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The saturation assumption yields optimal convergence of two-level adaptive BEM

THE SATURATION ASSUMPTION YIELDS
OPTIMAL CONVERGENCE OF TWO-LEVEL ADAPTIVE BEM

DIRK PRAETORIUS, MICHELE RUGGERI, AND ERNST P. STEPHAN

ABSTRACT. We consider the convergence of adaptive BEM for weakly-singular and hy-
persingular integral equations associated with the Laplacian and the Helmholtz operator
in 2D and 3D. The local mesh-refinement is driven by some two-level error estimator.
We show that the adaptive algorithm drives the underlying error estimates to zero.
Moreover, we prove that the saturation assumption already implies linear convergence
of the error with optimal algebraic rates.

1. INTRODUCTION

The idea of using the difference of two approximations of different orders to obtain a
computable estimate for the error is a well-known technique in the numerical analysis
of ordinary |[PD81]| and partial differential equations [AO00, Chapter 5|. Following this
concept, hierarchical error estimators were among the first strategies for a posteriori error
estimation of finite element and boundary element computations [BW85, BS93, Ban96,
MS99, MS00, HOS11, DSM12]. Two-level error estimators are intimately connected with,
but different to, hierarchical error estimators. A well-known disadvantage of this class of
estimators is that the crucial upper error bound (usually referred to as reliability of the
estimator) relies on a so-called saturation assumption (see, e.g., (6) below) and, in many
situations, is even equivalent to that. However, two-level error estimators perform strik-
ingly well in practice; see, e.g., [BEK93, MMS97, MSW98, EH06, EFLFP09, EFGP13].
The purpose of the present work is to shed some light on this empirical observation.

Let us illustrate the concept of two-level error estimation with a concrete example. For
instance, we consider the weakly-singular integral equation

(Vu)(z) := /FG(x —y)u(y)dy = f(z) for (almost) all x € " := 00 (1)

associated with the Laplace operator —A in 2D. Here, I' is the boundary of a bounded
Lipschitz domain Q C R?, f € HY/?(T') is a given right-hand side, G(-) is the fundamen-
tal solution of —A, and v € H~'/?(T") is the sought integral density; see Section 3.1 for
more details on the precise functional analytic setting. It is well-known that, for certain
right-hand sides f, this integral equation is equivalent to the homogeneous Laplace equa-
tion posed on the domain 2 supplemented with some inhomogeneous Dirichlet boundary
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conditions on I". Without loss of generality, we may assume that diam(2) < 1. Then,
the variational formulation of (1) seeks u € H := H~/2(T") such that

(Vu, v) := /F(Vu)(x) v(z)de = /Ff(a:)v(x) de =: (f,v) forallveH. (2)

We note that the left-hand side defines a scalar product on the energy space H, while
the right-hand side defines a linear and continuous functional on H. We denote by
lv]I*> := (Vw, v) the operator-induced energy norm. Given a partition 7, of ' into
line segments and the associated finite-dimensional subspace A&}, := {wh e L) :
wy |7 constant for all T' € 771} C H, a possible conforming Galerkin discretization reads

(Vuh, Uh> = <f, Uh> for all v, € A}, (3)

The Lax—Milgram lemma proves existence and uniqueness of both the continuous solution
u € H of (2) and the Galerkin approximation uj, € X}, of (3).

In this 2D setting, the two-level error estimator reads as follows: Let X}, be the
finite-dimensional space associated with the partition 7;/, of I' obtained by bisecting all
T € Ty Let upp € Ajye be the corresponding Galerkin solution. For each T' € 7y, let
Pr € Ay )2 be the fine-mesh Haar function (which takes the values +1 and —1) such that
supp(@r) = T and [, $rdz = 0. Then, one can show that, for some C' > 0, it holds that

— Vuy, op)?
O fungs — P < 3wy o= SO W VO POV g )

A2
2 2 Tl

The proof of the estimates in (4) is based on the direct space decomposition &}, = &) @
Dy, span{Pr}, which is even stable in H. In explicit terms, the difference [lup o — up||
between the two Galerkin solutions is equivalent to the coarse-mesh residual f — Vuy
tested by the additional basis functions of A}, /5. This provides a computable measure for
the error improvement in the Galerkin orthogonality

lu = unpoll® = flu — wnll* = flun/2 — unll*. (5)
Under the saturation assumption
llw = unsal| < qllu —un| for some constant 0 < g < 1, (6)
combining (4) and (5), we thus obtain the a posteriori error estimate

O AT < -l € oy 3 (TR

1 — g2
TeTh q TeTh

Subject to the saturation assumption (6), one can thus use the local contributions 7,(7")
as error indicators to steer an adaptive mesh-refinement algorithm of the usual form

— [ BSTIMATE | — —

which empirically leads to striking numerical results, even though one cannot expect that
the saturation assumption (6) holds in general [BEK96].

In the context of FEM (instead of BEM), it follows from the analysis in [MSV08| that
the usual adaptive algorithm drives the two-level error estimator to zero. Moreover, in
this context, the sum of two-level error estimator and data oscillations is locally equivalent
to the usual residual error estimator. Therefore, it follows from [KS11, CFPP14] that one
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even gets optimal algebraic convergence rates for the sum of estimator and oscillations
(even without the saturation assumption).

In the context of BEM, the work [FFME™14]| shows that the usual adaptive algo-
rithm drives the two-level error estimator to zero. However, the analysis is restricted
to the Laplace equation and relies on the weighted-residual error estimator from [CS96,
Car97, CMS01| as an auxiliary tool in combination with non-trivial inverse estimates
from [AFF*17].

In the present work, we simplify the argument from [FFME™14| and prove that the
adaptive algorithm leads to estimator convergence for (quite general) integral equations.
In addition, under an appropriate variant of the saturation assumption (6) (see (S) in Sec-
tion 2.6 below), we prove that the adaptive algorithm guarantees even linear convergence
with optimal algebraic convergence rates for the energy error. This analysis is developed
in an abstract framework in the spirit of [CFPP14| and covers weakly-singular as well as
hypersingular integral equations associated with the Laplacian as well as the Helmholtz
operator in 2D and 3D.

The remainder of this work is organized as follows: Section 2 proposes an abstract set-
ting for two-level a posteriori error estimation (Sections 2.1-2.3), formulates the adaptive
algorithm (Algorithm 3), and proves linear convergence (Theorem 6) as well as opti-
mal convergence rates (Theorem 9). In Section 3, we show that our abstract framework
covers weakly-singular integral equations (with energy space HVY 2(T)) for the 2D and
3D Laplace and Helmholtz equation (Theorem 11). Moreover, for the same setting and
without requiring any saturation assumption, we prove plain estimator convergence (The-
orem 12). Finally, Section 4 shows that the abstract framework also covers hypersingular
integral equations (with energy space HY 2(T")) for the 2D and 3D Laplace and Helmholtz
equation (Theorem 15). Also for this case, without requiring any saturation assumption,
we prove plain estimator convergence (Theorem 16).

2. AN ABSTRACT ANALYSIS OF TWO-LEVEL ADAPTIVITY

2.1. Abstract problem and its discretization. Let H be a Hilbert space with
scalar product (-, -) and corresponding norm | - ||. Let £ : H — H' be a compact
operator, where H' is the dual space of H. We denote the duality brackets on H' x H by
(-, ). Given F € H’, we suppose that the variational formulation

b(u,v) := (u, v) + (Ku,v)=F(v) foralveH (7)

admits a unique solution u € H.

Let T denote the set of all admissible triangulations. For each Ty € T, let Xy C H
be the associated conforming subspace. The corresponding Galerkin discretization of (7)
reads: Find uy € Xy such that

bug,vy) = F(vg) for all vy € Xg. (8)
We assume that there exists vy > 0 with
b
inf sup [oCwm, vm)| > forall Ty eT. 9)

wr €Xa\{0} yexp\foy lwall v
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In particular, (8) admits a unique solution uy € Xy, and there holds the Céa lemma

lu — unll < Ceea min flu—vgll, (10)
vy EXH

where v )
Coea =1+ — and M := sup M < 0.
Yo vwer\(oy [wll ]|
Finally, we assume that all u € H can be approximated by discrete functions, i.e.,

inf i — = for all : 11
Tgleﬂ‘v}rlrggr(lH|||v v =0 forallveH (11)

Remark 1. If K =0, then (9)—(10) hold with vo = 1 = Ccea and equality.

2.2. Mesh-refinement. Given a fixed mesh-refinement algorithm, for 75 € T and
marked elements My C Ty, we denote by T, := refine(Tyg, My) € T the coarsest
refinement of 7y such that all marked elements are refined, i.e., My C Ty \ Tn. We
write T, € refine(Ty), if 7, € T is obtained from Ty € T by finitely many steps of
refinement. Moreover, we denote by To = refine(7Ty, Tg) € T the uniform refinement of
Tu. Throughout, we assume that refinement leads to nested discrete spaces, i.e.,

Xy C &) forall Ty € T and Ty, € refine(7Tg). (12)

We assume that T = refine(7;) for a fixed initial triangulation 7y, i.e., admissible trian-
gulations are refinements of 7;. Moreover, we suppose that, for all Ty, 7, € T satisfying

T, = refine(Ty, Mpy) for some My C Ty, it holds that
ML) T=U{T'eTh : T"CT}and #{T" €T, : T"C T} < Cyn forall T € Ty,
where C,, > 2 is a uniform constant.

In addition to the foregoing general assumptions, we require the following additional

properties: For all 7,7’ € T, there exists a coarsest common refinement 7 & 7' €
refine(7) Nrefine(7”) such that

(M2) (T oT') <H#T +#T' — #To.

Moreover, there exists Chesn > 0, which depends only on 7g, such that for all sequences
of triangulations such that 7., = refine(7;, M,) with arbitrary M, C 7Ty, it holds that
(M3) #72 - #76 S C(mesh Zf;é #M] for all ¢ € No.

Assumption (M1) specifies that one-level refinement does only lead to a bounded num-
ber of son elements and that parental elements are the union of their children. It is proved
in [GSS14] for refinement by newest vertex bisection (NVB) and holds with C,, = 4 in
2D. Assumption (M2) is called overlay estimate. It is first found in [Ste07, CKNS08] for
NVB. Assumption (M3) is called closure estimate. It is first proved in [BDDO04, Ste08b|
for NVB assuming an admissibility condition on the initial mesh 7;. For NVB in 2D,
the admissibility assumption on 7y from [BDD04, Ste08b| is proved to be unnecessary
in [KPP13|. For a 1D bisection algorithm which ensures (M1)—-(M3) together with bound-
edness of the local mesh-ratio

IT|/IT'| <v<oo forall T € Tand T,7" € T with TNT" # 0,

we refer to [AFFT13]. Moreover, (M1)-(M3) also holds for red-refinement with first-
order hanging nodes for meshes consisting of triangles/simplices or rectangles/cuboids;
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see |BN10]. Finally, for results on mesh-refinement in the frame of isogeometric analysis,
we refer to [MP15, BGMP16, GHP17].

Remark 2. (a) By definition of refine(-) and (12), assumption (11) is equivalent to the
assumption that uniform mesh-refinement leads to convergence of the best approrimation
error to zero.

(b) The uniform discrete inf-sup condition (9) is compatible with the assumptions on
the mesh-refinement in the following sense: If (7) admits a unique solution and uniform
mesh-refinement leads to convergence of the best approzimation error to zero, then (9) fol-
lows from the nestedness of the discrete spaces, if To is sufficiently fine; see, e.g., |[BHP17,
Proposition 1].

2.3. Two-level error estimation. For 75 € T, let Zy; be the index set corresponding
to the degrees of freedom of the space Xy associated with Ty. Similarly, let fH be the
index set corresponding to the degrees of freedom of the space Xy associated with the
uniform reﬁnement T = reﬁne(TH, Ty) of Ty. By nestedness of the discrete spaces, it
holds that Z; C IH For each z € IH \ZH, we denote by 74(z) > 0 the associated error

indicator. For T € Ty, let IH(T) C IH be the corresponding degrees of freedom with
respect to the fine mesh 7y, i.e., we have the (in general non-disjoint) union

Iy \Iy = | J Zu(T)

TETy

We define the two-level element error indicators by

(T = Y 7u(z)” forall T € Ty. (13a)

26Ty (T)\Ty

The resulting two-level element-based error estimator 74 is given by

1/2
Ty =1 (Thg), where 7u(Uy) = ( Z TH(T)2> for all Uy C Tg. (13b)

TeUy

For the element-based estimator (13), we make the following assumption: There exists
Cest > 0 such that, for all Ty € T, My C Ty, and Ty, := refine(Ty, M), it holds that

(B1) Cl ta(Mup) < lup, — un|| < Cost 7a(Tar \ Ta),

where we recall that My C Ty \ Tj,. Finally, we suppose that there exists Cyap > 0 such
that, for all Ty € T and all 7, € refine(7y), it holds that

(E2) [7(Te N Tn) = 7 (Tt O Ti)| < Costans llun — ]

The lower estimate in (E1) is usually named discrete efficiency and was first exploited
in [D6r96, MNS00|. Moreover, together with the saturation assumption (see Section 2.6
below), the upper bound in (E1) will yield (discrete) reliability of the two-level error
estimator. Assumption (E2) is usually referred to as stability of the error estimator, i.e.,
the estimator on non-refined elements depends Lipschitz continuously on the discrete
solutions [CFPP14].

July 16, 2019 )
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2.4. Adaptive algorithm. We consider the following standard adaptive algorithm.
Under the assumptions (M1)-(M3) and (E1)-(E2), we will show that an appropriate
saturation assumption (S) yields linear convergence with optimal algebraic rates.

Algorithm 3. Input: Initial mesh Ty, adaptivity parameters 0 < 0 <1 and 1 < Cpax <
00.
Loop: For all ¢ =0,1,2,..., iterate the following steps (1)—(iv):

(i) Compute the discrete solution uy € Xj.
(ii) Compute the two-level indicators 1,(T) for all T € Ty.
(iii) Determine M, C T, of almost minimal cardinality (i.e., minimal up to the multi-
plicative factor Charx ), which satisfies the Dorfler marking criterion [Dor96]

077 < o(My)>. (14)

(iv) Define Toq1 := refine(T;, My), increase the counter £ — £+ 1, and goto (i).

Output: Meshes T;, corresponding solutions u,, and error estimators 1, for all { € Ny.

Remark 4. (a) If MP™ C 7T, denotes the (in general non-unique) set of minimal cardi-
nality which satisfies (14), almost minimal cardinality of M, means that

#MZ S C(mark #Mznin. (15)

For an algorithm with linear complexity determining M, satisfying (14) and (15) with
Crark = 2, we refer to [Ste07]. Moreover, we refer to the recent work [PP19| for an
algorithm with linear cost O(#7Ty) and Cpark = 1.

(b) The choice Cparx = 00 means that M, C T, satisfies the marking criterion (14),
but may be (too) large. In particular, uniform mesh-refinement M, = Ty is allowed for
all0 <0 <1.

(¢) If Crpark < 00, small 0 < 0 < 1 generically leads to few marked elements and thus
highly adapted meshes, while only 0 = 1 leads to uniform mesh-refinement M, = Ty.

2.5. Plain convergence. In concrete situations, Algorithm 3 guarantees estimator
convergence 7, — 0 as { — oo. For instance, we refer to Theorem 12 in Section 3
for weakly-singular integral equations and to Theorem 16 in Section 4 for hypersingular
integral equations. Under an appropriate saturation assumption, however, one can even
prove much stronger convergence results.

2.6. Saturation assumption. Let 0 < kg < geat < 1. We suppose the following
assumption along the sequence of adaptive meshes generated by Algorithm 3: For all
¢ € Ny and all refinements 7y, € refine(7;), the mesh Ty := refine(7,, 7, \ T5) satisfies that

(S) if flu = unll < Aisar flu = well, then Jlu = wpll < gsas flu = ue].

In explicit terms, the saturation assumption (S) states that, if 7, € refine(7;) leads to
a sufficient improvement of the error, then the one-level refinement of 7y towards 7,
already provides a uniform improvement of the error.

July 16, 2019 6
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Remark 5. (a) In the literature (see, e.g., [IMMS97, MSW98, MS00, HMS01, Heu02,
EHO06, FLP08, EFLFP09, EFGP13, AFF*15]), the saturation assumption is usually for-
mulated with respect to the uniform refinement, and it is assumed that

I = well < geas e = well - for all £ € No (16)

holds with a uniform constant 0 < g < 1 along the sequence of adaptively generated
meshes. In contrast to (S), the previous saturation assumption (16) states that uniform
one-level refinement provides a uniform improvement of the error.

(b) In fact, (S) implies (16). To see this, note that each sufficiently fine mesh T, €
refine(7;) yields that ||u — up| < Ksat lu — we|| and To 0T, = 0. Hence, it follows that
Tu = refine(Ty, To \ Tn) = Te, and (S) thus implies that ||u — || < gsat [|u — uel)-

(c) We will see below that the weaker saturation assumption (16) yields linear conver-
gence (Theorem 6). However, our proof of optimal convergence rates (Theorem 9) relies
on the stronger saturation assumption (S).

(d) It is well-known that counterexamples show that even the weaker saturation as-
sumption (16) cannot hold in general |[BEK96, DNO2|. However, as soon as the numerical

scheme has reached its asymptotic behavior, then at least (16) is valid; see the discussion
in [FLPO08, Section 5.2].

2.7. Linear convergence. Our first observation is that the saturation assumption (S)
(or at least its weaker form (16)) already yields linear convergence of the error.

Theorem 6 (linear convergence). Suppose assumption (E1). Consider the output of
Algorithm 3 for fized parameters 0 < 0 < 1 and 1 < Cpanc < 00. We suppose that the
saturation assumption (S) holds (or at least the weaker form (16)). Then, there exist
0 < qin < 1 and ly € Ny such that Algorithm 3 yields linear convergence of the energy
error

lv — weall < qun 1w = well - for all €= o (17)

The index {y depends only on K, u, as well as the sequence (ug)een, of discrete solutions.
The constant qu, depends only on ly, Cest, Gsat, and 6.

Proof. The proof structurally follows the ideas developed in the early works [Dor96,
MNS00|. Note that My C T, \ Te+1. With the lower bound of (E1) (used for T, = To11),
the marking strategy (14) implies that

9 9 (E1) 9 (14) 5
Cosi sy —uel|® > 7(My)* > 075 (18)

Together with the saturation assumption (16), the triangle inequality proves that

I = well < flw = well + e = well < gsan Nl = well + e — wl.

~

With the upper bound of (E1) (used for 7, = T;), it follows that

1— 200 — a2 < 7, — 2(E<1)C2 2(1<8)CL431: . 2 19
(1= Goat)” llu = wel” < ue —well” < Couri < == luen —well™ (19)

According to [MSVO08, Lemma 4.2|, there exists to, € Xao := [J,o X such that

[t — wel]] = 0 as £ — .
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Hence, the right-hand side of the last estimate tends to zero as ¢ — co. This implies that
U = Us and allows to apply [BHP17, Lemma 18|: For all 0 < € < 1, there exists an index
ly € Ny such that

e = e I 4 e — el < 7 = wel for all £ 45, (20)
With this Pythagoras-type estimate, we obtain that
1 (19) 1 0 (1 — geat)?
e = el < 7= B = el = fluess = wel® < (7= = =g ) hu—udl®

est

Choosing ¢ > 0 sufficiently small and ¢, € Ny accordingly, we get 0 < ¢, < 1 such that
lw = e i I” < gy llu = uell* for all £ > .
This concludes the proof of (17). 0

Corollary 7. If K = 0, then Theorem 6 holds with ¢y = 0, and the constant qi, depends
only on Cest, sat, and 6.

Proof. Note that (u — ugyq, ve1) = 0 for all vy € Xpyq and, in particular, for vy =
ugr1 — ug. Instead of (20), we can thus employ the Pythagoras theorem

lu — werl* + Nuger — well® = Jlu — ul* - for all £ € Ny

This even simplifies the proof. U

Remark 8. (a) Note that the weaker saturation assumption (16) is stated with respect
to the uniform refinement T; of To. Then, the (structurally identical) implication (17)
of Theorem 6 states the uniform improvement of the energy error with respect to the
adaptively refined mesh Tpy1. The interpretation is that Algorithm 3 guarantees sufficient
enrichment of Ty in each step of the adaptive loop (if such an enrichment exists).

(b) If I = 0, then the saturation assumption (16) is equivalent to reliability ||u— || <
e — wel| = 7¢ of the two-level error estimator; see also, e.g., [FLPOS|. In particular, (17)
cannot be proved without the saturation assumption.

(c) We note that linear convergence is independent of the assumptions (M1)-(M3) on
the mesh-refinement and, moreover, does not rely on stability (E2) of the two-level error
estimator.

2.8. Optimal algebraic rates. For N € N, define the (finite) set of meshes
T(N) :={Tu €T : #Tu —#To < N}.

For s > 0, define the approximation constant

llu|la, == sup min min (N 4+ 1)% |lu — vept || € [0, 00]. (21)

NENg Topt €ET(N) vopt EXopt
By definition, |lul|a, < oo implies that the best approximation error decays with algebraic
rate s > 0 along a sequence of optimal meshes, i.e., min,, e, [[u—vopt|| = O((#Topt) ™),
if Tope attains the minimum in (21).
The following theorem states that Algorithm 3 guarantees that each possible algebraic
rate s > 0 in [lu — wf] = O((#7:)~*) will, in fact, be realized along the sequence of
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adaptively generated meshes. Unlike the proof of linear convergence (Theorem 6), the
proof relies on the stronger saturation assumption (S).

Theorem 9 (rate optimality). Suppose assumptions (M1)—-(M3) and (E1)—(E2). Con-
sider the output of Algorithm 3 for fixed parameters 0 < 0 <1 and 1 < Ca < 00. We
suppose that the saturation assumption (S) holds. Then, there exists 0 < Oopr < 1 such
that, if 0 < 0 < g, it holds that

Vs>03Co >0 Coillul A, (22)

a, < sup(#70)°[lu — wef] < Cope [Ju
No

le

The constant Copy in (22) depends only on 8, s, Keat, Gsat, To, and the index ly from
Theorem 6.

Proof. For all s > 0 such that ||ul/s, = 0, (22) is trivially satisfied. Therefore, we assume
that ||u||a. € (0, 00]. The reminder of the proof is split into five steps.

Step 1 (discrete reliability). Let 7, € refine(7;) and Ty := refine(7;,7¢ \ Tn). In
this step, we prove that [|u — ug|| < gsat [lu — uef| implies that
lus — uel® Ca

(1 —gat)* — (1 —Zat)Q T\ Ta)” (23)

To see this, note that 7, \ Ty = 7; \ 7. Hence, (E1) leads to

flu = uell® <

(E1)
(1= gat)? flu = well? < flug —wl® < CZome(Te \ Tur)? = Coi me(Te \ Tn)*.

Step 2 (optimality of Dorfler marking). Define Cl := Cogt (Cga + 1) /(1 — Gsat)-
For given 0 < 6 < Oy := (1 4+ C2,,C%) 7, choose § > 0 and 0 < Ry < Kga sufficiently
small such that

1= (14+67)C2, G2 1

est sat — 9 ]
N 1 + (1 + 5) C(SQ‘cab612 1 + Cs%:abCrQel ot

rel
Let ¢ € Ny and 7Ty, € refine(7;) such that ||u — up|| < Ksat |Ju — wef|. We prove that
07 < 7o(Te\ Tu)*. (25)

To this end, note that Kgy < ket and the saturation assumption (S) allows us to em-
ploy (23) from Step 1. Since &, C A}, the Céa lemma (10) yields that

(24)

(10) (23)
lun—well < Nlu—unll + lu—uel] < (Cosa +1) lu—uell < Crar 7e(Te \ Tn)- (26)
The same argument proves that
R (10)
lan — unll < (Ceea + 1) flu —ua.- (27)

Therefore, we obtain that

(E1) (27)
Th < Cestlltn — unl] < Cest (Coea + 1) flu — up|| < Cost (Crea + 1) Ksat lu — ue|
(2<3) Cest (Ceea + 1)
N 1 — Gat
July 16, 2019 9
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Together with stability (E2), the Young inequality yields that

= (T \ Tn)? + 7(Te N Tp)?

(E2>

< T\ To)? + (1 +6) Coap llun — well? + (L4671 m(Te N T)?
(26)

< (1+ (1+0) CounCo) Te(Te\To)* + (1 + 6 ) 7

(28

)
S (]' + (1 + 5) C stab rel) TZ(T \ 77L) (1 + 5_ ) C'eZStC'rzel ~52at T€2'

Rearranging this estimate and using (24), we prove (25). We note that kg, depends only
ON Ksat, Gsat Cest> CCéaa 9) and 76

Step 3 (comparison lemma). Let ¢ € Ny. We show that there exists a set Ry C Ty
such that

4R, < Ol Bu — w7 and 077 < 7(Re)?, (29)

apx

where Copx 1= Coea/Fsat > 0. To see this, note that, without loss of generality, we may
u — wgf| > 0 (otherwise, choose Ry = 7;). Define

(30)

(10) _ ) )
0 < & 1= Feat Cggy [lu — ] < Fgar min [Ju — vpf] < min ||
v EXp v EXp

and note that, by construction, it holds that ||u||11<5 £71/% > 1. Choose N € N minimal

such that 1 < N < Hquf e71/* < N+ 1. Choose T; € T(N) and v. € A, such that
lu = v.|| = ming  ervy ming, ex,,, [t — vopt]|.  Finally, define Ry := T, \ Tp,, where
Tn := Tz @ Ty is the overlay from (M2). Altogether, we obtain that

(M1) (M2)
#Re=#(Te\Th) < #Th—#To < #T.—#To <N

1/s _1/3 o ~—1/s 1/5 1/5 —1/s
Rsat Cea W||| )

< lully,

which is the first inequality in (29). Moreover, T;, € refine(7;) and the choice of N prove
that

09 .
Coallu —unll < Ju—vel = min = min fu — ol

(21) s (30) ~ _
< (N4 1) [lulla, < 6= Foar Cogy llu — el
and thus ||u — up|| < Rsat ||Ju — we||. Hence, we can use (25) from Step 2, which yields the
second inequality in (29) and thus concludes the proof.
Step 4 (adaptivity guarantees optimal rates). Since Algorithm 3 chooses M, C
T, with essentially minimal cardinality, it follows that

l/s

(1)
#M; < Crakc#Re < Conanc CL2 — || 7Y*  for all £ € Ny. (31)

apx

We recall from [BHP17, Lemma 22| that, for £ > 0, it holds that
H#To—#To < #Te—#To+1 < #To < #To (#Te—#To+1) < 2#To (#Te—#To).  (32)
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Let ¢y € Ny be the index from Theorem 6. Define
— Moo (33)
J=0,...00 #Mzo

Recall from Theorem 6 that [Ju — u;]|1/* < g%~ [Ju — w||~V/* for all £, < j < ¢. For
> {y, the geometrlc series thus proves that

M3) (-1 lo—1
BT~ T — 4T < Z#M Z#M +Z#M
g=to
A1) S M, C S e —
j=¢to j=tlo Qin
For ¢ = 0, the estimate #7, 1/8 — || 7V/* is trivial by definition of |jul|4,

~Y

n (21). For 0 < ¢ </, assumptlon (Ml) ylelds that #7, < C%, 1/8

el 1 < CL [l ] Hence, we have proved thas supgeNo<#7z> o uell S
||u||a,, which is the upper estimate in (22).

Step 5 (adaptivity constraints optimal rates). To prove the lower estimate
in (22), we may assume that the upper bound is finite, i.e., sup,ey, (#7¢)° ||u — uef| < oo.
Let N € Ny and choose the maximal ¢ € Ny such that #7, — #7o < N, i.e., T, € T(N).
Besides (32), note that (M1) implies that #7;, < #Tr1 < Cson #T¢- In particular, it
follows that

N+1<#7Z+1—#76+1 #T—H #Ts.

Hence, we obtain that

min (N + 1)°[Ju — uopt || S (#7e)” [lu — wel| < sup(#7T0)* [lu — uel-
Topt €T(N) 2N

Taking the supremum over all N € Ny, we prove the lower estimate in (22). O

3. WEAKLY-SINGULAR INTEGRAL EQUATION

3.1. Functional analytic framework for Laplace BEM. Let I' C 02 be a rel-
atively open and connected part of the boundary 0f) of a bounded Lipschitz domain
Q C R? with d = 2,3. For the ease of presentation, we assume that 9 is polygonal.
For d = 3, we additionally assume that I" is a Lipschitz dissection [McLO00, pp. 99]. For
d = 2, we additionally assume that diam(2) < 1, which can always be achieved by scal-

ing. With the fundamental solution of the Laplacian, i.c., G(z) := —5= log|z| for d = 2
resp. G(z) := 4= |2|7! for d = 3, we consider the weakly-singular integral equation
(Vu)(z) == /u(y) Gz —y)dy = f(z) forz €T, (34)
r

where f € HY2(T") is some given right-hand side and v € H=*/2(T') is the sought integral
density. Here, H'/?(T') := {v|r : v € H'(Q)} is the trace space of H*(2) and H*/?(T) :=
H'2(T) is its dual space with respect to the (extended) L*(T')-scalar product.
The variational formulation (7) of (34) reads: Find u € H := H~'/%(I") such that
b(u,v) :=(u, v) = Vu,v)y=(f,v) foralveH, (35)
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where (v, w) := [,vwdx denotes the L*(I')-scalar product. It is well-known that the
weakly-singular integral operator V : H=Y2(I') — HY2(T') is a symmetric and elliptic
isomorphism. Therefore, (-, -) is a scalar product, and the induced norm ||v||? := (v, v)
is an equivalent norm on HVY 2(T). In particular, the Lax-Milgram theorem proves the
existence and uniqueness of the solution u € H~Y2(T") of (35).

3.2. Functional analytic framework for Helmholtz BEM. We employ the no-
tation from Section 3.1. For a wavenumber x > 0, let

ik |z]

G(z) = 3I—Iél)(/<1|z|) ford=2 resp. Gu(2): ©

- for d = 3
1 il 0T

where H, él) is the first-kind Hankel function of order zero. We consider the weakly-singular
integral equation

Va)(@) = [ ay) Gulir — ) dy = f(a) forw e, (36)
r
where f € H/2(T') is some given right-hand side and v € H~Y/2(T') is the sought integral
density. The variational formulation (7) of (36) reads: Find v € H := H~/?(T") such
that

b(u,v) == (Viu, v) = (f,v) forallveH. (37)

It is known that the single-layer operator V, : H-*/2%(I') — HY2(I) is an isomorphism,
if and only if x? is not an eigenvalue of the interior Dirichlet problem for the Laplace
operator; see, e.g., [SS11, Theorem 3.9.1]. We suppose throughout that this is the case,

i.e., V, is an isomorphism and (37) thus admits a unique solution u € H~/2(T).

3.3. Mesh-refinement in 2D. For d = 2, a mesh 7y is a finite partition of I
into compact affine line segments. We employ the bisection algorithm from [AFF*13|.
We assume that all meshes 7y € T = refine(7;) are obtained by applying this mesh-
refinement strategy to a given initial mesh 7;. As already mentioned in Section 2, this
guarantees (M1)—(M3). Moreover, there holds uniform v-shape regularity in the sense of

sup max {diam(T)/diam(T") : T,T" € Ty with TNT" # 0} <~ < o0, (38a)
Ta T
where v > 0 depends only on 7. We recall that Ti = refine(7y; Ty ) denotes the uniform
refinement, where all elements have been bisected once.

3.4. Mesh-refinement in 3D. For d = 3, a mesh Ty is a conforming triangulation of
" into compact plane surface triangles. For mesh-refinement, we employ 2D newest vertex
bisection (NVB); see Figure 1 and, e.g., [Ste08b, KPP13|. In particular, we assume that
marked elements are bisected by three bisections into four son elements. We assume that
all meshes 7y € T = refine(7y) are obtained by applying this mesh-refinement strategy to
a given initial mesh 75. As already mentioned in Section 2, this guarantees (M1)-(M3).
Moreover, NVB ensures that only finitely many shapes of triangles are generated. In
particular, all meshes Ty € T are uniformly ~-shape regular in the sense of

diam(T")?

— < 38b
Tiel TeTy area(T) — 7= (38b)
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A N
N A o Lo

FIGURE 1. For 2D newest vertex bisection, each triangle T" € T has one reference edge,
indicated by the double line. Refinement of 7" is done by bisecting the reference edge,
where its midpoint becomes a new node. The reference edges of the son triangles are
opposite to this newest vertex. Hanging nodes are avoided as follows: We assume that
certain edges of T', but at least the reference edge, are marked for refinement. By iterative
bisection, refinement splits the element into 2, 3, or 4 son triangles, respectively.

where v > 0 depends only on 7;. We note that conformity and (38b) also imply (38a)

(with a different constant v though). We recall that T = refine(7y; 75;) denotes the
uniform refinement, where all elements have been bisected by three bisections.

3.5. Galerkin discretization. Let 7y be a mesh. For the Galerkin discretization (8)
of (35) resp. (37), we consider the space of piecewise constant functions

Xy = {vg € L*(T) : vylr is constant for all T € Ty} C HV2(D). (39)

For T' € Ty, let xr be the characteristic function, i.e., xr(z) = 1 for x € T and xr(z) =0
for z € I'\T. Then, {XT T e TH} is the canonical basis of Xj.

Proposition 10. The functional analytic framework of Section 3.1 and Section 3.2 to-
gether with its discretization in Section 3.3-3.5 satisfies all assumptions from Section 2.1.
In particular, (-, -) is always the scalar product (35) induced by the Laplace single-layer
operator (34), while K = 0 for Laplace BEM (Section 3.1) resp. K = V.=V for Helmholtz
BEM (Section 3.2).

Proof. 1t is well-known (see, e.g., [SS11, Lemma 3.9.8] or [Ste08a, Section 6.9]) that
K=V,—V:HYT) - HY2I) is a compact operator. Hence, (35) and (37) meet
the abstract variational formulation (7) of Section 2.1. According to Remark 2, it only
remains to verify that uniform mesh-refinement leads to convergence of the best approx-

imation error, i.e., that the definition 76(0) = Ty and 760 = reﬁne(’]B(j ), 760 )) for all
7 € Ny guarantees that

lim min [jv— v(()j) =0 forallveH.
j—o00 véj>€Xéj)

For v € L*(T"), we recall that

min o o5 | < 1G] 2y = 0 as j - oo
’UOJ)EXSJ)

Since L*(I') is dense in H = H~Y/2(T), this concludes the proof. O
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Element T € Ty @}IT € -)?H-

FIGURE 2. To generate the uniform refinement ’7A'H for d = 2, each coarse-mesh element
T € Ty (left) is bisected into two son elements of half length. For the two-level estimator,

T is associated with one fine-mesh function @y ;. € Xy with supp(@ i) =T, which takes
the values +1 and is L?(T)-orthogonal to the characteristic function yz (right).

Element T € Ty Xt € X1 Phr € X Pirr € X Pirr € X

FIGURE 3. To get the uniform refinement 7A‘H for d = 3, each coarse-mesh element T € Ty
is refined into four sons using three blsectlons For the two-level estimator, 7' is associated
with D = 3 fine-mesh functions @y, ,» € Xy with Supp(goHT) T, which take the values
+1 and are pairwise L?(T)-orthogonal (also to the characteristic function xr).

3.6. Two-level a posteriori error estimation. For the weakly-singular integral
equation (34) and lowest-order BEM (39), the local contributions of the two-level error
estimator (13) read

b N "
—~ . ~j (fs Parr) — 0(un, Phrp)]
2= ZTH Pur)’ with (@) = Y — (40)
ey

where {@p HT} >, is the set of local fine-mesh functions with D = 1 for d = 2 (see Figure 2)
and D = 3 for d = 3 (see Figure 3). Firstly considered in [MMS97, MSWO8| for error
control on quasi-uniform meshes, we refer, e.g., to [EH06, EFLFP09| for h-refinement
in 2D and 3D and to [HMSO01]| for hp-refinement in 2D for the fact that

Cosi i — unll < 7 < Cest lim — umll, (41)

where Ces; > 1 depends only on y-shape regularity of TH and hence only on 7y. The main
observation for the proof of (41) is that the decomposition

/'?H:XHGBSpan{@iLT : TGTH,jzl,...,D} (42)
is stable with respect to the H~Y2-norm.

3.7. Convergence of Algorithm 3 for weakly-singular integral equation. The
following theorem states that the weakly-singular integral equation is covered by the
abstract framework of Section 2.

Theorem 11 (optimal adaptivity for weakly-singular integral equation). Let
Ta be a given mesh, My C Ty, and Ty := refine(Ty, My). Then, the two-level esti-
mator T 1= Y peq, TH(T)? with its local contributions (40) satisfies (E1)~(E2), where
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Cesty Cstap > 0 depend only on ~y-shape regularity of Tn, and hence on Ty. Applied to the
framework of the weakly-singular integral equation for the Laplacian (Section 3.1) or the
Helmholtz problem (Section 3.2), Algorithm 3 thus leads to linear convergence (17) of
the energy error with optimal algebraic rates (22), if the saturation assumption (S) is
satisfied.

Proof. Note that the proofs in [EH06, EFLFP09| imply also that the decomposition
Xy =Xy @span{@} € X, : TE€Ty, j=1,...,D} (43)
is stable with respect to the H~/2-norm. Arguing as in [EH06, EFLFP09|, this leads to

D
lun —url® = Y > u(@he)

TeTy  j=1
Pt rEXn

where the two-level estimator on the right-hand side now involves only the enrichment
from Xy to Xj; see (43). For details, we refer, e.g., to |[EFLFP09, Lemma 4.4, Proposi-
tion 4.5, Theorem 4.6] and to [MMS97| for the Helmholtz problem. Next, note that
{(Plr TEMp, j=1,....D} C{@Glir €X : TETy, j=1,...,D}
C{Ghr : TE€Tu\Th,j=1.....D},

since the sons of marked elements T € Ty are the same in 7; and 7A’H Clearly, this
implies (E1). '

To prove (E2), note that the functions 7, depend only on 7', but not on the mesh
Tu. Hence, the triangle inequality proves that

‘Th(TH NTn) — (T N 771,)‘ = Z Th(T)z) v ( Z TH<T)2> v
TeTuNTh TeTuNTh
D b _ ~J 2
< (3 Mt Y g

TETaN T j=1 185 I”
where the final estimate follows as in [EH06, EFLFP09]. This concludes the proof. [

Even without the saturation assumption, we can adapt some ideas from [MSVO08§| to
guarantee that Algorithm 3 ensures at least convergence of the two-level estimator.

Theorem 12 (plain convergence without the saturation assumption). For any
adaptivity parameters 0 < 0 <1 and 1 < Canc < 00 and independently of any saturation
assumption, Algorithm 3 guarantees that the two-level estimator 77 := 3 1y o(T)? with
its local contributions (40) satisfies 7o — 0 as { — oo.

Proof. The proof is split into five steps.

Step 1. There are several definitions of the fractional-order Sobolev space H'/?(w)
for w C T, e.g., by lifting to H'(2), by use of the Sobolev—Slobodeckij seminorm, or
by (real or complex) interpolation. While these definitions lead to the same space, the
norms are only equivalent up to constants, which depend on w. For w # I'; the definition
thus matters. In what follows, we define H'/?(w) := [L*(w); H(w)];/2 by the K-method
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of interpolation |[BL76, Section 3.1]. Moreover, HY/2(w) := HY2(w)" denotes the dual
space with respect to the extended L?(w) scalar product.

Step 2. Let wy, C I' be a sequence of measurable subsets with |wy| — 0 as £ — co. The
no-concentration of Lebesgue functions then implies that ||v||.2(.,) — 0 as £ — oo for all
v € L*(I"). Consequently, for v € H'(I'), it also follows that |[v]|f1(,) — 0 as £ — oo,
and the interpolation estimate reveals that

1/2 1/2 {—00
10l 1/ S M0l 0l e,y =20 for all v € HY(T).

Since H'(T") is dense in H'/2(T"), it follows that

f—00

[0l g1r2(y) ——> 0 for all v € H'*(T).

Step 3. Define H(T') := L*(T). Let U, C T;. Since the estimate

Z [v] %{S(T)
TeUy
holds for s € {0, 1}, interpolation theory [BL76| implies that it also holds for s = 1/2.

Step 4. Recall that the enrichtments {5; o satisfy that (@J 7, xr) = 0. Therefore, it
follows from interpolation of the Poincaré inequality and a duality argument that

< |lv

%,s(UTEW r forallve HY(T) (44)

~j 1/2 ~
182 120y S i (T 18] w2y < 1he" @l ey

where h, € P°(T;) denotes the local mesh-width function defined by hy|p := diam(T”);
see, e.g., [CP06, Theorem 4.1]. Together with an inverse estimate from |[GHS05, Theo-
rem 3.6], this leads to

1/2 ~ ~j
187l 120y S 08" @ zllrcry S NPl -2y = NPl

Step 5. With the aforegoing observations, the proof of the theorem essentially follows
the lines of the proof of [MSV08, Theorem 2.1

e the variational formulation (35) clearly fits into the class of problems considered
in [MSV08, Section 2.1];
e the Galerkin discretization (8) with the discrete spaces (39) satisfies the assump-
tions in [MSVO08, eq. (2.6)—(2.8)];
e the refinement strategies from Section 3.3-3.4 satisfy the assumptions in [MSVO08,
eq. (25) and (2.14)];
Let X := U, X: be the “discrete limit space”, where the closure is understood with
respect to H = H'/2(I'). According to [MSV08, Lemma 4.2|, there exists a unique
Uoo € X such that
b(Usos Vo) = ([, Vo) for all vy, € Xy, (45)
and it holds that [[u. — uel| — 0 as £ — oo. Let T := UpsoNesi Te be the set of all

elements which remain unrefined after finitely many steps of refinement. In the spirit
of [MSVO08, egs. (4.10)], for all £ € Ny, we consider the decomposition

72 _ 7zgood U Ebad U Eneither’ (46)
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where
T ={T €Ti:@jp € X forall j=1,...,D},
T ={T €Ty: T €T for all T" € Ty with T NT" # (0},
7Zneither — 72 \ (rngood U Ebad).

In the following, we elaborate the ideas for the Laplacian (Section 3.1). Replacing V' by
Vi, the same arguments apply to the Helmholtz problem (Section 3.2).
The elements in 72°°! are refined sufficiently many times to guarantee that

—Vug, @ )2 V(te — 1 7 \|2
(T (4:o>zl<f ¢ Pl @) Z|< ( o) Pl
j=1

|||<PzT|||2 =1 I eT|||2
D 187.1%
k] H71/2 T)
Z — )P ary —— 2 S 1Vt — ) 312,
= 12 7l

The set 7,”d consists of all elements such that the whole element patch remains unrefined.
The remaining elements are collected in the set 7" We note that T£°°® corresponds
to GY in [MSVO08, eq. (4.10a)] (but actually is a bit larger), while 7,°*! coincides with the
corresponding set G, in [MSVO08, eq. (4.10b)|. As a consequence, T,"*"" corresponds to
G, in [MSVO08, eq. (4.10c)|, but actually is a bit smaller.
With the mapping properties of V', we obtain that
(47) (44)
Yo M S Y Wluw —udlfpegy S IV (s = u) ey

Te,T[good TE,TZgood (48)

(47)

l
~ futso = el gy = use — el 55 0.

Let Typeither .= UTETnmthch Since Teither is contained in the corresponding set G;

in [MSV08, eq. (4. 100)] we may argue as in Step 1 of the proof of [MSV08, Proposi-
tion 4.2| to show that |[T¢*her| — () as £ — oco. According to Step 2, this leads to

\V4 ] 2
> owrp® Y Z W= Ve Gl < S~ vy

Tenneither TeTnelther ] 1 ||| ()06 T‘H2 Tenneither
(44) ) ) ,
5 ”f - Vu[HH1/2(F?either) S Hf - VuooHHl/Q(F?either) _'_ ”V(UOO - u@)HHl/Z(F?either)
(44) , )
5 ||f - Vuoo”Hl/Q(F?either) + ||V(Uoo - uf)HHl/?(F)
¢
5 ||f - VUOO”?_II/Q(F?either) + |||uoo - u£|||2 0 0 (49)

Since M, C T\ T2 = T4 U Tpeither it follows from (48)—(49) that

(14)

07(T)* < Z 7o(T)* < Z (T)* + Z 7(T)? oo,
TeM, TG'D‘gOOd Tef]—éneither
This concludes the proof. U
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Remark 13. The convergence proof of Theorem 12 covers also other marking criterions
than Dérfler marking (14); for instance, the mazimum criterion or estimator equilibra-
tion. To this end, only the final step in the proof of Theorem 12 has to be modified, where
one can adapt the ideas of [MSVO08].

4. HYPERSINGULAR INTEGRAL EQUATION FOR I' G 9Q

4.1. Functional analytic framework for Laplace BEM. Suppose the assump-
tions of Section 3.1. In addition, suppose that the (relative) boundary of I' is non-trivial,
i.e., OI' # 0, and hence T is not closed. We consider the hypersingular integral equation

(Wu)(x) := —On(a) /Fu(y) On)G(r —y)dy = f(x) forxzeT, (50)

where n(+) denotes the outer unit normal vector of 9, f € H~/?(T") is some given right-
hand side, and u € HY 2(T) is the sought integral density. Here, we employ the notation
HYX(T) := {v € HY2(0Q) : supp(v) C T} and H~Y*(T) := HY*(T') is its dual space
with respect to the (extended) L?(T')-scalar product.

The variational formulation (7) of (50) reads: Find u € H := H'/*(T") such that

b(u,v) == (u, v) = (Wu,v)=(f,v) forallveH. (51)

It is well-known that the hypersingular integral operator W : HY2(I') — H=2(T") is a
symmetric and elliptic isomorphism. Therefore, (-, -) is a scalar product, and the induced

norm |[v||? := (v, v) is an equivalent norm on HY 2(T"). In particular, the Lax—Milgram
theorem proves the existence and uniqueness of the solution u € H?(T) of (51).

4.2. Functional analytic framework for Helmholtz BEM. Recall the integral
kernel G, (z) from Section 3.2. Adopting the notation from Section 4.1, we consider the
hypersingular integral equation

(Wiu)(x) := —0On(a) / UW(Y) On(y)Gu(z —y)dy = f(z) forz €T, (52)
r
where f € H~'/%(T") is some given right-hand side and u € ﬁ]l/2(F) is the sought integral
density. The variational formulation (7) of (52) reads: Find u € H := H'?(T) such that

b(u,v) := (Weu, vy =(f,v) forallveH. (53)

It is well-known that the hypersingular operator W, : HY2(I') — H~Y2(T") is an iso-
morphism if and only if 2 is not an eigenvalue of the interior Neumann problem for the
Laplace operator; see, e.g., [Ste08a, Proposition 2.5]. We suppose throughout that this is

the case, i.e., W, is an isomorphism and (53) thus admits a unique solution u € HY/2(T).

4.3. Galerkin discretization. Let 75 be a mesh in the sense of Sections 3.3-3.4.
For the Galerkin discretization (8) of (51) resp. (53), we consider the space of continuous
piecewise linear finite elements

Xy = {vg € C(T) : vylr is affine for all T € Ty and vy|or =0} C HY2(I).  (54)
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Let N be the set of vertices of Ty. For z € Ny, let ¢p . be the associated hat function,
i.e., op . is piecewise affine, globally continuous, and satisfies the Kronecker property
o .(2') =0, for all 2 € Ny. Then, {ng’Z c 2 € Ny \ 8F} is the standard basis of Xy.

Proposition 14. The functional analytic framework of Section 4.1 and Section 4.2 to-
gether with its discretization in Section 4.3 satisfies all assumptions from Section 2.1. In
particular, (-, -) is always the scalar product (51) induced by the Laplace hypersingular
integral operator (50), while I = 0 for Laplace BEM (Section 4.1) resp. K = W, — W
for Helmholtz BEM (Section 4.2).

Proof. 1t is well-known (see, e.g., [SS11, Lemma 3.9.8] or [Ste08a, Section 6.9]) that
K =W,—-W : HY2I) - HY%I) is a compact operator. Hence, (51) and (53)
meet the abstract variational formulation (7) of Section 2.1. According to Remark 2,
it only remains to verify that uniform mesh-refinement leads to convergence of the best

approximation error, i.e., that the definition 76(0) := To and 76(j = reﬁne(%(j ), 76(j ))
for all j € Ny guarantees that

lim min [jv— ’U(()j) =0 forallveH.
j—oo (J)eX(

For v € HY(T'), we recall that

min_JJo — o] < A Vol 2y =0 as j — oco.
ROPNE
0 0
Since HY(T') is dense in H = H'/2(T"), this concludes the proof. O

4.4. Two-level a posteriori error estimation. Let 75 be a mesh with uniform
refinement 7. In 2D, define D = 1 and let $: ur € Xy be the hat function associated
with the midpoint of T € Ty. In 3D, define D = 3. For an element 7" € Ty with its three
edges Fi, Es, Es, let cpHT € XH be either the zero function, if E; lies on the boundary
OI" of ', or the hat function associated with the midpoint of E;.

For the hypersingular integral equation (50) and lowest—order BEM (54), the local
contributions of the two-level error estimator (13) read

- . - f i) — blun, Pirr)]
2= (@) with Ta(Bhe) = P ’
= %52l

where D = 1 for d = 2 and D = 3 for d = 3. Firstly considered in [MMS97, MS00]
for error control on quasi-uniform meshes, we refer, e.g., to [EFGP13, AFF*15]| for h-
refinement in 2D and 3D and to [HMS01, HS01, Heu02| for hp-refinement for the fact
that

7 (55)

Cot i — urll < 711 < Cest i — ual], (56)

where Cys; > 1 depends only on y-shape regularity of 7A’H and hence only on 7y. The main
observation for the proof of (56) is that the decomposition

Xy = Xy © span{@iz Dz € ./\A/H\./\/'H with z & 8F} (57)
is stable with respect to the HY2-norm.
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4.5. Convergence of Algorithm 3 for hypersingular integral equation. The
following theorem states that the hypersingular integral equation is also covered by the
abstract framework of Section 2.

Theorem 15 (optimal adaptivity for hypersingular integral equation). Let Ty be
a given mesh, My C Ty, and Ty, := refine(Tg, My). Then, the two-level estimator 73 =
ZTGTH 15 (T)?* with its local contributions (55) satisfies (E1)~(E2), where Ceg, Cstar, > 0
depend only on ~y-shape reqularity of T;, and hence on Ty. Applied to the framework of the
hypersingular integral equation for the Laplacian (Section 4.1) or the Helmholtz problem
(Section 4.2), Algorithm 3 thus leads to linear convergence (17) of the energy error with
optimal algebraic rates (22), if the saturation assumption (S) is satisfied.

Proof. The essential observation is that
7 IQT € S;(7) if and only if the corresponding edge E; of T € Ty is bisected.

While this is clear for 2D, it is less obvious for 3D but a consequence of the refinement
pattern of NVB; see Figure 1. First, this allows to rewrite (57) in the form

fH:XH@span{@ﬁ’T : TETH,jzl,...,D}.

Second, with this observation, the proofs in [EFGP13, AFF*15] imply also that the
decomposition

Xy =Xy @span{@} €X, : TE€Ty, j=1,...,D} (58)

is stable with respect to the H*2norm. Arguing as in [EFGP13, AFFT15], this leads to

D
lun = unll®~ " > Tu(@he)
TeTy j=1
@[J{,TGXh

where the two-level estimator on the right-hand side now involves only the enrichment
from Xy to A),; see (58). For details, we refer, e.g., to [EFGP13, Lemma 4.4, Theorem 4.1|
and [AFF*15, Lemma 15, Lemma 16, Theorem 14] and to [MMS97] for the Helmholtz
problem. Next, note that

{(Ghr TEMy, j=1,....D} C{@lr €Xp : TE€Ty, j=1,...,D}
C{®hr : TE€Tu\Th, j=1.....D},
since the sons of marked elements T € Ty are the same in 7; and 7A’H Clearly, this
implies (E1).
To prove (E2), note that the functions ¢ go ur depend only on 7', but not on the mesh,
, for T € Ty N Ty, the hat function 7, belongs to X, N Xy. Hence, the triangle
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inequality proves that

1/2

> @) (% wmy)

TeTuNTy TeTuNTh
o~ o~ By 72
>y ) S = uall
TeTuNT;, j=1

where the final estimate follows as in [EFGP13, AFF*15|. This concludes the proof. [

‘Th(TH NTn) — 7a(Tu N 771)‘ =

Even without the saturation assumption, we can argue as in Section 3 (Theorem 12)
and show that Algorithm 3 ensures at least convergence of the two-level estimator.

Theorem 16 (plain convergence without the saturation assumption). For any
adaptivity parameters 0 < 6 <1 and 1 < Cpane < 00 and independently of any saturation
assumption, Algorithm 38 guarantees that the two-level estimator 77 = > oreT; 7o(T)? with
its local contributions (55) satisfies 7o — 0 as { — oc.

Proof. The proof is split into five steps. The first four steps prove some technical results
on fractional-order Sobolev norms. Even though they might be well-known to the experts,
we include their brief proofs for the convenience of the reader; see also the discussion in
Step 1 of the proof of Theorem 12 for the fact that the definition of the fractional norms
matters. _

Step 1. For w C I, we recall that H—*(w) := H*(w)', where H*(w) = = {ve HT) :
supp(v) C w} for all s € [0,1]. For s € (0,1), the space is equipped Wlth the interpolation
norm. For all w,0 C I with w C &, we then have the norm equivalence

[0l sy = N0ll ey forall v e H*(w). (59)

Indeed, on the one hand, the estimate [|v 7., < ||v||gs) holds for s € {0,1}, and
thus also for s € (0,1) by interpolation theory [BL76]. On the other hand, the converse
estimate follows, e.g., from the open mapping theorem, observing that H %(w) is a closed
subspace of H*(&%). As a consequence, for all ¢ € H=*(w), it follows that

0.0 o 0
He(w)  veHs(@)\{0} ]

1@l @)= sup = [[@lla—( (60)

veHs (w)\{0} ||U|

Hs (@)

Step 2. Let w, C I" be a sequence of measurable subsets with |w,| — 0 as ¢ — co. We
show that [|¢]| -1/2(,,) — 0 as £ — oo for all ¢ € H~'/*(T'). To this end, let ¢ € H~'/*(T)
and ¢ > 0 be arbitrary. Since L?(I') is densely embedded in H~/2(I'), there exists
¢ € LA(T") such that ||¢ — 5“H—1/2(F) < ¢/2. By no-concentration of Lebesgue functions,

it holds that H$||L2(w) — 0 as { — oo. In particular, there exists ¢y € Ny such that
@] L2(w,) < €/2 for all £ > €y. Hence, for all £ > {y, using also (59), we obtain that

10l r-17200) < N10l-17200) + 10 = Dl 11200y S 1Dl 22000) + |6 = Bl 120 <

This proves the desired limit.
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Step 3. We consider a partition w = U%Zl wy, of a subset w C T satisfying w, Nw,, = 0
if n # m. We show that, for all s € (0,1), it holds that

M
> 103 < @l7s( forall g € H(T). (61)
m=1

To that end, we consider the product space II° := Hf\r{:l H?(wy,), endowed with the
product norm ||u

.....

operator (which coincides with the identity, because we are dealing with a partition of w)
A®  II° — H*(w) defined by A*u := Z%zl U, for all w = (wy,)m=1... a € II°. Since

9 M
_ < u
iy < 2

holds for s € {0,1} (even with equality sign), then the inequality is true for all s € (0,1)
by interpolation. Hence, A® is linear and bounded for all s € (0, 1) and the same holds for
its adjoint (4°) : H¥(w) — (I¥). Since (I1*) = (TN, H(wm))' = TIN_, H* (W) =
H%zl H~*(wy,), the estimate (61) follows from the boundedness of (A®)".

Step 4. For all T € Ty, let wy(T) C T" denote the element-patch of 7" in 7,. For all
U C T and Uy == Upg,, T, we define wy(Ur) := Upgy, we(T). We show that, for all
s € (0,1), it holds that

-----

2, forall u = (Up)me1

Hs (wm) — ||’U,|

-----

Z 01— e (1)) S Ol E—s(pyyy  for all € H*(T), (62)
TelU,

To this end, we note that both the number of elements contained in each patch and
the number of patches to which each element belong are uniformly bounded, with the
bounds depending only on the shape-regularity of the mesh, and thus only on 7. With
an inductive construction (see, e.g., [CMS01, Lemma 3.1]), we can construct a partition
U, = U%Zl Q,, such that Q,,NQ,, = 0 if m # n with the property that w,(T)Nw,(T") = 0
forall T, 7" € Q,, with T T and m =1,..., M. Again, M depends only on the shape-
regularity of 7y, and hence only on 7y. Define Qp, := Upeo, T- For all ¢ € H=*(T'), we
then conclude that

2 = 2 6) & 2 (60 2
Z H¢HH*5(w4(T)) = Z Z H(bHH*S(wg(T)) < Z H¢HH*5(w4(Qm)) S MH¢“H*S(w5(Ug))'
m=1

TeU, m=1T€Qm

Step 5. We argue as for Step 5 of the the proof of Theorem 12. We sketch the proof for
the Laplacian, but the same ideas apply to the Helmholtz problem (Section 4.2) replacing

W with W,. Let Xy := [J,o & Recall from [MSV08, Lemma 4.2] that there exists a
unique Uy € Xs such that

b(Usos Vo) = (f, Vo) Tfor all vy € Xy, (63)
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and it holds that ||us — uef| — 0 as £ — oo. Use the decomposition (46). Arguing as for
the Weakly—singular integral equation, we see that

2 D ~j 2
(55) Z [(f — Wuy, SOeT (63) Z |(W (too — ue) , 90€,T>’
7j=1

p 1272112 %2112

H()/O\%T H%l/Q(we(T))

'MU

< W (too — we)ll ir-1/2(cop () S

1 e

where we have used the norm equivalence

59 | A~
~ NPl gy = 180l

With Step 4 and the mapping properties of W, we obtain that

W (tos — wo)l| g-1/2(uy (1))

J

192,21l 172 )

62
S RIS Y Wl =l S W e = w0l o sty
TeTE TeTE! (64)
(69) £—00
S W (use = w12y S Nttoe = well oy 2= Ntoo — uel* —= 0,
where 8¢ .= Uregoos T Recall that [peither . — Urerpeiner T satisfies that |Tpeither| —
as £ — 0o. Moreover, it holds that |[§either| ~ |, (T'geither)| By Step 2, this leads to

f Wy, €T>|
S - ¥y .

Tenneither TeTnelther J 1 |||(10€ ’T”l2 (65)
( 2)
S Z Hf WUZHH 1/2(0_;2 < ||f WU/ZHH 1/2 (F?either)) — 0.
Tenneither
Since M, C T\ T2 = T4 U Tpeither it follows from (64)—(65) that
(14) .
0r(T)? < Y (@< Y @+ > w(l)? =0
TeM, TE'T[gOOd Tenneither
This concludes the proof. O
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