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Abstract

We study the possible existence of a Newtonian regime of gravity in 1 4+ 1 dimensions,
considering metrics in both the Kerr-Schild and conformal forms. In the former case, the
metric gives the exact solution of the Poisson equation in flat space, but the weak-field limit
of the solutions and the non-relativistic regime of geodesic motion are not trivial. We show
that using harmonic coordinates, the metric is conformally flat and a weak-field expansion is
straightforward. An analysis of the non-relativistic regime of geodesic motion remains non-trivial
and the weak-field potential only satisfies the flat space Poisson equation approximately.

1 Introduction and motivation

It has been almost three decades since ’t Hooft first proposed that dimension reduction — a decrease
in the number of spatial dimensions for ultra-high energy systems — should be an expected feature
of quantum gravity [1]. Since then, high-energy dimensional reduction has been found to be a nat-
ural property of disparate approaches to quantum gravity, including loop quantum gravity and spin
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foams [2, 3], causal dynamical triangulations (CDT) [4, 5], asymptotically safe gravity [6, 7], non-
commutative geometry [8-10|, vanishing dimensions [11], multi-fractal geometry [12], and modified
dispersion relations [13].

The nature of this dimensional reduction and its underlying mechanism are still unknown, though
there are several interpretations offered in the literature. The vast majority of the results cited above
have been obtained using the spectral dimension as a measure or estimator of dimensionality, though
this may or may not be the most ideal scenario for gravity (see [14] for further details). In the CDT
framework, for example, the effective dimension is a statistical one that can be associated with the
fictitious diffusion process on a given space, governed by a heat equation, while more generally it
is a notion from the spectral geometry [4,5]. Similarly, the dimensionality of CDTs has also been
addressed through the notion of Hausdorff dimension. In the vanishing (or evolving) dimensions
scenario, high-energy systems become progressively more sensitive to an interlaced “scaffolding” of
lower dimensions structures, which can have consequences for both high energy physics and early
universe cosmology [15]. A model [16,17] inspired by the Generalised Uncertainty Principle invokes
a duality in the expression for the black hole mass that allows gravitation to act as if space-time
were two-dimensional in the sub-Planckian regime, even though there is no physical change in
the manifold structure. Lastly, we should recall that the action of four-dimensional spherically
symmetric systems can be naturally cast in the form of a 1 + 1 effective theory [18].

Another motivation for the present analysis is given by bootstrapped Newtonian gravity (see
Refs. [19-31]) which is built by adding non-linear terms to the Poisson equation for the Newtonian
potential in 1 + 3 dimensions. In Ref. [29], the exact bootstrapped Newtonian potential in the
vacuum in 1 + 3 dimensions [19] was used to reconstruct a full space-time metric in harmonic
coordinates, as this is the reference frame in which the Newtonian regime is recovered, and orbits
were then studied in Ref. [30]. Lower-dimensional cases were considered in Ref. [31], where the
vacuum bootstrapped Newtonian potential was lifted to a full space-time metric in 1+ 1 and 1+ 2
dimensions by instead assuming it to be of the Kerr-Schild form [32].

Clearly, for all of the above reasons, it is important to identify in which reference frame and under
which conditions gravity in 1 + 1 dimensions admits a Newtonian approximation. In Section 2, we
start by recalling the various steps involved in the definition of this regime in General Relativity in
143 dimensions, namely the conditions under which 1) the Einstein field equations for a static source
reduce to the flat space Poisson equation for the Newtonian potential and 2) the geodesic motion
of massive particles reproduces Newton’s law. We shall then analyse gravity in 1 4+ 1 dimensions
in Section 3, where we will employ both the Kerr-Schild-like coordinates used in Ref. [31] and
harmonic coordinates, in which the metric is in conformally flat form. Concluding remarks will
then be presented in Section 4.

2 Linearised Einstein theory and Newtonian potential in 1 + 3 di-
mensions

For metric perturbations around flat space-time,

Guv = Nuv + Eh,uz/ ) (2.1)



we can expand all terms in the Einstein tensor up to order € and, after some algebra, the linearised
Einstein field equations read !

L hap = —Ohyy + 0w Oh + 8,0 hay, + 0,0 iy — 1w 010 hi, — 0,000
= 167GN Ty (2.2)

in which LQBW is the Lichnerowicz operator and we consistently expanded the source energy-
momentum tensor as

TN =T + €T, (2.3)

and used the fact that in Minkowski T,SB) =0.
We can now take advantage of the invariance of the Einstein equations under diffeomorphisms,

h/ﬂ/ — B,uy = h;ux - (EM,V + fu,u) ) (24>

and the fact that T}, and hj,, only contain six independent degrees of freedom to impose four
conditions in order to simplify the above Eq. (2.2). A famous example is given by the harmonic or
de Donder gauge condition which, on the flat space-time, can be written as

20"y, —O,h = 0. (2.5)

In particular, the de Donder gauge condition can likewise be used to determine a vector field &*
such that the perturbation h,, satisfies (2.5), or

200¢, = 20" hy, — Oyh . (2.6)

Perturbations satisfying the de Donder gauge are usually referred to as transverse and traceless,

since one can introduce 2

1
hEE = h/w ) Nuv h (2.7)

and then Eq. (2.5) becomes the transversality condition,
7TT _
o*h,, =0, (2.8)

in full analogy with the (transverse) Lorenz gauge.
In the harmonic gauge (2.5), taking the trace of the field equations (2.2) yields

Oh=167GNT (2.9)

where T' = 0" T, and Eq. (2.2) reduces to

_ 1 _
—Ohy + 2 v Oh =167 GN Ty - (2.10)

'We use units with ¢ = 1.
*Note that the factor of 1/2 (rather than 1/3) in the definition (2.7) is reminiscent of the fact that gravitational
waves are orthogonal to the light-like direction along which they propagate.



From Eq. (2.9), we finally obtain the inhomogeneous equation

_ 1
—Ohy, = 167 Gy (TW — 5 T) : (2.11)

In order to recover the Newtonian approximation, in addition to the above weak field limit, we
must assume that all matter in the system moves with a characteristic velocity much slower than
the speed of light in the (implicitly) chosen reference frame z*. In particular, we assume that the
main source is static and the stress-energy tensor is accordingly determined solely by the energy
density, 3

T ~ 58 6§ p(x') = Too = —T (2.12)

The only relevant component of the metric is correspondingly hgg, and its time derivatives are
also assumed to be negligible, that is hgyp =~ hgo(z"). In fact, for a static perturbation, the gauge
condition (2.5) is always satisfied, and the Ricci scalar reduces to

R~ —V2hy . (2.13)
In this approximation, Eq. (2.11) takes the very simple form
V2h00 = —87TGN T()O = —87TGNp . (2.14)

Since the Newtonian potential Vy is generated by the mass density p according to the Poisson
Equation

VW =47Gnp , (2.15)

we can finally identify hgg = —2 V.

2.1 Harmonic coordinates
The non-perturbative form of the de Donder gauge (2.5) is given by

Ozt =0. (2.16)
In practice, one usually writes the metric for a static and spherically symmetric space-time as

ds? = —Bdt* + Adi® + 7> dQ? . (2.17)

where A = A(7), B = B(7) and 7 is the areal radius. One then has 2° = ¢ and [33]

L' = 7(F) sin@ cos ¢

22 = 7(F) sinf sin ¢ (2.18)

3 = 7(7) cosh ,

where the (invertible) function r = r(7) must be determined as a solution of Eq. (2.16), which
explicitly becomes the one condition

d [, B dr B —
dr(r V/_ldr>_2 ABr. (2.19)

2

3We recall that the pressure is suppressed by a factor of ¢~2 with respect to the energy density.



We will then refer to r as the “harmonic” radius for simplicity. 4
The next assumption required by the weak field approximation is that

B(F(r))=1+2V(r) = B(r) , (2.20)

where V' is now the gravitational potential of choice [33]. For example, the vacuum Schwarzschild
metric is given by

7 2GyM _ . 2Gy M

B(F) =1— _ 2N g 2.21
() 7 r+Gn M (), ( )

with
f:r+GNM=r+%3 (2.22)

The weak-field regime is then given by 7 ~ r > 2 Gx M in which the (radial) geodesic equation for
massive objects [33,37], ®

o 2 2 M J?

g 2GNM JT GNMJT g (2.23)

T 2 73

reduces to the Newtonian conservation equation
2

— — B 2.24
S U TNt 5 g = BN, (2.24)

with u = dr/dt = 7/t and
B-1 GnM
2 r
One interesting property of the Schwarzschild metric is that it is of the Kerr-Schild form, that
is [32]

VN ~ <1. (2.25)

AB=1. (2.26)

This extra condition ensures that A also changes sign at the zero ¥ = 7 of B, so that 7 = 7y is a
horizon.

2.2 Horizon and thermodynamics

From 751 we can then compute thermodynamic quantities. In particular, the black hole temperature
is given by

_hk
=5
where k is the horizon surface gravity, which can be computed from the time-like Killing vector
k* = (1,0,0,0) as [38] 6

Ty (2.27)

5 1 B/Q
= —— (VFEY) (V, k) = —— . 2.28
K = (VH) (Vby) = (2.28)
We recall that Hawking’s result [39] is given by Ty = h/8m Gn M ~ 4h/100 Gx M.

41t is important to remark that the above equation only makes sense where A B > 0.
5Dots will always denote derivatives with respect to the proper time and J is the angular momentum.
5The same expression is found in different dimensions.



3 Gravity in 1+ 1 dimensions

In addition to matter fields, all metrics in two-dimensional space-time require the presence of a
dilaton field 1 to assist the dynamics. This model (dubbed R = T') was originally considered and
studied extensively in [40-48] (and additional references therein). The action is

Sy = /d%f{w c [wR+A+ (vw)} } (3.1)

where 1) is the aforementioned dilaton. Varying (3.1) with respect to ¢ and g, gives the respective
field equations

R =0 (3.2)

and
1 1 _, A
) v,lﬂzz) Vo — Guv 1 ViV =0y ) — vuvuw =38 G(l) Tw/ + 9 Guv (33)

where the stress-energy tensor is defined by

2 0L,
Yo/ 5guu .

By taking the trace of the second field equation (3.3), one finds the left-hand side recovers (3.2),
which removes the dilation from the field equations. This reduces (3.3) to the standard Liouville

T —

(3.4)

gravity form
Yy =R=A+87GT. (3.5)

Note that the exact form of v is irrelevant to the solution. However, the exact Eq. (3.2) is already
of the form (2.13) for a static configuration and one thus expects the Newtonian limit is more
naturally recovered in 1 4+ 1 dimensions. One must only assume a proper source and determine the
corresponding reference frame, as we are now going to show explicitly.

We note that this R = T formalism is but one of many approaches to lower-dimensional gravity.
A variety of other models retain the dilaton as a component of the field equations, which plays
an important role in the black hole thermodynamics (see e.g. [34-36] and references therein). We
choose the model considered herein because, in addition to the decoupling of the dilaton field, the
resulting form of the corresponding metric makes it the closest analogue to pure Einstein gravity in
lower dimensions.

3.1 Kerr-Schild like coordinates

For general coordinates in which the metric is static and diagonal,

ds®> = —Bdi* + Adz? , (3.6)
the Ricci scalar reads
1 [(B)? AB
R=—— ~ — — B 3.7
AB | 2B + 2A ’ (37)



where a prime denotes differentiation with respect to the yet unspecified coordinate Z. If we next
assume that the metric is also of the Kerr-Schild form (2.26), that is A = B~!, we then find

R=-B". (3.8)
For a perfect fluid with energy-momentum tensor 7%, = diag [—p, p|, Eq. (3.5) becomes

5 =
%+A:8WG(1)(,O—]9) . (3.9)
Let us then consider a single point particle located at = 0, for which we can neglect the pressure
p and the energy density reads
p= % o(z) . (3.10)
This results in the flat space Poisson equation
d*B

Assuming B is continuous and symmetric around Z = 0, the solution is found to be
B=2GqyM|z| - = - C, (3.12)

where C is an integration constant and we defined A = £=2.

For C > 0 and ¢? G%l) M? > C, the geometry contains both a black hole horizon with size

an = (G M~ \[eG2 M7= C) (3.13)

and a cosmological horizon with size

in =L (LG M+, /26 2 —C) . (3.14)
Instead, there are no horizons if £2 G%l) M? < C and one degenerate horizon Zy = % if ¢2 G%l) M? =
C. For C < 0, the black hole horizon would be at Ty < 0 and one is left with the cosmological
horizon z only. It is also important to remark that Minkowski geometry in 1 + 1 dimensions is
not recovered trivially. In fact, the limit M ~ A — 0 reverses the role of £ and Z as time and space
for C > 0 (since B changes sign across the extremal configuration Ty = Z), whereas B does not
change sign for C < 0.
In the limit £>> (G(y) M)~ if C > 0, one obtains

C

T~ —————— 3.15
which scales as the inverse of the mass, and
£2
A= 20 Gy M =C— . (3.16)
TH



We should mention that, despite the fact that Egs. (3.13) and (3.14) are analogous to the ones
for Kerr-like black holes, the solution is purely two dimensional and the horizon size Z in Eq. (3.16)
has the expected mass dependence for a (1+ 1)-dimensional black hole in the R = T framework [40].
This suggests that there is a non-trivial characteristic to the Newtonian limit in which a careful
choice of constants is determined by the dimensionality of the theory.

According to Eq. (2.27), this gives a Hawking temperature that runs linearly with the mass,

T(11) ~ B'(zn) ~ GyM (3.17)

and an entropy that is consequently logarithmic,
_ M

Here, M, is some new fundamental (minimal) mass scale relevant to the model.
Geodesic motion can be easily obtained from the Lagrangian

2L=B#*-B 'i*=¢, (3.19)

where ¢ = 0 for light (with the dot denoting derivatives with respect to an affine variable) and e = 1
for massive particles (and the affine parameter becomes the proper time). Since B does not depend
on t, one finds the constant of motion

K = Bt. (3.20)
Eq. (3.19) then reads
i*+eB=K?. (3.21)
For £ = 1, this equation can be written as the “energy” conservation equation

1;2 —
§$ +G(1)M:C

2  C+K?

~ 3@ =3 E (3.22)

from which we can read out the potential (see Fig. 1 for particular values of the parameters)

V=3 (B+C)=GuyMa— . (3.23)

Note that we have not assumed any “weak field” condition, since gravity in 141 is always determined
by a “scalar potential” according to Eq. (3.5). Moreover, in these Kerr-Schild-like coordinates, the
exact solution (3.23) satisfies the Poisson equation in flat space
2V A
which is part of the definition of the Newtonian regime.
The complete Newtonian approximation also requires that the motion of massive particles be

non-relativistic in the chosen reference frame, that is « = |z/ f| < 1. This condition simplifies
considerably if we let the cosmological constant vanish, ¢.e. in the limit £ — oo such that V =



<l

““““““““\““‘G(1)|\/|7

0 10 20 30 40 50

-1

Figure 1: Potential V for ¢ = 5(G(1) M) and C = 1, between the two horizons Ty ~

0.5 (G(l) M)f1 and Tp ~ 50 (G(l) M)f , corresponding to V = 1/2 (dotted line).

GayMz. For C > 0, the geometry contains the black hole horizon (3.15). In this case, we set
C =1 for simplicity and trade E for the maximum value of Z, at which the velocity Z = 0,

E _
To = =2z E . 3.25
O GaM T 329
We then find that the portion of the trajectory Ty < & < Zg is non-relativistic in the region where
To—% [T 2
To — TH \TH

In Fig. 2, two examples are plotted: the trajectory starting with zero velocity at o = 4 Zyy reaches
u ~ 1 for T ~ 3.6 Ty, whereas the trajectory which starts at £y = 3 Ty remains non-relativistic all
the way to Zyz. Note that

u~IT—Ty, (3.27)

so that u — 0 for £ — Zg due to the usual gravitational redshift. In 1 4+ 3 dimensions, this portion
of the trajectory occurs in the strong field regime. However, there is no clear notion of strong field
in 1+ 1 because Eq. (3.24) is exact and the limit M ~ A — 0 is not trivial for C' > 0, as we
discussed above.

On the other hand, for C' < 0, there is no black hole horizon. If we set C' = —1 for simplicity,
we obtain the non-relativistic condition

_ _ _ 2
T (x + 1) <1, (3.28)
o+ Te \ Zc

where T, = |Zn| and Zy is given by Eq. (3.15) with C = 1. The above velocity is plotted in
Fig. 3, for the same values of Zy and Ty used in Fig. 2. We again see that the initial portion of the
trajectory starting at Zp is non-relativistic and the main difference with respect to C' > 0 is that
the centre £ = 0 is here reached with finite velocity.



Figure 2: Velocity @ in Eq. (3.26) for different values of Zp/Zn. The non-relativistic part of the
trajectory occurs for u < 1 (see dotted line).

In order to further clarify the Newtonian regime in general, let us assume that
B~1+4B, (3.29)

with [§B| < 1, and rewrite the geodesic equation (3.21) as

1 _ _
5 @+ VN~ Ex , (3.30)
where the potential is given by
_ 1 _ _
and
_ K? -1
By~ ——— . 3.32
N (332

Only for |Ex| < 1 (equivalent to K2 ~ 1), one further obtains Vx =~ §B/2. This would appear to be
the full Newtonian regime, in which the potential Vi satisfies the flat space Poisson equation (3.11)
and massive particles satisfy the non-relativistic Newtonian conservation equation (3.30).

However, the explicit solution (3.12) does not trivially admit a weak-field expansion of the form
in Eq. (3.29), and the above picture becomes problematic. For C' # 0, the exact potential in
Eq. (3.30) is given by

W = o [C?(6 Ex — C?)+4C (C*—3EN) V+4(2Ex — C*H) VY] | (3.33)
which again depends on the energy
_ C*E
En= —— .34

10
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Figure 3: Velocity @ in Eq. (3.28) for different values of Zo/Z.. The non-relativistic part of the
trajectory occurs for u < 1 (see dotted line).

and V was introduced in Eq. (3.23). Upon expanding for |V| < 1, we obtain

_ 6EN—C?%_
W 27

N =~ c (3.35)
and the dependence on the energy is again negligible for |Ex| < C2, but then one finds
Wox~-CV. (3.36)
For completeness, we notice that for C' = 0, one has
VN:2V<§3V—1>:—2V (3.37)

and Ey = 0. It thus seems that the only case which could reproduce a full Newtonian regime with
an effective Newtonian potential Vi satisfying the flat space Poisson equation is given by the case
C < 0, in which we recall that there is no black hole horizon.

This conclusion was also reached in Ref. [42], where the same coordinates were employed and the
Hamiltonian dynamics of a system of particles was studied in the post-Newtonian approximation,
thus expanding on the analysis of Ref. [41]. In the former paper, they conclude the coordinate
condition reproduces the dynamics and geodesic equations, derived from a canonical Hamiltonian
formalism. The authors derive a Newtonian limit from a post-linear approximation in the weak field,
small velocity limit, and find that the equations of motion are analogous to the (1 + 3)-dimensional
case. This is in contrast to our results for (1 + 1) dimensions. We further note that our derivation
of the Newtonian potential does not rely on any post-linear expansion, but is a direct result of the
formalism.

The above scenario is clearly different from the 1+ 3-dimensional case, for which one knows that
harmonic coordinates must be employed in order to recover the flat space Poisson equation. We
shall next study harmonic coordinates in 1 4+ 1 dimensions.

11



3.2 Harmonic and conformal coordinates

The harmonic coordinate condition (2.16) for a metric in the general form of Eq. (3.6) reads
1 /B A
2+ = <_ — _) ¥=0. (3.38)

If we assume that x(z) = z, we find that the metric is in conformally flat form. In fact, the harmonic
constraint (3.38) simplifies to

B A
TTA
which implies that B/A is constant (and we omitted the bars for simplicity). We can always rescale

the coordinate ¢ in order to set this constant equal to one, so that A = B for any B = B(x). The
metric finally reads

(3.39)

ds* = B (—dt* + d2?) , (3.40)

which highlights the known conformally flat nature of two-dimensional space-times. We have thus
recovered the fact that harmonic coordinates are those in which this property is apparent. Addi-
tionally, we also notice that the metric is not of the Kerr-Schild form in such a reference frame
(unless B =1 and the metric is flat).

The Ricci scalar now reads
1], (B)
R= 52 {B 5 , (3.41)

so that the exact field equation (3.5) now differs from the Poisson equation in flat space.
When the metric is in the Kerr-Schild form in the starting coordinates ¢ = ¢ and Z, the harmonic
condition simplifies to

B/
" + (B) =0, (3.42)

which is equivalent to 2’ B = 1 after rescaling the coordinates by an arbitrary constant. This
equation can be solved exactly and, for B in Eq. (3.12), one obtains

2 =
£, /2 G’%l) M2-C
x =z — , (3.43)

2G M2 —C

where xg is an integration constant which we will set to zero thereafter. The above coordinate
transformation is a monotonically increasing function well-defined for Zyy < Z < Z (see Fig. 4).
We can also invert the transformation (3.43),

2= [0Ga) M+ [P G3 M = C tanh (/G2 M = C 7)) (3.44)

and write the metric in harmonic coordinates as

ds* = B (—dt* + d2?) , (3.45)

12



Figure 4: Harmonic coordinate x as a function of the Kerr-Schild-like coordinate z for ¢ =
5 (G(l) 2\4)71 and C = 1. The transformation diverges on the horizons Ty ~ 0.5 (G(l) M)f1

and Zp ~ 50 (G(l) M)_l.

where we recall that ¢t = ¢ for static metrics and

B= (52 Ghy M2 ~ 0) [sech ( G2 M2 - C %)]2 . (3.46)

An example is given in Fig. 5, for the same parameters used in Fig. 4.
Geodesic motion is now described by

2L =B(*-i%) =¢, (3.47)

which yields the conserved quantity

K =Bt . (3.48)
For € = 1, we then find
., K?-B

from which it is not clear how one can read out a (Newtonian) potential. This feature goes along
with the fact the B satisfies a field equation which is not of the Poisson form in flat space.

One can still impose the condition that the motion be non-relativistic as u = |#/{| < 1, which
reads

2
u? = \KK2B\ <1. (3.50)

For the potential (3.46) is always positive in between the two horizons (see Fig. 5), one then finds
that the non-relativistic motion is restricted within a band like the one shown in Fig. 6 for the same
parameters used in Fig. 5. A major difference with respect to the Kerr-Schild-like coordinates, is
that the velocity u does not vanish but asymptotes to a maximum value when approaching either
horizon (that is, for |z| — oo, where B vanishes).

13



G(1)|\/|X

2 4

Figure 5: Metric function B for £ = 5 (G 1) ]\4)71

and Tp to x — +o0.

and C = 1. Note that g corresponds to x — —oco

We can again investigate the Newtonian regime in general by formally assuming that
B~1+6B, (3.51)

and rewriting the geodesic equation (3.49) as

1
5 u2 + VN ~ EN y (3.52)
where now
0B
and
K? -1
~ .04
N= oK (3:54)

The Newtonian limit is then equivalent to |Enx| < 1, with VN ~ §B/2. Note that, in the approxi-
mation (3.51), the Ricci scalar is approximated by

R~ —2V¥ (3.55)

and a fully non-relativistic Newtonian approximation is formally recovered in harmonic coordinates.

By considering the explicit form of the exact solution (3.46), one however finds again that it is
not trivial to identify the regime in which the approximation (3.51) holds. In fact, we have already
shown that the non-relativistic motion occurs when Eq. (3.50) is satisfied, with examples given in
Fig. 6.

4 Conclusions

In this paper we have furthered our analysis of the (1 4+ 1)-dimensional case, expanding our un-
derstanding of the associated Newtonian regime. We have found that the Kerr-Schild form of the

14



Figure 6: Velocity u in Eq. (3.50) for different values of K2 and B given in Eq. (3.46) with ¢ =
5 (G(l) M )71. The non-relativistic part of the trajectory occurs for u < 1 (see dotted line).

metric gives the exact solution of the Poisson equation in flat space. However, both the weak-field
limit of the (known and exact) solutions and the non-relativistic regime of geodesic motion are not
trivial. On the other hand, harmonic coordinates are the ones which make it explicit that the metric
is conformally flat and a weak-field expansions looks more straightforward. However, when consid-
ering again the exact solutions, the non-relativistic regime of geodesic motion remain non-trivial
and the the weak-field potential only satisfies the flat space Poisson equation approximately.

We also note further support for our results. Bootstrapped Newtonian gravity is a non-linear
version of the Newtonian interaction obtained by adding non-linear terms to the Poisson equation
for static and spherically symmetric sources [19,26-28|. In Ref. [31], assuming the Kerr-Schild form
of the metric (3.6) with A = B~! in 1+ 1 dimensions, we reconstructed a metric with B =2V — 1
from the vacuum bootstrapped Newtonian potential

_ 1 _\2/3
V:m[1—(1—6qva(1)Mm)/} . (4.1)
Upon expanding in the coupling gy, one thus obtains
V ~ G(l) Mz + qy G%l) M? 7% (4.2)

This potential hence solves the bootstrapped Newtonian equation in vacuum exactly, and further
admits a clean post-Newtonian expansion (explicitly parameterised by the coupling gy ). Coupled
with the results of the present paper, we have now seen that this could indeed be a better framework
to introduce the Newtonian approximation.

To conclude, there does not appear to be a clear answer to a general definition of the Newtonian
regime in 1 + 1 dimensions. The best one can do is to find exact solutions and analyse each one of
them carefully.
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