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Abstract. In the present paper, the gas compressibility effect on friction factor in rectangular
microchannels is numerically investigated. First of all, the numerical model adopted in the present study
has been validated against experimental data obtained by testing rectangular microchannels with a
hydraulic diameter of 295 pum. The numerical model is used for evaluating in correspondence of which
value of the Reynolds number the compressibility effects on the friction factor become significant by
analysing the role of both hydraulic diameter and aspect ratio of the microchannel. To this aim, three
values of the hydraulic diameter (100, 295 and 500 um) and five different aspect ratios (from 0.25 to 1)
has been investigated. The numerical results highlight that compressibility effects become stronger and
stronger by reducing the hydraulic diameter and they lead to an increase of the average friction factor.
For smaller microchannels the Reynolds numbers in correspondence of which the compressibility
effects become significant tend to be reduced and already in laminar regime the compressibility gas
nature cannot be ignored when friction factors have to be accurately determined. Moreover, for narrow
microchannels (low aspect ratio) compressibility effects become important for higher values of the
Reynolds number than those observed for nearly squared microchannels.

Keywords: Compressibility effects; Entrance effects; Friction factor; Rectangular microchannels;
Microfluidics.

1. Introduction

During the last decades, several works have been addressed to the analysis of pressure drops in
microchannels with inner dimensions lower than 1 mm because the reduction of the inner dimensions
of the channels can introduce scaling effects that must be taken into account for a correct evaluation of
the pressure drop [1]. As an example, when the inner diameter of the channel is reduced, for a fixed
value of the Reynolds number an increase in the average velocity is obtained. The increase in the average
velocity can be very strong for gas flows through microchannels where velocity values larger than 100
m/s can be reached at low Reynolds numbers. In this case the pressure drop can be affected by
compressibility effects for Reynolds numbers lower than 2000 (laminar regime) while for conventional
tubes these effects tend to become important only in turbulent regime (large Reynolds numbers).
The effects of compressibility on the fluid-dynamic behaviour of gas flows in microchannels with
circular cross-section have been studied since a long time. Guo et al. [2-4] analytically and numerically
studied the compressibility effects in microtubes. The outcomes of their works pointed out that the flow
compressibility made the fluid velocity profiles flatter resulting in higher friction factors than those of
conventional sized tubes. Morini et al. [5] experimentally investigated commercial stainless steel long
microtubes with the hydraulic diameter in the range 762-127 um. Three different methods were
employed to calculate the friction factor with varying Reynolds number and recommended that for the
long microtubes the friction factor can better be calculated using isothermal flow assumption [6]. It was
found that compressibility effects become quite significant for higher Reynolds numbers or smaller
hydraulic diameters due to increased pressure drop which causes strong density variations of the gas
along the length of the microtube.
Morini et al. [7] also performed experimental investigations of compressibility effect on the average
friction factor for nitrogen flow in microtubes with diameters in the range of 100—300 pm. Their results
confirmed that in the laminar regime the agreement with the conventional theory was very good,
especially for long microtubes. On the other hand, for microchannels characterized by a length lower
than 0.05 m, the friction factor deviated from the conventional incompressible flow theory when the
Reynolds number became higher than 1000.
Similar trends were found by Celata et al. [8] who carried out experimental study of the compressibility
and rarefaction effects in fused silica microtubes having a diameter in the range 30 - 254 pm, and for
Reyndols number lower than 600. Their outcomes showed that friction factor values were remarkably
close to the theoretical predictions and hence no effect of compressibility could be observed if the
experimental uncertainty was catered for.



Celata et al. [9] also performed experimental investigations of the compressibility effects in microtubes
characterized by diameters ranging between 30 pum and 500 pm. Their findings revealed that, due to the
acceleration associated with compressibility effects, a deviation from the Poiseuille law occurred in
microtubes with diameters lower than 100 um for Reynolds numbers higher than 1300.
Compressibility effects in microtubes were also experimentally investigated by Tang e t al. [10] who
tested microtubes with diameters ranging from 50 to 300 pm in laminar flow regime. They observed an
increase of the friction factor with respect the values of the conventional incompressible flow theory.
Moreover, they developed a correlation that enabled to evaluate the increase in the friction factor due to
the compressibility effects depending on the Mach number.

The same outcomes were highlighted by Vijayalakshmi et al. [11] and by Hong et al. [12] who carried
out experimental studies of gas compressibility in microtubes characterized by diameters ranging from
60 to 211um [11] and from 500 down to 150 pm [12].

On the other hand, there are only few studies of gas compressibility effects in microchannels
characterized by non-circular cross-sections. Wu and Little [13] investigated the friction resistance
characteristics of a gas flow in very fine channels (i.e. channels characterized by hydraulic diameters
ranging between 45 um and 83 pum) used for microrefrigerators. Their results revealed that the friction
factor in small channels is affected by many factors, such as the dimensions of the channel, the methods
of etching and the surface treatments. In particular, they found that even in the laminar zone, the values
of the friction factor were affected by roughness.

Asako et al. [14,15] numerically investigated the compressibility effects in parallel plates. In particular,
by considering both adiabatic and isothermal wall conditions, they found that for Mach number at the
channel outlet higher than 0.4 the values of the Poiseuille number (i.e. product of Fanning friction factor
and the Reynolds number) differed from the theoretical values. They also proposed correlations for
evaluating the friction factor, which can be used for Reynolds and Mach numbers lower than 500 and
0.4, respectively.

The fluid behaviour of compressible flows in parallel plates was also numerically investigated by
Cavazzuti et al. [16] who developed a new correlation for evaluating the friction factor for compressible
flows in parallel plates that can be used for Reynolds and Mach numbers lower than 2300 and 1,
respectively

Hong et al. [17] experimentally analysed rectangular microchannels by measuring the local pressure of
the gas flow inside the channels in the axial direction. Hydraulic diameters ranged between 69 um and
148 um whereas the aspect ratio of the microchannels was in the range 0.036-0.078. The experiments
were carried out in laminar, transitional and turbulent flow regimes. They defined a semi-local Fanning
friction factor evaluated by using the measured pressure at two consecutive pressure ports along the
channel. They found that in laminar flow regime the values of the semi-local friction factor were slightly
higher than macro scale prediction. Furthermore, they proposed a correlation that enabled to evaluate
the friction factor as a function of the Mach number, for Reynolds numbers lower than 600.
Rectangular microchannels were also experimentally and numerically investigated by Rehman et al.
[18]. In particular, by considering three microducts characterized by different hydraulic diameters and
aspect ratios, they evaluated the influence of the minor loss coefficients on the average friction factor.
As can be seen from the literature survey, there seem to be few studies on the analysis of fluid-dynamic
behaviour of compressible flows in rectangular microchannels, although the majority of micro heat sinks
and micro heat exchangers are based on rectangular microchannels due to the typical constraints linked
to the employed microfabrication techniques and to the characteristics of the selected solid substrate
[19]. As an example, when a heat sink is obtained using a silicon <110> substrate and the microchannels
are made by chemical etching the rectangular cross section of the obtained microchannels is imposed
by the crystallographic morphology of the <110> silicon [20]. If a plastic/metallic substrate is used,
micro-milling techniques allow to make rectangular microchannels in a simple and chip way and for
this reason this cross section geometry is very popular in microfluidics [21].

If microchannels have a rectangular cross section, the aspect ratio (defined as the ratio between the
height and width of the channel) plays a role on the flow which cannot be studied by using calculations



made for rounded tubes. Shallow, deep or squared channels exhibit a very different fluid-dynamic
behaviour in terms of friction factor for the same hydraulic diameter. The effect of the aspect ratio on
compressibility effects in rectangular microchannels is disregarded in the open literature but it can be
very important for the design of microdevices. This paper aims to fill this gap investigating numerically
and experimentally the role played by compressibility in rectangular microchannels. The goal is to
calculate, for a fixed aspect ratio, the Reynolds number in correspondence of which the compressibility
of the working fluid cannot be ignored for the accurate estimation of the friction factor. This problem is
crucial for the design of micro heat exchangers and micro heat sinks in which gas flows are used as
working fluids.

2. Mathematical model

In the present investigation the behaviour of a gas flow through a microchannel featuring a
rectangular cross-section, with aspect ratio f < 1 defined as the ratio of the width (w) to the height (h)
of the microchannel, is studied numerically. To investigate the dynamic behaviour of the flow, the
reducer connecting the entrance manifold to the supply piping and the reducer connecting the exit
manifold to the ambient are also considered, as shown in Fig. 1.

OUTLET

Figure 1. Geometry under investigation.

By assuming that all the transport processes are in a steady state, the gas is a Newtonian fluid with
constant properties with the exception of the dynamic viscosity, no free convection, chemical reactions,
electromagnetic effects and mass diffusion, rigid channel walls, the complete set of the governing
balance equations were the as follows:
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coupled with the constitutive laws for an ideal gas:

p
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where v indicated the velocity field, o the fluid density, t the time, p the pressure, zthe stress tensor, H
the gas enthalpy, q the heat flow, R was the universal gas constant, T the fluid temperature and c, the
specific heat at constant pressure.

In the energy balance equation, the first term of the r.h.s. was the diffusive heat flux, the second term
represented the viscous dissipation term and the third term was the flow work.

The balance equations were solved by considering the following boundary conditions: i) inlet section:
static pressure and temperature; ii) outlet section: pressure; iii) walls: adiabatic and no slip boundary
condition.

Dynamic viscosity dependence on gas temperature was defined using Sutherland’s law:

3
AV T +S,

where Trer Was the reference temperature, s the viscosity at the reference emperature and Sy the
Sutherland temperature.

For the purpose of the present study, the Reynolds and the Mach numbers were also evaluated. The
average value of the Reynolds number was calculated as follows:

ovD
e=pﬁh (4)

where p, ¥ and i were the average density, velocity and dynamic viscosity of the gas at a cross-section,
respectively, and Dj, the hydraulic diameter of the channel, which was defined as:

4A
D, = — 5
h=p (5)
where 4 and P were average cross sectional area and wetted perimeter, respectively.
For compressible flows the Reynolds number could change between inlet and outlet of the tube due to
the flow acceleration along the axial direction. For isothermal flows the Reynolds number defined by
Eq.(4) is constant along the microtube [6].
The average value assumed by Mach number was evaluated by:

1
Ma = (6)
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Finally, the average friction factor was evaluated. By assuming that the flow was one-dimensional flow,
the mean friction factor between two relatively distant points across the channel could be expressed as
follows [22]:

ps —pi B* [p,++p35+B?
(7)
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being R, the specific gas constant, x the axial location and G the mass flow rate per unit area. The
subscripts / and 2 referred to the different locations across the channel.
B? was defined as follows:
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By means of Eq.(7) it is possible to evaluate the average friction factor between two locations that are
not close such as the inlet and the outlet.

3. Mesh independence analysis

To get mesh-independent results, different grid sizes were tested. For each grid, characterized by
hexahedral cells, the average friction factor evaluated by means of Eq. (7) was monitored. The
geometrical properties of the investigated microchannel, manifolds and reducers are summarized in
Table 1. These geometrical characteristics were chosen because the numerical model adopted in the
present study was validated against the experimental data that were obtained using this kind of
microchannel [18]. For the same reason, Nitrogen was considered as working fluid (constants for
Nitrogen gas were as follows: urer = 1.7812-10° Pa-s, Trer = 298.15K and Sp = 111 K).
The governing equations with the linked boundary conditions were solved using the commercial
software Comsol Multiphysics© 5.6, resorting to the parallel sparse direct linear solver PARDISO [23].

Table 1: Geometrical data of microchannel, manifolds and reducers.

Inlet reducer diameter [um] 400
Inlet reducer height [um] 3000
Inlet manifold diameter [um] 900
Microchannel height [um] 250
Microchannel width [pm] 360
Outlet manifold diameter [um] 900
Outlet reducer diameter [um] 400
Outlet reducer height [um] 3000



The results of the grid convergence study are presented in figure 2 for some representative cases
investigated in the present study. It can be observed that for # = 0.25 and for Dy = 100 um and Dy = 295
um, mesh independent results can be obtained for a number of finite elements (V) higher than 2-10°. The
analysis of the results obtained for the other values of the aspect ratio and for Dy = 500 pm leads to the
same conclusion. Therefore, all the results presented in the next sections were obtained by adopting a
grid characterized by at least 2-10° elements.
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Figure 2. Average friction factor as a function of the element number for = 0.25. Dy = 100 pm and
Re = 200; b) Dy = 100 um and Re = 600; ¢) Dn = 295 um and Re=200; d) Dn = 295 um and
Re = 1400.

4. Experimental validation

The accuracy of the results obtained by adopting the numerical model adopted in the present study
were assessed by comparing the numerical results with the experimental data available in literature. In
the interests of clarity, in the present paragraph some details about the experimental set-up and procedure
are reported. Detailed information can be found in [18].

The experimental tests were carried out for a wide range of Reynolds number (i.e. 200 < Re < 1800)
in isothermal flow conditions. Nitrogen was used as working fluid, as shown in figure 3 where a picture
of the experimental set up is presented. The width and the height of the investigated microchannel were
360 pm and 250 um, respectively. Therefore, the aspect ratio, the hydraulic diameter and the length of
the investigated microchannel were £ = 0.69, Dy = 295 pm and L = 100 mm, respectively.

The average friction factor was evaluated by applying Eq.(7) between the inlet and the outlet sections
of the microchannel; the uncertainty in evaluating f;, which was estimated by applying the error
propagation theory, was about £10%.
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Figure 3.»Experimental set up [18].

The experimental values of the average friction factor were used to assess the accuracy of the
numerical results, as shown in figure 4 where the numerical values of the average friction factors are
compared to experimental data.
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Figure 4. Comparison between numerical and experimental data.

The comparison reveals that the numerical values of f; are within the uncertainty associated to the
experimental values, thus confirming that the numerical tool allows evaluating the average friction factor
with a satisfactory accuracy.

5. Results

The numerical model validated against experimental data was adopted to evaluate the influence of
the compressibility on the average friction factor. The computations were performed for a wide range
of Reynolds number and for isothermal flow conditions by considering nitrogen as working fluid. The
influence of the compressibility on the average friction factor for the channel experimentally
investigated (i.e. # = 0.69, Dn = 295 um and L = 100 mm) is presented in figure 5 where the average
Poiseuille number (f-Re), defined as the product between the average friction factor and the Reynolds



number at the inlet of the channel, is depicted as a function of the Mach number. Here the Mach number
is the average between the inlet and the outlet of the microchannel [12]:

_ (Main + Maout)
2

Ma 9)

The Poiseuille number is not a function of Mach for incompressible flows. In figure 5 the Poiseuille
number for incompressible flows is calculated by using the Shah and London correlation [24] for laminar
flows in rectangular channels.

It has to be pointed out that due to compressibility effects the value of the Reynolds number changes
along the microchannel length, therefore different values of Re can be adopted. Since in the experiments
it is easier to evaluate the Reynolds number at the inlet section of the channels, all the data presented in
the next figures were obtained by considering Re at the inlet of the channel.

By comparing the numerical values of the average friction factor with the corresponding values
evaluated by Shah and London [24] a positive deviation from the conventional incompressible flow
theory was observed for Re higher than 400. The numerical values of the Poiseuille number are obtained
by considering the average friction factor along the whole channel, therefore the difference between the
numerical values and those predicted from the Poiseuille law is due to the entrance effects, gas
compressibility effects and to the density variation (i.e. the values reported in [24] were evaluated in the
fully-developed region, but for compressible flow the velocity profile always changes in axial direction).
Observing Figure 5, the Poiseuille number, which is constant in laminar regime for incompressible
flows, evidences an increase when the Mach number increases. Even for low values of the Mach number
(Ma < 0.2 which corresponds to Re < 1400) an evident deviation from the incompressible Poiseuille
number (dashed line in Figure 5) is observed; as expected, the deviation increases by increasing the
Mach number.
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Figure 5. fRe as a function of the Mach number for = 0.69, L = 100 mm and Dy = 295 pm.

To evaluate the influence of the aspect ratio, other four values of § were considered, namely 8 =
0.25, =050, f = 0.75 and S = 1, keeping the same values of the hydraulic diameter and channel
length. The comparison between the numerical values of the average friction factor and the theoretical
predictions for incompressible flows [24] is presented in figure 6 for all the values of the aspect ratio
considered in the present study. It was observed an increase of the friction factor with respect to the
conventional incompressible flow theory even for the other values of the aspect ratio, although
the value of the Reynolds number at which the deviation started was dependent on f.
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Figure 6. f-Re as a function of the Mach number for Dy = 295 pm and L = 100 mm.

To quantify the increase in the average friction factor of the compressible flow with respect to the
incompressible flow, the relative error between the friction factor for compressible flows and the friction
factor for incompressible flows was evaluated as follows:

_ ff,comp - ff,incomp

A 10
Ty f f,incomp ( )

The values of the relative error A¢ ; evaluated by means of Eq.(10), for Dy = 295 um and for all values

of the aspect ratio considered in the present study are reported in Table 2.

In figure 7 the axial trend of the local Poiseuille number is shown as a function of the distance from the
inlet section (x) for a rectangular channel having = 0.69, Dn = 295 um and L = 100 mm is presented.
The Reynolds number at the inlet is equal to 1400.
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Figure 7. frRe as a function of axial coordinate for f = 0.69, Dy = 295 um, L = 100 mm and Re
= 1400.
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It is evident that the entrance effects tend to become negligible for x/L >0.2 and the Poiseuille number
tends to become constant. To highlight the influence of the only compressibility effects on the friction
factor, the numerical values of the relative error A¢ , were then evaluated by excluding the entrance

region in the average calculation of the friction factor.

The values obtained excluding the entrance region are reported in Table 2 for a direct comparison with
the data obtained considering the entrance region.

By observing the data reported in Table 2 it can be deduced that, as expected, the increase in the friction
factor is higher for high values of the Reynolds number, since flow accelerates with the increase in Ma
and Re. Moreover, it can be observed that the value of the relative error between the friction factor for
compressible flows and the friction factor for incompressible flows evaluated by means of Eq.(10)
increases as the aspect ratio increases. This finding can be explained by considering that in
correspondence of low values of f the acceleration due to the compressibility effects is hampered by the
deceleration caused by the increase in the cross-sectional area.

In Table 2 the relative error Ar, (Eq.(10)) is reported as a function of the channel aspect ratio and

Reynolds number. The highest difference between the average friction factor for compressible flows
and the corresponding one for incompressible flows was 31% at Re =1400 for a squared microchannel
with Dr=295 mm, thus confirming that the compressibility effects play a leading role in the evaluation
of the friction factor in rectangular microchannels. However, ignoring the entrance effects, an increase
of 23% of the average friction factor is obtained by considering only compressibility effects.

By observing the data reported in Table 2 it is evident how, for narrow microchannels, compressibility
effects become more evident for large Reynolds numbers, while for squared microchannels they are
important even at low Re.

Table 2: Relative error between the friction factor for compressible flows and the
friction factor for incompressible flows Ar, (Dn = 295 um) with (in bold) or without

entrance effects.
Re

S 200 400 600 800 1000 1200 1400
0.25 4-49% 5-5% 7-7% 8-8% 10-9% 11-9% 13-11%
0.5 7-7% 9-9% 12-11% 14-12% 16-14% 18-15% 21-17%
0.69 7-7% 10-10% 13-12% 15-13% 18-15% 20-16% 23-18%
0.75 8-7% 11-10% 14-12% 16-14% 19-15% 21-17% 24-18%

1 8-8% 13-13% 17-15% 20-17% 24-19% 27-21% 31-23%

Compressibility effects play an important role although the average Mach number, evaluated by means
of Eq.(9), is lower than 0.3 (i.e. for Dn = 295 um Ma ranges between 0.03 and 0.17 in correspondence
of the conditions considered in Table 2). In fact, as discussed by Morini et al. [7] when the ratio of the
net pressure drop to the inlet pressure is higher than 0.05, although the gas flow can be locally modeled
as incompressible, the density variation along the tube cannot be disregarded. Therefore, the effects due
to the gas acceleration along the tube become important, even if the Mach number is low.

To better evaluate the influence of the microchannel hydraulic diameter, other two representative
values of Dy, namely Dy = 100 pm and Dy = 500 um were considered. The same trends were observed
even for these two values of the hydraulic diameter. In figure 8, the comparison between the numerical
values of the average friction factor and the theoretical predictions for incompressible flows [24], for Dy,
=100 pum, 0.25 < < 1 and for 200 < Re < 600 is shown. For these operating conditions, the average
Mach number ranges between 0.06 and 0.17.

It can be observed that for this low value of the hydraulic diameter the deviation of the average friction
factor from the predicted one for incompressible flows becomes evident at lower Reynolds numbers, as

11



also highlighted by other researchers who investigated compressibility effects in different geometries

[8,10].
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Figure 8. f-Re as a function of the Mach number for Dy = 100 pm and L=100 mm.

The values of the relative error between the friction factor for compressible flows and the friction factor
for incompressible flows A¢ - evaluated by means of Eq.(10), for Dy = 100 um are reported in Table 3

with and without to take into account entrance effects. It can be observed that the highest difference
between the average friction factor for compressible flows and the predictions for incompressible flows
is 20% and it occurs for Re = 600, thus highlighting the importance of compressibility effects in
microchannels characterized by small hydraulic diameters. It has to be highlighted that since the purpose
of the analysis was to evaluate the value of the Reynolds number at which compressibility effects
became significant, for Dy = 100 um the analysis was limited to 200 < Re < 600.

From the data reported in Table 3, it can be deduced that the entrance effects are not significant in the
evaluation of the friction factor in very small microchannels, since the values of the relative error
between the friction factor for compressible flows and the friction factor for incompressible flows with
or without entrance effects are the same. This finding underlines that, due to the fact that the entrance
effects are strongly reduced at low values of the Reynolds number, compressibility effects becomes
predominant in smaller microchannels where compressibility is significant even at low Re.

Table 3: Relative error between the friction factor for
compressible flows and the friction factor for incompressible
flows Af ; (Dh= 100 pm) with (in bold) or without entrance

effects.
Re
p 200 300 400 500 600
0.25 8-8% 9-9% 11-11% 12-12% 13-13%
0.5 10-10% 12-12% 13-13% 14-14% 15-15%
0.69 10-10% 13-13% 13-13% 15-15% 16-16%
0.75 10-10% 12-12% 13-13% 15-15% 16-16%
1 13-13% 15-15% 17-17% 19-19% 20-20%

To explain the results reported in Table 3 one has to bear in mind that the Poiseuille number is a function
of the aspect ratio for rectangular channels: the shallow cross section exhibits larger Poiseuille numbers

12



(which means a larger friction factor for a constant Reynolds number). This means that for shallow
microchannels, larger pressure drop values are expected if compared with the squared ones at the same
Reynolds numbers and the same hydraulic diameter. Larger pressure drop values justify a more evident
compressible behaviour of the gas if compared with squared channels. By observing the definition of
4y, (Eq.10), both denominator (friction factor) and numerator (compressibility effect) increase when

the channel aspect ratio is reduced but the increase of denominator is larger than numerator. This fact
explains the counter intuitive trend of A reported in Table 3: shallow microchannels are characterized

by larger compressibility effects and pressure drop but, as percentage, the increase of the friction factor
due to compressibility effect is smaller than the increase of pressure drop due to the cross section
geometry.

On the contrary, as the hydraulic diameter increases compressibility effects become less important, as
confirmed by the numerical outcomes obtained for Dy = 500 pum.

In particular, it was observed that for this value of the hydraulic diameter the deviation of the average
friction factor from the predicted one for incompressible flows started for high values of the Reynolds
number, as shown in figure 9, where the comparison between the numerical values of the average friction
factor and the theoretical predictions for incompressible flows [24] for Dy = 500 um, 0.25 < <1 and
for 200 < Re < 1200, is presented. For these operating conditions, the average Mach number ranges
between 0.02 and 0.1.

The relative error between the friction factor for compressible flows and the friction factor for
incompressible flows Af ; evaluated by means of Eq.(10) is reported in Table 4.
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Figure 9. f-Re as a function of the Mach number for Dy= 500 pm and L=100 mm.

By focusing the attention on the compressibility effects on the friction factor (see Table 4), it was found
that for the highest values of the Reynolds number and aspect ratio considered in the present study, the
maximum discrepancy between the numerical values of the average friction factor and the predicted
ones for incompressible flows was 13%, thus confirming that for high values of the hydraulic diameter
the gas compressibility becomes important only for high values of the Reynolds number. It is also
evident that entrance effects on the average friction factor are stronger in larger microchannels.

Table 4: Relative error between the friction factor for compressible flows
and the friction factor for incompressible flows Ar, (Dn =500 um) with (in

bold) or without entrance effects.
Re
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S 200 400 600 800 1000 1200
0.25 3-3% 5-5% 7-6% 8-7% 10-8% 11-8%
0.5 7-7% 10-9% 12-10% 14-11% 16-12% 17-13%
0.69 6-5% 10-8% 12-9% 14-11% 16-12% 17-13%
0.75 6-5% 10-8% 13-10% 15-11% 17-12% 18-13%

1 8-6% 11-9% 14-10% 16-11% 17-12% 19-13%

The numerical outcomes were processed to develop correlations that enable to account for
compressibility and entrance effects in the evaluation of the friction factor. To this aim, the increase in
the friction factor ¥ was evaluated by comparing the product f; -Re for compressible flows with the
corresponding value for incompressible flow [24]:

_ ff,comp ‘Re

W=
ff,incomp ‘Re

(11)

The correction factor ¥ can be calculated by using the following correlation generated with the
numerical data shown previously:

Y =087+0.75-f+225-Ma—1.09- 5% —-0.86--Ma—17.08- Ma?® + 0.51- 3 (12)
+1.29:8%-Ma—2.99- 8- Ma? + 60.02 - Ma®

This correlation is valid for rectangular microchannels with 100 < D < 500 um and 0.25 << 1, in the
range of Reynolds number 200-600.

On the contrary, for rectangular microchannels with 295 < Dy < 500 um and 0.25 < 8 < 1, in the range
of Reynolds number 600-1200, ¥ can be evaluated by means of the following correlation:

Y =083+1.07-f+1.8-Ma—149-8%—1.7-8-Ma—10.9 - Ma® + 0.65- B3 + 1.6 (13)
-B2%-Ma — 4.86 - B - Ma? + 30.06 - Ma?

The maximum error between the numerical values of the average friction factor and the values obtained
by applying the above correlations is lower than 2% with a standard deviation lower than 1%. The
comparison between numerical and estimated average friction factors is presented in figure 10. In the
same figure, the confidence intervals are also reported. They are evaluated by considering the standard
deviation of the estimation errors on the friction factor.

The numerical values of the average friction factor are also compared with the results obtained by
applying previous the correlations proposed by Hong et al. [17]. The maximum discrepancy is
about 13% and it occurs for Dy = 100 um, £ =1 and Re = 400. This difference is mainly due to the
very low values of the aspect ratio investigated in [17] (i.e. # < 0.1) which can be considered a limit
for the correlations proposed by Hong et al.

However, the correlations proposed in this paper are in an overall agreement with the previous
works, and enable to extend the prediction of f; for high values of both aspect ratio and Reynolds
number.
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Figure 10. Comparison between numerical and estimated average friction factor. a) 100 < Dy < 500
um and 200 < Re < 600; b) 295 < Dy <500 um and 600 < Re < 1200.

6. Conclusions
In this paper a numerical evaluation of the influence of gas compressibility on the average friction factor
in rectangular microchannels is presented. The governing balance equations were solved by using
Comsol Multiphysics and by considering nitrogen as working fluid in laminar regime. Experimental

data available in literature were used to validate the numerical model.
The main conclusions of this analysis can be summarized as follows:

compressibility effects lead to an increases in the average friction factor; the difference between
the theoretical predictions for incompressible flows and the corresponding values for
compressible flows depends on the values of the aspect ratio and hydraulic diameter;

for narrow microchannels (low aspect ratio ) compressibility effects become important for high
values of the Reynolds number, while for squared microchannels (f—1) they are important even
for low values of Re;

compressibility effects are very important in microchannels characterized by small hydraulic
diameters by evidencing their effects at low Reynolds numbers.

in comparison to incompressible flows, for Dn=500 um, the compressibility effects increase the
average friction factor up to 13% at Re=1200; for D;=295 um the increase becomes equal to 23%
at the same Reynolds number (Re=1200). For a smaller rectangular channel (D,=100 um) the
increase is larger by reaching 20% at Re=600.

Nomenclature
A Average cross sectional area
Cp Specific heat at constant pressure
Dn Hydraulic diameter of the channel
f Fanning friction factor
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frRe Poiseuille number

G Mass flow rate per unit area
h Height of the microchannel
H Gas enthalpy

k Fluid thermal conductivity
P Wetted perimeter

p Fluid pressure

Ma Mach number

Re Reynolds number

R Universal gas constant

Rs Specific gas constant

q Heat flux

t Time

T Fluid temperature

Vv Velocity vector

Y Average fluid velocity

w Width of the microchannel
X,Y,Z Cartesian coordinates

Greek symbols

B Aspect ratio

7 Fluid dynamic viscosity

P Fluid density

T Stress tensor
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