidal product of the underlying
quantales is idempotent (one talks in this case of a partial ultra-metric, since strong transitivity
becomes ppx, zq ^ ppz, yq Ď ppx, yq). Nevertheless, we will show in Section 7 how one can
capture PQMs via a suitable family of logical relations.

4 Differential Logical Relations as Qq-Metrics

In this section we provide a semantic presentation of differential logical relations by defining
a cartesian closed category of qq-metrics, this way highlighting the close correspondence
between these two notions.

From Q-Relations to Ternary Relations. While in the previous section we discussed Q-
relations, that is, binary relations valued in a quantale Q, the theory of differential logical
relations is expressed in terms of ternary relations ρ Ď X ˆ Q ˆX. In fact, any such relation
ρ Ď X ˆ Q ˆX induces a Q-relation pρ P QRelpX,Xq defined by

pρpx, yq “
ł

ta P Q | px, a, yq P ρu.

Intuitively, pρpx, yq is the smallest (recall the inversion of the order) distance between x and y.
This correspondence can be made more precise as follows: a ternary relation ρ Ď X ˆ Q ˆX

be said to be Q-closed when the following hold:
px, a, yq P ρ and a1 Ď a implies px, a1, yq P ρ;
if px, ai, yq P ρ, for all i P I, then px,

Ž

iPI ai, yq P ρ.
We will use Q-closedness to derive results in Section 6.

In Appendix A (Lemma 21), we show that the map ρ ÞÑ pρ defines a bijection between the
Q-closed relations ρ Ď X ˆ Q ˆX and QRelpX,Xq. In the sequel, we will identify metrics
with their corresponding Q-closed relations.

A Cartesian Closed Category of Qq-Metrics. We now define a category of qq-metrics. Let
us recall notations from Section 2. For sets A and B, we denote the set of functions from A

to B by A ñ B; for quantales Q and R, we denote the set of monotone functions from Q
to R by Q _ R. Below, we write f ¨ x for the application of f : A Ñ B to x P A, and we
suppose that p´q ¨ p´q is left-associative, i.e., f ¨ x ¨ y is an abbreviation of pf ¨ xq ¨ y.
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The category Qqm of qq-metrics is defined as follows:
objects are triples X “ pQX , |X|, ρXq consisting of a quantale QX , a set |X| and a
qq-metric ρX Ď |X| ˆ QX ˆ |X|;
morphisms from X to Y are triples pf, a, f 1q consisting of functions f, f 1 : |X| Ñ |Y | and
a : |X| Ñ pQX _ QY q such that for all px, b, x1q P ρX , we have pf ¨ x, a ¨ x ¨ b, f 1 ¨ x1q P ρY

and pf ¨ x, a ¨ x ¨ b, f ¨ x1q P ρY .
The identity morphism on an object X is pidX , iX , idXq consisting of the identity function
idX on |X| and a function iX : |X| Ñ pQX _ QXq given by iX ¨ x ¨ a “ a. The composition
of pf, a, f 1q : X Ñ Y and pg, b, g1q : Y Ñ Z is pg ˝ f, c, g1 ˝ f 1q where c : |X| Ñ pQX _ QZq is
given by c ¨ x “ pb ¨ pf ¨ xqq ˝ pa ¨ xq.

▶ Proposition 9. The category Qqm is cartesian closed.

The cartesian closed structure closely matches the construction of differential logical relations
in Section 2. The terminal object J is pt˚u, t˚u, ρJq where ρJ “ tp˚, ˚, ˚qu, and the product
of X and Y is X ˆ Y “ pQX ˆ QY , |X| ˆ |Y |, ρXˆY q, where ρXˆY is given by

ppx, yq, pa, bq, px1, y1qq P ρXˆY ðñ px, a, x1q P ρX and py, b, y1q P ρY .

The exponential X ñ Y is given by p|X| ñ pQX _ QY q, |X| ñ |Y |, ρXñY q where

pf, a, f 1q P ρXñY ðñ for all px, b, x1q P ρX and g P tf, f 1u, pf ¨ x, a ¨ x ¨ b, g ¨ x1q P ρY .

Here, the quantale structure of QXˆY and QXñY are given by the pointwise manner. We
give details of the cartesian closed structure in Appendix B.

▶ Example 10. We define an object R P Qqm to be pR, r0,`8s, ρRq, where

px, a, x1q P ρR ðñ |x´ x1| Ě a.

Observe that the distance pρR : R ˆ R Ñ r0,`8s is just the Euclidean distance pρRpx, yq “

|y ´ x|. For functions f, g : R Ñ R, an element a P QRñR satisfies pf, a, gq P ρRñR if and
only if we have a ¨ x ¨ b Ď

Ź

|x´y|Ěb |f ¨ x ´ g ¨ y|, i.e., a bounds gaps between outputs of f
and g. In particular, we have pf,J, fq P ρRñR if and only if f is a constant function. We
note that the largest element J P QRñR is given by J ¨ x ¨ b “ 0.

5 The Fundamental Lemma

In this section we establish the fundamental lemma of differential logical relations for a
simply typed lambda calculus ΛReal, by relying on the cartesian closed category Qqm of
qq-metrics. We then apply this result to measure differences between functions.

Syntax and Set-theoretic Semantics. Our language ΛReal comprises a type of real numbers
and first order functions on R. Let Var be a countably infinite set of variables. We define
types and terms as follows:

(type) A,B – Real | A ˆ B | A ñ B,
ptermq t, s – x P Var | r | ϕpt1, . . . , tnq | t s | λx : A. t | xt, sy | fstptq | sndpsq.

Here, r varies over R, and ϕ varies over the set of multi-arity functions on R, namely, ϕ is a
function from Rn to R for some n P N. We call n the arity of ϕ, and we denote the arity of
ϕ by arpϕq. We adopt the standard typing rules given in Figure 1. Below, we denote the set
of types by Type and the set of closed terms of type A by TA.
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x : A P Γ
Γ $ x : A

r P R
Γ $ r : Real

Γ $ t1 : Real . . . Γ $ tarpϕq : Real
Γ $ ϕpt1, . . . , tarpϕqq : Real

Γ $ t : A ñ B Γ $ s : A
Γ $ t s : B

Γ, x : A $ t : B
Γ $ λx : A. t : A ñ B

Γ $ t : A Γ $ s : B
Γ $ xt, sy : A ˆ B

Γ $ t : A ˆ B
Γ $ fstptq : A

Γ $ t : A ˆ B
Γ $ sndptq : B

Figure 1 Typing Rules.

We denote the standard set theoretic interpretation of ΛReal by L´M. (See [25] for example.)
To be concrete, the interpretation LAM of a type A is a set inductively defined by

LRealM “ R, LA ˆ BM “ LAM ˆ LBM, LA ñ BM “ LAM ñ LBM;

and we interpret a term x1 : A1, . . . , xn : An $ t : B as a function LtM from LA1M ˆ ¨ ¨ ¨ ˆ LAnM
to LBM. We give the definition of LtM in Appendix C.

The Fundamental Lemma. We inductively define a qq-metric space JAK by

JRealK “ R, JA ˆ BK “ JAK ˆ JBK, JA ñ BK “ JAK ñ JBK.

Here, R is the qq-metric given in Example 10. Below, we simply denote the structure of an
object JAK by pQA, |A|, ρAq. It is straightforward to check that for every type A, we have
|A| “ LAM. The qq-metrics JAK are the categorical interpretation of types A, and the following
fundamental lemma is derived from the categorical interpretation of ΛReal-terms in Qqm.

▶ Theorem 11 (Fundamental Lemma). Let Γ “ px1 : A1, . . . , xn : Anq be a typing context.
For every term Γ $ t : A, and for every px, a, x1q P ρA1ˆ¨¨¨ˆAn

, we have

pLtM ¨ x, t|t|u ¨ x ¨ a, LtM ¨ x1q P ρA

where we inductively define t|t|u P QA1ˆ¨¨¨ˆAnñB as follows:
We define t|xi|u ¨ px1, . . . , xnq ¨ pa1, . . . , anq to be ai.

We define t|r|u ¨ x ¨ a to be 0.
We define t|ϕpt1, . . . , tnq|u ¨ x ¨ a to be ϕdpLt1M ¨ x, . . . , LtnM ¨ x, t|t1|u ¨ x ¨ a, . . . , t|tn|u ¨ x ¨ aq

where we define ϕd : Rn ˆ r0,`8sn Ñ r0,`8s by

ϕdpy1, . . . , yn, b1, . . . , bnq “
ľ

|y1´z1|Ěb1

¨ ¨ ¨
ľ

|yn´zn|Ěbn

|ϕpy1, . . . , ynq ´ ϕpz1, . . . , znq|.

We define t|t s|u ¨ x ¨ a to be t|t|u ¨ x ¨ a ¨ pLsM ¨ xq ¨ pt|s|u ¨ x ¨ aq.
We define t|λx : A. t|u¨px1, . . . , xnq¨pa1, . . . , anq¨y ¨b to be t|t|u¨px1, . . . , xn, yq¨pa1, . . . , an, bq.
We define t|xt, sy|u ¨ x ¨ a to be pt|t|u ¨ x ¨ a, t|s|u ¨ x ¨ aq.
We define t|fstptq|u ¨ x ¨ a to be the first component of t|t|u ¨ x ¨ a.
We define t|sndptq|u ¨ x ¨ a to be the second component of t|t|u ¨ x ¨ a.

The fundamental lemma is a way to compositionally reason about distances.

▶ Example 12. Let us fix a positive real number ϵ. We define Dϵ : pR ñ Rq Ñ pR ñ Rq by

Dϵ “ Lλf : Real ñ Real. λx : Real.dfϵpfpadϵpxqq, fpxqqM
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where dfϵpx, yq “
x´y

ϵ and adϵpxq “ x` ϵ. For f : R Ñ R and x P R, Dϵ ¨ f ¨ x calculates an
approximation of the derivative of f at x:

Dϵ ¨ f ¨ x “
fpx` ϵq ´ fpxq

ϵ
.

By the fundamental lemma, we obtain pDϵ, Eϵ, Dϵq P ρpRñRqñpRñRq where Eϵ is a function
from |R ñ R| to QRñR _ QRñR given by

Eϵ ¨ f ¨ a “ λx : R. λb : r0,`8s.
a ¨ px` ϵq ¨ b` a ¨ x ¨ b

ϵ
.

We note that Eϵ depends on our choice of term denoting Dϵ. In Example 15, we will
observe that pidR, a, sinq is an element of ρRñR where idR is the identity function on R, and
a P QRñR is given by a ¨ x ¨ b “ |x´ sinpxq| ` b. By applying pDϵ, Eϵ, Dϵq to pidR, a, sinq, we
obtain pDϵ ¨ idR, a

1, Dϵ ¨ sinq P ρR where

a1 ¨ x ¨ b “
|x` ϵ´ sinpx` ϵq| ` |x´ sinpxq| ` 2b

ϵ
.

From this, we see that the distance between Dϵ ¨ idR ¨ 0 and Dϵ ¨ sin ¨ 0 is bounded by |ϵ´sinpϵq|

ϵ .
We note that a1 is not the exact distance between Dϵ ¨ idR and Dϵ ¨ sin. For example, while
|D0.1 ¨ idR ¨ 0 ´ D0.1 ¨ sin ¨ 0.1| « 0.01, we have a1 ¨ 0 ¨ 0.1 « 2. This gap stems in the fact
that pDϵ, Eϵ, Dϵq takes all functions into account and cannot exploit continuity of specific
functions.

6 Quasi-Metric Logical Relations

As described in Section 3, any qq-metric gives rise to left and right observational quasi-metrics.
In this section, we introduce a class of logical relations γA that capture the left observational
quasi-metric associated to ρA. We will then show how such relations can be used to derive
over-approximations of distances between functions.

For a type A, we define γA Ď |A| ˆ QA ˆ |A| by induction on A as follows:

px, a, x1q P γReal ðñ |x´ x1| Ě a,

pf, a, f 1q P γAñB ðñ for all px, b, x1q P ρA, pf ¨ x, a ¨ x ¨ b, f 1 ¨ xq P γB, and
for all pf 1, b, f 1q P ρAñB, pf, ab b, fq P ρAñB,

ppx, yq, pa, bq, px1, y1qq P γAˆB ðñ px, a, x1q P γA and py, b, y1q P γB.

We give some explanation on the definition of γAñB. The definition consists of two conditions.
The first condition means that, if pf, a, f 1q is an element of γAñB, then the distance a ¨ x ¨ b

over-approximates the distance between f and f 1 at the same point x (rather than on
distinct points, as is the case for the relation ρAñB). The second condition means that a
also over-approximates the gap between the self-distance of f 1 and the self-distance of f .

Recall that ρl
A is the quasi-metric representing the left observational quasi-metrics associ-

ated with the qq-metric ρA. In Appendix D, we give some auxiliary lemmas and proofs for
Proposition 13 and Theorem 14.

▶ Proposition 13. For every type A, we have ρl
A “ γA.

We can use Proposition 13 to over-approximate ρ-distances in terms of γ-distances and
the left observational quasi-metric. Let us sketch our idea. First, thanks to Proposition 13
and Proposition 6, we can exploit left-transitivity to pass from a γ-distance between t and s
and a self-ρ-distance of s to a ρ-distance between t and s:

pLtM, a, LsMq P γA and pLsM, b, LsMq P ρA ùñ pLtM, ab b, LsMq P ρA. (left transitivity)
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Second, thanks to the fundamental lemma, we can always obtain a ρ-distance by summing a
γ-distance with the self-distance t|s|u:

pLtM, a, LsMq P γA ùñ pLtM, ab t|s|u, LsMq P ρA. (ρ Ě γ b self-ρ)

The following result exploits this last idea to bound the distance between two functions f
and g by summing the “vertical distance” between f and g (that is, the distance of fpxq and
gpxq for some fixed x) with an approximation of the self-distances of f and g:

▶ Theorem 14. Let A be a type. For any f, f 1 P |A ñ Real| and any a, a1 P QAñReal, if
|f ¨ x´ f 1 ¨ x| Ě a ¨ x ¨ b for all px, b, x1q P ρA; and
pf, a1, fq P ρAñReal and pf 1, a1, f 1q P ρAñReal,

then pf, ab a1, f 1q P ρAñReal.

▶ Example 15. Let idR be the identity function on R. By the fundamental lemma with a
simple calculation, we obtain pidR, a

1, idRq P ρRñR and psin, a1, sinq P ρRñR where a1 ¨x ¨b “ b.
By Theorem 14, a P QRñR given by a ¨ x ¨ b “ |x´ sinpxq| satisfies pidR, ab a1, sinq P ρRñR.
To be concrete, pab a1q ¨ x ¨ b “ |x´ sinpxq| ` b, which means that the distance between x

and sinpyq is small when x and y are close to 0.

▶ Remark 16. Due to asymmetry in the definition of the exponential X ñ Y in Qqm, it is
not clear how to capture the right observational quasi-metrics in a similar manner. However,
we will see that right observational quasi-metrics can be captured by partial metric logical
relations introduced in the next section.

7 Partial Metric Logical Relations

As discussed in Section 3, the qq-metrics ρA are not, in general, partial metrics. In this
section we introduce a family of differential logical relations pηAqAPTypes that defines a class of
partial quasi-metrics over ΛReal. The fundamental (indeed, the only) difference with respect
to the family ρA is, as it may be expected, in the case of the function type.

For any type A, we define ηA Ď |A| ˆ QA ˆ |A| by induction on A as follows:

px, a, x1q P ηReal ðñ |x´ x1| Ě a,

pf, a, f 1q P ηAñB ðñ there are a1, a2 P QAñB such that a1 b a2 Ě a and
for all px, b, x1q P ηA, pf ¨ x, a1 ¨ x ¨ b, f ¨ x1q P ηB and

pf ¨ x1, a2 ¨ x ¨ b, f 1 ¨ x1q P ηB,

ppx, yq, pa, bq, px1, y1qq P ηAˆB ðñ px, a, x1q P ηA and py, b, y1q P ηB.

The idea of the definition of ηAñB is that if pf, a, f 1q P ηAñB, then a must be larger than or
equal to the sum of the self-distance of f and of the “vertical” distances between f and f 1.
The following result shows that the relations ηA define partial quasi-metrics on all types.

For pf, a, f 1q P ηAñB, we call a pair a1, a2 P QAñB satisfying the condition in the definition
of pf, a, f 1q P ηAñB a decomposition of pf, a, f 1q P ηAñB.

▶ Proposition 17. For all types A:
For any type A, the relation ρA is Q-closed. In particular, for all px, a, x1q P ηA, the set
of decompositions of px, a, x1q P ηA is a complete lattice.
If px, a, x1q P ηA, then px, a, xq P ηA.
If px, a, zq P ηA and pz, b, yq P ηA, then there exists c1, c2 P QA such that ab b Ď c1 b c2,
pz, c1, zq P ηA and px, c2, yq P ηA. In particular, px, ab pc1 ⊸ bq, yq P ηA.



U. Dal Lago, N. Hoshino, and P. Pistone 15:13

x‚
“ 9x r‚

“ 0 pt sq
‚

“ t‚ s s‚
pλx : A. tq

‚
“ λx : A. λ 9x : A‚. t‚

xt, sy
‚

“ xt‚, s‚
y

pfstptqq
‚

“ fstpt‚
q psndptqq

‚
“ sndpt‚

q pϕpt1, . . . , tnqq
‚

“ ϕd
pt1, . . . , tn, t‚

1, . . . , t‚
nq

Figure 2 Derivative of Term.

By adapting the definition of γA from Section 6, we can capture the left observational
quasi-metrics ρl

A associated with the partial quasi-metrics ηA. Moreover, by Proposition 8,
the right observational quasi-metric ρr

A satisfies px, pηApx, xq ⊸ a, yq P ρr
A ðñ px, a, yq P ηA.

Thanks to this, we can capture this quasi-metrics via the logical relations δA Ď |A| ˆ QA ˆ |A|

defined by induction on A, letting the base and product case being defined as for γA, and the
function case being as follows:

pf, a, f 1q P δAñB ðñ for all pf, b, fq P ηAñB, pf, ab b, f 1q P ηAñB.

▶ Proposition 18. For every type A, we have ρr
A “ δA.

8 A Quantitative Equational Theory

The goal of this section is to introduce an equational theory to formally deduce differences
between programs. To this end, we first give a syntactic presentation of differential logical
relations internally to the language of ΛReal, and then introduce a deductive system to deduce
program differences.

While our idea is inspired by the quantitative equational theories of Mardare et al. [27], it
differs in two respects: first, distances need not be real numbers, but are presented as arbitrary
ΛReal-programs; second, non-expansiveness is replaced by the condition corresponding to the
fundamental lemma of differential logical relations.

Preparation. Before we go into construction, we prepare some syntactic counter parts of
constructions in the fundamental lemma for Qqm. We first inductively define a type A‚ by

Real‚ “ Real, pA ñ Bq‚ “ A ñ A‚ ñ B‚, pA ˆ Bq‚ “ A‚ ˆ B‚.

This is a syntactic counter part of quantales QA. The reason that we define Real‚ to be
Real even though Real‚ should be a type of non-negative extended real numbers is to keep
the syntax of ΛReal simple. It is possible to extend ΛReal with a type Real8ě0 of non-negative
extended real numbers and types A _ B of monotone functions. We next give a syntactic
counter part of t|t|u. For this purpose, we suppose that there is a partition Var “ Var0 Y Var1,
i.e., there are mutually disjoint subsets Var0,Var1 Ď Var such that Var is equal to Var0 Y Var1.
Furthermore, we suppose that there is a bijection 9p´q : Var0 Ñ Var1. In the sequel, we denote
variables in Var1 by dotted symbols 9x, 9y, 9z, . . ., and we denote variables in Var0 by x, y, z, . . ..
Based on this convention, for a typing context Γ “ px1 : A1, . . . , xn : Anq, we define a typing
context Γ‚ by Γ‚ “ p 9x1 : A‚

1, . . . , 9xn : A‚
nq. Now, for a term Γ $ t : A, we define a term

Γ, Γ‚ $ t‚ : A, which we call the derivative of t, in Figure 2. The definition of t‚ corresponds
to the definition of t|t|u, and we can find the same construction in [9].

Syntactic Differential Logical Relations. By adopting the structure of Qqm, we define a
type-indexed family tδlog

A Ď TA ˆ TA‚ ˆ TAuAPType of ternary predicates as follows:
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pt, a, t1q P δlog
Real ðñ there are r, r1 P R and s P r0,`8s such that |r ´ r1| Ě s and

$ t “ r : Real and $ a “ s : Real and $ t1 “ r1 : Real,

pt, a, t1q P δlog
AñB ðñ for any ps, b, s1q P δlog

A , pt s, a s b, t1 s1q P δlog
B and pt s, a s b, t s1q P δlog

B ,

pt, a, t1q P δlog
AˆB ðñ pfstptq, fstpaq, fstpt1qq P δlog

A and psndptq, sndpaq, sndpt1qq P δlog
B

where we write Γ $ t “ s : A when the equality between Γ $ t : A and Γ $ s : A is derivable
from the standard equational theory consisting of βη-equalities extended with the following
axiom for every multi-arity function ϕ:

Γ $ ϕpr1, . . . , rarpϕqq “ ϕpr1, . . . , rarpϕqq : Real.

Although TA is not a quantale in general, we can show that δlog
A satisfies “left quasi-reflexivity”,

“transitivity” and a fundamental lemma in the following form.

▶ Proposition 19. Let A be a type.
If pt, a, t1q P δlog

A , then pt, a, tq P δlog
A .

If pt, a, t1q P δlog
A and pt1, a1, t2q P δlog

A , then pt, addA a a1, t2q P δlog
A where addReal P

TRealñRealñReal is the binary addition, and addA P TAñAñA for arbitrary type A is
inductively given by

addAñB “ λxy : A ñ B. λz : A. addB px zq py zq,

addAˆB “ λxy : A ˆ B. xaddA fstpxq fstpyq, addB sndpxq sndpyqy.

For any term x1 : A1, . . . , xn : An $ t : A, and for any family tpsi, ai, s1
iq P δlog

Ai
u1ďiďn,

ptrs1{x1, . . . , sn{xns, t‚rs1{x1, . . . , sn{xn, a1{ 9x1, . . . , an{ 9xns, t1rs1
1{x1, . . . , s1

n{xnsq P δlog
A .

If pt, a, t1q P δlog
A and $ t “ s : A and $ a “ b : A‚ and $ t1 “ s1 : A, then ps, b, s1q P δlog

A .

Equational Metric. We introduce a formal system to infer δlog-distances between terms.
For terms Γ $ t : A and Γ, Γ‚ $ a : A and Γ $ t1 : A, we write Γ $ pt, a, t1q : A when we
can derive this judgment from the rules given in Figure 3 where in the derivation rule for
an n-ary function ϕ on R, Dpϕq is a set of 2n-ary functions on R given by ψ P Dpϕq if and
only if for all triples of reals pri, r

1
i, siq1ďiďn, if |ri ´ r1

i| ď si for any i P t1, . . . , nu, then
|ϕpr1, . . . , rnq ´ϕpr1

1, . . . , r
1
nq| ď ψpr1, . . . , rn, s1, . . . , snq. The last rule in Figure 3 makes the

judgement compatible with the equational theory for terms. Then, we define a type-indexed
ternary predicate tδeq

A Ď TA ˆ TA‚ ˆ TAuAPType by

pt, a, t1q P δeq
A ðñ $ pt, a, t1q : A.

We note that quasi-reflexivity and transitivity for arbitrary A follows from left quasi-reflexivity
and transitivity for Real. We can also show that δeq is subsumed by δlog. We can check the
following proposition by induction on types.

▶ Proposition 20. Let A be a type.
If pt, a, t1q P δeq

A , then pt, a, tq P δeq
A .

If pt, a, t1q P δeq
A and pt1, a1, t2q P δeq

A , then pt, addA a a1, t2q P δeq
A .

For any term x1 : A1, . . . , xn : An $ t : A, and for any family tpsi, ai, s1
iq P δeq

Ai
u1ďiďn,

ptrs1{x1, . . . , sn{xns, t‚rs1{x1, . . . , sn{xn, a1{ 9x1, . . . , an{ 9xns, t1rs1
1{x1, . . . , s1

n{xnsq P δeq
A .

If pt, a, t1q P δeq
A , then pt, a, t1q P δlog

A .
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|r ´ r1
| ď s

Γ $ pr, s, r1
q : Real

Γ $ pt1, a1, t1
1q : Real . . . Γ $ ptn, an, t1

nq : Real ψ P Dpϕq

Γ $ pϕpt1, . . . , tnq, ψpt1, . . . , tn, a1, . . . , anq, ϕpt1
1, . . . , t1

nqq : Real

x : A P Γ
Γ $ px, 9x, xq : A

Γ $ pt, a, t1
q : Real Γ $ pt1, a1, t2

q : Real
Γ $ pt, a ` a1, t2

q : Real
Γ $ pt, a, t1

q : Real
Γ $ pt, a, tq : Real

Γ, x : A, 9x : A‚
$ pt, a, t1

q : B
Γ $ pλx : A. t, λ 9x : A‚. λx : A. a, λx : A. t1

q : A ñ B
Γ $ pt, a, t1

q : A ñ B Γ $ ps, b, s1
q : A

Γ $ pt s, a s b, t1 s1
q : B

Γ $ pt, a, t1
q : A ˆ B

Γ $ pfstptq, fstpaq, fstpt1
qq : A

Γ $ pt, a, t1
q : A ˆ B

Γ $ psndptq, sndpaq, sndpt1
qq : B

Γ $ pt, a, t1
q : A Γ $ ps, b, s1

q : B
Γ $ pxt, sy, xa, by, xt1, s1

yq : A ˆ B

Γ $ t “ s : A Γ1
$ t1

“ s1 : A Γ, Γ‚
$ a “ b : A‚ Γ $ pt, a, t1

q : A
Γ $ ps, b, s1

q : A

Figure 3 Derivation Rules.

9 A Lattice of Qq-Metrics?

We conclude our presentation with a few open questions about the relations holding between
the different notions of program difference introduced in this paper. It is well-known that
different notions of program equivalence for a given language can be compared, with one
equivalence being coarser than another one when it identifies more programs than the
other. Under this ordering, program equivalences do indeed form a complete lattice, with
observational equivalences usually being the coarsest ones, and those arising from syntactic
equational theories being the finest ones.

In the last sections we have introduced various notions of program differences, all defined
in terms of some form of differential logical relations. Could it be possible to compare such
program differences similarly to what can be done for program equivalences? Notably, the
following two natural questions can be raised:

Does the type indexed family δlog give rise to the “coarsest family of qq-metrics”?
Does the type indexed family δeq give rise to the “finest family of qq-metrics”?

We note that, although such differences are defined over TA‚ , which is not a quantale, we
can easily associate δlog and δeq with qq-metrics valued on the quantale PTA‚ of subsets of
TA‚ , letting e.g. pt, a, t1q P δ̃log

A ðñ for all a P a, pt, a, t1q P δlog
A , and similarly for δeq

A .
Unfortunately, it is not straightforward to tackle these questions because of two main

obstacles. First, while two qq-metrics valued over the same quantale can be easily compared,
it is not clear how to compare two qq-metrics defined over different quantales. Second, while
in the case of logical relations, the argument that logical equivalence is the coarsest one relies
on the notion of observational equivalence, it is not clear how to define a similar notion of
observational qq-metric for ΛReal: since differences between programs describe relationships
between differences of inputs and differences of outputs, when we measure differences between
programs, we should observe differences between outputs of programs with respect to different
contexts. Therefore, we should define a notion of difference between contexts before we define
observational qq-metric for ΛReal. How can we define differences between contexts?

10 Related Work

Differential logical relations for a simply typed language were introduced in [11], and later
extended to languages with monads [10], and related to incremental computing [9]. Moreover,
a unified framework for operationally-based logical relations, subsuming differential logical
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relations, was introduced in [7]. The connections with metric spaces and partial metric
spaces have been explored already in [17, 29], on the one hand providing a series of negative
results that motivate the present work, and on the other hand producing a class of metric
and partial metric models based on a different relational construction.

The literature on the interpretation of linear or graded lambda-calculi in the category of
metric spaces and non-expansive functions is ample [31, 15, 2, 16, 13]. A related approach is
that of quantitative algebraic theories [27], which aims at capturing metrics over algebras via
an equational presentation. These have been extended both to quantale-valued metrics [8]
and to the simply typed (i.e. non graded) languages [12], although in the last case the
non-expansivity condition makes the construction of interesting algebras rather challenging.

The literature on partial metric spaces is vast, as well. Introduced by Matthews [4], they
have been largely explored for the metrization of domain theory [5, 34, 35] and, more recently,
of λ-theories [26]. An elegant categorical description of partial metrics via the quantaloid
of diagonals is introduced in [23]. As this construction is obviously related to the notion of
quasi-reflexivity here considered, it would be interesting to look for analogous categorical
descriptions of the qq-metrics here introduced.

11 Conclusion

In this paper we have explored the connections between the notions of program distance
arising from differential logical relations and those defined via quasi-metrics and partial
quasi-metrics. As discussed in Section 9, our results suggest natural and important questions
concerning the comparison of all the notions of distance considered in this paper. At the
same time, our results provide a conceptual bridge that could be used to exploit methods and
results from the vast area of research on quantale-valued relations [22, 36] for the study of
program distances in higher-order programming languages. For instance, natural directions
are the characterization of limits and, more generally, of topological properties via logical
relations, as suggested by recent work [3], although in a qualitative setting.

While we here focused on non-symmetric differential logical relations, understanding the
metric structure of the symmetric case, as in [11], would be interesting as well. Notice that
this would require to abandon quasi-reflexivity, cf. Remark 3.

Finally, while in this paper we only considered simple types, the notion of qq-metric
is robust enough to account for other constructions like e.g. monadic types as in [10]. It
is thus natural to explore the application of methods arising from quasi-metrics or partial
quasi-metrics for the study of languages with effects like e.g. probabilistic choice.
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A Proofs for Section 3

Proof of Proposition 7. Suppose there exists a quasi-metric q Ě s such that sb q Ď s holds.
Then sbs Ď sb q Ď s, so s is transitive. A similar argument works if q is such that qbs Ď s.
Conversely, if s is a qq-metric it is enough to let q :“ sr and use Proposition 6 (iv). ◀

Proof of Proposition 8. We only argue for c “ r, the other case being similar. From
srpx, yq “

Ź

z spz, xq ⊸ spz, yq Ď spx, xq ⊸ spx, yq “ pΘr
sqpx, yq we deduce that sr Ď Θr

s.
The converse direction sr Ě Θr

s corresponds to showing that spz, xq b pspx, xq ⊸ spx, yqq Ď

spz, yq, which holds iff s is a partial quasi-metric. We have thus shown that s is a PQM
iff Θr

s “ sr. This also implies that, if s is a PWM, Θr
s is a quasi-metric. Finally, suppose

Θr
s is a quasi-metric. By quasi-reflexivity, and the divisibility of Q, we have that spx, zq “

spx, xqbpspx, xq ⊸ spx, zqq. We then have spx, zqbpspz, zq ⊸ spz, yqq “ spx, xqbpspx, xq ⊸
spx, zqq b pspz, zq ⊸ spz, yqq Ď spx, yq, so s is a partial quasi-metric. ◀

▶ Lemma 21. The map ρ ÞÑ pρ defines a bijection between the Q-closed relations ρ Ď XˆQˆX

and QRelpX,Xq.

Proof. Let ρ, τ be closed and let pρpx, yq “ pτpx, yq. Observe that, for all x, y P X, by Q-
closure we have px, pρpx, yq, yq P ρ. Suppose now that px, a, yq P τ , then a Ď pτpx, yq “ pρpx, yq,
and from px, pρpx, yq, yq P ρ and a Ď pρpx, yq we deduce px, a, yq P ρ. By a similar argument
we can also prove that px, a, yq P ρ implies px, a, yq P τ , so in the end ρ “ τ . We conclude
then that the map ρ ÞÑ pρ is injective. For surjectivity, observe that any s P QRelpX,Xq

induces a relation px, a, yq P ρs iff a Ď spx, yq, so that s “ pρs. ◀
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LxiM ¨ px1, . . . , xnq “ xi,

LrM ¨ px1, . . . , xnq “ r,

Lϕpt1, . . . , tarpϕqqM ¨ px1, . . . , xnq “ ϕpLt1M ¨ px1, . . . , xnq, . . . , LtarpϕqM ¨ px1, . . . , xnqq,

Lt sM ¨ px1, . . . , xnq “ LtM ¨ px1, . . . , xnq ¨ pLsM ¨ px1, . . . , xnqq,

Lλx : A. tM ¨ px1, . . . , xnq ¨ y “ LtM ¨ px1, . . . , xn, yq,

LfstptqM ¨ px1, . . . , xnq “ the first component of LtM ¨ px1, . . . , xnq,

LsndptqM ¨ px1, . . . , xnq “ the second component of LtM ¨ px1, . . . , xnq,

Lxt, syM ¨ px1, . . . , xnq “ pLtM ¨ px1, . . . , xnq, LsM ¨ px1, . . . , xnqq.

Figure 4 Set Theoretic Denotation of Terms.

B Details of Cartesian Closed Structure

The first projection from X ˆ Y to Y is given by pprojX,Y , ϖX,Y ,projX,Y q consisting of the
first projection projX,Y : |X|ˆ|Y | Ñ |X| and ϖX,Y : |X|ˆ|Y | Ñ pQX ˆQY _ QXq given by
ϖX,Y ¨ px, yq ¨ pa, bq “ a. The second projection is given in the same manner. The tupling of
pf, a, f 1q : Z Ñ X and pg, b, g1q : Z Ñ Y is pxf, gy, xa, by, xf 1, g1yq where xf, gy : |Z| Ñ |X|ˆ|Y |

and xa, by : |Z| Ñ pQZ _ QX ˆ QY q are the tupling of f, g and a, b respectively, that is,
xf, gy¨z is defined to be pf ¨z, g¨zq, and xa, by¨z¨c is defined to be pa¨z¨c, a¨z¨cq. The currying of
pf, a, f 1q : Z ˆX Ñ Y is pf^, a^, f 1^q where f^ : |Z| Ñ p|X| ñ |Y |q and f 1^ : |Z| Ñ p|X| ñ

|Y |q are the currying of f : |Z| ˆ |X| Ñ |Y | and f 1 : |Z| ˆ |X| Ñ |Y |, and a^ : |Z| Ñ pQZ _
QXñY q is the currying of a : |Z| ˆ |X| Ñ pQZˆX _ QY q, namely, a^ ¨ z ¨ a ¨x ¨ b is defined to
be a ¨ pz, xq ¨ pa, bq. The evaluation morphism pevalX,Y , εX,Y , evalX,Y q : pX ñ Y q ˆX Ñ Y

consists of the evaluation function evalX,Y : p|X| ñ |Y |q ˆ |X| Ñ |Y | and εX,Y is given by
εX,Y ¨ pa, bq ¨ pf, xq “ a ¨ x ¨ b.

C Definitions and Proofs for Section 5

In Figure 4, we define the function LtM by induction on the type derivation of t.

Proof of Theorem 11. The triple pLtM, t|t|u, LtMq is the interpretation of Γ $ t : A in the
cartesian closed category Qqm where we interpret Γ $ ϕpt1, . . . , tnq by

JA1K ˆ ¨ ¨ ¨ ˆ JAnK
xJt1K,...,JtnKy

ÝÝÝÝÝÝÝÝÑ R ˆ ¨ ¨ ¨ ˆR
pϕ,ϕd,ϕq

ÝÝÝÝÝÑ R.

The statement follows from that pLtM, t|t|u, LtMq is a morphism from JA1K ˆ ¨ ¨ ¨ ˆ JAnK to JAK in
Qqm. ◀

D Proofs for Section 6

Let us introduce a notation. For a type A and x P |A|, we write rxs P QA for xρApx, xq, i.e., rxs

is equal to supta P QA | px, a, xq P ρAu. Since ρA is closed under supremum, for any x P |A|,
we have px, rxs, xq P ρA.

▶ Lemma 22. For every type A and for every x, x1 P |A|, if px, rxs, x1q P ρA, then x “ x1.
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Proof. By induction on A. It is straightforward to check the case Real and the case A ˆ B.
For the case A ñ B, if pf, rf s, f 1q P ρAñB, then for any x P |A|, we have

pf ¨ x, rf s ¨ x ¨ rxs, f 1 ¨ xq P ρA.

Here, by the induction hypothesis,

rf s ¨ x ¨ rxs “ supta P QB | for all px, rxs, x1q P ρA, pf ¨ x, a, f ¨ x1q P ρBu

“ supta P QB | pf ¨ x, a, f ¨ xq P ρBu “ rf ¨ xs.

Hence, f 1 ¨ x “ f ¨ x. ◀

▶ Lemma 23. For any type A and B, if f P |A ñ B| and x P |A|, then rf s ¨ x ¨ rxs “ rf ¨ xs.

Proof. This is shown in the proof of Lemma 22. ◀

▶ Lemma 24. For every type A, if px, ab rx1s, x1q P ρA, then px, a, x1q P γA.

Proof. By induction on A. The only non-trivial case is A ñ B. If pf, a b rf 1s, f 1q P ρAñB,
then for any px, b, x1q P ρA, since px, b_ rxs, xq P ρA, we obtain

pf ¨ x, pa ¨ x ¨ pb_ rxsqq b prf 1s ¨ x ¨ pb_ rxsqq, f 1 ¨ xq P ρB.

It follows from monotonicity of a and Lemma 23 that we have

pf ¨ x, pa ¨ x ¨ bq b prf 1s ¨ x ¨ rxsq, f 1 ¨ xq “ pf ¨ x, pa ¨ x ¨ bq b rf 1 ¨ xs, f 1 ¨ xq P ρB.

By the induction hypothesis, we conclude pf ¨x, a ¨x ¨ b, f 1 ¨xq P γB. For any pf 1, b, f 1q P ρAñB,
since b Ď rf 1s, it follows from pf, ab rf 1s, f 1q P ρAñB that pf, ab b, f 1q P ρAñB. By left-quasi-
reflexivity, we obtain pf, ab b, fq P ρAñB. ◀

Proof of Proposition 13. We first show that γA is a subset of ρl
A by induction on A. It is

straightforward to check the case Real and the case A ˆ B. We check the case A ñ B. Let
pf, a, f 1q be an element of γAñB, and let pf 1, a1, f2q be an element of ρAñB. We show that
pf, ab a1, f2q is an element of ρAñB. For any px, b, x1q P ρA, since px, b, xq P ρA, we have

pf ¨ x, a ¨ x ¨ b, f 1 ¨ xq P γB, pf 1 ¨ x, a1 ¨ x ¨ b, f2 ¨ x1q P ρB.

Hence, by the induction hypothesis, we see that pf ¨x, paba1q ¨x ¨b, f2 ¨x1q is an element of ρB.
It remains to check that pf ¨x, paba1q¨x ¨b, f ¨x1q is an element of ρB. Since pf 1, a1, f2q P ρAñB,
we have pf 1, a1, f 1q P ρAñB. Then, by the definition of γAñB, we obtain pf, ab a1, fq P ρAñB.
Hence, pf ¨ x, pab a1q ¨ x ¨ b, f ¨ x1q is an element of ρB. We next show that ρl

A is a subset of
γA. Again, it is straightforward to check the case Real and the case A ˆ B. We check the case
A ñ B. Let pf, a, f 1q be an element of ρl

AñB, and let px, b, x1q be an element of ρA. Since
pf, ab rf 1s, f 1q P ρAñB and px, rxs, xq P ρA, we obtain

pf ¨ x, pa ¨ x ¨ rxsq b prf 1s ¨ x ¨ rxsq, f 1 ¨ xq “ pf ¨ x, pa ¨ x ¨ rxsq b rf 1 ¨ xs, f 1 ¨ xq P ρB

Hence, by Lemma 24, pf ¨x, a ¨x ¨ rxs, f 1 ¨xq is an element of ρB. Since a is monotone, for any
px, b, x1q P ρA, we have pf ¨ x, a ¨ x ¨ b, f 1 ¨ xq P ρB. If pf 1, b, f 1q P ρAñB, then by the definition
of ρl

AñB, we obtain pf, ab b, fq P ρAñB. ◀
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Proof of Theorem 14. By the definition of γAñReal, we obtain

pf, ab prf 1s ⊸ rf sq, f 1q P γAñReal.

Therefore, it follows from Proposition 13 that

pf, ab prf 1s ⊸ rf sq b rf 1s, f 1q P ρAñReal.

Since pf, a1, fq P ρAñReal and pf 1, a1, f 1q P ρAñReal, we have a1 Ď prf 1s ⊸ rf sq b rf 1s. Hence,
pf, ab a1, f 1q P ρAñReal. ◀

E Proofs and Observations for Section 7

Proof of Proposition 17. We can check the first clause and the second clause by induction
on A. We only prove the third, more delicate, statement. By induction on A, we show
that there is a map φA : QA ˆ QA ñ QA ˆ QA such that if px, a, zq P ηA and pz, b, yq P ηA,
then pc1, c2q “ φApa, bq satisfies the required conditions. For the base case, we define
φRealpa, bq “ p0, a ` bq. For the case A “ pB ñ Cq, let pa1, a2q P QBñC ˆ QBñC and
pb1, b2q P QBñC ˆ QBñC be the greatest decompositions of a and b, respectively. We define
φBñCpa, bq by

φBñCpa, bq “ pa1 b k, b1 b lq

where pk ¨w ¨ d, l ¨w ¨ dq “ φCpa2 ¨w ¨ d, b2 ¨w ¨ dq. Below, we write pc1, c2q for φBñCpa, bq. Let
us check that φBñC is a witness.

We first show that pz, c1, zq P ηBñC. For any pw, d,w1q P ηB, we have

px ¨ w1, a2 ¨ w ¨ d, z ¨ w1q P ηC, (1)
pz ¨ w, b1 ¨ w ¨ d, z ¨ w1q P ηC, (2)
pz ¨ w1, b2 ¨ w ¨ d, y ¨ w1q P ηC. (3)

Then, by applying the induction hypothesis to (1) and (3), we obtain

pz ¨ w1, k ¨ w ¨ d, z ¨ w1q P ηC. (4)

By (2) and (4), we obtain pz, c1, zq P ηBñC.
We next show that px, c2, yq P ηBñC. For any pw, d,w1q P ηB, we have

px ¨ w, a1 ¨ w ¨ d, x ¨ w1q P ηC, (5)
px ¨ w1, a2 ¨ w ¨ d, z ¨ w1q P ηC, (6)
pz ¨ w1, b2 ¨ w ¨ d, y ¨ w1q P ηC. (7)

By applying the induction hypothesis to (6) and (7), we obtain

px ¨ w1, l ¨ w ¨ d, y ¨ w1q P ηC. (8)

By (5) and (8), we obtain px, c2, yq P ηBñC.
Finally, we have

pc1 ¨ w ¨ dq b pc2 ¨ w ¨ dq “ pa1 ¨ w ¨ dq b pk ¨ w ¨ dq b pb1 ¨ w ¨ dq b pl ¨ w ¨ dq

Ě pa1 ¨ w ¨ dq b pa2 ¨ w ¨ dq b pb1 ¨ w ¨ dq b pb2 ¨ w ¨ eq

Ě pa ¨ w ¨ dq b pb ¨ w ¨ dq. ◀
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Proof of Proposition 18. The only interesting case is that of a function type A “ B ñ C.
By Proposition 8, pf, a, f 1q P ρr

A holds iff for all a Ď pqr
Apf, f 1q “ pqr

Apf, fq ⊸ pqr
Apf, f 1q, which

is in turn equivalent to ab pqr
Apf, fq Ď pqr

Apf, f 1q. This implies then that pf, a, f 1q P ρr
A iff for

all pf, b, fq P ρr
A (i.e. for all b Ď pqr

Apf, fq), pf, ab b, f 1q P ρr
A (i.e. ab b Ď pqr

Apf, f 1q), that is, iff
pf, a, f 1q P δA. ◀

F Proofs for Section 8

Proof of Proposition 19. We prove the statement by induction on A. We only check the
case A ñ B. It is straightforward to derive “left-quasi-reflexivity” from the definition of
δlog

AñB. This is why we modify the definition of differential logical relation given in [11]. For
transitivity, we shall show that for any pt, a, t1q P δlog

A , pt1, a1, t2q P δlog
A and ps, b, s1q P δlog

A ,
we have pt s, pa ` a1q b s, t2 s1q P δlog

B . By the induction hypothesis, we obtain ps, b, sq P δlog
A .

Therefore,

pt s, a b s, t1 sq P δlog
B , pt1 s, a1 b s, t2 s1q P δlog

B .

Then, by transitivity of δlog
B , we obtain pt s, pa ` a1q b s, t2 s1q P δlog

B . We can prove the
fundamental lemma by induction on the derivation of Γ $ t : B. ◀
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