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PARTIAL REGULARITY OF SEMICONVEX VISCOSITY

SUPERSOLUTIONS TO FULLY NONLINEAR ELLIPTIC HJB EQUATIONS

AND APPLICATIONS TO STOCHASTIC CONTROL

SALVATORE FEDERICO, GIORGIO FERRARI, AND MAURO ROSESTOLATO

Abstract. In this note, we show that a locally semiconvex viscosity supersolution of a possibly
degenerate fully nonlinear elliptic Hamilton–Jacobi–Bellman (HJB) equation is differentiable
along the directions spanned by the range of the coefficient matrix associated with the second-
order term. The proof combines tools from convex analysis with a contradiction argument.
This result has significant implications for stationary stochastic control problems. In drift-
control problems, it enables the construction of a candidate optimal feedback control in the
classical sense and the establishment of a verification theorem. Moreover, in optimal stopping
and impulse control problems, when the second-order term is nondegenerate, the value function
is shown to be continuously differentiable.

Keywords: viscosity solution; semiconvexity; Hamilton-Jacobi-Bellman equation; stochastic
control; optimal stopping; impulse stochastic control; feedback control; smooth-fit principle.

MSC2020 subject classification: 35D40, 26B25, 35R35, 49L25, 49J40, 60G40.

1. Introduction

Let A be a nonempty set, O ⊆ Rn open, σ : O×A→ Rn×m, β : O×A→ Rn, g, ρ : O×A→ R,
and define

(1.1) L(a, x, r, p, P ) := g(x, a) + 〈β(x, a), p〉+
1

2
Tr (σ(x, a)σ∗(x, a)P )− ρ(x, a)r,

and

(1.2) H(x, r, p, P ) := sup
a∈A
L(a, x, r, p, P ), x ∈ O, r ∈ R, p ∈ Rn, P ∈ Sn,

where Sn denotes the set of real symmetric n×n matrices. We consider the stationary Hamilton-
Jacobi-Bellman (HJB) equation

(1.3) H(x, v(x), Dv(x), D2v(x)) = 0.

Given a locally semiconvex viscosity supersolution v to this (possibly degenerate) fully nonlinear
elliptic PDE, we prove in Theorem 2.3 that v is continuously differentiable along any direction
in the range of the coefficient σ(x, a) as a varies in the set A.

Regularity of semiconvex viscosity supersolutions for a class of fully nonlinear, nondegenerate
PDEs has been studied in [2]. Here, we focus on partial regularity for possibly degenerate HJB-
type PDEs as described above.

Our results have immediate consequences for stationary, discounted stochastic optimal control
problems for multi-dimensional Itô diffusions X, including standard stochastic control problems,
as well as optimal stopping and impulse control problems. Indeed, the dynamic programming
principle implies that the value function V in these problems is a viscosity (super)solution of
the corresponding dynamic programming equation, and hence a viscosity supersolution of an
equation such as (1.3). Moreover, semiconvexity is a well-known property in (stochastic) optimal
control theory (see [5] and [27, Chapt. 4.4] for the regular control case).
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To the best of our knowledge, this is the first paper to link semiconvexity and the viscosity
supersolution property in order to establish partial regularity of the value function for regular
control, impulse control, and optimal stopping problems in a general setting. This partial
regularity is particularly relevant for regular control problems in which the control acts only
on the drift of the system. It also yields a directional smooth-fit principle, which is useful for
characterizing the optimal exercise boundary in stopping and impulse control problems. We
discuss these features in more detail below.

In regular stochastic control problems, the decision maker adjusts the drift and/or diffusion
coefficients of a stochastic differential equation (SDE) to optimize a performance criterion de-
pending on the state variable X and the control process. Semiconvexity (or semiconcavity) of
the value function is well-established when the problem data possess such properties (see [5] for
the deterministic case and [27, Prop. 4.5] for the stochastic case). Our result applies directly in
this context, allowing the construction of a candidate optimal control in feedback form and the
establishment of a verification theorem under the viscosity solution framework (see [27, Ch.5,
Sec.2]). Additionally, under hypoellipticity assumptions on the linear part of the second-order
operator, this partial regularity may lead to classical solutions of the HJB equation, providing
a stronger foundation for the verification theorem.

In optimal stopping problems, where the goal is to choose an optimal stopping time to max-
imize a performance criterion, the value function V typically satisfies a variational inequality.
Regularity properties such as the smooth-fit principle are crucial for understanding the struc-
ture of the continuation and stopping regions (see [23] for an exposition). Sobolev regularity of
viscosity solutions to fully nonlinear (parabolic and elliptic) obstacle problems has been studied
under uniform ellipticity by [3], [4], and [17] in bounded smooth domains, and more recently
by [9] for irregular obstacles and non-smooth domains. Our findings contribute by showing
C1-differentiability of semiconvex viscosity supersolutions to obstacle problems in relevant di-
rections, even in degenerate cases. In the nondegenerate setting, applied to optimal stopping,
this implies that it is never optimal to stop at points of non-differentiability of the obstacle.

For impulse control problems, in which the decision maker determines the timing and magni-
tude of jumps in the state process (see [1] and [21] for analytical and probabilistic expositions,
respectively), our approach provides a simple proof that semiconvexity and the viscosity su-
persolution property ensure directional differentiability of the value function. This facilitates
the characterization of optimal policies even in degenerate cases, where regularity results are
typically more difficult to obtain.

The rest of the paper is organized as follows. Section 2 introduces the setting and the main
result. Section 3 explores applications to drift-control problems, while Section 4 addresses
optimal stopping and impulse control problems.

Notation. Throughout the paper, the set N denotes the set of natural numbers N = {1, 2, . . . },
we let n,m ∈ N, and we use the notation Rn+ := (0,∞)n.

We denote by BR(x0) the open ball of radius R > 0 centered at x0 ∈ Rn. We write O ⊂ Rn for
an open set and C(O;Rn) (respectively, by C(O;Rn×m)) for the space of continuous functions
from O to Rn (respectively, from O to Rn×m). Furthermore, for k ∈ N, we let Ck(O;Rn)
(respectively, Ck(O;Rn×m)) be the space of functions from O to Rn (respectively, from O to
Rn×m) that are k times continuously differentiable. The gradient and the Hessian of C2 functions
are denoted by D and D2, respectively.

We write L(Rn) for the set of linear operators on Rn. By R(σ), we denote the range of a
matrix σ ∈ Rn×m. Also, with a slight abuse of notation, we shall use the symbol | · | both for
the Euclidean norm on Rn and for the Frobenius norm on Rn×m. The symbol 〈· , ·〉 denotes the
inner product on Rn.
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2. Partial regularity of semiconvex viscosity supersolutions to HJB equations

In this section, we state and prove our main result. In the following, given a subspace S ⊂ Rn,
and x ∈ O, we denote by D−S v(x) (resp., DSv(x)) the subdifferential (resp., differential) of the
restriction v|(x+S)∩O of v to (x+ S) ∩ O, that is,

D−S v(x) :=

p ∈ S : lim inf
y→x

y∈(x+S)∩O

v(y)− v(x)− 〈p, y − x〉
|y − x|

≥ 0

 ,

DSv(x) :=

p ∈ S : lim
y→x

y∈(x+S)∩O

v(y)− v(x)− 〈p, y − x〉
|y − x|

= 0

 .

In case S = Rn, we simply use D−v(x) (resp. Dv(x)) in place of D−Rnv(x) (resp. DRnv(x)).

Notice that, if DSv(x) is nonempty, then it is a singleton. With abuse of notation, we shall
identify a non-empty DSv(x) with its unique element. We denote by PS the projection of Rn
onto S. We recall the definitions of semiconvex function and of viscosity supersolution.

Definition 2.1 (Semiconvexity). We say that a function v : O → R is locally semiconvex if,
for each x0 ∈ O, there exists R > 0 with BR(x0) ⊂ O and cR ≥ 0 such that

v(λx+ (1− λ)y)− λv(x)− (1− λ)v(y) ≤ cRλ(1− λ)|x− y|2, ∀λ ∈ [0, 1], ∀x, y ∈ BR(x0).

Definition 2.2 (Viscosity supersolution). We say that v : O → R is a viscosity supersolution
to HJB (1.3) at x ∈ O if it is lower semicontinuous at x and, for every ϕ ∈ C2(O) such that
v − ϕ attains a local minimum at x, it holds

−H(x, v(x), Dϕ(x), D2ϕ(x)) ≥ 0.

We now turn to the main result.

Theorem 2.3. Let v : O → R be a locally semiconvex supersolution at each x ∈ O to HJB (1.3).

(i) Let R(x) := Span
{

R(σ(x, a)) : a ∈ A
}

and assume R(x) 6= {0}. Then, v is differentiable
at x along the subspace R(x), and

DR(x)v(x) = PR(x)D
−v(x).

(ii) Let D ⊂ O be open, and let {S(x)}x∈D be a family of non-trivial subspaces of Rn such that
S(x) ⊆ R(x) for each x ∈ D. Assume that this family of subspaces varies continuously
with x, in the sense that the map

PS : D → L(Rn), x 7→ PS(x)

is continuous.1 Then, the map

DSv : D → Rn, x 7→ DS(x)v(x)

is well-defined and continuous. In particular, if R(x) = Rn for all x ∈ D, then v ∈ C1(D).

1In particular, the map D → R, x 7→ dimS(x), must be constant on each connected component of D. On
the other hand, if there exists a selection {ax}x∈D ⊆ A such that, dim R(σ(x, ax)) is non-zero and constant on
each connected component of D, and such that D → Rn×m, x 7→ σ(x, ax), is continuous, then such assumption
is satisfied for S(x) = R(σ(x, ax)).
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Proof. We prove the two items separately.

Proof of (i). We split the proof into three claims.

Claim I. Let a ∈ A be such that R (σ(x, a)) 6= {0}, and let h ∈ R (σ(x, a)) \ {0}. Then v is
differentiable at x along the direction h.

Let x, h be as in Claim I. Without loss of generality, up to translation, we can assume x = 0.
Since v is locally semiconvex, by [5, Prop. 1.1.3] (equivalences (a)–(c)), there exist a neighbour-
hood U ⊂ O of 0, a convex function v0 : U → R, and κ ≥ 0 such that

(2.1) v(y) = v0(y)− κ

2
|y|2, ∀y ∈ U .

By (2.1), it is sufficient to show that v0 is differentiable at 0 along the direction h. Assume, by
contradiction, that it is not. Then, by [25, Theorem 23.4], there exist p1, p2 ∈ D−v0(0) such
that

(2.2) 〈p1, h〉 < 〈p2, h〉.

By convexity of v0, we have

(2.3) v0(y) ≥ v0(0) + 〈p1, y〉 ∨ 〈p2, y〉 ∀y ∈ U .

Since h ∈ R (σ(0, a)) \ {0}, there exists ĥ ∈ Rm such that h = σ(0, a)ĥ. Then inequality (2.2)
entails

(2.4) σ∗(0, a)(p1 − p2) 6= 0.

For j ∈ N, let ρj : R→ R be a function with the following properties:

ρj(0) = 0(2.5a)

ρj(t) = ρj(−t) ∀t ∈ R(2.5b)

ρj(t) ≤ |t| ∀t ∈ R(2.5c)

ρj ∈ C2(R)(2.5d)

ρ′j(0) = 0(2.5e)

ρ′′j (0) = λj := 4
j + κ|σ(0, a)|2

|σ∗(0, a)(p1 − p2)|2
(2.5f)

For example, the function ρj(t) = −λ3j t4 +
λj
2
t2 fulfills the requirements (2.5a)–(2.5f). Now,

define

ϕ̂j : Rn → R, ϕ̂j(y) := ρj

(
1

2
|〈p1 − p2, y〉|

)
+

1

2
〈p1 + p2, y〉 ∀y ∈ Rn.

Then, by (2.5b),

ϕ̂j(y) = ρj

(
1

2
〈p1 − p2, y〉

)
+

1

2
〈p1 + p2, y〉 ∀y ∈ Rn.

The last expression tells us that ϕ̂j ∈ C2(Rn), and

(2.6a) Dϕ̂j(0) =
1

2
(p1 + p2)

(2.6b) 〈D2ϕ̂j(0)y, z〉 =
1

4
ρ′′j (0)〈p1 − p2, y〉〈p1 − p2, z〉 ∀y, z ∈ Rn.
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Moreover, for all y ∈ U ,

ϕ̂j(y)− κ

2
|y|2 ≤

(by (2.5c))

1

2
|〈p1 − p2, y〉|+

1

2
〈p1 + p2, y〉 −

κ

2
|y|2

= 〈p1, y〉 ∨ 〈p2, y〉 −
κ

2
|y|2

≤
(by (2.3))

v0(y)− κ

2
|y|2 − v0(0)

≤
(by (2.1))

v(y)− v(0).

(2.7)

Define
ϕj(y) := ϕ̂j(y)− κ

2
|y|2 ∀y ∈ Rn.

By (2.6a) and (2.6b), we have

(2.8a) Dϕj(0) =
1

2
(p1 + p2)

(2.8b) 〈D2ϕj(0)y, z〉 =
1

4
ρ′′j (0)〈p1 − p2, y〉〈p1 − p2, z〉 − κ〈y, z〉 ∀y, z ∈ Rn.

By (2.8b),

Tr
(
σ∗(0, a)D2ϕj(0)σ(0, a)

)
=

1

4
ρ′′j (0)|σ∗(0, a)(p1 − p2)|2 − κ|σ(0, a)|2 =

(recalling (2.5f))
j.(2.9)

By (2.7), v−ϕj attains a local minimum at 0. Since v is a viscosity supersolution at 0 of (1.3),
by recalling (2.8a) and (2.9) we must have, for all j ∈ N,

0 ≥ H
(

0, v(0), Dϕj(0), D2ϕj(0)
)

≥ L
(
a, 0, v(0), Dϕj(0),Tr

(
σ∗(0, a)D2ϕj(0)σ(0, a)

))
= L

(
a, 0, v(0),

1

2
(p1 + p2), j

)
= g(0, a) +

1

2
〈β(0, a), p1 + p2〉+

j

2
− ρ(0, a)v(0),

(2.10)

Letting j →∞ in (2.10), we obtain

0 ≥ lim
j→∞

(
g(0, a) +

1

2
〈β(0, a), p1 + p2〉+

j

2
− ρ(0, a)v(0)

)
= +∞,

which provides the desired contradiction and completes the proof of Claim I.

Claim II. Let h ∈ R(x) \ {0}. Then v is differentiable at x along the subspace Rh := Span{h}.
As done to prove Claim I, we can assume x = 0, and we show that the convex function v0
introduced above is differentiable at 0 along the subspace Rh. By definition of R(0), we
have h = h1 + . . . + hk, with h1 ∈ R(σ(0, a1)), . . . , hk ∈ R(σ(0, ak)), for some a1, . . . , ak ∈ A.
By Claim I, we know that v0 is differentiable at 0 along each subspace Rhj with differential
DRhjv0(0). By [25, Theorem 25.2] we conclude.

Claim III. The function v is differentiable at x along the subspace R(x), and

DR(x)v(x) = PR(x)D
−v(x).

Let v0 be as in the proof of Claim I. By Claim II, we know that v0 is differentiable along each
h ∈ R(x). Then, taking into account [25, Theorem 23.4], PR(x)D

−v0(x) must be a singleton, and

so the same holds true for PR(x)D
−v(x). On the other hand, again due to the differentiability of



6 FEDERICO, FERRARI, AND ROSESTOLATO

v0 along each h ∈ R(x), and by applying [25, Theorems 23.4 and 25.1] to the restriction v0|R(x),

we have that D−R(x)v0 is a singleton and that v0 is differentiable at x along R(x), and so the same

holds true for v. Moreover, by the very definition, we always have D−R(x)v(x) ⊇ PR(x)D
−v(x).

It then follows DR(x)v(x) = PR(x)D
−v(x).

Proof of (ii). By (i), v is differentiable at x along R(x), hence along S(x), and so the map
DSv is well-defined. Moreover, since we clearly have DS(x)v(x) = PS(x)DR(x)v(x), by (i) we also

have DS(x)v(x) = PS(x)D
−v(x). It remains to argue why x 7→ PS(x)D

−v(x) is continuous on D.
But this is a straightforward consequence of [5, Prop. 3.3.4(a)] and the continuity of PS , after
recalling that D−v is locally bounded on D. The final statement of (ii) is derived by setting
S(x) := R(x) = Rn. �

3. Applications to stochastic drift-control problems

In this section, we illustrate some applications of our results to specific classes of stochastic
optimal control problems. Let (Ω,F ,F := (Ft)t≥0,P) be a complete filtered probability space,
where (Wt)t≥0 is an m-dimensional Brownian motion with respect to (F,P).

3.1. Partial regularity of the value function. Let A be a Borel space, and let A denote a
suitable subset of A-valued F-progressively measurable processes. We consider functions β : Rn×
A → Rn and σ : Rn → Rn×m, both assumed to be measurable, and study the drift-controlled
stochastic differential equation (SDE):

(3.1)

{
dXt = β(Xt, αt)dt+ σ(Xt)dWt, t > 0,

X0 = x ∈ Rn,

where α ∈ A. Next, consider a measurable cost function g : R+ × Rn × A → R and a discount
rate ρ : Rn → R+. The value function of the stochastic control problem is

V (x) := sup
α∈A
J (x;α), x ∈ Rn,

where the objective functional J : Rn ×A → R is given by

J (x;α) := E

[∫ ∞
0

e−
∫ t
0 ρ(Xs)dsg(Xt, αt)dt

]
, x ∈ Rn, α ∈ A.

We assume that the SDE (3.1) admits a unique strong solution such that the functional
J (x, α) is well-defined and finite for all x ∈ Rn and α ∈ A, and that the value function V is also
finite for all x ∈ Rn. For some standard assumptions, guaranteeing the previous properties, we
refer to Remark 3.1(i).

Under appropriate conditions, it can be shown (see Remark 3.1(ii)) that V is continuous
and satisfies the Dynamic Programming Principle (DPP). As a consequence, V can be typically
shown to be a viscosity solution to the associated semilinear Hamilton-Jacobi-Bellman (HJB)
equation:

H(x, v(x), Dv(x), D2v(x)) = 0,

where

H(x, r, p, P ) := sup
a∈A

{
g(x, a) + 〈β(x, a), p〉

}
+

1

2
Tr[σ(x)σ∗(x)P ]− ρ(x)r.

for x ∈ Rn, r ∈ R, p ∈ Rn, and P ∈ Sn. Moreover, by direct estimates on the functional J , it is
often possible to prove that V is locally semiconvex (see Remark 3.1(iii)). This in turn allows
us to apply our Theorem 2.3 above, yielding the partial regularity of V .
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Remark 3.1. (i) Typical requirements for the well-posedness of the control problem are the
following ones: The coefficients β, σ, g, ρ are Lipschitz-continuous and satisfy suitable
growth conditions (notice that Lipschitz-continuity uniform over A and sublinear growth
in x of β and σ guarantee existence and uniqueness of a strong solution to the controlled
SDE 3.1); ρ is sufficiently large (with respect to the growth of g and the expected growth
of X) in order to guarantee finiteness of the control functional and of the value function.
We refer, e.g., to [24, Ch. 3].

Clearly, those requirements are only sufficient and one may try, depending on problem’s
data, to treat also settings in which the controlled SDE has not Lipschitz coefficients. For
instance, in dimension 1, there is a well-established theory of existence and uniqueness
of strong solutions to SDEs with non-Lipschitz data (see [19]); in this regard, a relevant
example in mathematical finance is the Cox-Ingersoll-Ross process.

(ii) The fact that V satisfies a Dynamic Programming Principle and that it is a viscosity
solution to the associated HJB equation is quite standard in stochastic optimal control:
The interested reader may refer to [24, Chapters 3 and 4]. It is worth noticing that, in
order to apply Theorem 2.3, it is only needed that V is a viscosity supersolution to the
HJB equation, a property that directly follows from the “easy direction” of the DPP.

(iii) Semiconvexity of the value function of maximization problems in stochastic control is a well
established result when the data are semiconvex. In particular, extending to the infinite
time-horizon discounted case the approach followed in the proof of [27, Prop. 4.5], one can
show that V is semiconvex if the following conditions are satisfied: (a) The discount rate
ρ is such that infx∈Rn ρ(x) ≥ ρo, for some ρo > 0 large enough; (b) g is semiconvex in x,
uniformly with respect to a ∈ A; (c) β, σ are differentiable with respect to x and such that
there exists L > 0 such that

|βx(x̄, a)− βx(x, a)|+ |σx(x̄)− σx(x)| ≤ L|x̄− x|, ∀x, x̄ ∈ Rn, a ∈ A.

3.2. Partial regularity for optimal feedback maps and regularity upgrade. The partial
regularity of the value function V plays a crucial role in constructing optimal feedback (or
synthesis) maps for stochastic drift-control problems. Additionally, it serves as an intermediate
step toward attaining higher regularity in the solution. These aspects are heuristically illustrated
below (we refer, in particular, to [10] for a specific example demonstrating the application of
these methods).

Consider the stochastic drift-control problem discussed in the previous subsection, but now
with controlled dynamics having the following separable structure of the drift:{

dXt = β1(Xt, αt)dt+ β0(Xt)dt+ σ(Xt)dWt, ∀t > 0,

X0 = x ∈ Rn.

The associated HJB equation reads as

(3.2) L0v(x) +N (x,Dv(x)) = 0,

where

L0v(x) := 〈β0(x), Dv(x)〉+
1

2
Tr[σ(x)σ∗(x)D2v(x)]− ρ(x)v(x),

N (x,Dv(x)) := sup
a∈A

{
g(x, a) + 〈β1(x, a), Dv(x)〉

}
.

Notice that L0 is a linear operator. In contrast, the structure of the nonlinear operator N –
which is the one involved in the optimization – depends only on the projection of Dv onto the
subspaces R(β1(x, a)) for a ∈ A. Precisely, interpreting

〈β1(x, a), Dv(x)〉 = 〈β1(x, a), DR(β1(x,a))v(x)〉
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and letting

S(x) := Span
⋃
a∈A

R(β1(x, a)),

we can rewrite

N (x,Dv(x)) = N̂ (x,DS(x)v(x)) := sup
a∈A

{
g(x, a) +

〈
β1(x, a), DS(x)v(x)

〉}
.

Now, our result provides the existence, at each x ∈ Rn, of DR(σ(x))v(x) for any semiconvex
supersolution v to (3.2) (in particular, for the value function V of the optimal control problem).
Hence, if

(3.3) S(x) ⊆ R(σ(x)),

we can give a classical sense to the nonlinear term N̂ (x,DS(x)v(x)). This proves to be important
for two key aspects.

(1) The candidate optimal feedback map of the stochastic control problem is then well-
defined (in the classical sense) as the multivalued map

G(x) := argmaxa∈A

{
g(x, a) +

〈
β1(x, a), DS(x)V (x)

〉}
.

Using this map, one may then aim to establish a verification theorem within the frame-
work of viscosity solutions to show that G is an optimal feedback map (see, e.g., [27,
Ch. 5, Sec. 2]; see also, in a deterministic setting, [11] for a finite-dimensional problem,
and [14, 12] for an infinite-dimensional one).

(2) One might also go further to improve the regularity. We provide only a sketch of the
argument, which must be rigorously developed on a case-by-case basis. We refer to [10]
for an example. By freezing f(x) := DS(x)V (x) in the HJB equation, V becomes a
viscosity solution to the linear PDE:

(3.4) L0v(x) + N̂ (x, f(x)) = 0.

Now, if the operator L0 is hypoelliptic (see [16] for the so-called Hörmander conditions),
then, under suitable assumptions on the data, we are in the position of claiming that
there exists a classical solution v ∈ C2 to (3.4) on balls BR, with Dirichlet boundary
condition v = V on ∂BR. Notice that the C2-property is due to the fact that Hörmander
conditions guarantee existence of a smooth transition density for the uncontrolled Itô-
diffusion process having L0 as infinitesimal generator. Then, by standard results on
uniqueness of viscosity solutions (see, e.g., [7]), it is matter to identify V with v and
thus conclude that V ∈ C2. As a byproduct of this regularity of V , it becomes possible
to prove a classical verification theorem (see, [27, Ch. 5, Sec. 1]), demonstrating that G
from item (1) above is indeed an optimal feedback map.

Remark 3.2. In the discussion above, the key assumption (3.3) aligns with a well-established
condition for the nonlinear part of the Hamiltonian, commonly found in the literature on stochas-
tic optimal control and semilinear HJB equations. This theoretical framework, pioneered by the
seminal work of Pardoux and Peng [22], offers a probabilistic representation of semilinear PDEs,
analogous to the Feynman-Kac formula for linear PDEs, through systems of forward-backward
SDEs.

4. Applications to Optimal Stopping and Impulse Control

Throughout this section, let (Ω,F ,F,P) be again a complete filtered probability space, with
filtration F satisfying the usual conditions of completeness and right-continuity, on which it is
defined an Rm-valued Brownian motion W := (Wt)t≥0 with respect to (F ,P). Furthermore, we
shall denote by T the set of F-stopping times.
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4.1. Optimal Stopping Problems. In this section we provide an application of Theorem 2.3
to the problem of optimal stopping of a multi-dimensional Itô-diffusion.

Let β : Rn → Rn and σ : Rn → Rn×m be measurable and such that the stochastic differential
equation

(4.1) dXt = β(Xt)dt+ σ(Xt)dWt, t > 0, X0 = x ∈ Rn,

admits a unique strong solution, denoted by (Xx
t )t≥0. Introduce the optimal stopping problem

(4.2) V (x) := sup
τ∈T

E
[
e−

∫ τ
0 ρ(Xx

s )ds g(Xx
τ )
]
, x ∈ Rn,

for ρ : Rn → R+ measurable, and g ∈ C(Rn;R).

Assuming then that the stopping functional E[e−
∫ τ
0 ρ(Xx

s )ds g(Xx
τ )] is well defined for any τ ∈ T

and that V is finite and locally semiconvex, one has that both claims of Theorem 2.3 apply to
V . To see this, notice that taking O = Rn, and easily adapting to our stationary discounted
setting the first step of the proof of [26, Thm. 7.7], one has that V is a viscosity supersolution
to

(4.3) min
{
− Lv(x), v(x)− g(x)

}
= 0, x ∈ Rn,

where (cf. (1.1) with g ≡ 0)

Lv(x) := 〈β(x), Dv(x)〉+
1

2
Tr
(
σ(x)σ∗(x)D2v(x)

)
− ρ(x)v(x).

Hence, V is a viscosity supersolution to (1.3), with H = L.

Remark 4.1. As already noticed, Lipschitz-continuity and sublinear growth conditions on β and
σ are typical assumptions to guarantee existence and uniqueness of a strong solution to (4.1).
Furthermore, polynomial growth condition on g, ρ sufficiently large, and the aforementioned
Lipschitz-property of β, σ yield that – due to standard moments estimates for solutions to SDEs
– stopping functional and value V are well defined and actually finite.

Remark 4.2. Notice that, in the discussion above we are only using that V is a viscosity
supersolution to the linear part of the variational inequality (4.3). The proof of this viscosity
supersolution property directly derives from the “easy direction” of the dynamic programming
principle (see, e.g., the first step of the proof of [26, Thm. 7.7]).

Remark 4.3. The assumption of local semiconvexity of V must be verified on a case-by-
case basis. See Remark 4.4 below for a relevant example. However, taking, e.g., ρ such that
infx∈Rn ρ(x) ≥ ρo, for some ρo > 0 large enough, standard estimates on solutions to stochastic
differential equations employing Grönwall lemma and the Burkholder-Davis-Gundy inequality
(see, e.g., the estimates in the proof of [27, Prop. 4.5] for a finite time-horizon control problem)
guarantee that if, for λ ∈ [0, 1], L > 0, M > 0, p ≥ 2, and for every x, x̄ ∈ Rn

|h(x)| ≤ L(1 + |x|),
|h(x̄)− h(x)| ≤ L|x̄− x|,

h(λx̄+ (1− λ)x)− λh(x̄)− (1− λ)h(x) ≤ Lλ(1− λ)|x̄− x|2,

for h ∈ {β, σ}, and

|g(x)| ≤M(1 + |x|p),
|g(x̄)− g(x)| ≤M(1 + |x̄|p−1 + |x|p−1)|x̄− x|,

g(λx̄+ (1− λ)x)− λg(x̄)− (1− λ)g(x) ≤Mλ(1− λ)(1 + |x̄|p−2 + |x|p−2)|x̄− x|2,
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then, for every x, x̄ ∈ Rn, one has

|V (x)| ≤M(1 + |x|p),
|V (x̄)− V (x)| ≤M(1 + |x̄|p−1 + |x|p−1)|x̄− x|,

V (λx̄+ (1− λ)x)− λV (x̄)− (1− λ)V (x) ≤Mλ(1− λ)(1 + |x̄|p−2 + |x|p−2)|x̄− x|2.

Remark 4.4. A benchmark relevant example from Mathematical Finance under which V is
locally semiconvex (actually, convex) is that of an exchange-of-baskets problem (see [6, 18, 20])
in which, for i, j ∈ {1, . . . , n}, for some µi ∈ R and some aij ≥ 0,

bi(x) = µixi, σij(x) = aijxi, ρ(x) = ρo > max
i=1,...,n

µi, x ∈ Rn+,

and where

g(x) =
(
K −

n∑
i=1

xi

)+
, x ∈ Rn+,

for some strike price K > 0.

4.2. Impulse control problems. In this section, we consider the case of an impulse control
problem for a multi-dimensional Itô-diffusion process.

Consider the set A of all the couples a := {(τi, ξi)}i∈N, where:

(a) τi ∈ T , such that τi ≤ τi+1 over the set {τi < ∞}, for any i ∈ N, and limi→∞ τi = ∞
P-a.s.;

(b) ξi ∈ Rn, such that ξi ∈ Fτi , for any i ∈ N,

Let β : Rn → Rn and σ : Rn → Rn×m measurable and such that, for any a ∈ A, there exists
a unique (up to indistinguishability) F-adapted càdlàg process (Xx,a

t )t≥0 solving in the strong
sense the following SDE in integral form:

(4.4) Xx,a
t = x+

∫ t

0
b(Xx,a

s )ds+

∫ t

0
σ(Xx,a

s )dWs +
∑

i∈N : τi≤t
ξi, t ≥ 0−, x ∈ Rn.

For measurable functions g : Rn → R+, ρ : Rn → R+, and constants c0 > 0, c1 > 0, introduce
the optimal impulse control problem

(4.5) V (x) := sup
a∈A

E

[ ∫ ∞
0

e−
∫ t
0 ρ(X

x,a
s )dsg(Xx,a

t )dt−
∑
i∈N

e−
∫ τi
0 ρ(Xx,a

s )ds
(
c0|ξi|+ c1

)]
, x ∈ Rn.

where the impulse control functional is given by

J (x; a) := E

[ ∫ ∞
0

e−
∫ t
0 ρ(X

x,a
s )dsg(Xx,a

t )dt−
∑
i∈N

e−
∫ τi
0 ρ(Xx,a

s )ds
(
c0|ξi|+ c1

)]
, x ∈ Rn, a ∈ A.

If the impulse control functional is well defined and V is finite and locally semiconvex, then
both claims of Theorem 2.3 apply to V .

As a matter of fact, to see this it is enough to take O = Rn and exploit the second step in the
proof of [21, Thm. 12.8] (see also [15, Thm. 3.2]), to prove that V is a viscosity supersolution to

(4.6) min
{
− Lv(x)− g(x), v(x)−Mv(x)

}
= 0, x ∈ Rn,

for Mv(x) := supξ∈Rn
(
v(x+ ξ)− c0|ξ| − c1

)
and (cf. (1.1))

Lv(x) := g(x) + 〈β(x), Dv(x)〉+
1

2
Tr
(
σ(x)σ∗(x)D2v(x)

)
− ρ(x)v(x).

Hence, V is a viscosity supersolution to (1.3), with H = L.
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Remark 4.5. The impulse control functional J is well defined over Rn × A (but potentially
infinite) if

E
[∑
i∈N

e−
∫ τi
0 ρ(Xx,a

s )ds
(
|ξi|+ 1

)]
<∞.

Finiteness of the value function V is typically achieved by assuming suitable growth conditions
on g, sublinear growth and Lipschitz-continuity of β, σ (which, in particular, also ensure well-
posedness of the controlled SDE) and taking the discount factor ρ sufficiently large (to compensate
the growth of g and the expected trend of the controlled process).

Remark 4.6. As for the previous cases of drift-control and stopping problems, in this section
we are only using that V is a viscosity supersolution to the linear part of the quasi-variational
inequality (4.6). Again, the proof of such viscosity supersolution property directly derives from
the “easy direction” of the dynamic programming principle.

Remark 4.7. The assumption of local semiconvexity of V needs to be verified on a case by
case basis. Typically, this is true if the discount rate ρ is sufficiently large and if g is locally
semiconvex and satisfies suitable growth conditions. Precise estimates have been obtained in
[13], in a one-dimensional setting. However, it is easily seen that the approach developed in [13]
(under Assumptions 2.1 and 3.3 therein) can be extended to multi-dimensional frameworks as
well in order to ensure the desired local semiconvexity of V as in (4.5).

Remark 4.8. Statements similar to those for impulse and optimal stopping problems can be
made also for a singular stochastic control problem of the form

(4.7) V (x) := sup
ν∈A

E

[ ∫ ∞
0

e−
∫ t
0 ρ(X

x,ν
s )dsg(Xx,ν

t )dt−
∫
[0,∞)

e−
∫ τi
0 ρ(Xx,ν

s )dsc0d|ν|t
]
, x ∈ Rn.

Here: A is the set of F-adapted, Rn-valued stochastic process ν with paths that are càdlàg,
locally of bounded variation (componentwise), and such that ν0− = 0 P-a.s.; |ν| denotes the total
variation process induced by ν ∈ A ( 2); (Xx,ν

t )t≥0 is the unique strong solution to

(4.8) Xx,ν
t = x+

∫ t

0
b(Xx,ν

s )ds+

∫ t

0
σ(Xx,ν

s )dWs + νt, t ≥ 0−, x ∈ Rn.

However, differently to optimal stopping and impulse control problems, in singular stochastic
control problems the C1-property of the value function is typically not sufficient for a charac-
terization of the optimal control, which in fact relies on a second-order smooth-fit property (i.e.
the C2-regularity of the value function in the direction of the controlled state variable).

Furthermore, under suitable concavity requirements, one can show that V is concave (see,
e.g., [8] and references therein). This, combined with the (local) semiconvexity of V actually

already implies V ∈ C1,Lip
loc (Rn).
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40126, Bologna, Italy

Email address: s.federico@unibo.it

G. Ferrari: Center for Mathematical Economics (IMW), Bielefeld University, Universitätsstrasse
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