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1 Introduction

The study of quantum information (QI)-inspired observables in the analysis of particle physics
phenomena, particularly in high-energy collisions, has sparked the interest of a rapidly growing
community of theorists and experimentalists. Following an initial proposal [1], numerous
phenomenological studies exploring quantum correlations across a variety of final states
accessible at present and future high-energy colliders have been conducted [2–12]. Remarkably,
in the past two years the first experimental results on detection of entanglement between
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the spins of top-antitop pairs were published by the ATLAS and CMS collaborations [13–15].
These experimental results demonstrate the feasibility of such measurements at colliders and
pave the way for similar analyses in other final states.

Among the many intriguing possibilities, a particularly promising process is Higgs (H)
decay into a pair of weak bosons, either ZZ∗ or WW ∗ (collectively denoted V V ∗), which
subsequently decay into fermions, resulting in a four-fermion final state. The spins of the
massive weak bosons from Higgs decay can be viewed as an (entangled) pair of qutrits. In
the SM, therefore, qutrits arise naturally, and their quantum properties can be studied in
different final states. It is interesting to note that qutrits hold a unique place in quantum
computing due to their higher dimensionality compared to qubits, which gives them special
properties such as enhanced error-correction capabilities, greater noise resilience, and longer
coherence times [16–20]. The first proposal to study QI observables in this final state,
focusing specifically on an operator representing a Bell-type inequality, was presented for
H → WW ∗ → ℓ+νℓ−ν̄ in ref. [21]. Due to the scalar nature of the Higgs boson and its
relatively low mass, the vector bosons are expected to exhibit strong entanglement across
the entire phase space — a feature explored in detail in refs. [22, 23]. Moreover, recent
studies indicate that in this scenario, the presence of entanglement is both a necessary and
sufficient condition for the violation of Bell inequalities [24]. In addition to theoretical efforts,
phenomenological studies have examined the feasibility of measuring QI observables at the
LHC in H →WW ∗, including semileptonic final states [25], and in H → ZZ∗ [10]. This final
state has also been proposed for the investigation of other characteristic property of quantum
matter, as the identical particle behaviour [26]. These studies also assess the sensitivity
of these processes to (heavy) physics Beyond the Standard Model (BSM). Although the
studies assume somewhat optimistic detector effects and simplified evaluations of systematic
uncertainties, they all clearly suggest that evidence for the entanglement of the diboson state
originating from H decay could be established in the current LHC data set, with potential
for full observation at the high-luminosity LHC.

Given that directly measuring the spin of particles produced at the LHC is not feasible, QI-
observable measurements rely on quantum tomography (QT) techniques. In these techniques,
spin information is statistically inferred by measuring the directions of decay products in
specific reference frames. Through multiple measurements, the spin density matrix of the
original bipartite state can be reconstructed to a given accuracy. The process for QT in
generic diboson final states has been studied in various works (e.g., refs. [10, 11, 21–33]).
Notably, the Higgs decay into vector boson pairs allows for a significant simplification of
this procedure due to the constraints on the helicity states of the vector bosons, leading
to a straightforward spin density matrix structure [23]. Consequently, simple relations can
be established to determine whether the final-state spins in H → V V ∗ are separable or
entangled, greatly simplifying the general analysis of qutrit pairs.

From an experimental perspective, among all possible final state signatures, the H →
ZZ∗ → e+e−µ+µ− channel stands out due to several advantages. First, this system can be
fully and, in general, very accurately reconstructed using the four charged leptons in the final
state. Second, it has relatively low background, primarily from non-resonant ZZ production.

An LHC analysis aimed at measuring QI observables in this final state would start by
reconstructing the four charged leptons, without direct access to the intermediate states. The
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reconstructed events would include several factors beyond the leading-order H → ZZ∗ →
e+e−µ+µ− process, such as higher-order diagrams with real photon emissions as well as loop
contributions, which can also not feature any Z intermediate state.

All previous work on the H → ZZ∗ process have considered only the tree-level contri-
butions, with the exception of ref. [28], where higher-order effects coming from electroweak
(EW) corrections have been determined. As a first step, we quantify the NLO effects on the
coefficients needed to determine the spin density matrix and the observables related to the
entanglement and Bell inequality operator. Observing uneven and large effects on some terms
of the matrix, the goal of the paper is also to investigate the cause of this behaviour, the
solidity of the QT approach, and to suggest observables robust against NLO EW corrections.

A second goal of this work is to establish the sensitivity of QI observables to new physics
(NP), as is done in refs. [11, 29]. To this aim, we study the structure of the spin density matrix
obtained from the most general effective interaction between the Higgs boson and two vector
bosons. This allows us to estimate the sensitivity of elements of the spin density matrix and
QI-inspired observables to various modifications of the HV V couplings. We also compare NP
effects with the NLO EW corrections on the same quantities, to assess the need to include
these corrections in potential NP interpretations of measurements performed in this sector.

This paper is organised as follows: in section 2, we introduce the parametrisation used
to study the diboson spin state using QI principles and techniques, including QT and the
definition of a suitable set of QI observables. Section 3 describes the numerical simulation
setup, analysis procedures, and LO results. In section 4, we compute the NLO EW corrections
and study their impact on the spin density matrix and QI observables. Section 5 examines
the structure of the spin density matrix in the presence of BSM effects, focusing on generic
modifications of the HV V couplings that are induced by new heavy NP states. We summarise
our findings and present our conclusions in section 6.

2 QI analysis of H → V V ∗

As anticipated in section 1, in this work we study the H → ZZ∗ → e+e−µ+µ− decay
channel and its properties in the context of QI. In this section we describe the theoretical
framework already used in, e.g., refs. [23, 28] for modelling this process and more in general
the H → V V ∗ → f1f̄2f3f̄4 class. We restrict the discussion to the LO picture, which is based
on only tree-level diagrams. The complications arising at NLO are then discussed in section 4.

In section 2.1 we summarise theoretical aspects related to a composite spin-0 system
stemming from two qutrits, i.e. the H → V V ∗ intermediate step of the process of interest.
In section 2.2 we discuss how to derive information on the polarisation of the V boson and
we connect the formalism of section 2.1 with quantities extracted via the QT, which relies
on the measurement of angular distributions of the final state f1f̄2f3f̄4. In section 2.3 we
discuss the necessary/sufficient conditions for entanglement, and we provide the definitions
for the upper and lower bounds on the concurrence. In section 2.4 we describe Bell-type
inequalities for our system and we define a suitable operator to test them.

2.1 The V V ∗ system at LO

In the H → V V ∗ decay the spin of each V boson is a physical realisation of a qutrit, which
is a quantum object characterised by three possible states. In this case they correspond to
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the spin-one projections on a given axis. First of all, we notice that in such decay, at least
one of the two V bosons has to be off-shell since the mass of the Higgs boson (mH) is smaller
than the sum of the two V -boson masses (mV ), for both the cases V = W and V = Z. In
principle, an off-shell vector boson carries a spin-0 component, see e.g. ref. [34]. However,
when it is coupled to massless fermions such component vanishes. Since in the paper we
will focus on the H → ZZ∗ → e+e−µ+µ− channel and in general we will treat always the
fermions as massless, we can consider both on-shell and off-shell bosons as spin-1.

The bipartite quantum system formed by a pair of massive vector bosons can be described
by a density operator ρ acting on the Hilbert space defined by the tensor product of spin states
of each vector boson. The density operator ρ can be parametrised in several different ways for
a composite state formed by pair of particles with generic spin S. In the polarisation operator
basis, which is employed in this work, the basic objects are the polarisation operators TL,M (S).
They are irreducible tensors of rank L, with indices L = 0, . . . , 2S and M = −L, . . . , L. For a
given S there are therefore

∑2S
L=0(2L+1) = (2S+1)2 of such tensors acting on spin functions,

and their general form can be derived from the equation [35–37]

TL,M (S) =
√

2L+ 1
2S + 1

∑
m,m′=S,...,−S

CSm
Sm′,LM |Sm⟩⟨Sm′| , (2.1)

where CSm
Sm′,LM are Clebsch-Gordan coefficients.

In the case S = 1, i.e. the one corresponding to qutrits, the TL,M (1) tensors, which
from now on we will simply denote as TL,M , can be written as 3× 3 matrices via the spin-1
operators Jx, Jy and Jz. In particular,

T1,±1 = ∓
√

3
2(Jx ± iJy) , T1, 0 =

√
3
2Jz , (2.2)

where a factor
√
3 was added for normalisation purposes, and

T2,±2 = 2√
3
(T1,±1)2 , (2.3)

T2,±1 =
√

2
3 [T1,±1T1, 0 + T1, 0T1,±1] , (2.4)

T2, 0 =
√
2
3
[
T1, 1T1,−1 + T1,−1T1, 1 + 2(T1, 0)2

]
. (2.5)

Explicitly, the TL,M matrices can be written as

T1, 1 =
√

3
2

0 −1 0
0 0 −1
0 0 0

 , T1, 0 =
√

3
2

1 0 0
0 0 0
0 0 −1

 , T1,−1 =
√

3
2

0 0 0
1 0 0
0 1 0

 , (2.6)

T2, 2 =
√
3

0 0 1
0 0 0
0 0 0

 , T2,−2 =
√
3

0 0 0
0 0 0
1 0 0

 , T2, 1 =
√

3
2

0 −1 0
0 0 1
0 0 0

 , (2.7)

T2,−1 =
√

3
2

0 0 0
1 0 0
0 −1 0

 , T2, 0 = 1√
2

1 0 0
0 −2 0
0 0 1

 . (2.8)
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As can be noted, the TL,M matrices are normalised such that

Tr [TL,M (TL′,M ′)†] = 3 , (2.9)

and they satisfy the relation

(TL,M )† = (−1)MTL,−M . (2.10)

The term T0,0 corresponds to the 3 × 3 identity matrix 13.
Using these operators, the spin density matrix of the two qutrits can be parameterised as

ρ = 1
9
[
13 ⊗ 13 +Aa

L,M (TL,M ⊗ 13) +Ab
L,M (13 ⊗ TL,M ) + CLa,Ma,Lb,Mb

(TLa,Ma ⊗ TLb,Mb
)
]
,

(2.11)
where in eq. (2.11) a sum in L = 1, 2 and −L ≤ M ≤ L, and similarly for La(Lb) and
Ma(Mb), is understood. Since 13 = T0,0, it is easy to see that the A coefficients can also be
denoted as Aa

L,M = CL,M,0,0, Ab
L,M = C0,0,L,M , and that Aa

0,0 = Ab
0,0 = C0,0,0,0 = 1, which

is fixed by the requirement Tr[ρ] = 1.
The general form of ρ, expressed in terms of AL,M and CL,M,L,M , can be found in

appendix A.1. Before calculating the explicit expression of ρ for the H → V V ∗ decay at LO
it is interesting to see the relations imposed by symmetries or other properties that must be
satisfied by ρ. First of all, the spin density matrix has to be hermitian, and this condition
leads to the following constraints on the coefficients of the expansion:

(Aj
L,M )∗ = (−1)MAj

L,−M with j = a, b ,

CLa,Ma,Lb,Mb
= (−1)Ma+Mb(CLa,−Ma,Lb,−Mb

)∗ . (2.12)

With such constraints there are altogether 80 independent real parameters (81 parameters
minus C0,0,0,0) for the 9 × 9 matrix.

Then, we notice that the V V ∗ pair, stemming from a scalar, cannot have an orbital
angular momentum component along the axis formed by the two V -boson tri-momenta,
see also ref. [30]. This is precisely the axis defining the helicity basis (see later section 3).
In addition, the projections of the spins of the two V bosons have to sum to zero, i.e.,
Ma +Mb = 0. From this condition we find

CLa,Ma,Lb,Mb
̸= 0 ⇐⇒ Ma = −Mb , (2.13)

and
AL,M ̸= 0 ⇐⇒ M = 0 . (2.14)

This reduces the number of non-vanishing independent real parameters to 18, corresponding
to 9 C coefficients, of which 5 complex and 4 real, and 4 A coefficients, all real. The condition
is equivalent to assuming a cylindrical symmetry along the V -pair axis, which is also observed
in the angular distributions of the decay products of the V bosons.

Other constraints can be imposed if the system, and therefore the ρ matrix, is symmetric
under the exchange of one Z-boson with the other. We will denote in the following such
symmetry as “up-down” symmetry, which leads to

CLa,Ma,Lb,Mb
= CLb,Mb,La,Ma , (2.15)
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and
Aa

L,M = Ab
L,M . (2.16)

These two relations additionally reduce the number of non-vanishing independent real
parameters to 13, associated to 7 C coefficients, of which 4 complex and 3 real, and 2
A coefficients, both real.

Furthermore, if parity is conserved, the sum of L1 + L2 must always be even or odd,
depending on the intrinsic parity eigenstate of the Higgs boson, respectively either 1 or −1. In
the former case, corresponding to the SM Higgs, this implies that the number of non-vanishing
independent real parameters further reduces to 9, and we obtain 5 C coefficients (C1,1,1,−1,
C1,0,1,0, C2,0,2,0, C2,−1,2,1, C2,2,2,−2), of which 3 complex and 2 real, and 1 A coefficient (A2

2,0)
that is real. In the latter case, the number of independent parameters becomes 4, 2 C

coefficients (C1,1,2,−1, C2,0,1,0), of which one complex and one real, and A2
1,0, that is real.

The requirement that CP is conserved then leads to only real coefficients and therefore,
in the case of H being P -even, to 6 non-vanishing independent coefficients: 5 C coefficients
and 1 A coefficient, all real.

When considering the H → V V ∗ decay in the SM, the number of non-vanishing inde-
pendent coefficients is very small and the texture of ρ very simple. As shown in ref. [23],
the state of the V V ∗ system, for fixed values of the invariant mass of Va and Vb, can be
written for the LO H → V V ∗ decay in the SM as

|ψ⟩ = aL|0 0⟩+ aT
|+−⟩+ | −+⟩√

2
, (2.17)

where (+, 0,−) are three spin-polarisation of the two V bosons and

aL = −β√
2 + β2 , aT =

√
2√

2 + β2 , β = 1 + m2
H − (ma +mb)2

2mamb
. (2.18)

The quantity β is related to the velocities of the two V bosons with invariant masses ma

and mb.1 We notice that for ma +mb → mH the system is at rest, β → 1, and the system
is maximally entangled, |ψ⟩ = 1/

√
3(−|0 0⟩ + | + −⟩ + | − +⟩).

The ρ matrix can then be simply constructed as the operator |ψ⟩⟨ψ|, which leads to:

ρLO(β) =



· · · · · · · · ·
· · · · · · · · ·
· · a2

T
2 · aLaT√

2 · a2
T
2 · ·

· · · · · · · · ·
· · aLaT√

2 · a2
L · aLaT√

2 · ·
· · · · · · · · ·
· · a2

T
2 · aLaT√

2 · a2
T
2 · ·

· · · · · · · · ·
· · · · · · · · ·



, (2.19)

where the dots correspond to entries that are equal to zero.
1β is the scalar product of the two four-velocities for the vectors Va and Vb, generalised to the off-shell

case: pa · pb/(mamb) = p⃗2

mamb
+ EaEb

mamb
, where p⃗ is the three-momentum of Va or Vb in the Higgs rest frame

and Ea and Eb are their energies, respectively. It can be rewritten in terms of the standard velocities vi as
β = 1+vavb√

(1−v2
a)(1−v2

b
)
.
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In other words, if ma and mb are fixed there is only one independent non-vanishing
coefficient and it depends on β. All the other can be derived from it. Moreover, the
matrix ρLO(β) corresponds to a pure state, and has indeed only one non-vanishing eigenvalue
equal to one.

In fact, the situation is a bit more involved than this. First, in the H → V V ∗ →
e+e−µ+µ− decay different pair of values (ma,mb) contribute and with different weights
(w(β)), such that

ρLO =
∫
ρLO(β)w(β)dβ . (2.20)

For this reason, the system is not pure anymore, and the coefficients C and A also receive
contributions from different values of β with different weights w(β). Second, and most
importantly, the spin of the V bosons cannot be directly measured at the LHC and in the
envisaged future colliders. This information has to be extracted via the analysis of the
decay product of the V bosons. This method, called QT, is discussed in the next section
for the process studied in this work.

Nevertheless, we can already infer the form of ρLO noticing that a2
T and a2

L in ρLO(β)
are related via the linear equation a2

T + a2
L = 1, which is required to ensure that Tr[ρ] = 1.

This means that such relation is preserved in ρLO, after integrating over β, for all matrix
entries that depend solely on a2

T or a2
L. In contrast, the quantity aLaT√

2 is not linearly related

to either a2
L or a2

T , and therefore the identities aLaT = aL

√
1− a2

L = aT

√
1− a2

T are not
expected to hold after integration for the corresponding matrix elements. As a result, the
density matrix ρLO takes the form

ρLO =



· · · · · · · · ·
· · · · · · · · ·
· · x · y · x · ·
· · · · · · · · ·
· · y · 1− 2x · y · ·
· · · · · · · · ·
· · x · y · x · ·
· · · · · · · · ·
· · · · · · · · ·


, (2.21)

and depends only on two parameters. The system is not pure anymore, and the number
of non-vanishing eigenvalues increases from one to two. The purity condition is equivalent
to y2 = x(1− 2x), as in ρLO(β). Moreover, in order to have ρLO semi-positive defined, i.e.
with eigenvalues equal or larger than zero, the condition y2 ≤ x(1 − 2x) ⇒ 0 ≤ x ≤ 1/2
has to be satisfied.

2.2 Quantum tomography

As already anticipated, the spin of particles produced in high-energy collisions cannot be
measured by the multi-purpose detectors located around the interaction points. The current
detectors are designed to provide a precise measurement of the final-state particles’ momenta,
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especially for isolated charged particles. However, due to the nature of the electroweak
interaction, the information on the spin of the vector boson is either entirely or partially
transmitted to the direction of the daughter particles. As a consequence, the spin of the
parent particle can be reconstructed on a statistical basis by measuring angular distributions
of the final state particles and averaging on multiple events. This procedure is called, as
already said, Quantum-State-Tomography or simply Quantum-Tomography (QT), and allows
to reconstruct the full polarization/spin density matrix of the pair of vector bosons, when
it is only possible to measure directly the momenta and charge of the final state fermions.
In the case of H → V V ∗, the cleanest possible final state is H → ZZ∗ → ℓ+ℓ−ℓ+ℓ−, with
ℓ = µ± or e±. In particular, as already mentioned, in this paper we consider the case of
different-flavour lepton pairs: H → ZZ∗ → e+e−µ+µ−. This final state simplifies the task of
pairing the leptons in order to reconstruct the associated Z boson, as it will be discussed in
section 3. Considering the same-flavour case, the pairing of the leptons is ambiguous and
additional quantum effects appear, as discussed in ref. [26].

QT techniques have been discussed extensively in the literature [38–40]. Employing
specific parameterisations, they allow to extract the density matrix of a quantum state
from experimental data. In particular, in the polarisation operator basis the coefficients A
and C of eq. (2.11) can be extracted via QT from the angular distributions of the decay
products of the two Z bosons.

This approach can be used in general for any H → V V ∗ → 4f decay, therefore in the
following we refer to generic vector bosons and use the symbols Va and Vb. The normalised
joint angular distribution of the final decay products can be written as [41, 42]:

1
σ

dσ

dΩadΩb
= 2Sa + 1

4π
2Sb + 1

4π
∑

λa,λ′
a,λb,λ

′
b

ρ(λa, λ
′
a, λb, λ

′
b)Γa(λa, λ

′
a)Γb(λb, λ

′
b)

=
( 3
4π

)2
Tr [ρ(Γa ⊗ Γb)T ] . (2.22)

The quantities entering eq. (2.22) are defined as follows. The term Sa(Sb) is the spin of particle
‘a(b)’, dΩa = sin θadθadϕa and the angles (θa, ϕa) are the polar coordinates of the three-
momentum of f1 from the Va decay (Va → f1f̄2), in the Va rest frame. Similarly, (Ωb, θb, ϕb)
correspond to the coordinates of three-momentum of f3 from the Vb decay (Vb → f3f̄4) in
the Vb rest frame. The sum runs over all possible helicities (−Sa(b) ≤ λa(b),λ′a(b) ≤ Sa(b)) of
the particles Va, Vb, and σ is the total cross section of Va and Vb production, via the Higgs
decay, followed by their decays themselves. It can be written as

σ = σpp→H × Br(H → VaVb → f1f̄2f3f̄4) , (2.23)

where σpp→H is the Higgs production mode considered and Br(H → VaVb → f1f̄2f3f̄4) the
branching ratio of the Higgs into the fermions considered. Finally, the term denoted as
ρ(λa, λ

′
a, λb, λ

′
b) is the normalised production spin density matrix and Γa(λa, λ

′
a) is the decay

density matrix of Va, normalised to unit trace.
To align with the common notation already adopted in the literature and avoid a

redundancy of symbols, in this section we refer to the cross section σ in eq. (2.22). However,
the focus of the present work is solely on the Higgs decay. In fact, as can be easily seen in
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eq. (2.23),2 because the Higgs boson is a scalar, the quantity σpp→H simplifies in the dσ/σ
ratio, which can therefore be rewritten as dBr/Br = dΓH/ΓH . Here, ΓH refers not to the
decay density matrix of either V boson, but to the partial decay width of the full process
H → VaVb → 1, 2, 3, 4. This explains the use of the symbol σ in this section. Starting from
section 3, we will instead adopt the notation ΓH directly.

At LO the general form of Γa(λa, λ
′
a), i.e. the density matrix for a spin-1 particle decaying

into two spin-1/2 particles, is known, and reads [41, 42]:

(Γa(λa, λ
′
a))Va→f1f̄2

= (2.24)
1+η+(1−3η) cos2 θa+2α cos θa

4
sin θa(α+(1−3η) cos θa)

2
√

2 eiϕa (1−3η)(1−cos2 θa)
4 e2iϕa

sin θa(α+(1−3η) cos θa)
2
√

2 e−iϕa η + (1− 3η) sin2 θa
2

sin θa(α−(1−3η) cos θa)
2
√

2 eiϕa

(1−3η)(1−cos2 θa)
4 e−2iϕa sin θa(α−(1−3η) cos θa)

2
√

2 e−iϕa 1+η+(1−3η) cos2 θa−2α cos θa

4

 .

In eq. (2.24) the angle θa and ϕa are the polar and azimuthal angle of the decay particle f1 in
the rest frame of the parent particle Va, while η and α are two additional parameters,3 whose
definition can be found in refs. [41, 42]. In particular, assuming dimension-4 interactions,
parameterised as f̄1γµ(cLPL + cRPR)f2 V

µ
a with PR/L ≡ (1± γ5)/2, and massless fermions,

the two parameters read [41]:

η = 0 , α = c2
R − c2

L

c2
R + c2

L

. (2.25)

The quantity α is also called the spin-analysing power of f1. If one considers V = W±,
then α = −1.4 In the case V = Z, the value of α depends on the fermion considered.
Different cases, for massless fermions, are reported for the SM in table 1, together with
the values of c2

R and c2
L.5

We want to stress here a point that will be crucial in the discussion of the NLO results
in section 4. In the case of electrons, muons and taus the value of α is particularly small due
to accidental cancellations. Indeed, sin2 θW ≃ 0.25 and in particular for sin2 θW = 0.25 we
obtain c2

L = c2
R and in turn α = 0. For the same reason, which is accidental and not protected

by any symmetry, α is very sensitive to variation of the input parameters or to possible
corrections. For instance, it is strongly dependent on the value of sin2 θW : 1% difference
around the value used in this work leads to ≈ 11% effects on α. As already anticipated, this
fact will have consequences for the case of NLO EW corrections.

In the case of massless fermions the density matrix Γa can be written in terms of the
standard spherical harmonics YLa,Ma(θa, ϕa) as

Γa = 1
3 [13 +Ba

1 (T1,MaY1,Ma) +Ba
2 (T2,MaY2,Ma)] , (2.26)

2Equation (2.23) is derived in the Narrow-Width-Approximation, which is a very efficient approximation
for the case of the Higgs boson, since the ΓH/mH ratio, where ΓH is the total Higgs decay width, is very small.

3The quantity α corresponds to −ηℓ in ref. [23].
4The spin-analysing power for the anti-particle f̄2 is α = 1.
5Numerical values have been obtained by setting sin2 θW = 0.222247, consistent with the input parameters

(see eq. (3.2)) used for LO and NLO results presented in this paper.
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f cL cR α

ν 1
2 0 −1

e −1+2 sin2 θW
2 sin2 θW −0.219

u 1
2 − 2

3 sin
2 θW −2

3 sin
2 θW −0.699

d −1
2 + 1

3 sin
2 θW

1
3 sin

2 θW −0.941

Table 1. Spin-analysing power α of the Z decay for different fermions in the SM.

where we have dropped the explicit dependence on (θa, ϕa) and the quantities Ba
1 and Ba

2
are defined as

Ba
1 =

√
2παa , Ba

2 =
√

2π
5 . (2.27)

Only Ba
1 depends on the value of α for the specific type of fermions f1f̄2 associated to Va,

and has been denoted as αa in eq. (2.27). Using the same convention, the value of α for f3f̄4
associated to Vb can be denoted as αb. Via eq. (2.9) we obtain

Tr[13ΓT ] = 2
√
πY0,0 , Tr[T1,MaΓT ] =Ba

1Y1,Ma , Tr[T2,MaΓT ] =Ba
2Y2,Ma . (2.28)

The identity matrix in eq. (2.26) can also be written as

13 = Ba
0 (T0,0Y0,0) , (2.29)

where
Ba

0 = 2
√
π = 1/Y0,0 . (2.30)

It is therefore possible to rewrite eq. (2.22) in terms of spherical harmonics and A, C
and B coefficients using eqs. (2.11) and (2.28):

1
σ

dσ

dΩadΩb
= 1

(4π)2

[
1 +Aa

L,MBa
LYL,M (θa, ϕa) +Ab

L,MBb
LYL,M (θb, ϕb)

+ CLa,Ma,Lb,Mb
Ba

La
Bb

Lb
YLa,Ma(θa, ϕa)YLb,Mb

(θb, ϕb)
]
. (2.31)

The above equation shows the relation between the A and C coefficients and the joint angular
distribution of the decay particles (f1, f3). This relation allows to compute the full spin
density matrix integrating over the spherical harmonics, that are functions of the measurable
angles θ and ϕ. In particular, the fundamental property of the harmonics is that they are
an orthonormal basis ∫

dΩYL,MY ∗
L′,M ′ = δL,L′δM,M ′ . (2.32)

Exploiting this property we obtain∫ 1
σ

dσ

dΩadΩb
Y ∗

L,M (Ωj) dΩadΩb =
Bj

L

4π A
j
L,M with j = a, b , (2.33)

∫ 1
σ

dσ

dΩadΩb
Y ∗

La,Ma
(Ωa)Y ∗

Lb,Mb
(Ωb) dΩadΩb =

Ba
La
Bb

Lb

(4π)2 CLa,Ma,Lb,Mb
, (2.34)

where in eq. (2.33) we have used the fact that
∫
dΩ = 4π =

∫
dΩ|Y0,0|2(B0)2.6

6In a realistic experimental scenario the integral in dΩ cannot be performed over 4π due to the unavoidable
cuts that are present in the analysis. This aspect is beyond the scope of the paper and therefore left for
future studies.
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At this point we clearly see how the QT works. First, by measuring the angular
distributions of H → VaVb → f1f̄2f3f̄4 we can calculate the l.h.s. of eq. (2.33) and (2.34).
Then, assuming that the decay is the one parameterised by the density matrix Γ, we can
derive the coefficients A and C and finally build the ρLO matrix via eq. (2.11). However, we
know already the structure that ρLO must have, see eq. (2.21), and this implies that there
are only two independent coefficients and that

x ≡ C2,2,2,−2
3 , (2.35)

y ≡ C2,1,2,−1
3 . (2.36)

One finds that there are only ten A and C coefficients that are non-vanishing, and all
are real. They are related as:

Aa
2,0 = Ab

2,0 ̸= 0 , (2.37)
C1,−1,1,1 = C1,1,1,−1 = −C2,−1,2,1 = −C2,1,2,−1 ̸= 0 , (2.38)
C2,−2,2,2 = C2,2,2,−2 = −C1,0,1,0 = 2− C2,0,2,0 ̸= 0 , (2.39)

consistently with the properties discussed in the previous section (up-down symmetry, cylin-
drical symmetry, etc.). Moreover,

Aa
2,0√
2

+ 1 = C2,2,2,−2 . (2.40)

At this point we want to stress an aspect that will be of particular relevance when
this framework will be extended to the NLO level in section 4. The quantity in the l.h.s.
of eqs. (2.33) and (2.34) depends on the entire process H → VaVb → 1, 2, 3, 4, while by
construction the A and C coefficients depend only on the H → V V ∗ decay, and therefore
cannot depend on the interactions among the V bosons and the fermions. Since Ba

1 and Bb
1

are functions of, respectively, αa and αb, this means that for the case C1,−1,1,1 (or C1,0,1,0)
the l.h.s. of eq. (2.34) does depend on αa and αb, and that Ba

1 and Bb
1 cancel this dependence

when solving the equation for C1,−1,1,1 (or C1,0,1,0). This can be made explicit looking at
their analytical expression at a fixed β, which takes the general form

CLa,Ma,Lb,Mb
(β) = (4π)2

Ba
La
Bb

Lb

GLa,Ma,Lb,Mb
. (2.41)

Here GLa,Ma,Lb,Mb
is the l.h.s. of eq. (2.34) at fixed β, and the only two independent and

non-vanishing G1,Ma,1,Mb
read

G1,1,1,−1 = αaαb

( −3β
8π(2 + β2)

)
, (2.42)

G1,0,1,0 = αaαb

( −3
8π(2 + β2)

)
, (2.43)
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while the other non-vanishing GLa,Ma,Lb,Mb
coefficients with La ̸= 1 and Lb ̸= 1 do not depend

on the spin-analysing powers αa and αb. It is therefore manifest that the correct extraction
of the C1,−1,1,1 and C1,0,1,0 coefficients, and in turn on the whole ρ density matrix, critically
depends on the value of αa and αb, and thus on the correct modelling of the V decays.

In conclusion, at LO, the ρ density matrix for the process H → V V ∗ in the SM depends
on only one independent parameter at fixed β. However, when integrated over different
values of β — which itself depends on the two invariant masses ma and mb — the matrix
instead depends on two independent parameters. The ρ matrix cannot be accessed directly
via experimental measurements, but can be extracted via QT. In doing so, we exploit the
fact that we know the density matrix Γ of the V → ff̄ decay considered, which, at LO
and for massless fermions, depends only on the parameter α, i.e., the spin-analysing power
of the fermion considered. It is important to note that at LO Γ does not depend on the
value of ma or mb. As we will discuss in section 4, several of the aforementioned properties
cannot be trivially extended at the NLO EW level.

2.3 Entanglement

Knowledge of the spin density matrix elements allows the determination of entanglement
markers, e.g., through the logarithmic negativity [43, 44] or the Peres-Horodecki criterion [45,
46]. Knowing the full ρ matrix, specific entanglement measures, including concurrence [47–
51] and quantum entropy [52], can be calculated. These measures quantify the degree of
entanglement and can be used to define conditions for non-separability. In the case of pure
states such quantities are often analytically calculable, whereas for mixed states this is
generally not feasible [51].

For fixed β, the spin density matrix for the process H → V V ∗ (eq. (2.19)) represents a
pure state, as also clear from eq. (2.17). In this case, any non-zero off-diagonal term indicates
a superposition of states and is a direct indicator of entanglement. However, integrating over
β (eq. (2.21)) the state is not pure anymore. Nonetheless, we can still use the Peres-Horodecki
criterion, due to the specific structure of the ρ matrix in eq. (2.21), which leads to a very
simple condition for entanglement (see also ref. [23]),

C2,2,2,−2 ̸= 0 or C2,1,2,−1 ̸= 0 . (2.44)

In this specific case, the sufficient condition for entanglement is also a necessary one. As a
result, the spin density matrix in eq. (2.21) corresponds to a separable state if and only if
both coefficients in eq. (2.44) vanish simultaneously; otherwise, the state is entangled. This
simple condition remains valid as long as the spin density matrix retains the structure given
in eq. (2.21). However, if the matrix structure becomes more complex and involves more than
two independent parameters, identifying a similarly straightforward entanglement condition
using the Peres-Horodecki criterion becomes significantly more challenging.

As we will discuss in section 4, higher-order corrections to the H → ℓ+ℓ−ℓ+ℓ− process
result in a spin density matrix with a structure that differs significantly from the LO one.
Consequently, to find evidence of entanglement in such cases, we will employ the most
commonly used entanglement witnesses for a mixed bipartite qutrit state: the lower and
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upper bounds on the squared concurrence. These quantities can be derived analytically [53]:

(C(ρ))2 ≥ 2max(Tr ρ2 − Tr ρ2
a, Tr ρ2 − Tr ρ2

b) , (C(ρ))2 ≤ 2min(1− Tr ρ2
a, 1− Tr ρ2

b) ,
(2.45)

where ρ is defined in eq. (2.21) and ρa and ρb are the reduced density matrices respectively
evaluated by “tracing out” the b and a subsystem:

ρj = 1
3(13 +Aj

Lj ,Mj
TLj ,Mj ) with j = a, b . (2.46)

We can calculate the previous expression in terms of the A and C coefficients, using
the above definition and eq. (2.12):

Tr ρ2 = 1
9

1 + ∑
j=a,b

∑
L,M

|Aj
L,M |2 +

∑
La,Lb,Ma,Mb

|CLa,Ma,Lb,Mb
|2
 , (2.47)

Tr ρ2
j = 1

3

1 + ∑
L,M

|Aj
L,M |2)

 with j = a, b . (2.48)

We can thus rewrite the lower (CLB) and upper (CUB) bounds on the squared concurrence
as following:

(C(ρ))2 ≥ 2
9 max

[(
− 2− 2

∑
L,M

|Aa
L,M |2 +

∑
L,M

|Ab
L,M |2 +

∑
La,Lb,Ma,Mb

|CLa,Ma,Lb,Mb
|2
)
,

(
− 2 +

∑
L,M

|Aa
L,M |2 − 2

∑
L,M

|Ab
L,M |2 +

∑
La,Lb,Ma,Mb

|CLa,Ma,Lb,Mb
|2
)]
, (2.49)

(C(ρ))2 ≤ 2
3 min

[(
2−

∑
L,M

|Aa
L,M |2

)
,
(
2−

∑
L,M

|Ab
L,M |2

)]
. (2.50)

While these quantities by themselves do not provide a precise measure of entanglement,
they can be used to establish the presence of entanglement: CLB > 0 implies a non vanishing
concurrence and consequently an entangled state, on the other hand a null CUB implies
a separable state.

2.4 Bell inequality violation

Bell-type inequalities, introduced by J. Bell in 1964 [54], arose as a way to formulate a
measurable observable in reply to the thought experiment originally proposed by Einstein,
Podolsky, and Rosen (EPR) to argue that quantum mechanics (QM) might be incomplete [55].
Bell inequalities establish upper bounds on correlations predicted by local hidden variable
theories; any observed violation of these bounds is taken as evidence of non-local behaviour,
directly contradicting the EPR argument. Experimental measurements of Bell inequality
violations have been conducted across various systems — photons, ions, solid-state, and
superconducting systems [56–59] — with recent studies aiming to address the communication,
detection, and freedom-of-choice loopholes in experimental setups [60–62].
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At very high energies, or equivalently at very small scales, the situation becomes more
nuanced. Quantum field theory has proven extremely powerful in accurately describing
fundamental interactions, with quantum mechanics playing an essential role in countless
instances. However, only recently have high-energy collider experiments begun to focus on
observables specifically designed to be sensitive to quantum entanglement or violations of
Bell-type inequalities. The interest in such observables is multifaceted, ranging from testing
the very foundations of quantum mechanics to employing entanglement as a resource for
probing fundamental interactions more deeply.

In high-dimensional quantum systems, such as pair of qutrits, various Bell-type inequalities
have been formulated. Among these, the Collins-Gisin-Linden-Massar-Popescu (CGLMP)
inequality [17] is especially notable. This inequality has been shown to yield the largest
deviation from the locality bound in diboson systems generated from scalar decays at rest
or with small boosts [31].

The CGLMP inequality can be illustrated as follows: consider a scenario in which a
Higgs boson decays into two vector bosons, Va and Vb, measured independently by two
observers, Alice and Bob. Alice performs two distinct measurements, a1 and a2, on particle
Va, while Bob performs two measurements, b1 and b2, on particle Vb. Alice and Bob’s
measurements are conducted without communication, preserving the locality condition. For
a qutrit system, each measurement outcome is one of three possible values: 0, 1, or 2. The
CGLMP inequality is then evaluated by analyzing the joint probabilities of Alice and Bob’s
measurement outcomes [17, 61, 62]:

I3 = [P (a1 = b1) + P (b1 = a2 + 1) + P (a2 = b2) + P (b2 = a1)]
− [P (a1 = b1 − 1) + P (b1 + a2) + P (a2 = b2 − 1) + P (b2 = a1 − 1)] , (2.51)

where P (ai = bj + k) is the probability that the outcome ai differs from the outcome bj by an
integer k, modulo 3. The maximum value of I3 for local variable theories is 2, and for non-local
theories, still respecting causality, is 4 [17]. A relevant aspect of all Bell inequalities is that
the violation depends on the type of measurement performed. If we take the measurement as
the projection of the spin on a certain axis, then the choice of the axis is essential to observe
a violation of the Bell inequality. The maximum value that can be reached by I3, according
to quantum mechanics, for maximally entangled states is I3 ≈ 2.8729 [17]. Noticeably, for
mixed qutrit systems this does not correspond to the maximal violation of the inequality [63].

The CGLMP inequality can be expressed in terms of an operator acting on the spin
density matrix [63] by defining

I3 = Tr [ρOBell] , (2.52)

whereOBell can be expressed in different ways, corresponding to different a and bmeasurements.
In this work we use the Bell operator presented in ref. [63], that can be derived using
irreducible tensor operators as following:

OBell =
4

3
√
3
(T1,1 ⊗ T1,1 + T1,−1 ⊗ T1,−1) +

2
3(T2,2 ⊗ T2,2 + T2,−2 ⊗ T2,−2) , (2.53)
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leading to:

OBell =



0 0 0 0 2√
3 0 0 0 2

0 0 0 0 0 2√
3 0 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2√

3 0
2√
3 0 0 0 0 0 0 0 2√

3
0 2√

3 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 2√

3 0 0 0 0 0
2 0 0 0 2√

3 0 0 0 0



. (2.54)

The above operator yields the maximal violation of the Bell inequality according to QM
(I3 ≈ 2.9149) [63] for any generic two-qutrit system, and such violation is realised for the
entangled qutrit state |ψ⟩ = 1√

2+δ2 (|11⟩+ δ|22⟩+ |33⟩), where δ ≈ 0.7923. This state slightly
deviates from the maximally entangled qutrit state |ψ⟩ = 1√

3(|11⟩+ |22⟩+ |33⟩), which in
the case of spins for a qutrit pair, and using our notation, corresponds to |ψ⟩ = 1√

3(|0 0⟩+
| + −⟩ + | − +⟩). Notably, there is a sign difference compared to eq. (2.17). To reach the
maximal value of I3, according to the state at hand, the Bell operator can be modified
by local unitary transformations:

OB = (V † ⊗ U †)OBell(V ⊗ U) , (2.55)
I3 = Tr [ρOB] , (2.56)

where U and V are three-dimensional unitary matrices. Few studies have proposed optimal
transformations to maximise I3 [22, 63] for the H → V V ∗ state across the whole phase space.
Notably, no single unitary transformation that can universally maximise I3 for all values
of ma, mb has been found; instead, the optimal matrices vary depending on the (invariant)
masses of the two V bosons. The value of I3 as a function of ma and mb, obtained by
maximising I3 using random 3× 3 unitary matrices U and V , is shown in figure 1(a). The
region where I3 reaches its maximum is along the primary diagonal of the ma and mb plane,
corresponding to the region where the sum of the two masses is precisely the Higgs boson
mass. I3 is above two on a large region of the phase space, dropping below the local realism
bound only when both V bosons are produced significantly off-shell (≈ β > 6), which is
a very suppressed configuration.

In the following we would like to focus on a method to evaluate the Bell inequality
violations that could be applied both to numerical results, and to real data collected in
collider experiments. An optimisation of OB dependent on β is currently un-feasible in the
case of real measurements, as it would require the extraction of the spin density matrix across
a finely-grained β spectrum, which is very limited by statistics. As a consequence we will
focus on an inclusive optimisation, based on the ρ extracted in the region(s) of interest.

A convenient way of maximising I3, in the region close to β = 1, was introduced in
ref. [23]. Here, instead of a generic unitary transformation depending on two matrix U, V , a
basis change was introduced to write the singlet state representing the system H → V V ∗ at
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(a) (b)

Figure 1. (a) I3 calculated for the decay H → V V ∗ as a function of the masses of the two vector
bosons V . The quantity I3 is maximised by sampling random three-dimensional unitary matrices U
and V , which are used as defined in OB . (b) I3 values obtained by sampling only the unitary matrix
U according to the O(OA)

B definition, compared to those obtained using the OB definition. The density
matrix ρ is evaluated with β fixed at 1.5.

β = 1 (|ψ⟩ = 1√
3(| −+⟩ − |00⟩+ |+−⟩)) directly in the form |ψ⟩ = 1√

3(| −+⟩+ |00⟩+ |+−⟩).
This transformation can be written as: |ψ⟩ → UOA ⊗ U∗|ψ⟩; it depends on a single three-
dimensional unitary matrix U that can be selected to maximise I3, while OA is fixed:

OA =

 0 0 1
0 −1 0
1 0 0

 . (2.57)

The transformation can be translated on the Bell operator as

O
(OA)
B = (UOA ⊗ U)†OBell(UOA ⊗ U) . (2.58)

We have seen that, in the range β < 5, the maximal value of I3 achieved using the
transformation involving OA (i.e., O(OA)

B ) is very similar to that obtained using two completely
random unitary matrices (OB), where no assumptions are made about the state. The main
difference lies in the advantage of having O

(OA)
B in the numerical optimisation, as shown

in figure 1(b). Here, the optimisation of the two methods is compared, using the ρ matrix
for H → V V ∗ evaluated for β=1.5 and 100000 random extractions of one or two unitary
matrices. While the maximum of I3 is very similar in the two cases, the region with I3 > 2
represents only a tail of the I3 values extracted with OB . On the contrary, all the I3 derived
using O

(OA)
B lie in this region. As a consequence, in the rest of the paper we will exploit

the method O
(OA)
B to evaluate I3.

In ref. [23] a specific value of the unitary matrix U that maximises I3 for a large range
of β is identified (see eq. (40) in ref. [23]), still considering β < 5. This matrix, which we
denote as Ufix, is employed in conjunction to OA in order to transform the Bell operator,
which is then applied to the analytical form of the matrix in eq. (2.21). As a result, a simple
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H

Z

Z

µ+

µ−

e+

e−

Figure 2. The only Feynman diagram that contributes to the H → e+e−µ+µ− tree-level amplitude
in the SM.

analytical expression for I3 is derived:

I3 → Tr [ρO(OA,Ufix)
B ] ≡ Tr [ρ (UfixOA ⊗ Ufix)†OBell(UfixOA ⊗ Ufix)] =

1
36
(
18 + 16

√
3−

√
2
(
9− 8

√
3
)
A1

2,0 − 8
(
3 + 2

√
3
)
C2,1,2,−1 + 6C2,2,2,−2

)
. (2.59)

This formula is however valid only if the spin-density matrix has the form in eq. (2.21).
In the following, the results indicated by O(OA,Ufix)

B are simply obtained by applying eq. (2.59),
even in instances where the spin density matrix deviates from the form described in eq. (2.21)
and therefore eq. (2.59) is in principle not valid.

3 H → ZZ∗ → e+e−µ+µ− at LO

In this section we present numerical results based on the theoretical framework described
in section 2. We focus on the H → ZZ∗ → e+e−µ+µ− process at LO (see figure 2 for the
relevant Feynman diagram), while NLO EW corrections are discussed in section 4.

Although limited by the small statistics available, the e+e−µ+µ− final state is the one
among those emerging from the H → V V ∗ decays that can be more easily separated from
the background and reconstructed. The numerical evaluation of the spin density matrix
in this work is performed by simulating the H → e+e−µ+µ− process using MadGraph5_-
aMC@NLO [64, 65] and performing QT. As already mentioned in section 2.2, we consider
only the (on-shell) Higgs boson decay; our simulations do not take into account the H

production mechanism. We remind the reader that the main subject of this work is indeed
the impact of NLO EW corrections on the ρ density matrix and in turn on its interpretation
in the context of QI.

As can be explicitly seen in eqs. (2.33)–(2.34), the key observables that need to be
reconstructed for the QT approach are the polar (θ) and azimuthal (ϕ) angles of the leptons
in the parent Z rest frame. As a consequence, the first step of the analysis consists in
reconstructing the two Z bosons. This is done simply by combining the four-momentum of
the four leptons in pairs, requiring the same flavour as condition for the combination. The
two Z bosons reconstructed with this approach are then used to define the reference frames.
This reconstruction technique is applied independently of the order of the simulation.

Figure 3(a) shows the distribution of ΓH , i.e. the H → e+e−µ+µ− partial decay width,
as a function of the masses of the two reconstructed Z, m(e+e−) and m(µ+µ−). The regions
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Figure 3. Partial decay width obtained using H → e+e−µ+µ− events simulated at LO, as a function
of the invariant masses m(e+e−) and m(µ+µ−) (a) and as a function of m(Z1) and m(Z2) (b).

that are more populated are those where one Z is produced approximately on shell and
the other Z is highly off-shell. One can therefore order the two bosons according to their
invariant masses and introduce the labels Z1 and Z2 for the leading and trailing boson,
respectively. The quantity ΓH as a function of the invariant masses of Z1 and Z2, respectively
denoted as m(Z1) and m(Z2), is shown in figure 3(b). Here it is also clearly visible that
the regions where both the Z bosons are off-shell, at the top of the triangle, is suppressed
w.r.t. to the region where Z1 is on-shell.

Comparing figure 3(a) with figure 1(a), it can be seen that in the most populated regions
I3 typically takes values larger than 2, up to the maximum value allowed by QM. Thus,
at the inclusive level, we expect that this leads to I3 > 2. Figure 1(a) is also helpful when
investigating the possibility of isolating a phase-space region where we expect to find the
largest correlations. One can conclude that it corresponds to the region obtained by putting
a lower cut on m(Z2) > 30 GeV. This selection removes close to all the events that would
lead to I3 < 2. However, such a region also corresponds to a suppressed portion of phase
space, as can be seen in figure 3(b).

As mentioned in section 2, we parametrise the ρ density matrix using the helicity basis,
and therefore the reference system that we use in order to measure angular distributions
is constructed as follows [23]:

- The ẑ axis is taken in the direction of the Z1 three-momentum in the H rest frame.

- The x̂ axis is defined as x̂ = sign(cos θ)(p̂− cos θẑ)/ sin θ, where p̂ = (0, 0, 1) would be
the direction of the beam in the laboratory frame and cos θ = ẑ · p̂.

- The ŷ axis is defined such that ŷ = ẑ × x̂.

Given the (x̂, ŷ, ẑ) directions, it is possible to define (θ1, ϕ1) as the polar coordinates of
the three-momentum of the negatively charged lepton ℓ−1 from the Z1 in the Z1 rest frame.
Similarly, (θ2, ϕ2) correspond to the angles that give the direction of the ℓ−2 momentum in the
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Z2 rest frame.7 Once the angles are defined, it is directly possible to numerically calculate the
integrals in eqs. (2.33)–(2.34), compute all the A and C coefficients and in turn the entries of
the spin density matrix. In order to solve the integrals, we split them in real and imaginary
components. We always verify that the integral of the imaginary components are compatible
with zero within the numerical error. The A and C coefficients are therefore real numbers,
unless otherwise specified. We remind the reader that the entries of the spin density matrix
as a function of all the A and C coefficients are given in appendix A.1.

If no cuts are imposed on the momenta of the four leptons, the LO spin density matrix
obtained through the tomographic procedure is:

ρLO =



· · · · · · · · ·
· · · · · · · · ·
· · 0.195(2) · −0.313(3) · 0.194(1) · ·
· · · · · · · · ·
· · −0.313(3) · 0.612(1) · −0.313(3) · ·
· · · · · · · · ·
· · 0.194(1) · −0.313(3) · 0.195(3) · ·
· · · · · · · · ·
· · · · · · · · ·


, (3.1)

where we have written in parentheses the numerical error in the Monte Carlo simulation on
the last digit, and denoted with a dot all the vanishing entries.

The uncertainties have been evaluated by repeating the QT procedure several times
on independent simulations. The elements of the spin density matrix are evaluated as the
mean and standard deviation across the values calculated in each run. The shape of the
spin density matrix at LO follows the structure shown in eq. (2.21) and the values obtained
are in good agreement with the literature [23]. We have also verified that all the relations
from eq. (2.35) to eq. (2.40) are satisfied.

The numerical results have been obtained MadGraph5_aMC@NLO8 using as input
parameters9

MZ = 91.188 GeV, MW = 80.419 GeV, Gµ = 1.16639× 10−5 GeV−2 , (3.2)

and the top quark and Higgs boson masses set equal to

MH = 125 GeV, mt = 173.3 GeV . (3.3)

In fact, the LO computation does not depend on the quantities in eq. (3.3), which instead
enter the computation of NLO EW correction that is discussed in section 4.

7Notice that unlike the previous section we do not use the convention H → VaVb → f1f̄2f3f̄4 but
H → Z1Z2 → ℓ−1 ℓ+

1 ℓ−2 ℓ+
2 , where ℓ±i originates from Zi.

8In particular have we used the version 3.5.5 importing the UFO model [66, 67] loop_qcd_qed_sm_Gmu
and setting the Complex-Mass-Scheme on, consistently with what is discussed later in section 4.1 for the NLO
EW case.

9The value reported here are the input parameters used for both LO and NLO EW simulations. Since, as
we will explain later in section 4.1, we will use the Complex-Mass-Scheme, they can be identified as the value
of the pole mass and total width used in the simulations.
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inclusive m(Z2) > 10 GeV m(Z2) > 20 GeV m(Z2) > 30 GeV

C2,2,2,−2 0.581(5) 0.619(4) 0.713(4) 0.775(3)

C2,1,2,−1 -0.938(4) -0.975(3) -1.017(3) -1.014(3)

I3

(
OOA,Ufix

B

)
2.601(6) 2.672(4) 2.772(4) 2.794(5)

I3

(
O

(OA)
B

)
2.63 2.69 2.77 2.80

Table 2. Independent C coefficients of the spin density matrix, extracted with a QT approach using
a LO simulation. The table also includes the I3 values obtained with two different approaches. The
variables are presented as a function of the minimum mass required for Z2. The numerical error on
the last digit is in parentheses.
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Figure 4. ΓH as a function of RY Y for RY Y = Re
[
Y ∗

2,2Y
∗

2,−2
]

and RY Y = Re
[
Y ∗

2,1Y
∗

2,−1
]
. The

average of the distributions are respectively proportional to C2,2,2,−2 and C2,1,2,−1. See eq. (3.4).

The results for the only two independent and non-zero C coefficients at LO (see eqs. (2.35)
and (2.36)) are shown in table 2. There, we also show their values for three different cuts on
the invariant mass of the trailing Z boson. In table 2 we also report the values of I3, both
evaluated as I3

(
OOA,Ufix

B

)
(see eq. (2.59)) and by optimising the random U matrix according

to the specific region of the phase-space, I3

(
O

(OA)
B

)
, as explained in section 2.4.

As one can see, the coefficients C2,2,2,−2 and C2,1,2,−1 are significantly different from zero,
with the deviation increasing with the mass cut on m(Z2), indicating that the two Z are
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always entangled, following the condition defined in eq. (2.44). The value of I3, with both
methods, is larger than the locality limit, and approaches the maximum value expected for
QM when the lower bound on m(Z2) is increased, probing smaller values of β. Simultaneously,
the difference between the I3 values obtained with both methods decreases and, regardless of
the cuts imposed, is always very small, i.e., at most 1% of the I3 value itself.

Before moving to the NLO results we want to briefly describe how we practically calculate
via numerical methods the integrals that appear in eqs. (2.33)–(2.34). In figure 4 we show the
partial decay width ΓH at the differential level w.r.t. two different quantities. In the x axis of
the plot we display the quantity RY Y , which for the blue line corresponds to Re[Y ∗

2,2Y
∗

2,−2],
while for the purple line to Re[Y ∗

2,1Y
∗

2,−1]. As can be easily seen from the definition of the
spherical harmonics as well as from the plot, for both cases |RY Y | ≤ 15/(32π) ≃ 0.15. In
fact, the distributions in figure 4 correspond to the value of ΓH for different bins of RY Y . It
is easy to understand that, since ΓH by definition is a real quantity, the sum of the values
of ΓH in each bin multiplied by the average value of RY Y in the corresponding bin, in the
limit of zero bin-width,10 converges to the quantity∫

RY Y
dΓH

dRY Y
dRY Y = Re

[∫
Y ∗

L1,M1(Ω1)Y ∗
L2,M2(Ω2)

dΓH

dΩ1dΩ2
dΩ1dΩ2

]
= ΓH

B1
L1
B2

L2

(4π)2 CL1,M1,L2,M2 , (3.4)

if RY Y ≡ Re
[
Y ∗

L2,M1
(Ω1)Y ∗

L2,M2
(Ω2)

]
. This is precisely the quantity appearing in eqs. (2.33)–

(2.34), where the symbol σ appears but is equivalent to ΓH used here.
It is important to note that the quantities in eq. (3.4) do not assume any intermediate

vector boson; the information required is the angular distribution of the negatively charged
leptons in the reconstructed Z frames, which are directly defined via the pair of leptons
with opposite charges. Thus, they are observables that can be calculated and measured
regardless of the reconstruction of the ρ density matrix via QT and its interpretation in
the context of QI. The same applies to the coefficient CL1,M1,L2,M2 itself, that is just the
r.h.s. of eq. (3.4) divided by a number. As we will discuss in detail in the next sections,
the equivalence of CL1,M1,L2,M2 as the term appearing in eq. (2.11), and its more general
meaning as an observable derived from the momenta of the final-state leptons, critically relies
on having the correct value of B1

L1
B2

L2
. We will show that while this is trivial at LO in the

SM, at NLO EW accuracy or including BSM effects the situation completely changes.

4 H(→ ZZ∗) → e+e−µ+µ− at NLO EW

In this section we discuss the impact of NLO EW corrections on the analysis of the H(→
ZZ∗) → e+e−µ+µ− decay and the relevant quantities for QI already described in the previous
section. In section 4.1 we discuss the theoretical framework employed for the calculation of
NLO EW corrections, and its consequences for the QT approach. In section 4.2 we present
numerical results and we scrutinise the stability of QI variables under radiative corrections
for the processes considered and in general for the H(→ V V ∗) → f1f̄2f3f̄4 decays.

10For the calculation of the integrals we use bins of width 0.0025 for the A coefficients and bins of width
0.0015 for the C coefficients.
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4.1 Theoretical framework

In general, the NLO EW corrections consist of any contribution of O(αEW) w.r.t. the
LO prediction of the observable that is considered. They originate from two classes of
contributions: virtual and real-emission corrections. On the one hand, virtual corrections
arise from the interference of one-loop diagrams, which are both infrared (IR) and ultraviolet
(UV) divergent, with tree-level diagrams for the same process considered at the LO. On the
other hand, real-emission corrections arise from the squared amplitude for the same process
considered at the LO plus a real emission of one photon. After the renormalisation of the
one-loop amplitude, when virtual and real-emission contributions are combined, a finite and
therefore physical prediction is achieved for inclusive, or more in general IR-safe, observables.11

The calculation of the NLO EW corrections for the H(→ ZZ∗) → e+e−µ+µ− decay was
performed for the first time in ref. [70]. Nowadays, this calculation can be performed via
public tools, such as MadGraph5_aMC@NLO, which indeed has been used for obtaining
the numerical results presented in this work. As already mentioned, NLO EW corrections to
the C and A coefficients have also been recently presented in ref. [28], where the MoCaNLO
framework [71, 72] has been used for the numerical simulations.

Representative diagrams for both the one-loop and real emission contributions to the
NLO EW corrections for the H(→ ZZ∗) → e+e−µ+µ− decay are shown in figure 5. Looking
at diagrams like those in figures 5(b), 5(c) and 5(d), it is manifest that at NLO EW accuracy
there are also contributions that do not correspond to an intermediate H → ZZ∗ decay. This
is not a special feature of this process; in general, given a final state, higher-order corrections
can involve a set of possible different intermediate states. Moreover, since at least one of
the two Z bosons must be off-shell in the H(→ ZZ∗) → e+e−µ+µ− decay, a theoretically
consistent approximation for isolating only loop diagrams featuring a H → ZZ∗ topology
(as, e.g., the Double-Pole-Approximation [73]) is not possible, to the best of our knowledge.
Simply selecting such diagrams would lead to gauge-dependent and therefore unphysical
results. Moreover, in addition to the only possible spin structure that is present at LO
(vector-vector), the diagrams contributing to NLO EW corrections can in principle feature
additional spin structures that involve also scalars and tensors.

From the previous argument it is therefore obvious that the QT approach, which relies
on the presence of an intermediate H → ZZ∗ decay whose spin density matrix can be studied
via the angular distribution of the fermions emerging from the Z decays, may be formally
inconsistent. Even considering the gauge-dependent contributions with H(→ ZZ∗) →
e+e−µ+µ− topology, such as the one in figure 5(e), the LO picture of the QT approach
discussed in section 2.2 would be affected. Indeed, due to the NLO EW corrections to the
decay, the spin-analysing power α would depend on the invariant mass of the corresponding
fermion pair, and would be different for the two different pairs.

Nevertheless, since NLO EW corrections typically induce relative effects at the percent
level,12 one may simply argue that, although formally inaccurate, the NLO EW corrections

11A vast literature on this topic is present and more details can be found, e.g., in refs. [65, 68, 69] and
references therein.

12Notable exceptions are the EW Sudakov logarithms, which however are not relevant in this context, or
final-state radiation (FSR) of photons from light fermions which instead is relevant in this study. The impact
of the latter in fact can be strongly reduce via large-cone recombination. We will discuss in detail such aspect
in section 4.2.
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Figure 5. Representative diagrams contributing to NLO EW corrections for the H → e+e−µ+µ−

process. Besides 5(e) all the displayed loop diagrams modify the intermediate state compared to the
LO picture. The diagram 5(a) is associated to QED final-state radiation.

may be calculated and interpreted via the QT approach based on the LO picture. If EW
corrections are really small, they may be simply ignored. Indeed, percent effects are anyway
negligible in this context. First, because they are anyway much smaller than experimental
accuracy achievable in the near future. Second, because they do not alter any qualitative
conclusion regarding the condition of a quantum state (e.g. entangled vs. separable).

The problem is that it has been shown in ref. [28] that, rather than small, NLO EW for
some of the C coefficients are giant, of the order of −90%. Thus, trying to understand if the
QT approach is reliable for the H(→ ZZ∗) → e+e−µ+µ− process and more in general for
the H(→ V V ∗) → f1f̄2f3f̄4 decay is imperative. This is precisely the core subject of this
paper and will be scrutinised, based on the numerical results obtained, in section 4.2. Before
moving on to this discussion, in the following we describe the details of the settings and input
parameters for the calculation of the NLO EW corrections that we have performed.

The renormalisation of the EW sector is performed in the so-called Gµ-scheme, with
the input parameters already listed in eqs. (3.2) and (3.3). In order to dynamically treat
on-shell and off-shell configurations for the two Z bosons, we adopt the Complex-Mass-
Scheme [74], with the implementation described in ref. [65]. Since the leptons in the final
state are treated as massless, to achieve IR-finiteness at the differential level they have to
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Figure 6. (a) Partial decay width as a function of the invariant masses m(e+e−) and
m(µ+µ−) at NLO. The ratio with respect to the LO is shown in (b).

be recombined with photons into dressed leptons. In particular, we cluster leptons with
photons into dressed leptons if

∆R̂(ℓ, γ) < ∆R , (4.1)

where ∆R is a positive value that has to be set in the calculation and ∆R̂(ℓ, γ) is defined
as ∆R̂(ℓ, γ) ≡

√
(∆ϕ)2 + (∆η)2. The quantities ∆ϕ and ∆η are respectively the azimuthal

angle between ℓ and γ and the difference between their pseudorapidities.

4.2 Numerical results and interpretation

Before discussing the impact of NLO EW corrections on C and A coefficients and on the ρ
matrix, we discuss the NLO EW prediction for the partial decay width ΓH at the differential
level, w.r.t. the mass invariants of the lepton pairs, as done at LO in figure 3. In figure 6
we consider the case in which the two invariant masses are m(e+e−) and m(µ+µ−), as in
figure 3(a), while in figure 7 they are m(Z1) and m(Z2), as in figure 3(b). In both figures
we show in the left plot the predictions at NLO EW accuracy, and in the right plot the
corresponding K-factor, i.e., the ratio between the predictions at NLO EW and LO accuracies.
The results have been obtained setting ∆R = 0.1.

As can be seen from the plots, the overall event distribution is similar to the one at LO,
but it is also clear that the impact of the NLO EW corrections is not uniformly distributed
across the plane. It is well known that the invariant mass of two leptons emerging from a
Z decay receives very large and positive corrections for invariant masses smaller than the
mass of the Z, m(Z) < MZ , especially close to the value MZ , while negative and milder
corrections for m(Z) > MZ . This effect is due to the radiative return induced by the large
fraction of events populating the region m(Z) ≃MZ , which after the emission of a photon, if
it is not recombined, migrates to values of m(Z) < MZ where at LO the rate is much smaller.
The net effect is a relatively large correction. In the case of the Higgs decay there are two Z
bosons, therefore this effect happens once if m(Z1) < MZ and twice if m(Z1) < (mH −MZ).
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Figure 7. Same as figure 6 but as a function of m(Z1) and m(Z2).

Indeed, in the former case only Z1 could be associated to a pair of leptons ℓ+ℓ− such that
m(ℓ+ℓ−γ) ≃MZ , while in the latter case such condition could be satisfied by both Z1 and Z2.

The previous argument clearly explains the shape of the K-factor in the (m(Z1),m(Z2))
plane (figure 7(b)), and in turn also the one observed in the (m(e+e−),m(µ+µ−)) plane
(figure 6(b)). In view of the following discussion, we note that the region where the impact of
NLO EW corrections on ΓH is smaller corresponds to m(Z2) > 30GeV.

We move now to the discussion of NLO EW corrections on C and A coefficients and their
impact on the ρ matrix. The only inputs required for the reconstruction and QT approach
described in section 2.2, and already implemented at LO in section 3, are the momenta of
the four final-state leptons.13 Consequently, the same method used to extract the C and
A coefficients of the spin density matrix can also be applied to NLO simulations, using
dressed leptons. As already mentioned in section 4.1, this approach makes some important
approximations, indeed it tries to restrict the complex structure depicted in figure 5 to
a simple structure of two intermediate Z bosons decaying to leptons. While the angular
distributions of the leptons are properly defined at NLO EW accuracy, the extraction of the
C and A coefficients relies on a LO picture: the Γ matrix at LO, see eq. (2.24), parameterised
by the spin-analysing power α, which is also formally defined only at LO.

In table 3 we show all the non-vanishing C and A coefficients at LO and NLO EW
accuracy. Each horizontal block of the table displays coefficients (or relations) that have the
same value at LO, but not at NLO EW, as we will discuss. The first interesting aspect to notice
is that the same non-zero coefficients found at LO are still the only non-vanishing coefficients
at NLO, as this is imposed from the geometry of the system. Another interesting observation
is that the effects of the NLO corrections are uneven across the various coefficients. While
some coefficients are only mildly impacted, with corrections ranging from 1% to 14%, the
CL1,M1,L2,M2 coefficients with L1 = L2 = 1 (C1,1,1,−1 and C1,0,1,0) are significantly modified
at NLO EW, with deviations exceeding 90%, in agreement with the findings of ref. [28].

13We consider the reference frame of the Higgs boson and not of the four final-state leptons. One should
notice that at the experimental level the requirement m(4ℓ) ≃ mH is imposed, such that the two definitions
are equivalent. Both choices have been studied in ref. [28] and we did not explore again this aspect.
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LO NLO NLO / LO

A1
2,0 −0.592(1) −0.509(2) 0.860(2)

A2
2,0 −0.591(1) −0.565(2) 0.956(2)

C2,1,2,−1 −0.937(2) −0.943(4) 1.006(3)

−C1,1,1,−1 −0.94(1) −0.16(2) 0.17(2)

A1
2,0/

√
2 + 1 0.5817(7) 0.640(1) 1.101(2)

C2,2,2,−2 0.581(3) 0.568(4) 0.977(6)

−C1,0,1,0 0.59(1) 0.03(2) 0.06(4)

C2,0,2,0 1.418(3) 1.400(5) 0.987(3)

C1,0,1,0 + 2 1.41(1) 1.97(2) 1.39(1)

Table 3. Non-vanishing A and C coefficients of the spin density matrix calculated using a LO
simulation or including NLO EW corrections, the third column reports the ratio between the two
results. The different blocks of rows highlight the equalities between the coefficients that should be
present at LO. No phase-space restrictions are applied. The error on the last digit is in parentheses.
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Figure 8. Left Plot: RY Y × ΓH(RY Y ) for RY Y = Re
[
Y ∗

1,0Y
∗

1,0
]
, the spherical harmonic relevant for

C1,0,1,0, at LO and NLO. Right Plot: prediction for RY Y × (ΓH(RY Y )− ΓH(−RY Y )), see main text
for more details.
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Figure 9. Same as figure 8 for C1,1,1,−1.

In order to better visualise the significant variations caused by NLO EW corrections
on such coefficients, which we will denote in the following discussion as C1,M,1,−M , two
distributions are shown in figures 8 and 9, for C1,0,1,0 and C1,1,1,−1 respectively. While in
figure 4 we have plotted ΓH for different bins of RY Y , for two different RY Y functions, in
figures 8 (figures 9) we bin in RY Y = Re

[
Y ∗

1,0Y
∗

1,0

]
(RY Y = Re

[
Y ∗

1,1Y
∗

1,−1

]
) and show both

the LO (blue) and NLO (green) predictions. In the left panels, we display RY Y × ΓH(RY Y ),
while in the right panels, for RY Y > 0 only, we plot RY Y × (ΓH(RY Y )− ΓH(−RY Y )). In
both cases, summing the values across all bins yields a term proportional to the corresponding
C1,M,1,−M coefficient, namely the contribution appearing in the second line of eq. (3.4).

Consistently with the results shown in table 3, the right plots of both figures 8 and 9 show
that, while the prediction is negative at LO, it almost goes to zero at NLO. On the other hand,
this effect is not clearly visible on the left plots of the same figures. The comparison between
the left and right plots shows that the values of the C1,M,1,−M coefficients originate from
large cancellations in the integral over the spherical harmonics. For C1,M,1,−M , the NLO EW
corrections lead to a symmetrisation of the distributions in the left plots, and consequently
to much smaller predictions for C1,M,1,−M . As it will be clear from the discussion later in
this section, this symmetrisation is accidental.

Another surprising effect of the NLO EW corrections is the asymmetry between the
two A coefficients. In particular, NLO EW corrections have a much larger impact on A1

2,0
(∼ −15% vs. on A2

2,0 ∼ −5%), which is related to the Z boson with leading mass. Before
discussing the origin of these large effects on A1

2,0 and the C1,M,1,−M coefficients, we analyse
their implications, especially for the interpretation of the ρ spin density matrix.

The uneven impact of the NLO corrections on the various A and C coefficients has
significant consequences, in particular it breaks the relations in eqs. (2.37)–(2.40). This
is clearly visible in table 3, where a comparison within the same blocks shows that these
relations hold at LO, but are largely broken when including NLO EW corrections, especially
those involving C1,M,1,−M coefficients. As a result, several of the cancellations that occur at
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LO, leading to a simplified form of the spin density matrix, are no longer present at NLO,
resulting in a different structure for ρ:

ρNLO =


0.099(4) · · · · · · · ·
· 0.004(2) · 0.131(4) · · · · ·
· · 0.111(4) · −0.183(4) · 0.189(1) · ·
· 0.131(4) · −0.009(2) · · · · ·
· · −0.183(4) · 0.591(1) · −0.183(4) · ·
· · · · · −0.009(2) · 0.131(4) ·
· · 0.189(1) · −0.183(4) · 0.110(3) · ·
· · · · · 0.131(4) · 0.004(2) ·
· · · · · · · · 0.099(3)


.

(4.2)

In this matrix, entries that are already present at LO are highlighted in blue, while the new
NLO entries which are at least of order 0.01 are shown in green.14 Some of these new entries
are comparable to, or even larger than, the LO entries. Looking at the basic requirements for
a spin density matrix it is visible that ρNLO is ill defined, as it violates the condition:

|ρij |2 ≤ ρiiρjj , i ̸= j (4.3)

and also leads to some negative eigenvalues. Thus, at this point it is already clear that the
naive application of the LO QT approach onto NLO EW accurate results is not feasible for
the H → e+e−µ+µ− decay. Not only NLO EW corrections are large, but they disrupt basics
property of the ρ density matrix. From this point the next step can be taken towards two
different directions. First, declare the QT approach inconsistent with radiative corrections.
Second, try to understand the origin of this situation and find possible alternative methods or
QI variables for probing the quantum correlations of two-qutrit system, which is nonetheless
still present within the H → e+e−µ+µ− decay. In the following, we pursue the latter
direction and focus in particular on understanding whether this situation is specific to the
H → e+e−µ+µ− decay or represents a more general issue for the QT approach. We anticipate
and spoil the surprise: yes, it is peculiar to this decay, and more precisely, it is a feature
of the four-lepton final state.

We have performed several tests in order to investigate the origin of these large corrections.
In the following, we report all the tests carried out and show explicit results for some of
them. First of all, we simply tried to modify the renormalisation scheme, using instead of the
Gµ scheme the so-called α(MZ) scheme, where the input parameters are αEW,MW and MZ .
While, in general, the NLO/LO ratio for the C and A coefficients changes at the 1% level,
consistently with what is typically observed in similar comparisons for other observables,
the situation is different for the C1,M,1,−M coefficients. For C1,1,1,−1 we obtain in the α(MZ)
scheme NLO/LO = 0.02, so a −14% difference relative to the LO w.r.t. the Gµ result in
table 3. For C1,0,1,0 we find in the α(MZ) scheme NLO/LO = −0.06, so a −9% difference

14We will see later in the text that this distinction is not only quantitative but also qualitative.

– 28 –



J
H
E
P
0
9
(
2
0
2
5
)
0
1
3

relative to the LO w.r.t. the Gµ result. This first test indicates a large sensitivity to the
input parameters and the renormalisation condition.

Next, we checked if the origin of this pattern is related to the presence of an off-shell Z
boson. We have increased the mass of the Higgs boson to 250 GeV, such that both Z bosons
can be on-shell, while keeping all the interactions and independent parameters fixed to the
SM values. Also in this case we see very large corrections only on the C1,M,1,−M coefficients,
although very different from the SM case with mH = 125GeV, i.e., of the order of 55%.

These results raise a question about the validity of the approximations made in the
derivation of the spin density matrix, in particular on the lack of corrections applied to the
Γ matrix of eq. (2.24) and especially the spin-analysing power α. Indeed, even ignoring the
theoretical problems introduced in section 4.1, one can see that the determination of the C
and A coefficients critically depends on the value of the B (see eqs. (2.34) and (2.27), and
the discussion around eqs. (2.42) and (2.43)). In particular, the C1,M,1,−M coefficients are
the only ones that depend directly on the spin-analysing power α. Even more important,
they are normalised by α2, which for charged leptons is accidentally a very small number
(α2 ≃ 0.048), see also table 1.

The smallness of the parameter α for charged leptons in Z decays originates from the
fact that sin2 θW ≃ 1/4. This condition is accidental, and α would be exactly equal to zero
for sin2 θW = 1/4. For this reason, the α parameter is extremely sensitive to the value of
sin2 θW . As an example, if MW is increased by a 0.1%, sin2 θW decreases by −0.7% and α

increases by 5.5%. It is therefore plausible that NLO EW corrections induce effects that
in first approximation are equivalent to changing the effective value of α by a few tens of
percents. However, performing QT and using the LO value of α, as we are doing, these effects
are erroneously propagated to the extraction of the ρ matrix for the H → ZZ∗ system. In
other words, ρ is not receiving large corrections, the Γ matrix, and especially α within it, is
receiving large corrections. However, we cannot account for them, and the effects propagate
to ρ. Indeed, as already mentioned in section 4.1, to the best of our knowledge the Γ matrix
for an off-shell Z boson at NLO EW is not a gauge-invariant quantity. Moreover, it would
depend on the virtuality of the Z boson.

Nevertheless, we tested whether it was possible to obtain the structure of the ρNLO
matrix by simply assuming that all effects arise from the Γ matrix, i.e., in reality ρNLO = ρLO
and the effects we see are just a propagation of the error in the value of α on ρNLO. We find
that if we assume that all the effects on the Γ matrix can be obtained by rescaling α by a
factor ∼ 0.39, all the green and blue entries of ρNLO in eq. (4.2) can be obtained with a high
level of accuracy from ρLO. In appendix B we show how we have derived this value. It is
interesting to see that a rescaling of a factor 0.39 on α, so −61% corrections, can be induced
by reducing MW by 1.1%, or equivalently increasing sin2 θW by 7.7%. In other words, it is not
so unrealistic that the typical percent effects induced by EW corrections translate to several
tens of percents on the effective α at NLO EW, and in turn via QT to the extraction of ρNLO.

It is important to note that some of the effects induced by the NLO EW corrections on
ρNLO or the C and A coefficients, still, cannot be explained via the previous argument based
on an effective α at NLO EW and the assumption of minimal of NLO EW corrections for
ρ (ρNLO ≃ ρLO). These effects include: the different impact of the NLO EW corrections on
C1,1,1,−1 and C1,0,1,0, the small corrections present for all the other C and A coefficients, the
different value of A1

2,0 and A2
2,0 at NLO EW accuracy and, due to these three aforementioned
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features, the non-vanishing entries of the matrix in eq. (4.2) that are in black. Thus, this
conjecture of the effective α value at NLO EW should not be used to correct ρNLO, but
rather considered as a helpful argument in order to understand the origin of such large
corrections for the C1,M,1,−M coefficients and how is possible that ρNLO leads to negative
eigenvalues and eq. (4.3).

To further support the idea that these large corrections originate from the small value
of α, we have performed additional tests. First, we have tried to change MZ in order to
increase/decrease the value of |α|. We see that as |α| increases, the impact of NLO EW
corrections largely decreases. On the contrary, as |α| decreases, the impact of NLO EW
corrections grows substantially and diverges in the limit sin2 θW → 1/4. All these effects can be
again largely explained via the aforementioned conjecture of the effective α value at NLO EW.

As a second step, instead of varying the SM input parameters, we considered similar
processes in the SM where α is different: the generic H → V V ∗ → 4f . The purpose of this
test is twofold. On one hand, we continue to check if the large NLO EW corrections to
C1,M,1,−M are due to the smallness of α. On the other hand, we investigate if this problem
is peculiar only for the H → ZZ∗ → 4ℓ case.

We have calculated the NLO EW corrections for the H → qq̄q′q̄′ process, where (q, q′) =
(u, c) or (q, q′) = (c, s), and all quarks are considered massless. As can be seen in table 1,
for leptons α2 ≃ 0.048, for up-type quarks α2 ≃ 0.489 and for down-type quarks α2 ≃ 0.885.
Thus, the size of the NLO EW corrections for the C1,M,1,−M is expected to be very different
in each final state. Given the dependence of the EW corrections in general on the particle
electric charge, further effects are present for the other coefficients as well, but we will focus
the discussion of the comparison on C1,M,1,−M .

The results of our calculations are shown in table 4, where we list the relative impact of
NLO EW corrections for all the non-vanishing coefficients. It is manifest that their impact
is reduced for final states with quarks. Especially, the impact on the C1,M,1,−M coefficients
drastically changes. While the relative NLO EW corrections are of the order of 90% for charged
leptons, they reduce to ≈ 20% for up-type quarks and to only a few percents for down-type
quarks. We have calculated the NLO EW corrections for the process H →WW ∗ → e+νeµ

−ν̄µ,
where α2 = 1, i.e., even larger than the case of down-type quarks for ZZ∗. We see corrections
of at most a few percents for all C coefficients, including the C1,M,1,−M .

From the results of these tests we can confidently state that the large NLO EW corrections
on the C1,M,1,−M coefficients, in the case of Z decaying to leptons, arise specifically from the
smallness of the value of α and in turn to its sensitivity to radiative corrections. Keeping
the LO value of this parameter for the extraction of ρNLO from NLO EW simulations leads
to inconsistent results. As already explained before in the text, the calculation of the α

parameter at NLO EW is not theoretically well defined for an off-shell Z boson (gauge
dependence) and would be anyway dependent on its invariant mass. The main consequence
is that, without a tomographic approach including NLO EW corrections, it is not possible to
estimate the correct C1,M,1,−M coefficients, and consequently determine the entire ρ matrix
for the process. Still, is important to note that this conclusion should not be generalised
to other processes, including similar ones such as the H(→ WW ∗) → 4f decay and the
H → qq̄qq̄′ process with q, q′ = d, s, b. Although with milder effects, the other H → qq̄q′q̄′

final states may suffer the same problem.
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NLO
LO − 1 [%] ℓ+ℓ−ℓ′+ℓ′− uūcc̄ dd̄ss̄

A1
2,0 −14.0 −5.2 −1.1

A2
2,0 −4.4 −1.0 < 1

C2,1,2,−1 < 1 < 1 < 1

C1,1,1,−1 −83.0 −17.8 −3.1

C2,2,2,−2 −2.3 −1.3 < 1

C1,0,1,0 −94.0 −14.9 −2.2

C2,0,2,0 −1.3 < 1 < 1

Table 4. Percentage deviation from LO due to NLO corrections in all non-vanishing A and C

coefficients of the spin density matrix. The columns refer to different final states, and different blocks
of rows highlight the equalities between the coefficients that should be present at LO. No phase-space
restrictions are applied.

Before discussing how to deal with this peculiar situation for the evaluation of entan-
glement markers and Bell inequality violation, section 4.3, we discuss other effects induced
by NLO EW corrections that can be seen in table 3.

It is very well known that the m(ℓ+ℓ−) distribution for a pair of leptons emerging from a
Z decay, in general not only in the Higgs decay case discussed here, receives large corrections,
especially in the region m(ℓ+ℓ−) ≃MZ . We discussed the consequences of this effect when
we have commented figures 6 and 7, and mentioned it is due to the radiation of photons from
the leptons. Since in table 3 we observe very different NLO corrections for the A1

2,0 and A2
2,0

coefficients, with a larger impact for the former, we investigate whether this difference, which
cannot be explained via the argument of previous discussion regarding effective α at NLO,
is related to final-state radiation of photons. Indeed, it is expected that the Z with larger
invariant mass, and therefore very often on-shell, should receive large corrections.

The component of the NLO EW corrections associated to the final-state-radiation (FSR)
of photons is originating from Feynman diagrams as the one in figure 5(a). When a photon
is emitted collinear to one of the leptons (see eq. (4.1)), it is recombined with it, forming a
dressed lepton. However, those not satisfying eq. (4.1) are not recombined, carrying away
a fraction of the momentum of the lepton. These emissions of photons, which can be hard,
will consequently impact the QT (i.e. leading to a biased reconstruction of the Z rest frame),
and in turn the spin density matrix.

In order to investigate the impact of FSR we have evaluated the NLO EW corrections
for different values of ∆R in eq. (4.1), where the nominal choice ∆R = 0.1 has been used
for previous results. We consider two extreme cases: ∆R = 0.01 and ∆R = 1. The results
for the non-vanishing coefficients of the spin density matrix at LO and NLO EW accuracy,
for the two new different recombination radii, are shown in table 5.

First of all, changing ∆R does not appear to have a significant impact on the NLO EW
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-
NLO

(∆R = 0.01)
NLO / LO

(∆R = 0.01)
NLO

(∆R = 1)
NLO / LO
(∆R = 1)

A1
2,0 −0.432 0.731(4) −0.578 0.977(2)

A2
2,0 −0.548 0.927(3) −0.579 0.979(2)

C2,1,2,−1 −0.956 1.020(6) −0.933 0.996(3)

−C1,1,1,−1 −0.15 0.15(2) −0.17 0.18(2)

A1
2,0/

√
2 + 1 0.694 1.193(3) 0.591 1.016(1)

C2,2,2,−2 0.554 0.954(7) 0.572 0.985(5)

−C1,0,1,0 0.05 0.09(5) 0.03 0.05(3)

C2,0,2,0 1.393 0.982(5) 1.418 1.000(3)

C1,0,1,0 + 2 1.95 1.38(2) 1.97 1.39(1)

Table 5. Non-vanishing A and C coefficients of the spin density matrix calculated at NLO EW and
ratio with the LO predictions, for different values of ∆R. The different blocks of rows highlight the
equalities between the couplings that should be present at LO. No phase space restrictions are applied.
The error on the last digit is in parentheses.

corrections to the coefficients C1,M,1,−M . The impact relative to the LO remains substantial,
regardless of the value of ∆R, and with minimal differences w.r.t. the nominal case. This
observation supports the idea that the leading effects on these coefficients derive from a
misalignment of the QT approach and not from FSR effects.

Next, we observe that for the case of a larger radius (∆R = 1) the impact of NLO EW
corrections (NLO/LO−1) for all the other coefficients is small, ranging from 0 to 3%. On
the contrary, with a small radius (∆R = 0.01) the impact of NLO EW corrections ranges
from 2% to 27%, while in the nominal case (∆R = 0.1) of table 5 the effects were in the
range from 1% to 14%. Thus, as we expected, a large (small) radius implies that a large
(small) fraction of the radiated photons are recombined, thereby diminishing (increasing)
the influence of the FSR component of NLO EW corrections.

A quantity that is very sensitive to ∆R is the difference between the A coefficients,

∆A ≡ A1
2,0 −A2

2,0 . (4.4)

For large ∆R, at NLO EW, ∆A→ 0, restoring the LO condition. This test seems to support
the idea that FSR is the main cause for ∆A ̸= 0 observed in table 3 at NLO EW. Moreover,
the A coefficient that is more sensible to the value of ∆R is A1

2,0, which is associated to the
Z boson that can go on-shell, and therefore receive the largest effects from FSR.

In order to further test this idea one should isolate the purely QED component of the
NLO EW corrections (NLO QED) and repeat the test. We notice that, besides colour factors
and the different couplings (αs vs. αEW), NLO QED corrections are equivalent to the NLO
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LO NLO NLO / LO

A1
2,0 −0.318(1) −0.241(2) 0.758(5)

A2
2,0 −0.318(1) −0.306(2) 0.962(4)

C2,1,2,−1 −1.014(3) −1.021(5) 1.007(4)

−C1,1,1,−1 −1.01(2) −0.68(2) 0.67(2)

A1
2,0/

√
2 + 1 0.775(1) 0.830(1) 1.070(1)

C2,2,2,−2 0.775(3) 0.766(4) 0.988(4)

−C1,0,1,0 0.77(2) 0.49(3) 0.63(3)

C2,0,2,0 1.225(4) 1.240(6) 1.012(4)

C1,0,1,0 + 2 1.23(2) 1.51(3) 1.23(2)

Table 6. Same as table 3 but applying the m(Z2) > 30GeV cut.

QCD corrections for the H(→ ZZ∗) → uūcc̄ process, with gluons clustered to quarks similarly
to the case of photons and fermions in NLO EW. In both cases the only diagrams that are
present are real emissions of photons/gluons from the final-state fermions and loops involving
the exchange of a photon/gluon between a pair of final-state fermions. The NLO QCD
calculation can be performed automatically with MadGraph5_aMC@NLO and, reducing
by a factor of ten the value of αs, leads to a good estimate of the impact of the solely QED
effects. The result of this test is consistent with the expectations. There is a large asymmetry
of the NLO corrections on the A coefficients, with A1

2,0 receiving larger corrections. Also in
this case we observe that the difference reduces drastically (∆A→ 0) when using a large ∆R.

Another interesting aspect to investigate is the interplay between the different regions
of the phase space and the impact of the NLO EW corrections. As observed in figure 7(b),
the region corresponding to the cut

m(Z2) > 30 GeV , (4.5)

is associated to a smaller impact of NLO EW corrections. This region is also noteworthy
from a QI perspective, as discussed in section 2.3, because it is expected to exhibit the largest
entanglement between the two Z bosons, with the state tending toward a pure Bell state.
Table 6 shows the values of the non-zero A and C coefficients of the spin density matrix
within this region of the phase space, including the comparison between LO and NLO.

In this case, the effects of the NLO EW corrections are similar or slightly reduced
w.r.t. the inclusive case, with two notable exceptions. With the cut in eq. (4.5), the NLO
EW corrections on the C1,M,1,−M coefficients are significantly reduced, while the corrections
on A1

2,0 are larger than in the inclusive case.
A region of the phase-space that does not overlap with the one defined by the cut in

eq. (4.5) can be defined via the cut

85 GeV < m(Z1) < 95 GeV , (4.6)
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LO NLO NLO / LO

A1
2,0 -0.5551(9) -0.552(2) 0.995(2)

A2
2,0 -0.5551(9) -0.548(1) 0.987(2)

C2,1,2,−1 -0.956(2) -0.949(4) 0.993(3)

−C1,1,1,−1 -0.95(1) 0.30(2) -0.31(2)

A1
2,0/

√
2 + 1 0.6075(6) 0.610(1) 1.003(1)

C2,2,2,−2 0.607(3) 0.603(4) 0.993(5)

−C1,0,1,0 0.61(1) -0.18(2) -0.30(4)

C2,0,2,0 1.392(3) 1.382(5) 0.993(3)

C1,0,1,0 + 2 1.39(1) 2.18(2) 1.56(1)

Table 7. Same as table 3 but applying the 85GeV < m(Z1) < 95GeV cut.

where Z1 is almost on-shell. This region is particularly interesting from an experimental
perspective, as requirements on the lepton-pair mass are typically employed to accurately
combine the leptons for the reconstruction of the Z boson [75, 76]. The results for the
non-zero A and C coefficients with the cut in eq. (4.6) are presented in table 7.

From the comparison between LO and NLO, it is evident that the effect of the NLO
corrections on all coefficients excluding C1,M,1,−M w.r.t. the inclusive case are reduced:
NLO/LO−1 is at most at the level of only 2%. For this reason, ∆A ≃ 0 and also the
LO relation between A1

2,0 and C2,2,2,−2 (eq. (2.40)) is basically restored, at variance with
the inclusive region. On the contrary, with the cut in eq. (4.6), the effects of the NLO
EW corrections on the C1,M,1,−M coefficients are even larger: −130% for both C1,0,1,0 and
C1,M,1,−M . We notice that in this case the pattern observed may be very well explained via
the incorrect LO value of α for the QT. By following the argument of appendix B, one can
easily understand that with 1/(κ1κ2) ≃ −1.3, and κ1, κ2 defined as in eq. (B.5), the structure
observed in table (7) can be obtained. Indeed, all the effects that this parametrisation cannot
account for are minimal with the cut of eq. (4.6). Thus, for this particular case one may
correct the C1,1,1,−1 setting them by hand to their original LO value, via the usage of the
two effective α for the two different Z bosons, and therefore finding ρNLO ≃ ρLO within
the percent level. However, via this procedure one may absorb into the effective α values
corrections that would be in fact associated to the H → V V ∗ subprocess. We therefore do
not regard this procedure as a solution to the problem discussed.

By comparing the numbers in table 6 and table 7 against those in table 3 we can see that
the corresponding change of the impact of NLO EW corrections on C1,M,1,−M (NLO/LO with
a cut minus NLO/LO with no cuts) is opposite. It is reduced in the former case and increased
in the latter. The same applies for the impact the of NLO EW corrections on ∆A, but in the
opposite direction. It is increased in the former case and reduced in the latter. The behaviour
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no cuts m(Z2) > 30 GeV 85GeV < m(Z1) < 95GeV

LO CUB 1.10 1.27 1.13

NLO CUB 1.12 1.27 1.13

Table 8. Values obtained for the upper bound of the concurrence squared, (C(ρ))2.

of the C1,M,1,−M coefficients is consistent with what has been observed and commented in
figures 6(b) and 7(b), while the behaviour of ∆A is opposite. A possible explanation for
the decrease of the impact of NLO EW corrections on ∆A with the cut in eq. (4.6) is the
following. Requiring a strict window on the Z1 invariant mass means rejecting events with a
hard photon radiation, which are precisely those that could affect the reconstruction of Z1.

Similarly for the inclusive case, eq. (4.2), also in the case of the cuts of eqs. (4.5) and (4.6)
the matrix ρNLO is not semi-positive defined and therefore cannot directly be used in order
to extract QI observables. This is precisely the reason why we did not put the matrices
in the main text. Nevertheless, we report them in appendix C, together with those at the
inclusive level for different ∆R values.

4.3 NLO EW corrections to entanglement markers and Bell inequality violation

In this section we discuss the consequences of the findings of section 4.2 on entanglement
markers and Bell inequality violation.

An important consequence of the unreliability of the C1,M,1,−M values at NLO EW
accuracy, and in turn of the general structure of the ρ matrix, is that the definitions of C(ρ)
in section 2.3 or I3 in section 2.4 are no longer applicable. Indeed, they have been formulated
on the basis of the knowledge of all the terms of the spin density matrix and specifically for
the structure of the LO matrix. A solution would be to build new markers, both for Bell
inequality violation and for entanglement, that are robust against NLO EW corrections. In
other words, quantities that are not sensitive to the values of the C1,M,1,−M coefficients.

The definition of CUB is already independent of the coefficients that are highly sensitive
to the EW corrections, since it only depends on the A coefficients and for both LO and NLO
predictions only A1

2,0 and A2
2,0 are non-vanishing (see eq. (2.50)). As a consequence, we can

use the same definition, and numerical results are listed in table 8.
Both at LO and NLO the upper bound on the squared concurrence results larger than

1 in all investigated phase space regions, reaching the maximum in the region m(Z2) >
30 GeV. The lower bound on the squared concurrence, defined in eq. (2.49), instead does
depend on C1,M,1,−M . However, it can be modified in order to obtain a new lower bound
independent from C1,M,1,−M :

(C(ρ))2 ≥ CLB ≥ CL>1
LB

≡ 2
9 max

[(
− 2− 2

∑
L,M

|Aa
L,M |2 +

∑
L,M

|Ab
L,M |2 +

∑
La>1,Lb>1,Ma,Mb

|CLa,Ma,Lb,Mb
|2
)
,

(
− 2 +

∑
L,M

|Aa
L,M |2 − 2

∑
L,M

|Ab
L,M |2 +

∑
La>1,Lb>1,Ma,Mb

|CLa,Ma,Lb,Mb
|2
)]
. (4.7)
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no cuts m(Z2) > 30 GeV 85GeV < m(Z1) < 95GeV

LO CLB 0.94 1.18 0.97

LO CL>1
LB 0.47 0.59 0.49

NLO CL>1
LB 0.49 0.55 0.48

Table 9. Values obtained for the lower bound of the concurrence squared, (C(ρ))2. At LO two
different definitions of the lower bound are compared, where the second row is defined to be stable
against NLO EW corrections.

The definition in eq. (4.7) of the lower bound leads to values that by definition are
smaller than those obtained via eq. (2.49): regardless of the choice of either NLO or LO
approximation, CL>1

LB < CLB. The corresponding results are shown in table 9 for the three
different sets of cuts already chosen in section 4.2. At LO, both definitions of the lower
bounds on (C(ρ))2 confirm the presence of entanglement in all investigated regions. However,
the definition CLB

L>1 leads to a value significantly closer to 0, leading to a more difficult
observation at the experimental level of a clear signal of the presence of entanglement in
this final state. The trend of the lower bound is the same using the two definitions, with
the maximum value reached in the region m(Z2) > 30 GeV. At NLO the values obtained
with CLB

L>1 are very similar to the LO, confirming the stability of this definition against the
NLO EW corrections. Clearly, based on the discussion of section 4.2, the same consideration
would not be true for CLB and we refrain from showing the corresponding prediction in the
table 9, since as already explained several times, this result would be unreliable.

Also in the case of Bell inequalities it is possible to define an operator independent
of C1,M,1,−M , by exploiting the possibility of applying unitary transformations to the Bell
operator. Indeed, the evaluation of I3 with the O(OA)

B operator requires a maximisation
performed extracting random unitary matrices, and to remove the dependence on C1,M,1,−M

we imposed a restriction to the sampled phase space of the unitary matrices, in order to
include only those that render I3 independent of the C1,M,1,−M values. Technically this can
be done by parametrising I3 as a function of the C1,M,1,−M coefficients15

I3 = A · C1,0,1,0 +B · C1,−1,1,1 +D , (4.8)

and discarding all random unitary matrices leading to |A| or |B| larger than 0.01. Then the
value of I3 can be maximised inside this reduced set of unitary matrices, by maximising D.

Figure 10 shows, for the inclusive case, the spread of I3 values obtained during the
maximisation only accepting matrices leading to no dependence on C1,M,1,−M , which is denoted
as O(OA,CL>1)

B . The figure also displays all the discarded I3, that showed a dependence on the
C1,M,1,−M coefficients. It is clearly visible that, even if just 0.25% of the random matrices
sampled are accepted to maximise I3, the actual values are all close to the maximum I3, while
using all the random matrices leads to a larger spread in the I3 values. As a consequence, this
method does not lead to a reduction of the maximum of I3, as shown in table 10, and does not

15Where we used the relation C1,−1,1,1 = C1,1,1,−1.
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no cuts m(Z2) > 30 GeV 85GeV < m(Z1) < 95GeV

I3, LO

O
(OA,Ufix)
B 2.600 ± 0.003 2.794 ± 0.004 2.639 ± 0.003

O
(OA)
B 2.63 2.79 2.65

O
(OA,CL>1)
B 2.63 2.79 2.65

I3, NLO

O
(OA,CL>1)
B 2.60 2.72 2.64

Table 10. I3 calculated using ρLO and ρNLO in different regions of the phase space. Three different
operators are applied at LO, each obtained with a different optimisation of the unitary transformation
to the initial Bell operator.

Figure 10. I3 NLO values in the inclusive region obtained in the maximisation procedure O(OA)
B ,

run on 105 three-dimensional unitary matrices. The blue histogram includes only results accepted
using the O(OA,CL>1)

B approach, while the discarded I3 values are included in the red histogram. Both
histograms are normalised to unity and the acceptance rate is shown in the legend.

even require a significant increase in the computation time for the optimisation. Regardless of
the method employed, the Bell inequality is significantly violated at LO in all the investigated
regions, with the highest value observed for m(Z2) > 30GeV. The three different definitions
of I3 (see also discussion is section 2.4) lead to very similar results, with a slightly larger I3
value obtained running the maximisation with random unitary matrices. Even if the NLO
EW corrections generally reduce I3, its value remains significantly larger than 2 at both LO
and NLO in all regions, with the highest value still observed in the m(Z2) > 30GeV region.
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5 New physics effects and quantum-information observables

Beyond their primary role in the characterisation of quantum properties at high energy,
QI-inspired observables have recently attracted attention also due to their sensitivity to
physics beyond the Standard Model (BSM) across a variety of final states [2, 4, 9–11, 29, 77].

A particularly striking example is the case of top-quark pair production near the threshold,
where spin entanglement has been found to be stronger than what initially expected [13, 14].
This result is currently understood as a consequence of an enhancement of the cross section
at threshold due to higher-order QCD effects and not due to BSM. The relevant aspect for
our work is that its detection has been possible thanks to quantum observables related to the
entanglement [78] as the experimental invariant mass resolution alone is currently insufficient
to directly observe an excess or the narrow peak predicted by NRQCD and leaves open
the possibility to study the problem with a spectral approach [79]. In the context of BSM,
analogous effects in suitable QI observables are also expected when, instead of focusing on the
phase-space region near the threshold, one considers an invariant mass window centred around
the mass of a hypothetical heavy scalar or pseudoscalar particle decaying into a tt̄ pair [77].

In this section, we investigate how new interactions affecting the process H → V V ∗

modify the quantum state of the final four-lepton system. We assume that no new light
resonances are present, meaning that new physics effects arise only as deformations of
Standard Model (SM) interactions, and that no BSM effects are present in the interactions
among the vector bosons and the fermions.

The sensitivity of the V V final state to the new physics (NP) scenario that we have
just described has already been explored in previous studies, both in terms of anomalous
couplings or via an effective field theory (EFT) approach. In particular refs. [9–11, 29] have
investigated constraints on anomalous couplings using QI observables derived from the spin
density matrix, such as entanglement and the asymmetric components of the spin correlation
matrix. Notably, these constraints have been found to be competitive with, or complementary
to, the best bounds obtained from global fits, see e.g. ref. [80].

However, all existing studies assume that NLO EW corrections to entanglement observ-
ables in the relevant kinematic regions remain below 1%, following the guideline provided in
ref. [81]. Given the competitiveness of these bounds and the insights provided by the NLO
EW results discussed in the previous sections, it is valuable to conduct an analysis of the
possible effects of EFT corrections on QI observables, comparing them against predictions
that incorporate NLO accuracy for at least the SM.

This section is structured as follows. In section 5.1 we provide the analytical results at
LO including BSM contributions for the ρ density matrix of the V V system at fixed invariant
masses of the two V bosons, decaying to the four fermions f1f̄2f3f̄4. We stress that this
approach focuses only on specific points in the phase space, and estimating the prediction
for the spin density matrix obtained in the Higgs decay would require integration across the
whole phase space. Nevertheless, the analytical formulas are very useful for understanding
the impact of NP on the ρ density matrix.

In section 5.2 we instead provide numerical results for the H → e+e−µ+µ− process and
we discuss the impact of BSM effects on the A and C coefficients and QI observables that
are extracted from the four-lepton system, via the QT approach described in section 3. We
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also discuss the size of the impact of BSM effects in comparison with the effects of NLO
EW corrections, which we calculate only for the SM component.16

5.1 Analytical formulas for the V V density matrix

In this section we provide analytical results at LO in the BSM context for the ρ density matrix
of the V V system at fixed β, further specifying the dependence on the invariant masses of
the two V bosons: ma and mb. Rather than employing an explicit effective Lagrangian,
as we will do in section 5.2, we adopt a general Lorentz-invariant parameterisation of the
HV V vertex in order to systematically capture modifications to the spin density matrix from
higher-dimensional operators. This approach accounts for potential modifications, including
those from dimension-five or higher operators, through the parameters a1, a2 and a3. Here,
we establish a general theoretical framework for these effects, while the next section focuses
on the explicit analysis of dimension-five operators.

The most general Lorentz-invariant vertex describing the coupling of the Higgs boson
to two massive vector bosons V can be written as [83]:

VHVaVb
µν = 1

v

[
a1gµνM

2
V + a2 (gµνpa · pb − (pa)ν(pb)µ) + a3ϵµναβp

α
ap

β
b

]
, (5.1)

where pa and pb are the four-momenta of the massive vector bosons, which we consider as
the qutrits “a” and “b”, respectively.17 The parameter MV represents the physical mass of
the vector boson and has only normalisation purpose. In the case of the possible pairs of SM
vector bosons stemming from the Higgs boson we conventionally use MZ for ZZ, γγ and Zγ,
and MW for WW . The term ϵµναβ is the fully antisymmetric Levi-Civita tensor, and v is
a scale conventionally taken as the vacuum expectation value (vev) of the Higgs field. The
vertex in the above equation is also valid for massless vector bosons, except that the coupling
a1 is always zero for on-shell massless vector bosons (although these are not qutrits anymore).

The coefficients a1 and a2 correspond to CP-even scalar couplings to the two qutrits,
while a3 is associated with the CP-odd scalar coupling. These coefficients are, in general,
momentum-dependent form factors that can arise after having integrated out the heavy
degrees of freedom; they are equivalent to the effect of higher-dimensional operators. More
generally, if we assumed also the presence of lighter states, a1, a2, and a3 could in principle
be complex. In the case of an EFT approach, where the heavy degrees of freedom are
integrated out, if the expansion is truncated at the lowest order, as done later in section 5.2,
the presence of an imaginary components in a2 and a3 would instead violate the hermicity of
the Lagrangian. It is interesting to note that if we want to include in the parameterisation of
eq. (5.1) the loop effects of the SM itself, the a1, a2, and a3 terms would have an imaginary
part, which is related to the absorptive component of the loops featuring the light states
(all the fermions besides the top and the photons).

16The calculation of EW corrections in the context of BSM in an EFT framework is developing in these last
years. It has never been performed for QI observables (for the H → ZZ process see ref. [82]) and it is clearly
beyond the scope of this paper. Nevertheless, we acknowledge that given the size of the EW corrections found
in the previous sections for the SM, also in the BSM context they may lead to non-negligible results.

17In section 5.2 we will consider also cases where V = γ, but the γ will be always off-shell and therefore still
a qutrit. Moreover we will consider also the case where the two V bosons are different: Z and γ. We keep
here the notation general, having these two possibilities in mind.

– 39 –



J
H
E
P
0
9
(
2
0
2
5
)
0
1
3

At the tree level in the SM, the only nonzero coupling is a1 with the values a1 = 1
for VaVb = ZZ, a1 = 2 for VaVb = WW , while also a1 is vanishing for VaVb = γγ and
VaVb = Zγ. Since the vertex in eq. (5.1) is constructed solely from the requirement of
Lorentz invariance, it remains valid to all orders in perturbation theory, with a1, a2, and
a3 receiving potential loop-induced corrections. Notably, in this parametrization, each term
independently satisfies the Ward identities.

Using the vertex of HV V in eq. (5.1), the amplitude for the process H(p) → VaVb →
f1f̄2f3f̄4 reads:

iMV = i

v

(
a1gµνM

2
V + a2(gµνpa · pb − (pa)ν(pb)µ) + a3ϵµναβp

α
ap

β
b

)
×
(
ū1γ

µ(cLPL + cRPR)v2 ū3γ
ν(dLPL + dRPR)v4

(m2
a −M2

Va
+ iMVaΓVa)(m2

b −M2
Vb

+ iMVb
ΓVb

)

)
, (5.2)

where we have introduced the two new symbols dL and dR. In this section we use the
symbols cL and cR only for the boson Va; for the boson Vb we use the symbols dL and
dR (see also footnote 17).

Squaring the amplitude and summing over the helicities of the final-state fermions leads to

|M|2 =
∑

s

M∗
V MV = 1

D(m2
a)D(m2

b)

(
|A1|2 + |A2|2 + |A3|2 +A12 +A13 +A23

)
, (5.3)

where
D(m2

a(b)) ≡
(
m2

a(b) −M2
V

)2
+ (MV ΓV )2 , (5.4)

and each Ai is the component of the amplitude, multiplied by D(m2
a)D(m2

b), which is
proportional to the coefficient ai. The quantities Aij are simply defined as Aij ≡ AiA∗

j +
A∗

iAj = 2Re[AiA∗
j ].

Explicitly, the |Ai|2 terms in eq. (5.3) read

|A1|2 = 16|a1|2M4
V

[
Π1(c2

Ld
2
L + c2

Rd
2
R) + Π2(c2

Ld
2
R + c2

Rd
2
L)
]
, (5.5)

|A2|2 = 16|a2|2
[
H1(c2

Ld
2
L + c2

Rd
2
R) +H2(c2

Ld
2
R + c2

Rd
2
L)
]
, (5.6)

|A3|2 = 16|a3|2
[
H3(c2

Ld
2
L + c2

Rd
2
R) +H4(c2

Ld
2
R + c2

Rd
2
L)
]
, (5.7)

while the Aij terms read

A12 = 8M2
V

[
(a∗1a2 + a1a

∗
2)
[
(c2

Ld
2
L + c2

Rd
2
R)(Σ1K1) + (c2

Ld
2
R + c2

Rd
2
L)(Σ2K2)

]
+i(a∗1a2 − a1a

∗
2)
[
(c2

Ld
2
L − c2

Rd
2
R)ΠeΣ3 − (c2

Ld
2
R − c2

Rd
2
L)ΠeΣ4

] ]
, (5.8)

A13 = −8iM2
V

[
(a1a

∗
3 − a∗1a3)

[
(c2

Ld
2
L − c2

Rd
2
R)(Σ3K1) + (c2

Ld
2
R − c2

Rd
2
L)(Σ4K2)

]
−i(a∗1a3 + a1a

∗
3)
[
(c2

Ld
2
L + c2

Rd
2
R)ΠeΣ1 − (c2

Ld
2
R + c2

Rd
2
L)ΠeΣ2

] ]
, (5.9)

A23 = −16i
[
Π0(a2a

∗
3 − a∗2a3)

[
(c2

Ld
2
L − c2

Rd
2
R)Σ1Σ3 + (c2

Ld
2
R − c2

Rd
2
L)Σ2Σ4

]
−i(a∗2a3 + a2a

∗
3)
[
(c2

Ld
2
L + c2

Rd
2
R)ΠeK1 − (c2

Ld
2
R + c2

Rd
2
L)ΠeK2

] ]
, (5.10)

with the momentum structures in the above equations defined in table 11.
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Symbols Definitions Symbols Definitions

Π0 p12p34 Σ1 p13 + p24

Π1 p13p24 Σ2 p14 + p23

Π2 p14p23 Σ3 p13 − p24

Πϵ ϵµνρσp
µ
1p

ν
2p

ρ
3p

σ
4 Σ4 p14 − p23

H1 G1 + (Π1 −Π2)2 G1 Π0(Π0 + p2
13 + p2

24 − 2Π2)

H2 G2 + (Π1 −Π2)2 G2 Π0(Π0 + p2
14 + p2

23 − 2Π1)

H3 G3 − (Π1 −Π2)2 G3 Π0(−Π0 + p2
13 + p2

24 + 2Π2)

H4 G4 − (Π1 −Π2)2 G4 Π0(−Π0 + p2
14 + p2

23 + 2Π1)

K1 Π0 +Π1 −Π2 K2 Π0 −Π1 +Π2

Table 11. Momentum structures contributing to eqs. (5.5)–(5.10). In the table we use the notation
pab ≡ pa · pb.

In order to compute the spin density matrix of the V V system in the presence of a
generic HV V vertex, parametrised as in eq. (5.1), we directly insert the squared amplitudes
in eqs. (2.33) and (2.34). The spin-analysing powers are defined as

αa ≡ c2
R − c2

L

c2
R + c2

L

, αb ≡
d2

R − d2
L

d2
R + d2

L

, (5.11)

where the dR/L and cR/L values depend on the specific bosons and fermions considered. In
this way, starting from the squared amplitude given in eq. (5.3) we obtain the coefficients
A and C, which by definition do not depend neither on αa nor on αb. We determine the A
and C coefficients independently for each momentum structure given in table 11, and the
corresponding values are provided in tables 14–18 of appendix D. Substituting the value
of each momentum structure in eqs. (5.5)–(5.10) and then plugging them into eq. (5.3), we
obtain the value for each A and C coefficient.

Before showing the explicit formulas for (some of) the non-zero coefficients, we list them
in table 12 together with their relations. The left column lists coefficients that are also
non-vanishing in the SM. We stress that they do not satisfy exactly the same relations as in
the SM (eqs. (2.37)–(2.40)), notably, the relation C2,2,2,−2 = −C1,0,1,0 is not true. Moreover,
some of these coefficients acquire non-zero imaginary contributions, which is not the case in
the SM due to the presence of CP-conserving interactions only. The right column contains
instead coefficients that are strictly zero in the SM but become non-vanishing due to the NP
effects. It is important to note that these coefficients remain zero if all three parameters a1,
a2, and a3 are real, as is the case for the results in section 5.2. Additionally, for both columns,
the relations among the coefficients in the lower rows arise due to cylindrical symmetry.

Using the information of table 12, together with the formulas of appendix A.1, we can
construct the density matrix at fixed ma and mb, assuming the parameterisation of eq. (5.1)
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Non-vanishing coefficients also in the SM Vanishing coefficients in the SM

Aa
2,0 = Ab

2,0 Aa
1,0 = −Ab

1,0
Aa

2,0√
2 + 1 = −C1,0,1,0

Ab
1,0√
2 = C2,0,1,0

C2,0,2,0 = 2 + C1,0,1,0 C1,0,2,0 = −C2,0,1,0

C1,−1,1,1 = −C2,−1,2,1 C1,−1,2,1 = −C2,−1,1,1

C1,−1,1,1 = C∗
1,1,1,−1 C1,−1,2,1 = C∗

1,1,2,−1

C2,−1,2,1 = C∗
2,1,2,−1 C2,−1,1,1 = C∗

2,1,1,−1

C2,2,2,−2 = C∗
2,−2,2,2

Table 12. Non-zero A and C coefficients and relations among them at fixed ma and mb and assuming
the parameterisation of eq. (5.1) for the two qutrits VaVb emerging from the H → V V ∗ decay.

for the two qutrits V V emerging from the H → V V ∗ decay:

ρNP(ma,mb) =
1
3× (5.12)

· · · · · · · · ·
· · · · · · · · ·
· ·
(
1 + 1√

2A
2
2,0 −

√
3
2A

2
1,0

)
· (−C2,1,1,−1 + C2,1,2,−1) · C2,2,2,−2 · ·

· · · · · · · · ·
· · (−C2,−1,1,1 + C2,−1,2,1) ·

(
1−

√
2A2

2,0

)
· (C2,1,1,−1 + C2,1,2,−1) · ·

· · · · · · · · ·
· · C2,−2,2,2 · (C2,−1,1,1 + C2,−1,2,1) ·

(
1 + 1√

2A
2
2,0 +

√
3
2A

2
1,0

)
· ·

· · · · · · · · ·
· · · · · · · · ·



.

We have highlighted entries that are equal or linearly dependent using different colours.
The difference w.r.t. eq. (2.19) is evident: while in the SM at fixed β the ρ matrix depends
only on β, here, besides the dependence on separately ma and mb, the dependence on a1, a2
and a3 enters as well, leading to many more degrees of freedom, especially if the A and C

coefficients are complex and even more if also a1, a2 and a3 are complex.
Assuming all three ai parameters as real, as we will in practice do for the numerical

analysis of section 5.2, all coefficients in the right column of table 12 become zero, while the
remaining coefficients in the left column reduce to only three independent coefficients. These
three coefficients can be fully expressed in terms of coefficients with only even L values. The
analytical expressions for these coefficients at fixed invariant masses of Va and Vb, denoted
by ma and mb, respectively, are given by:

Aa,b
2,0 = 64

√
2π2

9⟨|M|2⟩Ωa,b

(c2
L + c2

R)(d2
L + d2

R)m2
am

2
b(β2 − 1)

(
m2

am
2
b(a2

2 + a2
3)−M4

V a
2
1

)
=

√
2

N
(β2 − 1)

(
m2

am
2
b(a2

2 + a2
3)−M4

V a
2
1

)
, (5.13)
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C2,−1,2,1 = − 64π2

3⟨|M|2⟩Ωa,b

(c2
L + c2

R)(d2
L + d2

R)m2
am

2
b

(
a1M

2
V β + a2mamb

)
×
(
a1M

2
V +mamb

(
a2β − ia3

√
β2 − 1

))
(5.14)

= −3
√
2

N

(
a1M

2
V β + a2mamb

)
×
(
a1M

2
V +mamb

(
a2β − ia3

√
β2 − 1

))
,

C2,−2,2,2 = 64π2

3⟨|M|2⟩Ωa,b

(c2
L + c2

R)(d2
L + d2

R)m2
am

2
b

(
a1M

2
V +mamb

(
a2β − ia3

√
β2 − 1

))2

= 3
√
2

N

(
a1M

2
V +mamb

(
a2β − ia3

√
β2 − 1

))2
, (5.15)

where the quantity ⟨|M|2⟩Ωa,b
is the squared matrix element integrated over the two solid

angles Ωa and Ωb and equal to

⟨|M|2⟩Ωa,b
= 64π2

9 (c2
L + c2

R)(d2
L + d2

R)m2
am

2
b

(
a2

1M
4
V (β2 + 2) + a2

2m
2
am

2
b(2β2 + 1)

+ 2a2
3m

2
am

2
b(β2 − 1) + 6a1a2mambM

2
V β
)
, (5.16)

and N is a normalisation factor introduced for simplifying the equations and defined as

N ≡ a2
1M

4
V (β2 + 2) + a2

2m
2
am

2
b(2β2 + 1) + 2a2

3m
2
am

2
b(β2 − 1) + 6a1a2mambM

2
V β . (5.17)

The remaining non-zero coefficients are related to the expressions above, as summarised
in the left column of table 12. Clearly, the dependence on the couplings cL and cR, and
as well on dL and dR, cancels between the numerator and denominator, since the ρ matrix
cannot depend on them.

It is interesting to note that, similarly to the SM case, for the given values of the A and
C coefficients at fixed masses, the density matrix in eq. (5.13) simplifies to a representation
corresponding to a pure state, defined as follows:

|ψ⟩ = aL|0 0⟩+ a+|+−⟩+ a−| −+⟩ . (5.18)

This state has a similar form to the SM LO state in eq. (2.17), except that in the SM case,
the relation a+ = a− = aT /

√
2, holds, where both aL and aT are real. In contrast, in this

scenario, these coefficients are given by:

a± = −
a1M

2
V +mamb

(
a2β ± ia3

√
β2 − 1

)
√
N

, (5.19)

aL = a1M
2
V β + a2mamb√

N
. (5.20)

Similarly to the SM case, without keeping ma and mb fixed,

ρNP =
∫
ρNP(ma,mb)w(ma,mb)dmadmb , (5.21)

the system is not pure anymore, and the coefficients C and A receive contributions from
different values of ma and mb with different weights w(ma,mb).
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Before moving to the next section we want to highlight two limitations of the formulas
presented in this section. First, as we have already clarified several times, the spin of the V
bosons cannot be directly measured and therefore a QT approach has to be applied over the
momenta of the four fermions. Having four fermions as µ+µ−e+e−, the possible intermediate
V V pairs are three: ZZ, Zγ and γγ. All of them can contribute, however a choice has
to be made for the value of αa and αb in eqs. (2.33) and (2.34) and, especially, it cannot
be separately adapted for the three different V V pairs. In other words, the condition in
eq. (5.11) can be true only for one of the three pairs.

The second limitation, which again is not present in the WW case or the aforementioned
scenario for µ+µ−e+e−, is that in a general case not only the ZZ, Zγ and γγ intermediate
states are present, but they also interfere. This is precisely what happens at NLO EW accuracy
where one-loop amplitudes, featuring ZZ, Zγ and γγ intermediate states, contribute only via
the interference with the tree-level amplitude, which instead features only the ZZ intermediate
state. The formulas in this section do not explicitly account for this effect.

5.2 EFT analysis: numerical results via quantum tomography

In this section we provide numerical results and we discuss the impact of BSM effects on
the A and C coefficients, and in turn on QI observables, extracted via the QT approach
from the four-lepton system. We also discuss the size of BSM effects in comparison with
the NLO EW corrections in the SM. Moreover, we investigate the sensitivity to NP that
can be obtained via these quantities.

In order to assess the potential of A and C coefficients and QI observables in constraining
the ai parameters introduced in the previous section in eq. (5.1), we perform numerical
simulations. As anticipated, we limit our study to the case of NP associated only to new
heavy-states that do not interact with the fermions of the SM. Specifically, we employ
the “Higgs Characterisation model” [84], which provides an EFT parametrisation at the
electroweak scale of a spin-0 neutral state (X0) interacting with two SM vector bosons, taking
into account both CP-even and CP-odd contributions. This model is written directly via the
fields after the electroweak-symmetry breaking (EWSB), i.e. Z, γ and W , and includes only
contributions of dimension four and five in the expansion in powers of 1/Λ, where Λ is the
NP scale. The effective couplings employed here can be mapped to the SMEFT dimension-6
operators [85], as shown in appendix E.

The effective Lagrangian for this model reads:

LX0V V =
[
cϕκSM

[1
2gHZZZ

µZµ+gHW WW+
µ W

−µ

]
−1
4

[
cϕκHγγgHγγAµνA

µν+sϕκAγγgAγγAµνÃ
µν
]

−1
2

[
cϕκHZγgHZγZµνA

µν+sϕκAZγgAZγZµνÃ
µν
]

−1
4
1
Λ

[
cϕκHZZZµνZ

µν+sϕκAZZZµνZ̃
µν
]

−1
2
1
Λ

[
cϕκHW WW+

µνW
−µν+sϕκAW WW+

µνW̃
−µν

]
− 1
Λcϕ

[
κH∂γZν∂µA

µν+κH∂ZZν∂µZ
µν+(κH∂WW+

ν ∂µW
−µν+h.c.

)
]
]
X0 . (5.22)
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V V V V

ZZ a1 = cϕκSM + v
Λ
(m2

a+m2
b)

2M2
Z

cϕκH∂Z Zγ a1 = v
Λ

m2
b

M2
Z
cϕκH∂γ

a2 = 1
2

v
ΛcϕκHZZ a2 = vcϕκHZγgHZγ

a3 = 1
2

v
ΛsϕκAZZ a3 = vsϕκAZγgAZγ

WW a1 = 2cϕκSM + v
Λ
(κH∂W m2

a+κ∗
H∂W m2

b)
M2

Z
cϕ γγ a1 = 0

a2 = v
ΛcϕκHW W a2 = 1

2vcϕκHγγgHγγ

a3 = v
ΛsϕκAW W a3 = 1

2vsϕκAγγgAγγ

Table 13. Parameters a1,2,3 from eq. (5.1) expressed in terms of the parameters of eq. (5.22), for
different V V pairs.

The V µν terms are defined as V µν ≡ ∂µV ν − ∂νV µ and Ṽ µν ≡ 1
2ϵ

µνρσVρσ. The terms
cϕ ≡ cosϕ and sϕ ≡ sinϕ respectively parameterise the CP-even and CP-odd interactions
via the CP-phase ϕ. The coefficients κi are real parameters (with the exception of κH∂W )
quantifying potential new physics contributions. The SM is recovered, at LO, by setting
cϕ = 1, κSM = 1 and all other κi = 0. As can be seen, the normalisation parameters gijk are
present only for the four-dimension operators and are defined as follows.

In the case of gHZZ and gHW W , the parameters are precisely set to the values that lead
to the corresponding SM interactions after EWSB, when cϕ = 1 and κSM = 1. In the case of
gHγγ and gHZγ , the parameters are instead set to the values that lead to the corresponding
UV-finite one-loop induced SM interactions, when cϕ = 1 and respectively κHγγ = 1 and
κHZγ = 1, after having integrated out any mass dependence of the particles running in the
loop. The cases of gAγγ and gAZγ are equivalent to those of gHγγ and gHZγ respectively, but
assuming that the Higgs is a purely CP-odd pseudo-scalar with the same strength interactions
of the SM purely CP-even scalar. The values of each normalisation parameter gijk can be found
in table 2 of ref. [84]. The dimension-5 operators are strictly speaking non-renormalisable, and
therefore a normalisation procedure based on the same logic of the normalisation parameters
gijk is not possible, instead here enters the NP scale Λ at denominator.

The Lagrangian includes interaction terms that modify the couplings of the Higgs boson
not only to ZZ, but also to WW, Zγ and γγ. The relations among the couplings ai that have
been introduced in the previous section and the κ parameters in the effective Lagrangian for
the different V V pairs (ZZ,WW,Zγ and γγ) are summarised in table 13. All the parameters
appearing in eq. (5.22) are real (except κH∂W ) and therefore, as anticipated in the previous
section, all the ai parameters for the “Higgs Characterisation model” are also real (except
a1 for WW ). For the numerical analysis that we are going to discuss, only the case of
WW is not relevant.

In the following analysis, we investigate multiple couplings by varying either a single
κi coefficient at the time or simultaneously with the CP phase (ϕ). The simulation of the
H → e+e−µ+µ− process was performed at LO using MadGraph5_aMC@NLO, incorporating
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the dedicated UFO model for the modified Lagrangian. The A and C have been reconstructed
from the four final-state lepton distributions, following the same procedure used for the SM
at LO, as described in section 3. Thus, the value assumed for the spin-analysing power α
is the one of the Z interacting with leptons, also in the presence of contributions involving
the operators with one or more photon fields. Starting from the A and C coefficients, we
have also reconstructed the observables sensitive to entanglement and the Bell operator,
as outlined in section 4.3.

Since we consider the amplitude squared, where all the NP interactions are present, in
our predictions both linear and quadratic terms are present in the expansion 1/Λ. Moreover,
each contribution to our prediction is proportional to κiκj , where κi and κj is any of the
κ in eq. (5.22), besides those involving W bosons. However, the Lagrangian in eq. (5.22)
involves several free parameters, and we had to make choices in order to be definite in the
discussion. To this purpose, we neglect the impact of κH∂Z by setting it equal to zero and fix
κSM = 1/cϕ, such that a1 = 1 for ZZ and therefore we recover the SM prediction if any other
κ = 0. The advantage of this choice is that minimal variation of any of the κ couplings will
parametrise the departure from the SM prediction; from numerical results it will be manifest
if the dominant effect is induced by linear or quadratic contributions in 1/Λ. Special attention
is necessary for the variation of ϕ, and we will get back to this point in the discussion.

We start to examine the parameters affecting the HZZ vertex: κHZZ , κAZZ and ϕ. The
range of variation for these parameters around their SM value, which is clearly equal to
zero for all of them, has been chosen based on the limits imposed by recent experimental
results. In particular, a study conducted by the CMS collaboration [86] has set constraints
on the Higgs interaction couplings using a parameterisation of NP effects similar to the
one adopted in eq. (5.1).

Specifically, the CMS analysis obtained the following constraints on these couplings:

aCMS
3
aCMS

1
∈ [−1.13, 0.80] , aCMS

2
aCMS

1
∈ [−0.12, 0.26] . (5.23)

The couplings aCMS
2 and aCMS

3 , but not aCMS
1 , that have been used in the CMS parametrisation,

corresponds respectively to a2/2 and a3/2 in eq. (5.1). Keeping this in mind and using table 13,
we can determine reasonable ranges for varying the κi coefficients. Setting Λ = 1 TeV they are

κHZZ ∈ [−4.2, 2.0] , κAZZ ∈ [−13.1, 18.5] . (5.24)

Since no intermediate photons are possible if only κHZZ and κAZZ are non-vanishing,
for this case the formulas of section 5.1 can be exploited to understand which coefficients
are non-vanishing and the relations among them.18 Considering the relations in the left
column of table 12, only three A and C coefficients are independent. We focus on those
with L > 1, where NLO corrections are not very large.

From the fixed-mass analytical expressions for the coefficients in eqs. (5.14) and (5.15),
we observe that the C coefficients can acquire nonzero imaginary components — an effect
absent in the SM at both LO and NLO accuracy. This occurs when the coupling κAZZ is

18Still we remind the reader that all the formulas in section 5.1 are for fixed ma and mb, while here we
integrate over the full phase space.
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Figure 11. Values of different observables as functions of κHZZ . Each prediction is normalised over
its LO SM value. The SM NLO EW predictions are also shown, for comparison.

activated and the phase ϕ is modified such that sϕ ̸= 0. As can be seen from table 13, in this
way a3 becomes non-vanishing and in turn the C coefficients acquire an imaginary component.

The results for the A and C coefficients, as well as the observables I3(O(OA,CL>1)
B ), CL>1

LB

and CUB , as a function of the variation of the κHZZ coefficient, are shown in figure 11. The
plots illustrate that all A and C coefficients exhibit a linear dependence on κHZZ within
the explored range. For fixed invariant masses, this dependence can be derived from a
linear expansion in powers of 1/Λ of eq. (5.14)–(5.15). We notice that for all coefficients the
common denominator contains both linear and quadratic terms in 1/Λ, while the numerator’s
order depends on the specific coefficients. In the case of A2,0

2 it involves only Λ-independent
(therefore of SM origin in this case) and 1/Λ2 terms, whereas for the C coefficients the
numerator contains Λ-independent, 1/Λ and 1/Λ2 terms.

The coefficient that shows the largest sensitivity to κHZZ variations turns out to be
A2

2,0, reaching up to 30% effects at the lower edge of the explored range. As can be seen
from the comparison of eq. (5.13) vs. eqs. (5.14) and (5.15) the relative impact of a2 on A2

2,0
is anti-correlated to the one on the C coefficients, when a1 = 1 and a3 = 0 as in our case.
This suggests that simultaneous measurements of the A and C coefficients could impose
more stringent constraints on κHZZ .

The observables examined in figure 11(b) exhibit trends similar to those of the individual
A and C coefficients. However, in particular, I3(O(OA,CL>1)

B ) and CL>1
LB are more challenging

to evaluate in real data, as they require the measurement of multiple coefficients and their
correlations. An interesting aspect to note is that positive values of κHZZ appear to enhance
the quantum correlation between the two bosons.

The results obtained setting ϕ = π
2 and spanning on κAZZ are shown in figure 12.19

In this case, the real part of the coefficients A and C displayed in figure 12(a), and the
observables displayed in figure 12(c), show a quadratic dependence on κAZZ . Also in this

19In practice, we have set ϕ = π
4 and rescaled κAZZ by a factor of

√
2 in order to keep numerically stable

the value κSM = 1/cϕ, which ensures the a1 = 1 SM condition.
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Figure 12. Values of different observables as functions of κAZZ . Each prediction is normalised over
its LO SM value, besides those in the top-right plots showing the imaginary parts, which are zero in
the SM. The SM NLO EW predictions are also shown, for comparison.

case the coefficients used to build the spin density matrix show a distinct sensitivity to NP
effects, with C2,2,2−2 reaching a variation of 60% compared to the SM value, at the right
end of the investigated κAZZ range. The quantities I3(O(OA,CL>1)

B ), CLB
L>1 and CUB show

some sensitivity to the κAZZ variations, and I3 displays the most significant effects across
the investigated range. Interestingly, the value I3 seems to decrease along the whole κAZZ

range, suggesting that the level of entanglement between the two bosons decreases, while the
other two observables show an opposite trend. This is possible because CLB

L>1 and CUB are
just bounds for the concurrence and can not properly quantify the entanglement.

The reduction in entanglement in this case can be understood by examining eqs. (5.18)–
(5.20). The dependence of a+ and a− on κHZZ is identical, ensuring a+ = a−, as in the
SM at LO. However, their dependence on sϕκAZZ , which enters via a3, differs and leads to
(a+ −a−) ∝ sϕκAZZ . Consequently, as |sϕκAZZ | increases, the system further deviates from a
maximally entangled state (a+ = a− = a0), explaining the overall decrease in I3(O(OA,CL>1)

B )
across the entire κAZZ range.

– 48 –



J
H
E
P
0
9
(
2
0
2
5
)
0
1
3

3
4 2 4 0 4 2

3
4

0.94

0.96

0.98

1.00

1.02

1.04

1.06
Re

al
 p

ar
t o

f c
oe

ffi
cie

nt
s /

 LO
 v

al
ue A2

2, 0
C2, 1, 2, 1
C2, 2, 2, 2

LO
NLO

(a)

3
4 2 4 0 4 2

3
4

0.96

0.98

1.00

1.02

1.04

Ob
se

rv
ab

le
s /

 LO
 v

al
ue

3(O(OA, CL > 1)
B )

L > 1
LB

UB

LO
NLO

(b)

Figure 13. Values of different observables as functions of ϕ for κHZZ = 1 and κAZZ = 5. Each
prediction is normalised over its LO SM value. The SM NLO EW predictions are also shown,
for comparison.

Figure 12(b) illustrates the dependence of the imaginary component of the C coefficients
on κAZZ . All coefficients exhibit a linear dependence and similar sensitivity, receiving up to
±60% corrections at the edges of the investigated range. This figure also includes C1,1,1,−1 since
the imaginary contributions to all coefficients from the SM, including NLO EW corrections,
are zero. As expected from table 12, C1,1,1,−1 contributes equally and oppositely to C2,1,2,−1.

Figure 13 shows the variations of the coefficients and QI-inspired observables as a
function of the CP phase ϕ, while keeping κHZZ = 1 and κAZZ = 5, such that they lead
to effects of similar size and are both within the allowed ranges of eq. (5.24) at the same
time. All investigated variables exhibit a combination of sine and cosine dependence, with
amplitudes determined by the coupling values. Since the coefficients are dominated by the
SM contribution (κSMcϕ = 1), they show only a moderate dependence on the phase variations,
with C2,2,2,−2 displaying the greatest sensitivity. On the other hand, C2,1,2,−1 seems quite flat
with respect to the phase variation. In relation to the observables I3(O(OA,CL>1)

B ), CLB
L>1

and CUB shown in figure 13(b), the maximum value is observed at ϕ = 0, where only the
κHZZ contributes to the decay width, in agreement with figure 11(b). The modification of
the phase (sϕ ̸= 0), corresponding also to a non-vanishing contribution of the pseudo-scalar
component, reduces the observables. I3(O(OA,CL>1)

B ) is the observable where the oscillation
as a function of ϕ shows the highest frequency, even if the magnitude of the variation is
limited to 2% with this choice of κHZZ = 1 and κAZZ = 5.

Finally, we investigated the sensitivity of a subset of the A and C coefficients to the
variations of κHZγ and κHγγ . We vary these coefficients while keeping cϕκSM = 1. This setup
allows multiple types of diboson pairs to contribute to the four-lepton final state. While this
scenario can be described by the effective Lagrangian shown in eq. (5.22), unlike the previous
cases it cannot be directly derived from the analytical formulas given in section 5.1. The
problem is precisely what has been discussed at the end of section 5.1: there are multiple
possible intermediate V V states, i.e. ZZ, Zγ and γγ, but we are forced to assume a specific
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Figure 14. Values of different spin density matrix coefficients A and C as functions of κHZγ (left
plot) and κHγγ (right plot). Each prediction is normalised over its LO SM value. The SM NLO EW
predictions are also shown, for comparison.

value of α to perform the QT. Also in this case, the A and C coefficients are reconstructed,
as described in section 3, employing the LO spin-analysing power of the leptons originating
from a Z decay. Thus, the C1,M,1,−M coefficients are not the true quantities entering the ρ
density matrix, since they depend on the mismatch between the value of α assumed and the
one for Zγ and γγ contributions. Moreover, in the simulations we impose a cut on m(Z2)
in order to avoid divergences from the γ → ℓ+ℓ− splitting.20 We choose m(Z2) > 30GeV,
consistently with what has also been done in section 4.2.

In this case, the concepts we have introduced in the last paragraph of section 3 are
particularly relevant for the C1,M,1,−M coefficients: C1,M,1,−M can be calculated and measured
regardless of the reconstruction of the ρ density matrix via QT and its interpretation in the
context of QI. In particular, C1,M,1,−M coefficients are affected by the spin-analysing power α,
and so they are expected to be sensitive to κHZγ and κHγγ . In fact, an inconsistency similar
to the one observed at NLO EW is present, and therefore a similar large sensitivity would not
be surprising. Thus, we include C1,1,1,−1 among the observables considered in our analysis.

Results, following the same style as the previous plots of this section, are shown in
figure 14. According to recent results based on the analysis of the H → Zγ decay [87], a
variation of κHZγ within a range 0 ≲ κHZγ ≲ 2 is still allowed at a 3σ confidence level. We
decided to display a variation within a slightly larger interval, also for the case of κHγγ , where
instead the range is much more stringent (0.7 ≲ κHγγ ≲ 1.3) if we assume a conservative
20% accuracy on Br(H → γγ).

While all the other A and C coefficients show a minimal dependence on the variations of
κHZγ and κHγγ , the C1,1,1,−1 coefficient demonstrates, as expected, a very large sensitivity
to the variations of these couplings. However, the NLO EW corrections in the SM are not

20This divergence is arising from the terms scaling as κ2
Hγγ or κ2

Aγγ , while in the linear dependence on
κHγγ or κAγγ it originates from the interference of the SM contribution, which does not involve photons, with
diagrams featuring the γ → ℓ+ℓ− splitting. This quantity, similar to the case of NLO EW corrections, leads
to an integrable divergence.
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negligible and can also lead to cancellations with the NP effects. This picture suggests that
this observable could be used to derive independent limits on κHZγ and κHγγ , but it is
essential to consider the NLO EW corrections in the simulation in order to extract reliable
results. Especially, it is important to take into account EW corrections in order to avoid to
interpret a possible deviation between data and LO simulations, which is clearly expected
from NLO results, as a sign of NP effects.

As final comment we stress the fact that, according to table 12, the real parts of the
C coefficients satisfy the relation C1,1,1,−1 = −C2,1,2,−1, which instead is manifestly false
in figure 14. The reason is precisely the fact that, since more V V structures are present,
C1,1,1,−1 also in this case cannot be interpreted as a coefficient of the density matrix, but
only as the observable defined in eq. (3.4). From the QI observable point of view this fact
is unpleasant, but for the purpose of leveraging sensitivity to NP is actually convenient.
There is not a problem on how to deal with large NLO EW corrections: they simply have
to be taken into account for a reliable SM prediction. Rather, it is important to match NP
contributions and predictions at NLO EW accuracy; NLO EW corrections already involve
the contributions from terms equivalent to the case κHZγ = κHγγ = 1, plus additional terms.
We leave this study to future work, possibly with the inclusion of EW corrections to the
NP contributions themselves.

6 Conclusions and outlook

In this paper we have explored the quantum properties of the Higgs boson decays into vector
boson pairs (H → V V ∗), with a particular focus on the signature with two different-flavour
lepton pairs (H → ZZ∗ → µ+µ−e+e−). We have adopted an QI-inspired approach to analyse
the spin correlations of the two vector bosons, which are treated as a bipartite qutrit system.

First of all, we have reviewed the spin density matrix formalism of the V V ∗ system using
polarisation operators. We have also discussed in detail how, by employing QT techniques,
the angular distributions of the decay products can be used to reconstruct the full quantum
state of the intermediate vector boson pair. Since the spins of the vector bosons are not
directly measurable at colliders, this reconstruction is crucial.

Several QI observables are considered, such as measures of entanglement and markers for
the violation of Bell-type inequalities. In particular, in order to quantify nonlocal correlations,
we have focused on the upper and lower bounds of the concurrence and on the expectation
values of Bell operators related to the CGLMP inequality.

The core of the paper is the computation and the analysis of the NLO EW corrections.
The results indicate that NLO EW effects can have a substantial impact on the extraction
of the coefficients of the spin density matrix, and therefore on the evaluation of the QI
observables. In some cases, these corrections are so large that the procedure to infer the
parameters controlling the quantum correlations becomes unreliable. We have explicitly
shown that these effects are peculiar for the coefficients CL1,M1,L2,M2 defined in the work and
for the cases L1 = L2 = 1. We have traced back the origin of this sensitivity to the smallness
of the spin-analysing power α in the case of a Z boson decaying into leptons, which is not
protected by any symmetry and is subject to large radiative corrections. In this case, the
precise knowledge of the α parameter is crucial for the extraction of coefficients of the form
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C1,M,1,−M , and in turn for determining the structure of the ρ density matrix of the V V ∗

system. First, we have discussed the theoretical limitations in the definition of α at NLO
EW accuracy. Second, we have explicitly shown how this behaviour is special and in fact
specific to the four-charged lepton final state. We have shown that, thanks to a larger value
of α, the QT is not greatly affected by higher orders in H → ZZ∗ → qq̄q′q̄′, especially for
down-type quarks. Analogously, and consistently with our expectations, we have verified that
QT allows to reconstruct the ρ matrix reliably in the decays H → WW ∗ → 4f .

We have also investigated the impact of NLO EW corrections by varying the recombination
radius ∆R of photons with leptons, and the impact of cuts on the invariant masses of the two
lepton pairs. We find that the A coefficients strongly depend on ∆R, while the cuts on the
invariant masses have a large impact on the size of NLO EW corrections to the C1,M,1,−M

values: NLO EW corrections further increase when one on-shell Z boson is selected.
In order to overcome the limitations induced by higher-order corrections, we have explored

modifications of the definition of QI observables. In particular, we have introduced modified
definitions of I3 and the lower bound of the concurrence, ensuring that they do not depend
on the C1,M,1,−M coefficients. This makes them robust against higher-order corrections, even
for the four-lepton signature. The only drawback of such approach is that the predicted value
for the lower bound of the concurrence is smaller, leading to a more difficult observation
of the entanglement. Thus, alternative approaches that would enable to account for EW
corrections and at the same time not modify the definition of QI observables are desirable.
In order to achieve such approaches, we notice that in addition to the problem related to the
spin analysing power α and the C1,M,1,−M coefficients one would need to also consistently
consider the multipartite entanglement (see e.g. ref. [88] and [89]) from un-recombined real
emissions of photons.

Finally, in light of the improved predictions obtained in the SM, we have studied the
sensitivity to new physics effects. To this aim, we have considered how modifications to the
Higgs couplings, parameterised through an EFT approach framework, could affect the QI
observables and the spin density matrix terms. Our analysis demonstrates that QI inspired
observables are sensitive probes of potential new physics, and therefore can enhance the
sensitivity of experimental measurements to deviations from the SM. We have provided
both analytical formulas for amplitudes at fixed invariant masses of the two lepton pairs
and numerical results for the full phase space. We have also discussed how, with BSM
effects in the HV V vertex, the final state ff̄f ′f̄ ′ can also be reached through γγ and Zγ

intermediate states, leading to complications in the QT approach for the extraction of the
information on the ρ density matrix.

Future studies should focus on optimising the extraction of QI observables and exploring
more realistic setups, as already done for the ZZ production case in ref. [28]. Simulations
that incorporate the combination with the specific production mode and apply various
selection cuts on the four-lepton final state would be highly beneficial. Given the size of
NLO EW corrections for some of the observables considered, their calculation also for the
BSM scenario would be desirable.

In conclusion, we have found that in specific cases, NLO EW corrections can induce
large effects. By carefully studying their origin, we have reached the conclusion that this is a
very peculiar case and will not be a typical pattern emerging in the study of QI observables
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in collider physics. Still, we acknowledge also in this context the paramount relevance of
not ignoring effects from SM higher-order corrections before interpreting possible deviations
from theory predictions.
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A Density matrix ρ as a function of A and C coefficients
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3
2C2,−1,1,−1+

3
2C2,−1,2,−1

)
,

ρ9,6=
1
9

(√
3
2A

1
1,−1−

√
3
2A

1
2,−1−

3
2C1,−1,1,0+

1
2
√
3C1,−1,2,0+

3
2C2,−1,1,0−

1
2
√
3C2,−1,2,0

)
,
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ρ9,7=
1
9

(
√
3A2

2,−2−
3C1,0,2,−2√

2
+
√

3
2C2,0,2,−2

)
,

ρ9,8=
1
9

(√
3
2A

2
1,−1−

√
3
2A

2
2,−1−

3
2C1,0,1,−1+

3
2C1,0,2,−1+

1
2
√
3C2,0,1,−1−

1
2
√
3C2,0,2,−1

)
,

ρ9,9=
1
9

(
−
√

3
2A

1
1,0+

A1
2,0√
2
−
√

3
2A

2
1,0+

A2
2,0√
2
+3
2C1,0,1,0−

1
2
√
3C1,0,2,0−

1
2
√
3C2,0,1,0+

1
2C2,0,2,0+1

)
.

(A.1)

A.2 Non vanishing coefficients with cylindrical, up-down symmetry and with
even parity

ρ1,1=
1
9

(
A1

2,0√
2
+
A2

2,0√
2
+3
2C1,0,1,0+

1
2C2,0,2,0+1

)
,

ρ2,2=
1
9

(
A1

2,0√
2
−
√
2A2

2,0−C2,0,2,0+1
)
,

ρ2,4=
1
9

(
−3
2C1,1,1,−1−

3
2C2,1,2,−1

)
,

ρ3,3=
1
9

(
A1

2,0√
2
+
A2

2,0√
2
−3
2C1,0,1,0+

1
2C2,0,2,0+1

)
,

ρ3,5=
1
9

(
−3
2C1,1,1,−1+

3
2C2,1,2,−1

)
,

ρ3,7=
1
3C2,2,2,−2 ,

ρ4,2=
1
9

(
−3
2C1,−1,1,1−

3
2C2,−1,2,1

)

ρ4,4=
1
9

(
−
√
2A1

2,0+
A2

2,0√
2
−C2,0,2,0+1

)

ρ5,3=
1
9

(
−3
2C1,−1,1,1+

3
2C2,−1,2,1

)
,

ρ5,5=
1
9
(
−
√
2A1

2,0−
√
2A2

2,0+2C2,0,2,0+1
)

ρ5,7=
1
9

(
−3
2C1,1,1,−1+

3
2C2,1,2,−1

)

ρ6,6=
1
9

(
−
√
2A1

2,0+
A2

2,0√
2
−C2,0,2,0+1

)
,

ρ6,8=
1
9

(
−3
2C1,1,1,−1−

3
2C2,1,2,−1

)
,

ρ7,3=
1
3C2,−2,2,2 ,

ρ7,5=
1
9

(
−3
2C1,−1,1,1+

3
2C2,−1,2,1

)
,
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ρ7,7=
1
9

(
A1

2,0√
2
+
A2

2,0√
2
−3
2C1,0,1,0+

1
2C2,0,2,0+1

)
,

ρ8,6=
1
9

(
−3
2C1,−1,1,1−

3
2C2,−1,2,1

)
,

ρ8,8=
1
9

(
A1

2,0√
2
−
√
2A2

2,0−C2,0,2,0+1
)
,

ρ9,9=
1
9

(
A1

2,0√
2
+
A2

2,0√
2
+3
2C1,0,1,0+

1
2C2,0,2,0+1

)
.
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B Comparing NLO EW effects with quantum tomography at LO using
wrong α

First of all we discuss which effects emerges if we try to simulate at LO the H → ZZ∗ →
e+e−µ+µ− decay and perform the QT procedure assuming a value for α that is different
from the one used in the simulation. This is different than what has been discussed in the
main text, where we have explained that NLO results can be very well approximated by
assuming that NLO EW corrections on ρ are small and are induced by the usage of incorrect
α in QT. We will get to this point at the end of this appendix.

If we want to perform the QT procedure assuming a value for α that is different from
the one used in the simulation, we can actually allow for two separate values of α for Z1
and Z2, respectively denoted as α1 and α2 and defined as:

α1 = κ1α , α2 = κ2α . (B.1)

Therefore the quantity κ1(κ2) parametrises the deviation of the value of α1(α2) from the
correct value α. It can be shown that the non-vanishing terms that are emerging in the
texture of ρ are the same that are either in blue or green in the matrix of eq. (4.2). In
particular, such matrix, which we denote as ρwrong

LO (α1, α2) can be obtained simply plugging
into the equations of appendix A.2 the values obtained for the coefficients and one finds:

ρwrong
LO =

−ρ33
LO

2 ∆ · · · · · · · ·
· · · ρ35

LO
2 ∆ · · · · ·

· · ρ33
LO
2 (2 + ∆) · ρ35

LO
2 (2 + ∆) · ρ33

LO · ·
· ρ35

LO
2 ∆ · · · · · · ·

· · ρ35
LO
2 (2 + ∆) · 1− 2ρ33

LO · ρ35
LO
2 (2 + ∆) · ·

· · · · · · · ρ35
LO
2 ∆ ·

· · ρ33
LO · ρ35

LO
2 (2 + ∆) · ρ33

LO
2 (2 + ∆) · ·

· · · · · ρ35
LO
2 ∆ · · ·

· · · · · · · · −ρ33
LO
2 ∆



, (B.2)

where we ρLO is the correct ρ matrix21 and the quantity ∆ is defined as

∆ ≡ 1
κ1κ2

− 1 . (B.3)

As it can be seen, in the SM limit (κ1, κ2 → 1) one has ∆ → 0, so green entries vanish
and ρwrong

LO (α1, α2) = ρLO.
A simple way to understand the origin of this pattern is that performing the QT step

(eqs. (2.33) and (2.34)) with the wrong values of α, i.e. α1 and α2, leads to

Cwrong
L1,M1,L2,M2

= CL1,M1,L2,M2

(
1 +

( 1
κ1

− 1
)
δ1,L1

)(
1 +

( 1
κ2

− 1
)
δ1,L2

)
, (B.4)

which in practice for the H → ZZ∗ → e+e−µ+µ− at LO in the SM leads to Cwrong
1,M,1,−M =

C1,M,1,−M (1 + ∆) and no effects on all the other non-vanishing coefficients. As can be seen
in appendix A.2, ρ37 = ρ73 and ρ55 do not depend on C1,M,1,−M , while all the others do
depend on them.

21We used the notation ρ33
LO and ρ35

LO instead of (ρLO)33 and (ρLO)35, respectively, for brevity.
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One can easy verify that by setting ∆ = −0.85 the bulk of the NLO EW corrections can
obtained via eq. (B.2), i.e. ρNLO ≃ ρwrong

LO
∣∣
∆=−0.85. This value has been obtained minimising∑

1≤i,j≤9((ρNLO)ij − (ρwrong
LO )ij)2, which is equal to ∼ 0.001 for ∆ = −0.85. This result is

consistent with the NLO/LO value shown in table 3 for the C1,M,1,−M coefficients.
All the previous argument rely on the fact that the calculation is performed at LO

and the QT performed with the wrong α. In fact, in the numbers that are discussed in
the main text the calculation is not performed at LO but at NLO EW, and the α that is
wrong when performing the QT is the one at LO, which does not incorporate the NLO EW
corrections to the Γ matrix. Thus, if we want to interpret the ρNLO in eq. (4.2) as solely
induced by the wrong value of α and no effects form NLO EW on the real ρ, we can repeat
the previous argument but considering κ1(κ2) as the ratio between the value of α at LO
and the effective α1(α2) at NLO EW accuracy,

α = κ1α1 , α = κ2α2 , (B.5)

so the opposite of the definition in eq. (B.1).
If we further simplify the argument, as done in the main text, and assume α1 = α2, the

value ∆ = −0.85 implies κ1 = κ2 ≃ 2.58, which means that the effective α1 = α2 = 0.39α
as written in the main text.
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C Spin density matrices in different set-ups

In this appendix we report LO and NLO predictions for the ρ density matrix. As explained at
length in the main text, the NLO results cannot be straightforwardly employed for extracting
QI. They are not semi-positive defined. We simply document the numerical results obtained.

Inclusive result with ∆R = 1.

ρLO is the same as in eq. (3.1).

ρNLO =


0.094(4) · · · · · · · ·
· · · 0.127(4) · · · · ·
· · 0.104(4) · −0.184(4) · 0.191(2) · ·
· 0.127(4) · −0.001(2) · · · · ·
· · −0.184(4) · 0.608(2) · −0.184(4) · ·
· · · · · −0.001(2) · 0.127(4) ·
· · 0.191(2) · −0.184(4) · 0.104(4) · ·
· · · · · 0.127(4) · · ·
· · · · · · · · 0.094(4)


.

(C.1)

Inclusive result with ∆R = 0.001.

ρLO is the same as in eq. (3.1).

ρNLO =

0.102(5) · · · · · · · ·
· 0.008(3) · 0.135(5) · · · −0.001(2) ·
· · 0.121(5) · −0.183(5) · 0.185(2) · ·
· 0.135(5) · −0.019(3) · · · · ·
· · −0.183(5) · 0.575(2) · −0.184(5) · ·
· · · · · −0.019(3) · 0.135(5) ·
· · 0.185(2) · −0.184(5) · 0.120(5) · ·
· −0.001(2) · · · 0.135(5) · 0.009(3) ·
· · · · · · · · 0.102(5)


.

(C.2)

mZ2 > 30 GeV.

ρLO =



· · · · · · · · ·
· · · · · · · · ·
· · 0.258(3) · −0.337(3) · 0.258(1) · ·
· · · · · · · · ·
· · −0.337(3) · 0.483(1) · −0.337(3) · ·
· · · · · · · · ·
· · 0.258(1) · −0.337(3) · 0.258(3) · ·
· · · · · · · · ·
· · · · · · · · ·


. (C.3)
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ρNLO =

0.056(5) · · · · · · · ·
· 0.003(3) · 0.058(4) · · · −0.002(1) ·
· · 0.218(5) · −0.283(4) · 0.255(2) · ·
· 0.058(4) · −0.013(3) · 0.001(1) · · ·
· · −0.283(4) · 0.473(1) · −0.283(4) · ·
· · · −0.001(1) · −0.013(3) · 0.057(4) ·
· · 0.255(2) · −0.283(4) · 0.219(5) · ·
· −0.002(1) · · · 0.057(4) · 0.002(3) ·
· · · · · · · · 0.056(5)


.

(C.4)

85 GeV < mZ1 < 95 GeV.

ρLO =



· · · · · · · · ·
· · · · · · · · ·
· · 0.202(2) · −0.318(2) · 0.202(1) · ·
· · · · · · · · ·
· · −0.318(2) · 0.5950(7) · −0.319(2) · ·
· · · · · · · · ·
· · 0.202(1) · −0.319(2) · 0.202(2) · ·
· · · · · · · · ·
· · · · · · · · ·


. (C.5)

ρNLO =

0.131(4) · · · · · · · ·
· · · 0.208(4) −0.001(2) · · −0.003(1) ·
· · 0.072(4) · −0.109(4) · 0.201(1) · ·
· 0.208(4) · 0.001(2) · · · · ·
· −0.001(2) −0.109(4) · 0.591(1) · −0.109(4) 0.001(2) ·
· · · · · 0.001(2) · 0.208(4) ·
· · 0.201(1) · −0.109(4) · 0.072(3) · ·
· −0.003(1) · · 0.001(2) 0.208(4) · · ·
· · · · · · · · 0.131(4)


.

(C.6)
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D Analytical form of non-zero contributions from momentum structures
in table 11 to the A and C coefficients

We provide in the tables of this section the contributions stemming from the momentum
structures listed in table 11 to any A and C coefficient. We show only the non-vanishing
contributions using the notation (A)X or (C)X for the contribution of the momentum
structure X to A or C, respectively. Specifically,

(CLa,Ma,Lb,Mb
)X ≡

∫
dX

dΩadΩb
Y ∗

La,Ma
(Ωa)Y ∗

Lb,Mb
(Ωb) dΩadΩb . (D.1)

We show only those entering eqs. (5.5)–(5.10) and if a combination of momenta structure
XY is present we denote it directly as (A)XY or (C)XY . All the results are provided for
fixed values of ma and mb.

Π terms Non-zero contributions to A or C coefficients
Π0 All are zero

Π1 (Aj
2,0)Π1 = 4π

Bj
2

(
−2m2

am2
b(β2−1)π3/2

9
√

5

)
(C2,2,2,−2)Π1 = (C2,−2,2,2)Π1 = (4π)2

Ba
2 Bb

2

(
π m2

am2
b

30

)
(C2,1,2,−1)Π1 = (C2,−1,2,1)Π1 = (4π)2

Ba
2 Bb

2

(
−π m2

am2
bβ

30

)
(C2,0,2,0)Π1 = (4π)2

Ba
2 Bb

2

(
πm2

am2
b(2β2+1)
90

)
(C1,0,1,0)Π1 = (4π)2

Ba
1 Bb

1

(
−π m2

am2
b

6

)
(C1,1,1,−1)Π1 = (C1,−1,1,1)Π1 = (4π)2

Ba
1 Bb

1

(
π m2

am2
bβ

6

)
Π2 (Aj

2,0)Π1 = (Aj
2,0)Π2

(C2,2,2,−2)Π2 = (C2,−2,2,2)Π2 = (C2,−2,2,2)Π1

(C2,1,2,−1)Π2 = (C2,−1,2,1)Π2 = (C2,−1,2,1)Π1

(C2,0,2,0)Π2 = (C2,0,2,0)Π1

(C1,0,1,0)Π2 = −(C1,0,1,0)Π1

(C1,1,1,−1)Π2 = (C1,−1,1,1)Π2 = −(C1,1,1,−1)Π1

Πϵ (C1,1,1,−1)Πϵ = (C∗
1,−1,1,1)Πϵ =

(4π)2

Ba
1 Bb

1

iπ m2
am2

b

√
β2−1

3

Table 14. Π momentum structures.
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H terms Non-zero contributions to A or C coefficients

H1 (Aj
2,0)H1 = 4π

Bj
2

2π3/2m4
am4

b(β2−1)
9
√

5

(C2,2,2,−2)H1 = (C2,−2,2,2)H1 = (4π)2

Ba
2 Bb

2

(πm4
am4

bβ2)
30

(C2,1,2,−1)H1 = (C2,−1,2,1)H1 = (4π)2

Ba
2 Bb

2

(−πm4
am4

bβ)
30

(C2,0,2,0)H1 = (4π)2

Ba
2 Bb

2

πm4
am4

b(β2+2)
90

(C1,0,1,0)H1 = (4π)2

Ba
1 Bb

1

(−πm4
am4

bβ2)
6

(C1,1,1,−1)H1 = (C1,−1,1,1)H1 = (4π)2

Ba
1 Bb

1

(πm4
am4

bβ)
6

H2 (Aj
2,0)H2 = (Aj

2,0)H1

(C2,2,2,−2)H2 = (C2,−2,2,2)H2 = (C2,−2,2,2)H1

(C2,1,2,−1)H2 = (C2,−1,2,1)H2 = (C2,−1,2,1)H1

(C2,0,2,0)H2 = (C2,0,2,0)H1

(C1,0,1,0)H2 = −(C1,0,1,0)H1

(C1,1,1,−1)H2 = (C1,−1,1,1)H2 = −(C1,1,1,−1)H1

H3 (Aj
2,0)H3 = (Aj

2,0)H1

(C2,2,2,−2)H3 = (C2,−2,2,2)H3 = (4π)2

Ba
2 Bb

2

(−πm4
am4

b(β2−1))
30

(C2,0,2,0)H3 = (4π)2

Ba
2 Bb

2

πm4
am4

b(β2−1)
90

(C1,0,1,0)H3 = (4π)2

Ba
1 Bb

1

(−πm4
am4

b(β2−1))
6

H4 (Aj
2,0)H4 = (Aj

2,0)H1

(C2,2,2,−2)H4 = (C2,−2,2,2)H4 = (C2,−2,2,2)H3

(C2,0,2,0)H4 = (C2,0,2,0)H3 , (C1,0,1,0)H4 = −(C1,0,1,0)H3

Table 15. H momentum structures.
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ΣK terms Non-zero contributions to A or C coefficients

Σ1K1 (C2,2,2,−2)Σ1K1 = (C2,−2,2,2)Σ1K1 = (4π)2

Ba
2 Bb

2

(πm3
am3

bβ)
15

(C2,1,2,−1)Σ1K1 = (C2,−1,2,1)Σ1K1 = (4π)2

Ba
2 Bb

2

(−πm3
am3

b(β2+1))
30

(C2,0,2,0)Σ1K1 = (4π)2

Ba
2 Bb

2

(πm3
am3

bβ)
15

(C1,0,1,0)Σ1K1 = (4π)2

Ba
1 Bb

1

(−πm3
am3

bβ)
3

(C1,1,1,−1)Σ1K1 = (C1,−1,1,1)Σ1K1 = (4π)2

Ba
1 Bb

1

(πm3
am3

b(β2+1))
6

Σ2K2 (C2,2,2,−2)Σ2K2 = (C2,−2,2,2)Σ2K2 = (C2,−2,2,2)Σ1K1

(C2,1,2,−1)H2 = (C2,−1,2,1)Σ2K2 = (C2,−1,2,1)Σ1K1

(C2,0,2,0)Σ2K2 = (C2,0,2,0)Σ1K1

(C1,0,1,0)Σ2K2 = −(C1,0,1,0)Σ1K1

(C1,1,1,−1)Σ2K2 = (C1,−1,1,1)Σ2K2 = −(C1,1,1,−1)Σ1K1

Σ3K1 (Aa
1,0)Σ3K1 = 4π

Ba
1

(4π3/2m3
am3

b

√
β2−1)

3
√

3

(Ab
1,0)Σ3K1 = 4π

Bb
1

(−4π3/2m3
am3

b

√
β2−1)

3
√

3

(C1,−1,2,1)Σ3K1 = (C1,1,2,−1)Σ3K1 = (4π)2

Ba
1 Bb

2

(−πm3
am3

bβ
√

β2−1)
6
√

5

(C2,−1,1,1)Σ3K1 = (C2,1,1,−1)Σ3K1 = (4π)2

Ba
2 Bb

1

(πm3
am3

bβ
√

β2−1)
6
√

5

(C1,0,2,0)Σ3K1 = (4π)2

Ba
1 Bb

2

(πm3
am3

b

√
β2−1)

3
√

15

(C2,0,1,0)Σ3K1 = (4π)2

Ba
2 Bb

1

(−πm3
am3

b

√
β2−1)

3
√

15
Σ4K2 (Aa

1,0)Σ4K2 = (Aa
1,0)Σ3K1 , (Ab

1,0)Σ4K2 = −(Ab
1,0)Σ3K1

(C1,−1,2,1)Σ4K2 = (C1,1,2,−1)Σ4K2 = (C1,−1,2,1)Σ3K1

(C2,−1,1,1)Σ4K2 = (C2,1,1,−1)Σ4K2 = −(C2,−1,1,1)Σ3K1

(C1,0,2,0)Σ4K2 = (C1,0,2,0)Σ3K1

(C2,0,1,0)Σ4K2 = −(C2,0,1,0)Σ3K1

Table 16. ΣK momentum structures.
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ΠϵΣ terms Non-zero contributions to A or C coefficients

ΠϵΣ1 (C2,2,2,−2)ΠϵΣ1 = (C2,−2,2,2)∗ΠϵΣ1
= (4π)2

Ba
2 Bb

2

(−iπm3
am3

b

√
β2−1)

15

(C2,1,2,−1)ΠϵΣ1 = (C2,−1,2,1)∗ΠϵΣ1
= (4π)2

Ba
2 Bb

2

(iπm3
am3

bβ
√

β2−1)
30

(C1,1,1,−1)ΠϵΣ1 = (C1,−1,1,1)∗ΠϵΣ1
= (4π)2

Ba
1 Bb

1

(−iπm3
am3

b

√
β2−1)

6

ΠϵΣ2 (C2,2,2,−2)ΠϵΣ2 = (C2,−2,2,2)∗ΠϵΣ2
= (C2,2,2,−2)∗ΠϵΣ1

(C2,1,2,−1)ΠϵΣ2 = (C2,−1,2,1)∗ΠϵΣ2
= (C2,1,2,−1)∗ΠϵΣ1

(C1,1,1,−1)ΠϵΣ2 = (C1,−1,1,1)∗ΠϵΣ2
= (C1,1,1,−1)ΠϵΣ1

ΠϵΣ3 (C1,−1,2,1)ΠϵΣ3 = −(C1,1,2,−1)ΠϵΣ3 = (4π)2

Ba
1 Bb

2

(−iπm3
am3

b(β2−1))
6
√

5

(C2,−1,1,1)ΠϵΣ3 = −(C2,1,1,−1)ΠϵΣ3 = (4π)2

Ba
2 Bb

1

(iπm3
am2

b(β2−1))
6
√

5
ΠϵΣ4 (C1,−1,2,1)ΠϵΣ4 = −(C1,1,2,−1)ΠϵΣ4 = −(C1,−1,2,1)ΠϵΣ3

(C2,−1,1,1)ΠϵΣ4 = −(C2,1,1,−1)ΠϵΣ4 = (C2,−1,1,1)ΠϵΣ3

Table 17. ΠϵΣ momentum structures.

ΠϵK or ΣΣ terms Non-zero contributions to A or C coefficients

ΠϵK1 (C2,2,2,−2)ΠϵK1 = (C2,−2,2,2)∗ΠϵK1
= (4π)2

Ba
2 Bb

2

(−iπm4
am4

bβ
√

β2−1)
30

(C2,1,2,−1)ΠϵK1 = (C2,−1,2,1)∗ΠϵK1
= (4π)2

Ba
2 Bb

2

(iπm4
am4

b

√
β2−1)

60

(C1,1,1,−1)ΠϵK1 = (C1,−1,1,1)∗ΠϵK1
= (4π)2

Ba
1 Bb

1

(−iπm4
am4

b

√
β2−1)

12

ΠϵK2 (C2,2,2,−2)ΠϵK2 = (C2,−2,2,2)∗ΠϵK2
= (C2,2,2,−2)∗ΠϵK1

(C2,1,2,−1)ΠϵK2 = (C2,−1,2,1)∗ΠϵK2
= (C2,1,2,−1)∗ΠϵK1

(C1,1,1,−1)ΠϵK2 = (C1,−1,1,1)∗ΠϵK2
= (C1,1,1,−1)ΠϵK1

Σ1Σ3 (Aa
1,0)Σ1Σ3 = 4π

Ba
1

(8π3/2m2
am2

bβ
√

β2−1)
3
√

3

(Ab
1,0)Σ1Σ3 = 4π

Bb
1

(−8π3/2m2
am2

bβ
√

β2−1)
3
√

3

(C1,−1,2,1)Σ1Σ3 = (C1,1,2,−1)Σ1Σ3 = (4π)2

Ba
1 Bb

2

(−πm2
am2

b

√
β2−1)

3
√

5

(C2,−1,1,1)Σ1Σ3 = (C2,1,1,−1)Σ1Σ3 = (4π)2

Ba
2 Bb

1

(πm2
am2

b

√
β2−1)

3
√

5

(C1,0,2,0)Σ1Σ3 = (4π)2

Ba
1 Bb

2

(2πm2
am2

bβ
√

β2−1)
3
√

15

(C2,0,1,0)Σ1Σ3 = (4π)2

Ba
2 Bb

1

(−2πm2
am2

bβ
√

β2−1)
3
√

15
Σ2Σ4 (Aa

1,0)Σ2Σ4 = (Aa
1,0)Σ1Σ3

(Ab
1,0)Σ2Σ4 = −(Ab

1,0)Σ1Σ3

(C1,−1,2,1)Σ2Σ4 = (C1,1,2,−1)Σ2Σ4 = C1,−1,2,1)Σ1Σ3

(C2,−1,1,1)Σ2Σ4 = (C2,1,1,−1)Σ4Σ4 = −(C2,−1,1,1)Σ1Σ3

(C1,0,2,0)Σ2Σ4 = (C1,0,2,0)Σ1Σ3

(C2,0,1,0)Σ2Σ4 = −(C2,0,1,0)Σ1Σ3

Table 18. ΠϵK or ΣΣ momentum structures.
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E SMEFT operators leading to the anomalous HV V couplings

The effective couplings of the Higgs Characterisation model that have been analysed in
section 5.2 can be related to SMEFT operators in the Warsaw basis [85]. In table 19 we list
a few examples, denoting directly the effective couplings with the corresponding κ’s.

κ CP SMEFT Operators
κSM even OφD, Oφ□

κHγγ even OφW , OφB, OφW B

κHZγ even OφW , OφB, OφW B

κHZZ even OφW , OφB, OφW B

κAZZ odd O
φW̃

, O
φB̃
, O

φW̃ B

Table 19. SMEFT operators [85] related to each Higgs Characterisation effective coupling considered
in section 5.2.
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