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Abstract
Sloshing is the nonlinear dynamical behaviour of a liquid undergoing free-surface oscillations within an accelerated, partially
filled vessel. In industrial scenarios, when liquid-filled containers are transported between stations in processing or packaging
lines, liquid sloshing often needs to be limited to prevent undesirable effects, such as spillage or disruption of operations.
In this case, reliable and near real-time models are needed to optimize the liquid behavior under specific container motions.
Since typical pick-and-place operations involve 3D translational paths combined with a rotation about a fixed-orientation
axis, this paper extends the sloshing-height-estimation models previously developed by the authors for translational motions
and cylindrical containers, to take into account an additional rotation either about a vertical axis (known as SCARA motion) or
around a horizontal axis with a fixed direction (denoted as Tilting motion). The presented approach, based on two equivalent
discrete mechanical models, i.e. the mass-spring-damper and the pendulum, exhibits meaningful merits: it is computationally
cheap, it requires no experimental assessment of the model parameters, and it needs no external sensor readings. Several
sloshing-height formulations are proposed for the two models and an extensive experimental campaign is conducted to assess
the effectiveness and the limitations of the most promising formulations for both models. Experiments cover configurations
in which the ratio of the static liquid height to the container radius ranges from 0.6 to 1.6, and including dynamic motions
with container accelerations up to 7.2m/s2 and 11.0rad/s2. All experimental data sets are distributed on a public repository
for future use by the community.
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1 Introduction

Sloshing is the oscillatory behavior of a liquid inside a
container subject to an acceleration. The study of liquid
sloshing is crucial in many engineering fields, ranging from
the aerospace and automotive sectors to the packaging-line
industry. In particular, in pharmaceutical and food-and-
beverage production lines, the transport of liquids usually
takes place in open cylindrical vessels or vials. These con-
tainers are often required not only to follow 1D or 2D
translational motions along transfer conveyors, but also to
be picked and placed between stations by industrial robots,
which usually perform 3D translational motions combined
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with a rotation about a constant-orientation axis, which can
be either vertical (SCARA motion [1]) or horizontal (tilting
motion [2, 3]). Depending on the acceleration the container is
subjected to (usually called excitation), the sloshing behav-
ior of the liquid can produce spillage, or leave deposits on
the container walls, which may compromise the subsequent
operations (e.g. freeze-drying operations) or cause aesthetic
defects.

In general, predicting the sloshing height reached by the
liquid is crucial to plan the optimal trajectory that themanipu-
lation system of the container has to execute. Finite Element
Methods (FEM) can be used to predict the liquid dynam-
ics [4], [5], but they are computationally expensive and
require a preliminary generation of a mesh able to repli-
cate the liquid behavior. A mesh-less approach is offered
by Computational Fluid Dynamics (CFD) softwares, such
as the ones employing Smooth Particle Hydrodynamics [6,
7]: they offer high adherence with reality, but they are also
computationally demanding. Theoretical approaches involve
the direct numerical integration of the Navier-Stokes equa-
tions governing liquid dynamics. In this field, the authors
of [8] adopted the Volume-of-Fluid technique, but the com-
putational burden is still very high (e.g. 265h of CPU time
to simulate 50s of motion). Other works focus on reducing
the Navier-Stokes equations to a set of ordinary differential
equations (ODEs), which are easier to integrate numerically.
In [9], the coefficients of the nonlinear sloshing dynam-
ics model presented in [10] are provided for rectangular
containers subject to 3D motions, but the resulting for-
mulation is complex and difficult to use, and indications
are not provided about the computational burden. In [11],
the Navier-Stokes equations are simplified by applying the
shallow-water assumption, where the vertical velocity is
negligible compared to the horizontal one; this approach
demonstrates its efficacy for shallow-water sloshing, but it
is still computationally demandig (roughly 40mins to simu-
late 5s of sloshing). Model-free methods based on machine
learningmethodologies are presented in [12] and [13],where,
starting from data collection, predictive algorithms are built
to assess the behavior of the liquid inside a cylindrical
container. This technique, though very powerful, requires
experiments to be run beforehand to acquire suitable datasets,
and it requires a non-negligible computational effort.

Amuch faster alternative to all aforementioned approaches
is represented by equivalent discrete mechanical models,
which provide reliable predictions of the sloshing height
without the expensive computational effort of FEM, CFD,
direct-integration and machine-learning techniques. The lit-
erature identifies two main (lumped-parameter) discrete
approaches for modelling sloshing dynamics inside a cylin-
drical container subjected to a 2D planar motion involving a
1D horizontal translation (called ’lateral’ excitation) and/or
a rotation about a horizontal axis perpendicular to the former

(called ’pitching’ or ’tilting’ excitation) [14]. In both cases,
the overall liquid mass is replaced by a mass that moves
rigidly with the container and a series of masses that move
with respect to (w.r.t.) it, thus representing the portion of
oscillating liquid. The difference in the two approaches lies
in how the sloshing masses are coupled to the container:
in one case through springs and dashpots, thus forming a
series of mass-spring-damper (MSD) systems; in the other
case through oscillating pendulums (PEN). Discrete mod-
els can be built based on either linear or (weakly) nonlinear
sloshing theory. The former accurately predicts natural fre-
quencies, wave heights, and hydrodynamic pressures, forces,
and moments under lateral or pitching excitation, provided
that the free surface remains planar with a nodal diameter
perpendicular to the excitation. However, the linear sloshing
theory fails to capture large-amplitude effects (such as the
vertical motion of the center of mass (CoM) and the non-
planarity of the free surface), which require the theory of
weakly nonlinear oscillations for quantitative analysis, with
nonlinearity arising primarily from free-surface boundary
conditions [14].

In [15], optimized and non-optimized 1D trajectories are
compared using the PEN model; however, the actual slosh-
ing height is not computed and no experimental validation is
provided. The PEN model is also used in [16–18], where
compensatory actions are performed to suppress sloshing
under 3D translational motions. The sloshing-height predic-
tion is based on the tangent functions of the pendulum angles
and the assumption that the liquid free surface remains pla-
nar. Experiments involve a cylindrical container subjected to
accelerations up to 2.0m/s2. In [19, 20], the PEN model is
used to plan 2D motions with accelerations no higher than
2.0m/s2. The sloshing height is still computed through the
tangent functions of the pendulum angles and the assump-
tion of a planar liquid surface. In [21], a constraint-based
online algorithm for anti-spillage 3D trajectory generation is
introduced; the sloshing magnitude is evaluated based on the
pendulum angles.

The MSD model is used in [22] for sloshing suppres-
sion in a rectangular container following a 1D motion with
a maximum acceleration of 1.5m/s2: the sloshing height is
formulated as a function of the sloshing-mass displacements.
In [23, 24], spacecraft control is studied in planar motion (2D
translation plus 1D rotation) using sloshing-mass displace-
ments to characterize the liquid behavior. However, sloshing
height is not directly formulated, and results are purely the-
oretical, with no experimental validation.

A novel approach to compute the sloshing height based on
the MSD model is presented in [25], and validated for cylin-
drical containers performing 1D translational motions with
accelerations up to 12m/s2. The main merits of this formu-
lation are its direct physical correspondence with the actual
liquid peak and its applicability to both the linear and the
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nonlinear MSD model [26]. The technique proposed in [25]
is exploited in [27] and [28] to plan anti-sloshing trajectories
and in the software application [29] to execute simulations
of liquid sloshing in cylindrical and rectangular containers.
The extension of the approach in [25] to 2D translational
motions is experimentally validated in [30], with accelera-
tions up to 9.5m/s2, and used in [31] to plan corresponding
anti-sloshing motion laws. The extension of the formulation
in [25] to 3D translational motions is reported and experi-
mentally validated in [32], with a maximum acceleration of
7.4m/s2.

To the best of the authors’ knowledge, the literature lacks:

• accurate and computationally efficient methods for esti-
mating sloshingheight under arbitrary spatial translations
and rotations about fixed-direction axes;

• a comprehensive theoretical and experimental compari-
son of the accuracy achieved by discrete models (MSD,
PEN) and their variants.

Thus, the aim of this paper is:

• to extend the models developed in [18, 25, 32] to 4D
motions of a cylindrical container comprising 3D spa-
tial translations and 1D rotations about fixed-orientation
axes, either vertical (SCARA motions) or horizontal (tilt-
ing motions);

• to provide a physically consistent formulation of the
sloshing height for both MSD and PEN models, lever-
aging the equivalence between discrete and continuum
representations;

• to present a comprehensive comparison among the vari-
ous MSD and PEN model variants, identifying the most
accurate ones for the considered motion profiles;

• to support the theoretical findings with the results from
an extensive experimental campaign, covering configu-
rations in which the ratio of the static liquid height to the
container radius ranges from 0.6 to 1.6, and involving
motions with container accelerations up to 7.2m/s2, and
11.0rad/s2.

While the approach adopted in this paper to compute the
sloshing height has already been applied by the authors of
[25, 32] to the MSD model, its extension to the PEN model
represents a novel contribution not previously addressed in
the literature. It is worth mentioning that the container shape
plays a critical role in both the definition and validity of the
model. For instance, in parallelepiped-like containers, edge
effects can significantly increase the model complexity as
the dimensionality of the excitation grows. In this paper, we
exclusively focus on cylindrical containers, which represent
themost commonly used shapes inmany industrially relevant
scenarios.

Moreover, water is the liquid employed in our study due
to its low viscosity, which makes it the most challenging
case. As a matter of fact, low-viscosity liquids exhibit more
pronounced sloshing behaviors, thereby increasing the com-
plexity of the analysis.

The paper is structured as follows. Section 2 briefly
introduces the fundamentals of the continuum formulation.
Sections 3 and 4 present the model parameters and the
sloshing-height formulations for theMSD and the PENmod-
els, respectively. Section 5 qualitatively compares the two
discrete models. Section 6 provides the motion equations for
SCARA and tilting motions. Section 7 presents the results of
the experimental campaign, providing a comparison of the
accuracy achieved by the different formulations. All datasets
collected during the experiments are made freely accessi-
ble to the scientific community through a public repository
[33], enabling benchmarking against alternative approaches.
Finally, Section 8 concludes the paper and outlines directions
for future work.

2 Continuummodel

The continuum model of an ideal liquid is briefly described
in this Section as a support for the equivalence that will be
imposed in Sections 3 and 4 to construct the discrete-model
estimation of the liquid sloshing height. In particular, the
liquid field equations provide the expression of the liquid
free-surface shape, whose information is crucial to under-
stand how the liquid CoM behaves during motion.

Consider a cylindrical container with vertical axis and
radius R, filled with a liquid of massmF to a height h. Oxyz
is a reference frame with its z-axis aligned with the con-
tainer axis, pointing upward and having O coinciding with
the undisturbed position of the liquid CoM. The container
is subjected to a harmonic excitation along the x-direction
given by

xc(t) = X0 cos�t, (1)

where X0 and � are the excitation amplitude and frequency,
respectively. Under the assumption of small excitation and
fluid-response amplitudes, the linearized fluid field equations
lead to a potential function – representing a solution to the
Laplace Equation – of the form (see Chapter 2.2 of [14]):

˜�(r , φ, z, t) = X0� sin (�t) cosφ×

×
∞
∑

n=1

⎛

⎝

�2

ω2
n − �2

2R
(

ξ2n − 1
)

J1
(

ξn
r
R

)

J1 (ξn)

cosh
[

ξn
h/2+z

R

]

cosh
(

ξn
h
R

)

⎞

⎠ ,

(2)
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Fig. 1 Contributions of the
oscillation modes to the liquid
free-surface shape: (a) top View,
(b) lateral view of the 1-st-mode
plane �1, (c) lateral view of the
n-th-mode plane �n

where r , φ, z are cylindrical coordinates in Oxyz, subscript
n refers to the n-th radial mode, ωn is the natural frequency
associated with the n-th mode (see Eq. (12) in Section 3.2),
J1 is the first-kind Bessel function, and ξn is the root of the
derivative of J1, e.g.

∂ J1
(

ξn
r
R

)

∂r

∣

∣

∣

r=R
= 0, (3)

and its values are tabulated in [34] for each n. In Eq. (2), only
radial modes associated with the first circumferential mode
are considered, since it can be shown that the contributions
of circumferential modes higher than one to the motion of
the liquid CoM are negligible [35].

The free surface shape η can be written in terms of ˜� as
[14]

η = 1

g

(

∂˜�

∂t
− ẍr cosφ

)

, (4)

by imposing z = h/2. Several computations (better described
in [26]) lead to the expression:

η(r , φ, t) = �2

g xc(t) cosφ ×

×
∞
∑

n=1

ω2
n

ω2
n−�2

2R
(ξ2n−1)

J1(ξn r
R )

J1(ξn)
. (5)

Equation (5) can be expressed in a more compact fashion as:

η(r , φ, ηn) =
∞
∑

n=1

ηn
J1
(

ξn
r
R

)

J1 (ξn)
cosφ, (6)

where ηn is the n-th contribution to the total sloshing height
on the container wall (r = R) and in the excitation plane
(φ = 0), namely:

ηn(t) = 2Rω2
n

g(ξ2n − 1)

�2xc(t)

(ω2
n − �2)

. (7)

Equation (7) reveals that the contribution of the n-th mode
does not depend on the other modes and is a function of the

excitation type xc(t). This formulation can be extended to a
2D traslational container motion on an horizontal plane as:

η(r , φ, ηn) =
∞
∑

n=1

ηn
J1
(

ξn
r
R

)

J1 (ξn)
cos (φ − φn), (8)

where ηn still carries the information related to the excita-
tion type, but each mode reaches its maximum value on the
meridian plane identified by φ = φn (Fig. 1). Since higher-
order modes have a limited effect on the maximum sloshing
height η at the container wall, we can conservatively com-
pute η by assuming that the peaks of all modes occur on the
same meridian plane as the first mode, namely:

η �
∞
∑

n=1

ηn . (9)

The coordinates of the liquid CoM can be computed in the
reference frame shown in Fig. 1 as:

xG = 1

πR2h

∫

V
x dV =

= 1

πR2h

∫ R

0

∫ 2π

0

∫ h
2 +η(r ,φ,ηn)

− h
2

r2 cosφ dzdφdr ,

(10a)

yG = 1

πR2h

∫

V
y dV =

= 1

πR2h

∫ R

0

∫ 2π

0

∫ h
2 +η(r ,φ,ηn)

− h
2

r2 sin φ dzdφdr ,

(10b)

zG = 1

πR2h

∫

V
z dV =

= 1

πR2h

∫ R

0

∫ 2π

0

∫ h
2 +η(r ,φ,ηn)

− h
2

zr dzdφdr , (10c)

where the function η(r , φ, ηn) describes the liquid free sur-
face, x = r cosφ, y = r sin φ, V is the liquid volume and
dV = rdzdφdr .
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Fig. 2 Linear Mass-Spring-Damper model

By using Eq. (8), the integrals in Eq. (10) provide:

xG = R

h

∞
∑

n=1

ηn

ξ2n
cosφn, (11a)

yG = R

h

∞
∑

n=1

ηn

ξ2n
sin φn, (11b)

zG = 1

4h

∞
∑

n=1

η2n

(

ξ2n − 1
)

ξ2n
, (11c)

where the integration details are reported in Appendix A.1.
Equation (11) shows that the CoM continuum coordinates
are functions of ηn and φn , which depend on the imposed
excitation. The formulation of ηn in terms of the MSD/PEN
generalized coordinates can be attained by imposing theCoM
conservation between the continuum and discrete models.
This approach will be described in Sections 3.3 and 4.2.

3 Mass-spring-damper model

3.1 Linear and paraboloidal mass-spring-damper
models

The literature uses a Linear Mass-Spring-Damper (LMSD)
model to reproduce small oscillations of the liquid, for which
the vertical displacement of the liquidCoM is negligible (Fig.
2). TheLMSDmodel comprises amassm0 thatmoves rigidly
with the container, and a series of sloshing masses mn mov-
ing w.r.t. the container and representing the sloshing modes.
The motions of masses mn are described by the generalized
coordinates (xn, yn) and occur on different planes, with each
one of them remaining parallel to the xy plane at a constant
height hn . Each mass mn is restrained by a spring of stiff-
ness kn and a dashpot with damping coefficient cn . Since
the sloshing mass moves on a horizontal plane, the restoring
force produced by the spring is necessary to balance inertia
forces.

When the liquid oscillations are not small, but still in a
weakly non-linear regime, the CoM vertical displacement
cannot be neglected and a nonlinear MSD model has be to
be used [14, 26] (Fig. 3). In this formulation,whichwedenote
as Paraboloidal Mass-Spring-Damper (PMSD) model, each
mass mn slides on a paraboloidal surface and is additionally
restrained by a nonlinear spring of order w. The nonlinear
spring acts along the radial direction rn = √

x2n + y2n and

produces the force αknr2w−1
n

R2w−2 . The parameters α,w can be
conveniently tuned according to themotion type and the con-
tainer dimensions [26]. It isworth noting that the paraboloidal
constraint renders the spring not strictly necessary, as both
the constraint and the spring provide restoring forces (the
former due to gravity and the latter due to elasticity) that
counterbalance inertial effects. By removing the spring (i.e.,

Fig. 3 Paraboloidal Mass-Spring-Damper model: (a) model parameters, (b) top view showing the n-th generalized coordinates, (c) CoM conser-
vation along the vertical direction
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setting α to zero), the system becomes a Paraboloidal Mass-
Damper (PMD) system, which, to the best of our knowledge,
has not yet been studied in the literature. This system will be
examined in detail in Section 5.2.

3.2 Model parameters

Theparameters of theLMSDandPMSDmodels canbedeter-
mined by imposing a set of equivalence conditions between
these models in undamped conditions and the continuum
model of an ideal liquid described in Section 2 (see Chapter
5 of [14] for further details). In particular:

• the equality with the natural frequency associated with
the n-th mode yields:

ωn =
√

kn
mn

=
√

g
ξn

R
tanh

(

ξn
h

R

)

, (12)

where g is the gravity acceleration;
• the equality with the hydrodynamic force acting on the
container wall due to translational and tilting excitations
yields1

mn = mF
2R tanh

(

ξn
h
R

)

ξnh
(

ξ2n − 1
) ; (13)

hn = 1

2
h
[

1 − 2R tanh (ξn
h
R )

ξnh

]

; (14)

• the equality with the overall mass yields:

m0 = mF −
∞
∑

n=1

mn; (15)

• the conservation of the CoM height in the case of small
oscillations yields:

m0h0 +
∞
∑

n=1

mnhn = 0. (16)

The damping ratio ζn = cn
2
√
knmn

can be determined by

using the experimental formula (see Section 3.2.2 of [14]):

ζn = 0.92

√

υ/ρ
√

gR3
×

1 More precisely, Eqs. (13) and (14) are obtained by imposing on
the container a 1D harmonic translational motion along a horizontal
direction and a 1D harmonic tilting motion about a horizontal axis,
respectively.

×
[

1 + 0.318

sinh(1.84h/R)

(

1 + 1 − h/R

cosh(1.84h/R)

)

]

, (17)

with υ and ρ being the dynamic viscosity and density of the
liquid, respectively, and assuming that the damping ratio is
equal for all modes.

3.3 Sloshing-height formulation

Following the approach presented in [25, 32], the formulation
of the n-th sloshing height ηn as a function of the general-
ized coordinates (xn, yn, zn) can be obtained by equating the
coordinates of the liquid CoM in the continuum and discrete
models.

The conservation of the liquid CoM along the x and y
directions yields:

mFxG = m0x0 +
∞
∑

n=1

mnxn, (18a)

mF yG = m0y0 +
∞
∑

n=1

mnyn . (18b)

Substituting Eqs. (11a) and (11b) in Eqs. (18a) and (18b),
and considering that x0 = y0 = 0 since mass m0 is located
on the container axis, gives:

mF
R

h

∞
∑

n=1

ηn

ξ2n
cosφn =

∞
∑

n=1

mnxn, (19a)

mF
R

h

∞
∑

n=1

ηn

ξ2n
sin φn =

∞
∑

n=1

mnyn . (19b)

Sufficient conditions that satisfy Eq. (19) are:

mF
R

h

ηn

ξ2n
cosφn = mnxn �⇒ ηn cosφn = ξ2n hmn

RmF
xn,

(20a)

mF
R

h

ηn

ξ2n
sin φn = mnyn �⇒ ηn sin φn = ξ2n hmn

RmF
yn .

(20b)

Squaring Eqs. (20a) and (20b), adding side by side, and
extracting the square root yields:

ηn = ξ2n hmn

RmF

√

x2n + y2n = 2Rω2
n

g(ξ2n − 1)

√

x2n + y2n , (21)

where the rightmost expression has been obtained by extract-
ing mn/mF from Eq. (13) and using the definition of ωn in
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Fig. 4 Pendulum model: (a)
model parameters, (b) n-th
generalized coordinates, (c)
CoM conservation along the
vertical direction

Eq. (12). Equation (21) provides the contribution of the n-th
sloshing mode to the overall sloshing height in Eq. (9)2.

The conservation of the liquid CoM along the z-direction
yields (see Fig. 3c ):

mFzG = m0h0 +
∞
∑

n=1

mnzn =

= m0h0 +
∞
∑

n=1

mn(hn + z′n),
(22)

where

zn = hn + z′n (23)

is the vertical coordinate of the n-th sloshingmass, measured
from the undisturbed-liquid CoM position. Considering Eq.
(16), Eq. (22) simplifies to:

mFzG =
∞
∑

n=1

mnz
′
n (24)

and thus, using Eq. (11c):

mF

4h

∞
∑

n=1

η2n

(

ξ2n − 1
)

ξ2n
=

∞
∑

n=1

mnz
′
n . (25)

2 In the particular case of a one-dimensional lateral harmonic excitation
xc(t) = X0 cos�t (as in Eq. (1)), Eqs. (7) and (21) must coincide,
yielding:

xn = �2xc(t)

ω2
n − �2

which is indeed the steady-state solution of the second-order harmonic
equation governing the motion of the n-th sloshing mass for this partic-
ular case (see Section 5.2.1 of [14]).

A sufficient condition for (25) to hold is:

mF

4h
η2n

(

ξ2n − 1
)

ξ2n
= mnz

′
n . (26)

By using the expressions of ηn ,mn/mF andωn given, respec-
tively, in Eqs. (21), (13) and (12), z′n can be written as:

z′n = ω2
n

2g
(x2n + y2n ) = 1

2ln
(x2n + y2n ), (27)

where the physical meaning of the parameter

ln = g

ω2
n

(28)

will be clarified inSection 4.1 (seeEq. (29) therein). Equation
(27) shows that, to replicate the behavior of the CoM of the
continuum model described in Section 2, the n-th sloshing
mass of the discrete model must move on the paraboloidal
surface described by Eqs. (23) and (27). Accordingly, the
MSD model has 2 degrees of freedom for each sloshing
mode.

4 Pendulummodel

4.1 Model parameters

The PEN model comprises a mass m0 representing the por-
tion of the liquid not involved in sloshing and a series of
spherical pendulums representing the sloshing modes, each
with mass mn and length ln (Fig. 4). Each mass mn is
restrained by a dashpot with damping coefficient cn , rep-
resenting the fluid viscosity, and the n-th pendulum pivot is
placed at a height hn + ln from the undisturbed CoM.

As for theMSDmodels, the parameters can be determined
by imposing a number of equivalence conditions with the
continuum system [14]. In particular, Eqs. (12), (13), and
(17) still hold. Equating (12) with the natural frequency of a
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simple pendulum (equal to
√
g/ln) allows the length of the

n-th pendulum to be computed as:

ln = g

ω2
n

= R

ξn tanh
(

ξn
h
R

) . (29)

The n-th sloshingmass is constrained tomove on a sphere, so
that its generalized coordinates (xn, yn, zn) must satisfy the
spherical constraint x2n + y2n + z2n = l2n . For consistency with
the notation commonly adopted in the literature on the PEN
model, the position of the sloshing mass can alternatively be
described using Euler angles (φyn, φxn) according to the yx
convention, which does not exhibit singularities in the rest
configuration.3

4.2 Sloshing-height formulation

In contrast to the MSD models, there is no universally
accepted formulation of the sloshing height for the PEN
model. For simplicity, especially in control-oriented stud-
ies, sloshing is often approximated using a single pendulum,
which is assumed to remain perpendicular to the planar liq-
uid free surface [37]. In this framework, the sloshing height
can be inferred from the tangent of the pendulum angular dis-
placement [20, 37]. Although intuitive, this approach reduces
the model to a single sloshing mass and fails to preserve con-
sistency with the continuum representation. Consequently,
alternative formulations are proposed in the following.

4.2.1 Tangent-based Formulation

Since the pendulum rod is assumed to remain perpendicular
to the liquid free surface, the angles φy1 and φx1 of the first
sloshing mode define a plane that intersects the cylindrical
container wall to form an ellipse. Since the container has
radius R, if β is the so-called sloshing angle, namely the
angle that the pendulum rod forms with the vertical axis, the
sloshing height η can be computed as:

η = R tan β. (30)

3 A more intuitive approach uses Euler angles (φzn, φyn) following the
zy convention, where φzn defines the oscillation plane about the z-axis
and φyn describes the pendulum swing within that plane. However,
this representation is singular at rest, when φyn = 0, as φzn becomes
undefined and the Jacobian mapping (φ̇zn, φ̇yn) to Cartesian velocities
becomes rank-deficient [36]. To avoid this issue, elementary rotations
about the z-axis should be avoided. The orientation parameterization
adopted in this Section still presents singularities, but only outside the
model’s valid operating range.

Since the unit vectorn alignedwith the pendulum rod is given
by:

n = Ry(φy1)Rx (φx1)

⎡

⎣

0
0

−1

⎤

⎦ =
⎡

⎣

− cosφx1 sin φy1

sin φx1

− cosφx1 cosφy1

⎤

⎦ ,

(31)

the sloshing angle is:

β = arccos
(| − cosφx1 cosφy1 |) . (32)

4.2.2 CoM conservation

An alternative formulation defines the sloshing height based
on the CoM conservation between the continuum and the
discrete model. Given the position of the pendulum mass in
Oxyz:

⎡

⎣

xn
yn
zn

⎤

⎦ = lnn +
⎡

⎣

0
0

hn + ln

⎤

⎦ =

=
⎡

⎣

−ln(sin φyn cosφxn)

ln(sin φxn)

hn + ln
(

1 − cosφyn cosφxn
)

⎤

⎦ ,

(33)

the CoM conservation along the x and the y axes is obtained
by substituting Eq. (33) in Eq. (21) and by using the expres-
sions of mn/mF , ωn and ln given, respectively, in Eqs. (13),
(12) and (29), yielding:

ηn = 2R

ξ2n − 1

√

sin2 φyn cos2 φxn + sin2 φxn . (34)

The conservation of the CoM along the z-direction (Fig. 4c)
is obtained by substituting Eq. (33) into Eq. (22) and consid-
ering Eq. (16), namely:

zGmF =
∞
∑

n=1

mnln(1 − cosφyn cosφxn), (35)

which, recalling Eq. (11c), becomes:

mF

4h

∑∞
n=1 η2n

(

ξ2n − 1
)

ξ2n
=

=
∞
∑

n=1

mnln
(

1 − cosφxn cosφyn
)

. (36)

A sufficient condition to satisfy Eq. (36) is:

η2n

(

ξ2n − 1
)

4hξ2n
mF = mnln

(

1 − cosφxn cosφyn
)

. (37)
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By using the expressions ofmn/mF ,ωn and ln given, respec-
tively, in Eqs. (13), (12) and (29), Eq. (37) provides:

ηn = 2R

ξ2n − 1

√

2
(

1 − cosφxn cosφyn
)

. (38)

As evident from Eqs. (34) and (38), the sloshing-height for-
mulations, obtained by matching the CoM of the PENmodel
to that of the continuummodel, yield different results depend-
ing on whether the radial or vertical direction is considered.
This discrepancy indicates that the pendulum model, which
constrains the sloshing mass to move on a spherical sur-
face, cannot fully replicate the continuum-model behavior.
Accordingly, if the formulation in Eq. (30) is also taken into
account, there are three possible ways to evaluate the slosh-
ing height in the PENmodel. Their relative performance will
be assessed in Section 7.

5 Qualitative comparison of the discrete
models

5.1 Geometry and sloshing-height formulation

The PMSD and PEN models share the same expressions
of mn , ωn and ζn . The main difference lies in the way the
two models express the vertical coordinate of the slosh-
ing masses: in the PMSD model sloshing masses slide on
paraboloidal surfaces, whereas in the PEN model sloshing
masses are constrained to move on spherical surfaces of
radius ln . Accordingly, the PMSD and PEN models provide
different expressions for the vertical coordinate zn of the n-th
sloshing mass as a function of the generalized coordinates xn
and yn (Figs. 5a, 5b):

zn = hn + 1

2ln
(x2n + y2n ) = fPMSD(xn, yn), (39a)

zn = hn + ln −
√

l2n − x2n − y2n = fPEN (xn, yn). (39b)

The expression of zn from the LMSDmodel, i.e. zn = hn =
fLMSD(xn, yn), represents the first-order approximation of
both models near (xn, yn) = (0, 0) (see Fig. 5c) since the
first-order derivatives of fPMSD and fPEN are:

∂ fPMSD

∂xn
= 1

ln
xn,

∂ fPMSD

∂ yn
= 1

ln
yn, (40)

∂ fPEN

∂xn
= xn
√

l2n − x2n − y2n
,

∂ fPEN

∂ yn
= yn
√

l2n − x2n − y2n
, (41)

and they are all zero near the container axis. The second-order
derivatives of fPMSD and fPEN w.r.t. xn and yn , namely

∂2 fPMSD

∂x2n
= 1

ln
,

∂2 fPMSD

∂xn∂ yn
= 0,

∂2 fPMSD

∂ y2n
= 1

ln
, (42)

∂2 fPEN

∂x2n
= l2n − y2n
(

l2n − x2n − y2n
)3/2 ,

∂2 fPEN

∂ y2n
= l2n − x2n
(

l2n − x2n − y2n
)3/2 ,

∂2 fPEN

∂xn∂ yn
= xn yn
(

l2n − x2n − y2n
)3/2 ,

(43)

also coincide in (xn, yn) = (0, 0), which means that, for
small oscillations of the liquid, the PMSD and PEN mod-
els coincide until the second-order approximation. However,
they diverge as oscillations grow larger, and so do the corre-
sponding sloshing-height estimations.

Table 1 summarizes the sloshing-height formulations pro-
posed for both models, with the results from Eqs. (21), (30),
(34) and (38) substituted into Eq. (9). As noted in Section
4.2.2 and emphasized by the check marks in Table 1, the
PMSD model enforces the CoM conservation in both the
radial (x, y) and vertical (z) directions. In contrast, the PEN
model allows CoM conservation to be enforced in only one
direction, either radial (PEN-rad) or vertical (PEN-vert), or
in neither, as in the PEN-tan formulation. Additionally, the
PEN-tan formulation only considers the first sloshing mode.

5.2 Lagrange terms

The EOMs describing the time evolution of the generalized
coordinates (q1, q2), which represent (xn, yn) for the PMSD
case and (φyn, φxn) for the PEN model, can be obtained by
means of Lagrange Equations:

d

dt

( ∂T

∂ q̇i

)

− ∂T

∂qi
+ ∂V

∂qi
+ ∂D

∂q̇i
= 0, for i = 1, 2, (44)

where

T = T0 +
∞
∑

n=1

Tn, D =
∞
∑

n=1

Dn, V = V0 +
∞
∑

n=1

Vn, (45)

are the system kinetic energy, Rayleigh dissipation function,
and potential energy, respectively. In particular, the terms
with subscript 0 refer to the rigid massm0 and do not depend
on the generalized coordinates (q1, q2), whereas the energy
contributions with subscript n are associated with the n-th
sloshing mass. Regardless of the adopted model (PMSD or
PEN) and the motion type (SCARA or Tilting), the position
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Fig. 5 Constraint surfaces: (a)
PMSD model, (b) PEN model,
(c) lateral view of the LMSD (in
green), PMSD (in red) and PEN
(in purple) models

Table 1 Sloshing-height
formulations.

Sloshing-Height Formulation x, y z Nomenclature

η =∑∞
n=1

2Rω2
n

g(ξ2n − 1)

√

x2n + y2n ✓ ✓ PMSD

η = R tan β - - PEN-tan

η =∑∞
n=1

2R

ξ2n − 1

√

sin2 φyn cos2 φxn + sin2 φxn ✓ - PEN-rad

η =∑∞
n=1

2R

ξ2n − 1

√

2
(

1 − cosφxn cosφyn
)

- ✓ PEN-vert

of the n-th sloshing mass in the inertial frame can be denoted
as 0sn = [sn,x sn,y sn,z]T , and its velocity as 0ṡn . The kinetic
energy Tn of the n-th sloshing mass is thus:

Tn = 1

2
mn

∥

∥

∥

0ṡn
∥

∥

∥

2
. (46)

The dissipation function Dn accounts for the energy dissi-
pation due to the relative motion of the n-th sloshing mass
w.r.t. the container and so is:

Dn = 1

2
cn
(

ẋ2n + ẏ2n + ż2n
)

. (47)

Given the different expressions of zn in Eqs. (39a) and
(39b), the PMSD and PEN models provide different values
of Tn and Dn , although sharing the same formulations. The
potential energy Vn has distinct formulations in the twomod-
els, due to the presence of the spring in the PMSD model.
More precisely, if the LMSD model is also considered, Vn is
given by:

Vn =
⎧

⎨

⎩

Vg,PEN Model (48a)

Vg + Ve(α,w),PMSD Model (48b)

Ve(1, 1),LMSD Model (48c)

where the gravitational potential energy is

Vg = mngsn,z, (49)

and the elastic potential energy Ve of the spring of order w

is:

Ve(α,w) = αkn
2wR2w−2

(

x2n + y2n
)w

. (50)

Note that, when w = α = 1, as in the LMSD model, the
potential energy in (50) reduces to that of a standard linear
spring, i.e.,

Ve(1, 1) = kn
2

(

x2n + y2n
)

.

The restoring force that counterbalances inertial effects is
given by [∂Vn/∂xn, ∂Vn/∂ yn]T . While a single contribution
to the restoring force is present in the PEN and LMSD mod-
els, due to either gravity (PEN) or the spring (LMSD), the
PMSDmodel comprises both terms. Interestingly, if the con-
tainer does not tilt, the gravitational contribution Vg in the
PMSDmodel is equal, up to an additive constant, to the elas-
tic potential energy Ve(1, 1) of the LMSD model. In fact, if
zc is the container elevation, zn is taken from Eq. (39a), and
ln from Eq. (29), then
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Vg = mngsn,z = mng

[

zc + h

2
+ hn + x2n + y2n

2ln

]

=

= mng

(

zc + h

2
+ hn

)

+ mng

2ln
(x2n + y2n ) =

= Const + mng

2ln
(x2n + y2n ). (51)

Since, from Eqs. (12) and (29):

kn = mn
g

ln
, (52)

it follows

Vg = Const + kn
2

(x2n + y2n ) = Const + Ve(1, 1). (53)

This consideration suggests that, in the PMSD model, the
nonlinear elastic term is not strictly necessary, leading to the
definition of a simplified PMD model (without spring), in
which it is simply assumed that α = 0.

6 Equations of motion

To extend the discrete models presented in [18, 32] and
account for an additional container rotation, twomotion types
are considered:

• SCARA motion: a 3D translation is combined with
an instantaneous rotation about a vertical axis, so that
the container linear and angular accelerations are S̈c =
[ẍc ÿc z̈c]T , �̇c = [0 0 θ̈c]T ;

• tilting motion: a 3D translation is combined with an
instantaneous tilting rotation about an axis that remains
parallel to the y-axis, so that the container linear and
angular accelerations are S̈c = [ẍc ÿc z̈c]T , �̇c =
[0 ψ̈c 0]T ,

where xc, yc, zc, θc and ψc are coordinates that represent
the translational and rotational displacement of the container
w.r.t. the fixed frame. In particular, Sc is the position vector of
the centerpoint Oc of the container base, whereas θc and ψc

are the container rotations about the Z and the Y axis, respec-
tively. The EOMs for the two models presented in Sections
3 and 4 will be derived by means of the Lagrange Equations,
exploiting the results of Section 5.2.

Fig. 6 Schematics of the container under SCARA motion: (a) PMSD
model; (b) PEN model

6.1 SCARAmotion

6.1.1 PMSDModel

The position 0sn of the n-th sloshing mass is (Fig. 6a):

0sn =
⎡

⎣

xc
yc
zc

⎤

⎦+ Rz(θc)

⎡

⎣

xn
yn

h
2 + zn

⎤

⎦ =

=

⎡

⎢

⎢

⎣

xc + xn cos θc − yn sin θc
yc + xn sin θc + yn cos θc

zc + h
2 + hn + 1

2ln
(x2n + y2n )

⎤

⎥

⎥

⎦

, (54)

where Rz is the rotation matrix expressing an elementary
rotation about the vertical z-axis. By adopting Eq. (44) for
(q1, q2) = (xn, yn), and substituting the expressions of 0sn
and its time derivative 0ṡn computed from Eq. (54) into
Tn, Dn , and Vn (see Eqs. (46), (47), (48a)), we obtain the
following EOMs:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(

1 + 1
l2n
x2n
)

ẍn + 1
l2n
xn yn ÿn = − 1

l2n
(ẋ2n + ẏ2n )xn+

+(2θ̇c ẏn + θ̇2c xn + θ̈c yn)+
−ω2

nxn
[

1 + α
R2w−2 (x

2
n + y2n )

w−1
]

+
−2ωnζn[ẋn + 1

l2n
(xn ẋn + yn ẏn)xn]+

−ẍc cos θc − ÿc sin θc − z̈c
1
ln
xn

(

1 + 1
l2n
y2n
)

ÿn + 1
l2n
xn yn ẍn = − 1

l2n
(ẋ2n + ẏ2n )yn+

+(−2θ̇c ẋn + θ̇2c yn − θ̈cxn)+
−ω2

n yn
[

1 + α
R2w−2 (x

2
n + y2n )

w−1
]

+
−2ωnζn[ẏn + 1

l2n
(xn ẋn + yn ẏn)yn]+

+ẍc sin θc − ÿc cos θc − z̈c
1
ln
yn

(55)
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6.1.2 PendulumModel

Similarly, the PEN-model EOMs can be obtained from Eq.
(44). The position vector 0sn of the n-th sloshing mass, as
modeled through the spherical angles, becomes (Fig. 6b)

0sn =
⎡

⎣

xc
yc
zc

⎤

⎦+ Rz(θc)

⎡

⎣

0
0

hn + ln

⎤

⎦+

+ Rz(θc)Ry(φyn)Rx (φxn)

⎡

⎣

0
0

−ln

⎤

⎦ =

=
⎡

⎣

xc − ln
(

sin φxn sin θc + cosφxn cos θc sin φyn
)

yc + ln
(

sin φxn cos θc − cosφxn sin θc sin φyn
)

zc + hn + ln
(

1 − cosφxn cosφyn
)

⎤

⎦ ,

(56)

with Rx ,Ry,Rz being elementary rotations about axes x , y
and z, respectively.

Substituting Eq. (56) and its time derivative into Eqs. (46),
(47), and (48a), and substituting these results into Eq. (44)
with (q1, q2) = (φxn, φyn), yields:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

φ̈yn cosφxn = −2ωnζn cosφxnφ̇yn+
+ 1

ln
cosφyn(cos θc ẍc + sin θc ÿc)+

− 1
ln
sin φyn(g + z̈c) + 2 sin φxnφ̇ynφ̇xn+

− cosφyn sin φxn θ̈c+
+ cosφxn cosφyn

(

sin φyn θ̇
2
0 − 2θ̇cφ̇xn

)

φ̈xn = −2ωnζnφ̇xn + 1
ln

(cosφxn sin θc+
− sin φxn cos θc sin φyn)ẍc+
− 1

ln
(sin φxn sin φyn sin θc + cos θc cosφxn)ÿc+

− 1
ln
cosφyn sin φxn(g + z̈c) + sin φyn θ̈c+

− cosφxn sin φxnφ̇
2
yn+

+ cosφxn cos2 φyn sin φxn θ̇
2
c +

+2 cos2 φxn cosφyn θ̇cφ̇yn

(57)

6.2 Tiltingmotion

6.2.1 PMSDModel

The position vector 0sn of the n-th sloshing mass is in this
case (Fig. 7a):

0sn =
⎡

⎣

xc
yc
zc

⎤

⎦+ Ry(ψc)

⎡

⎣

xn
yn

h
2 + zn

⎤

⎦ =

=

⎡

⎢

⎢

⎢

⎢

⎣

xc + xn cosψc +
[

h
2 + hn + 1

2ln
(x2n + y2n )

]

sinψc

yc + yn

zc − xn sinψc +
[

h
2 + hn + 1

2ln
(x2n + y2n )

]

cosψc

⎤

⎥

⎥

⎥

⎥

⎦

.

(58)

Fig. 7 Schematics of the container under tilting motion: (a) PMSD
model, (b) PEN model

Equation (44) with (q1, q2) = (xn, yn) and Tn, Dn , and Vn
obtained from Eqs. (46, 47, (48b)) yields:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(

1 + 1
l2n
x2n
)

ẍn + 1
l2n
xn yn ÿn = − 1

l2n
(ẋ2n + ẏ2n )xn+

+
[

−2 1
ln
yn ẏnψ̇c + (xn + Hn

1
ln
xn)ψ̇2

c − (Hn − 1
ln
x2n )ψ̈c

]

+
−ω2

nxn
[

cosψc + α
R2w−2 (x2n + y2n )

w−1
]

+
−2ωnζn[ẋn + 1

l2n
(xn ẋn + yn ẏn)xn]+

−(ẍc cosψc − z̈c sinψc) − (ẍc sinψc+
+z̈c cosψc)

1
ln
xn + g sinψc

(

1 + 1
l2n
y2n
)

ÿn + 1
l2n
xn yn ẍn = − 1

l2n
(ẋ2n + ẏ2n )yn+

+
[

2 1
ln
yn ẋnψ̇c + Hn

1
ln
ynψ̇2

c + 1
ln
xn ynψ̈c

]

+
−ω2

n yn
[

cosψc + α
R2w−2 (x2n + y2n )

w−1
]

+
−2ωnζn[ẏn + 1

l2n
(xn ẋn + yn ẏn)yn]+

−ÿc − (ẍc sinψc + z̈c cosψc)
1
ln
yn

(59)

where

Hn = h

2
+ hn + 1

2ln
(x2n + y2n ). (60)

6.2.2 PendulumModel

The position vector 0sn of the n-th pendulum mass w.r.t. the
fixed frame is (Fig. 7b):

0sn =
⎡

⎣

xc
yc
zc

⎤

⎦+ Ry(ψc)

⎡

⎣

0
0

hn + ln

⎤

⎦+

+ Ry(ψc)Ry(φyn)Rx (φxn)

⎡

⎣

0
0

−ln

⎤

⎦ =

=
⎡

⎣

xc − ln cosφxn sin
(

ψc + φyn
)+ (hn + ln) sinψc

yc + ln sin φxn
zc − ln cosφxn cos

(

ψc + φyn
)+ (hn + ln) cosψc

⎤

⎦ .

(61)
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Substituting Eq. (61) into Eqs. (46), (47), and (48a) and
its time derivative, and using these results in Eq. (44) with
(q1, q2) = (φxn, φyn), yields:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

φ̈yn cosφxn = −2ωnζn cosφxn φ̇yn + 1
ln
cos (ψc + φyn)ẍc+

− 1
ln
sin (ψc + φyn)(g + z̈c) + 2 sin φxn φ̇xn(ψ̇c + φ̇yn)+

− 1
ln

(

ln cosφxn − (hn + ln) cosφyn
)

ψ̈c+
+ (hn+ln)

ln
sin φynψ̇

2
c

φ̈xn = −2ωnζn φ̇xn − 1
ln
sin φxn sin (ψc + φyn)ẍc+

− 1
ln
cosφxn ÿc+

− 1
ln
sin φxn cos (ψc + φyn)(g + z̈c)+

− (hn+ln)
ln

sin φyn sin φxnψ̈c+
− 1

ln
sin φxn

(

ln cosφxn − (hn + ln) cosφyn
)

ψ̇2
c +

− sin φxn cosφxn φ̇
2
yn − 2 sin φxn cosφxn φ̇ynψ̇c

(62)

7 Experimental validation

This Section presents the results of an extensive experimental
campaignperformed to compare the accuracy achievedby the
different formulations presented in Sections 3 and 4 under
SCARA and tilting motions.

The experiments were conducted for several values of
the ratio h/R, which is the dominant geometric parameter
governing the liquid dynamics (see Sections 3.2 and 4.1).
Specifically, a cylindrical container of radius R = 49mmwas
filled with coloredwater at static heights ranging from 30mm
to78mm, corresponding to h/R values in the range [0.6, 1.6].
For brevity, only the results for h = 30mm, 49mm, and
78mm, corresponding respectively to h/R = 0.6, 1, and 1.6,
are reported in the following. Smaller values of h/R could not
be explored because, under the tested dynamics, the result-
ing maximum sloshing height would become comparable to
R, causing the liquid free surface to come into contact with
the container bottom and thereby invalidating the underlying
models. For the selected values of h/R, the corresponding
model parameters (including up to three sloshing masses),
as introduced in Sections 3.2 and 4.1, are summarized in
Table 2.

The trajectories were performed by an industrial robot
(Comau Smart-Six), whose end-effector was equipped with
two GoPro Hero8 cameras to record the liquid behavior
during motion. The cameras were placed with an angular
offset of 90◦ to help the detection of the liquid peak, which
can occur wherever on the container wall (see Fig. 8). The
experimental sloshing heightswere extracted from the videos
recorded by the cameras using the video-processing algo-
rithm described in [32], adapted to a two-camera setup to
enable a more robust identification of the liquid peak on the
container surface.

Fig. 8 Setup adopted for the image processing analysis

All datasets collected during the experiments are freely
accessible to the scientific community in the public repository
[33].

7.1 Geometrical paths andmotion laws

Several paths, representative of typical industrial pick-and-
place operations, were tested under different dynamicmotion
laws, yielding consistent results across all trajectories. For
brevity, we report only the results for six paths exhibiting the
highest dynamics while maintaining the liquid motion in a
weakly nonlinear regime, with container accelerations up to
7.2m/s2 and 11.0rad/s2, as these motions are considered the
most meaningful and representative of the overall validation
campaign.

The paths for SCARA motion are:

• an eight-shaped path on the xy plane with an additional
vertical excursion, combined with a rotation about the
container axis (Se-motion);

• a rotation about a vertical axis that is at a certain distance
d from the container axis, performed twice in succes-
sion, with the addition of an excitation along the vertical
direction (Sc-motion);

• a rotation about a vertical axis at a distance d from the
container axis with the addition of a translation along the
x and z axes (Sg-motion).

The resulting paths are shown using solid lines in Fig. 9.
As far as the tilting trajectories are concerned, the same

translational paths shown in Figs. 9a,b,c are used, but they
are combined with a tilting excitation ψc about an axis that
remains parallel to the y-axis throughout the motion. The
resulting motions are denoted as Te, Tc, Tg, and they are
depicted in Figs. 10a,b,c.

Table 3 contains the analytical expressions of the 4D paths
followed by the container. The position and angular coor-
dinates xc, yc, zc, θc, ψc are written as functions of a path
parameter σ , whose motion law σ(t), σ̇ (t), σ̈ (t) gives the
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Table 2 Parameters of the
LMSD, PMSD and PEN
models, as introduced in
Sections 3.2 and 4.1

h/R R [mm] h [mm] mF [kg] n ωn [rad/s] ln [mm] mn [kg] hn [mm] ζn

0.6 49 30 0.2259 1 17.2772 32.9 0.1358 -6.6 0.0064

2 32.6174 9.2 0.0050 5.8 0.0051

3 41.3319 5.7 0.0012 9.3 0.0050

1.0 49 49 0.3689 1 18.7189 28.0 0.1595 -0.8 0.0055

2 32.6644 9.2 0.0050 15.3 0.0050

3 41.3331 5.7 0.0012 18.8 0.0050

1.6 49 78 0.5873 1 19.1414 26.8 0.1667 12.5 0.0052

2 32.6651 9.2 0.0050 29.8 0.0050

3 41.3331 5.7 0.0012 33.3 0.0050

Fig. 9 The SCARA paths
followed by the robot during
experimental validation. (a), (b),
(c): Se, Sc, Sg paths of the
centerpoint Oc of the container
base, respectively (the top image
is the lateral view, whereas the
bottom image is the view from
the top). (d), (e), (f): overall Se,
Sc, Sg motions of the container,
respectively

container trajectory as a function of time4. The trend of the
second time derivative σ̈ (t) is a modified trapezoidal motion
law with 6 segments, whose free parameter is the trajectory
time Te (see Fig. 11). The maximum accelerations reached
in each motion are presented in Table 4.

4 The acceleration S̈c can be written as S̈c(σ, σ̇ , σ̈ ) = S′′
0(σ )σ̇ 2 +

S′
0(σ )σ̈ , where ()′ = ∂()/∂σ denotes the derivative w.r.t. the path

parameter σ .

7.2 Accuracy indices

Two types of accuracy indices are defined to compare the pro-
posed sloshing-height formulations against the experimental
data. The first index ε is the percentage error between the
model (subscript mod) and the experimental (subscript exp)
maxima detected during motion, namely:

ε = ηmax,mod − ηmax,exp

ηmax,exp
× 100%, t ∈ [0, Te] . (63)
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Fig. 10 The tilting motions
followed by the robot during
experiments: (a) Te-motion
paths, (b) Tc-motion paths, (c)
Tg-motion paths

The second index, λ, is the integral mean error between
the model and the experimental trends, analyzed during the
rest phase between Te and 1.5Te, normalized with the mean
experimental value during motion5, i.e.:

λ =
∫ 1,5Te
Te

[

ηmod − ηexp (t)
]

dt
∫ Te
0 ηexp (t) dt

Te
0, 5Te

× 100%. (64)

To facilitate the interpretation of the accuracy indices ε andλ,
two representative time histories of the sloshing height η(t)
are reported in Fig. 12, comparing the experimental mea-
surements with the corresponding PMSD (Fig. 12a) and PEN
model (Fig.12b) predictions.

In the PMSD model, the accuracy indices are functions
of the spring parameters α and w, as well as of the num-
ber N of sloshing masses. In the PEN-model, the accuracy
indices related to the PEN-rad and PEN-vert formulations
only depend on N , whereas the PEN-tan formulation has no
parameters, since it only considers one sloshing mode (see
Table 1). The complete set of time histories of ηexp(t) and
ηmod(t) for all considered models and for multiple values of
α, w, and N is available in a public repository [33].

In the following Sections, ε and λ will be used to find the
optimal value (if any) of the aforementioned parameters, and
to compare the different sloshingmodels and sloshing-height
formulations.

7.3 Quantitative comparison of the discrete models

7.3.1 PMSDModel

In this subsection, PMSD-based predictions of the sloshing
height (Section 3.3) are compared with experimental data

5 Normalization is performed using the mean experimental value
between 0 and Te, rather than between Te and 1.5Te, because the for-
mer is larger and less affected by measurement errors, thus less likely
to distort numerical results.

Fig. 11 Sample trends of σ, σ̇ , σ̈ for Te = 2.8s

using the accuracy indices ε and λ. Results are reported for
up to N = 3 sloshing masses. The model parameters α and
w are varied over α ∈ [0, 1.5], with w ∈ {1, 2, 3} and N ∈
{1, 2, 3}. No significant differences are observed among the
three considered values of the fill ratio h/R. Figures 13a and
13b show ε(α,w) and λ(α,w) for the Se, Sc, Sg, Te, Tc, Tg
motions in the case h/R = 1.6. In each plot, blue, red, and
yellow curves correspond to w = 1, w = 2, and w = 3,
respectively; for each color (and hence for each nonlinear-
spring power w), the solid line represents results for N = 1,
the dashed line for N = 2, and the dotted line for N = 3.
The figures corresponding to h/R = 0.6 and h/R = 1 are
reported in Appendix A.2.1. For brevity, only the trends for
h/R = 1.6 are discussed in the following. The numerical
values, obtained with the PMSD model when α = 0, are
reported in Tables 5 and 6.

A larger number of sloshingmasses consistently leads to a
higher value of ε, thereby increasing the likelihood of over-
estimating the maximum sloshing height. However, while
the rise in ε is significant when N increases from 1 to 2, it

123



  618 Page 16 of 27 R. Di Leva et al.

Fig. 12 Representative
comparison of the PMSD and
PEN model predictions against
the experimental sloshing height
for the Se motion in the case
h/R = 1.6: results are obtained
with the PMSD model using
α = 0.5, w = 3 and N = 3 (a),
and with the PEN model
employing the tangent-based
formulation (PEN–tan) (b)

becomes much smaller from 2 to 3 (and it would be nearly
negligible for higher values of N ). In contrast, the number of
sloshing masses has a minimal effect on λ, which character-
izes residual oscillations.

For a given number of sloshing masses N , α = 0 yields
the highest values of ε and λ within the interval α ∈ [0, 1.5].
These values are, in most cases, positive, thereby ensuring an
overestimation of the sloshing height. Furthermore, choos-

ing α = 0 renders ε and λ independent of w. This is because
α = 0 removes the spring element from the model, thus
reducing the restoring force and allowing for larger (mod-
eled) oscillations. The resulting simplified system, composed
solely of a mass and a damper, is referred to here as the
Paraboloidal Mass-Damper (PMD) model.

When a conservative overestimation of liquid sloshing is
desirable, as in trajectory-planning optimizations for indus-

Table 3 Paths followed by the container, with d = 0.3m, a = 0.5m, b = 1m and σ ∈ [0, 1].
S̈c = [ẍc ÿc z̈c]T , �̇c = [0 0 θ̈c]T

Se-motion Sc-motion Sg-motion

xc(σ ) = a cos (2πσ + π
2 ) xc(σ ) = d cos (θc(σ )) − d xc(σ ) = d cos (θc(σ )) + bσ − d

yc(σ ) = −a

2
sin (4πσ + π) yc(σ ) = −d sin (θc(σ )) yc(σ ) = −d sin (θc(σ ))

zc(σ ) = y2c (σ ) − x2c (σ )

b2
zc(σ ) = x2c (σ ) − (yc(σ ) + d)2

b2
− d2

b2
zc(σ ) = d

2
sin
(

4
3 θc(σ )

)

θc(σ ) = 5πσ θc(σ ) = 4πσ θc(σ ) = 3

2
πσ

S̈c = [ẍc ÿc z̈c]T , �̇c = [0 ψ̈c 0]T
Te-motion Tc-motion Tg-motion

xc(σ ) = a cos (2πσ + π
2 ) xc(σ ) = d cos (4πσ) − d xc(σ ) = d cos

(3

2
πσ
)

+ bσ − d

yc(σ ) = −a

2
sin (4πσ + π) yc(σ ) = −d sin (4πσ) yc(σ ) = −d sin

(3

2
πσ
)

zc(σ ) = y2c (σ ) − x2c (σ )

b2
zc(σ ) = x2c (σ ) − (yc(σ ) + d)2

b2
− d2

b2
zc(σ ) = d

2
sin (2πσ)

ψc(σ ) = −π

6
sin (2πσ) ψc(σ ) = −π

6
sin (2πσ) ψc(σ ) = π

6
sin (2πσ)

Table 4 Maximum linear and
angular accelerations reached
during the different motions

Motion Type ‖S̈c‖max [m/s2] |θ̈c|max [rad/s2] |ψ̈c|max [rad/s2] Te[s]
Se ≈ 7.2 ≈ 3.4 - 5.0

Sc ≈ 5.4 ≈ 1.7 - 6.3

Sg ≈ 4.0 ≈ 3.2 - 2.8

Te ≈ 5.0 - ≈ 8.7 6.0

Tc ≈ 5.1 - ≈ 7.4 6.5

Tg ≈ 5.0 - ≈ 11.0 2.5

123



Sloshing-height estimation for liquid-Filled containers… Page 17 of 27   618 

trial applications, the aforementioned observations support
the use of α = 0 and N = 2 or 3, which produces the highest
values of ε and λ among the tested formulations. Even in
this conservative configuration, the PMD model maintains
acceptable accuracy, with ε remaining below ∼ 20% and λ

below ∼ 50%, in all cases. The superior capability of dis-
crete models to capture liquid dynamics during motion, as
opposed to static conditions, has already been noted in the
literature, e.g., in [25].

7.3.2 PENModel

In this Subsection, the three sloshing-height formulations
presented in Section 4.2 for the pendulum model are com-
pared against experimental data. Up to N = 3 sloshing
masses are considered for the method that enforces CoM
equivalencewith the continuummodel, whereas only the first
mode is analyzed for the tangent-based formulation.

Even for the PEN model, no significant differences are
observed across the three selected values of the h/R ratio.
Results for the two accuracy indices ε and λ are summa-
rized in Tables 7 and 8 for the case h/R = 1.6. The tables
corresponding to h/R = 0.6 and h/R = 1 are reported in
Appendix A.2.2.

Table 7 shows that both the PEN-rad and PEN-vert for-
mulations systematically underestimate the sloshing height,
with the vertical formulation with three sloshing masses per-
forming better, although it still significantly underestimates
the sloshing height,with εPEN−vert N3 ranging from−25.16%
to −0.70%. On the contrary, the tangent-based formulation
(PEN-tan), which includes only a single sloshing mass, con-
sistently overestimates the sloshing height, with εPEN−tan

values between 1.20% and 25.38%.
Table 8 shows that during the rest phase, after the motion

has ended, the number of sloshing masses has a negligi-
ble effect, and the difference between the PEN-rad and
PEN-vert formulations becomesminimal.Overall, all formu-
lations can both underestimate and overestimate the sloshing
height, thoughPEN-rad andPEN-vert typically exhibit larger
errors (|λPEN−rad|> |λPEN−tan| and |λPEN−vert|> |λPEN−tan|
in most cases).

Based on these data, the tangent-based formulation
emerges as the preferred method, as it consistently overesti-
mates the sloshing height peak during motion (εPEN−tan > 0
in all cases), and provides acceptable results during the rest
phase. Fig. 14 clarifies the behavior of the different PEN
formulations. These plots, which depict sloshing heights nor-
malized by the container radius against varying pendulum
angles (φx1, φy1) ∈ [−30◦, 30◦] × [−30◦, 30◦], distinctly
show the overestimation characteristic of the PEN-tan for-
mulation (in red) over the PEN-rad and PEN-vert ones (in
blue and green, respectively).

Table 5 Values of ε from the PMD-model formulation (α = 0) in the
case h/R = 1.6

ε[%] N Se Sc Sg Te Tc Tg

PMD 1 16.01 -15.39 0.59 -11.58 -0.45 5.28

2 22.11 -8.99 8.05 -4.28 6.52 13.86

3 24.55 -6.65 10.73 -1.50 9.20 16.97

Table 6 Values of λ from the PMD-model formulation (α = 0) in the
case h/R = 1.6

λ[%] N Se Sc Sg Te Tc Tg

PMD 1 45.80 5.39 16.18 -0.71 10.51 41.96

2 47.92 6.00 17.80 -0.70 10.88 44.67

3 48.05 6.06 17.95 -0.70 10.92 45.20

Table 7 Values of ε from the PEN-model formulations in the case
h/R = 1.6.

ε[%] N Se Sc Sg Te Tc Tg

PEN-rad 1 -14.61 -32.40 -12.91 -27.35 -38.07 -37.76

2 -9.21 -27.04 -6.10 -21.24 -33.06 -32.29

3 -7.18 -25.02 3.62 -18.92 -31.15 -30.19

PEN-vert 1 -8.84 -28.52 -10.21 -23.88 -32.58 -32.38

2 -3.28 -22.92 -3.24 -17.50 -27.21 -26.42

3 -1.19 -20.82 -0.70 -15.07 -25.16 -24.13

PEN-tan 1 25.38 1.20 16.71 4.70 3.44 4.07

Table 8 Values of λ from the PEN-model formulations in the case
h/R = 1.6.

λ[%] N Se Sc Sg Te Tc Tg

PEN-rad 1 33.37 -13.92 -5.53 0.78 -1.92 -15.38

2 34.75 -13.89 -4.68 0.85 -1.88 -15.16

3 34.88 -13.89 -4.59 0.86 -1.88 -15.10

PEN-vert 1 33.67 -13.91 -5.51 0.78 -1.91 -15.30

2 35.05 -13.89 -4.66 0.85 -1.88 -15.08

3 35.17 -13.88 -4.57 0.86 -1.88 -15.02

PEN-tan 1 47.51 -9.34 2.08 2.68 0.83 -9.13

7.4 Comparison of the PMD and PENmodels

Figure 15 compares the PMSD and PEN models in the
case h/R = 1.6, using their respective optimal formula-
tions, which ensure an overestimation of the sloshing height
while providing reasonably accurate results. Specifically, the
PMSD model uses three sloshing masses and no spring
(PMD model), while the PEN model employs the PEN-
tan sloshing-height formulation. In each subfigure, the blue
line represents the experimental sloshing height extracted
from the video-processing algorithm, whereas the green
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Fig. 13 Analysis of the accuracy-index trends for the PMSD model in the case h/R = 1.6: trends of ε (a) and λ (b) in terms of (α,w): the solid
line corresponds to N = 1, the dashed line to N = 2, the dotted line to N = 3
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Fig. 14 Comparison of sloshing height predictions for PEN formula-
tions

Table 9 Comparison for ε between the PMD and the PEN-tan formu-
lations in the case h/R = 1.6.

ε[%] N Se Sc Sg Te Tc Tg

PMD 3 24.55 -6.65 10.73 -1.50 9.20 16.97

PEN-tan 1 25.38 1.20 16.71 4.70 3.44 4.07

and purple lines illustrate the PMD and PEN-tan predic-
tions, respectively. Both models exhibit a good adherence
with the real-liquid behavior, especially during motion and
near the sloshing-height maxima. During the rest phase, the
PMDmodel overestimates the liquid-free oscillations inmost
cases, whereas the PEN-tan shows a less conservative predic-
tion. These considerations find confirmation in Tables 9 and
10, which provide the comparison between the two models
in terms of ε and λ, respectively.

The comparison of the PMD and PEN-tan predictions
against the experimental sloshing height for the cases h/R =
0.6 and h/R = 1 are reported in Appendix A.2.3.

Table 10 Comparison for λ between the PMD and the PEN-tan formu-
lations in the case h/R = 1.6.

λ[%] N Se Sc Sg Te Tc Tg

PMD 3 48.05 6.06 17.95 -0.70 10.92 45.20

PEN-tan 1 47.51 -9.34 2.08 2.68 0.83 -9.13

Based on these results, we can infer that the PMD model
with three sloshing masses and the PEN model using the
tangent-based sloshing height formulation are fairly equiva-
lent, with the former generally providing more conservative
predictions. It isworth noting that the sloshing-height overes-
timation exhibited by the PMD model during the rest phase
tends to increase as the h/R ratio decreases, whereas the
PEN–tan formulation yields, in this phase, slightly more
accurate, albeit less conservative, predictions.

8 Conclusions and future work

This paper extended previously developed models to predict
the liquid sloshing height in a cylindrical container under
two complex motion types: SCARA motion (3D translation
combined with vertical-axis rotation) and tilting motion (3D
translation with fixed-axis tilting rotation). The equivalent
discrete sloshing models, namely the Paraboloidal Mass-
Spring-Damper (PMSD) model and the Pendulum (PEN)
model, inherited from our prior works [18, 25, 32], main-
tained their simplicity and computational efficiency, offering
reliable and easy-to-compute sloshing-height estimations,
even under complex and highly dynamical motions of the

Fig. 15 Comparison of the
PMD and PEN-tan predictions
against the experimental
sloshing height in the case
h/R = 1.6
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container, with accelerations up to 7.2m/s2 and 11.0rad/s2.
We comprehensively examined and compared the agreement
between the different variants of the two discrete models and
the continuum model, highlighting their similarities, differ-
ences, and underlying physical relationships.

Experiments were conducted using an industrial robot
executing several highly dynamic trajectories with differ-
ent motion profiles, maintaining the liquid dynamics in a
weakly nonlinear regime. The ratio of the static liquid height
to the container radius was varied between 0.6 and 1.6. Two
accuracy indices were defined to quantify the error between
the model predictions and the experimental sloshing heights.
Based on the experimental data, the best model variants were
identified by evaluating the effect of model parameters and
sloshing-height formulations on the prediction accuracy. For
industrial applications (in which overestimating the liquid
behavior is usually the most advisable option), the PMD
model—obtained from the PMSD model by removing the
spring—with three sloshingmasses consistently provided the
most reliable and conservative sloshing-height predictions.
Among the proposed formulations for the PEN model, the
tangent-based one proved to be the most effective choice as
it conservatively overestimates the sloshing height.

The comparison between the PMDand the PEN-tanmodel
revealed three key insights:

• the PMD model offered a robust evaluation of the slosh-
ing height across all motion types, reliably predicting
trendswhile providing a conservative estimation of slosh-
ing peaks, even during the rest phase;

• the PMDmodel ismore accurate during themotion phase
than during the rest phase, with the sloshing-height over-
estimation during rest becoming more pronounced as the
h/R ratio decreases;

• the tangent-based PENmodel generally performs as well
as the PMDmodel, consistently overestimating the slosh-
ing height. However, during the rest phase, it tends to
produce less conservative estimates. An advantage of this
model is its simplicity, which makes it both intuitive and
independent of any model parameter.

The results of this paper may be especially useful to build
efficient optimization algorithms for anti-sloshing trajectory
planning.

Future work will focus on extending this approach to 6D
motions of cylindrical containers. Additional investigations
will address sloshing models for parallelepiped-like contain-
ers subjected to SCARA and tilting motions.

Appendix A

A.1 CoM coordinates in the continuummodel

To compute the CoM coordinates for the case at hand and
to consider all sloshing modes, the authors drew inspiration
from the literature [14, 26], where only 1D excitation and
the first sloshing mode were considered. The CoM coordi-
nates in the continuum model, provided in Eq. (11), can be
obtained by solving the integrals in Eq. (10), where the fol-
lowing properties of the Bessel functions can be exploited
[38]:

∫ R

0
r2

J1(ξn
r
R )

J1(ξn)
dr = R3

ξ2n
, (A.1a)

∫ R

0
r
J 21
(

ξn
r
R

)

J 21 (ξn)
dr = R2

(

ξ2n − 1
)

2ξ21n
, (A.1b)

∫ R

0
r
J1
(

ξn
r
R

)

J1 (ξn)

J1
(

ξ1k
r
R

)

J1 (ξ1k)
dr = 0, n 
= k. (A.1c)

In particular, substituting the free-surface description in Eq.
(8) into the CoM coordinates xG and yG expressed in Eq.
(10a) and (10b) yields:

xG = 1

πR2h

∫ 2π

0

∫ R

0

∫ h
2 +η

− h
2

r2 cosφdzdrdφ =

= 1

πR2h

∫ 2π

0

∫ R

0
(h + η) r2 cosφdrdφ =

= 1

πR2h

∫ 2π

0

∫ R

0

[

hr2 cosφ +
∞
∑

n=1

ηnr
2 J1

(

ξn
r
R

)

J1 (ξn)
cosφ cos (φ − φn)

]

drdφ =

= 1

πR2h

∫ 2π

0

[ ∞
∑

n=1

ηn
R3

ξ2n

(

cos2 φ cosφn + cosφ sin φ sin φn
)

]

dφ =

= 1

πR2h
πR3

∞
∑

n=1

ηn

ξ2n
cosφn = R

h

∞
∑

n=1

ηn

ξ2n
cosφn ,

(A.2)

yG = 1

πR2h

∫ 2π

0

∫ R

0

∫ h
2 +η

− h
2

r2 sin φdzdrdφ =

= 1

πR2h

∫ 2π

0

∫ R

0
(h + η) r2 sin φdrdφ =

= 1

πR2h

∫ 2π

0

∫ R

0

[

hr2 sin φ +
∞
∑

n=1

ηnr
2 J1

(

ξn
r
R

)

J1 (ξn)
×

× sin φ cos (φ − φn)] drdφ =

= 1

πR2h

∫ 2π

0

[ ∞
∑

n=1

ηn
R3

ξ2n

(

sin φ cosφ cosφn + sin2 φ sin φn

)

]

dφ =

= 1

πR2h
πR3

∞
∑

n=1

ηn

ξ2n
sin φn = R

h

∞
∑

n=1

ηn

ξ2n
sin φn ,

(A.3)
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where the following intermediate results have been omitted
for the sake of brevity, namely:

∫ 2π

0

∫ R

0
hr2 cosφdrdφ =

[

h
R3

3
sin φ

]2π

0
= 0, (A.4a)

∫ 2π

0

∫ R

0
hr2 sin φdrdφ =

[

−h
R3

3
cosφ

]2π

0
= 0, (A.4b)

∫ 2π

0

∞
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cosφ sin φ sin φndφ =

= −
∞
∑

n=1

ηn
R3
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cos 2φ

4

]2π

0
= 0, (A.4c)

∫ 2π
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∞
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= −
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cos 2φ

4

]2π

0
= 0, (A.4d)
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∞
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=
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0
=
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∫ 2π
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0
=
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Similarly, substituting the free-surface description in Eq. (8)
into the formulation of zG in Eq. (10c) provides:

zG = 1

πR2h

∫ 2π

0

∫ R

0

∫ h
2 +η(r,φ,ηn )

− h
2

zr dzdrdφ =

= 1
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1
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= 1

2πR2h
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where the following intermediate results have been omitted
in Eq. (A.5):
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A.2 Experimental results for h/R = 0.6 and h/R = 1

This appendix reports the experimental results for the cases
h/R = 0.6 and h/R = 1.

A.2.1 PMSDmodel

The accuracy indices ε and λ for the PMSD model are ana-
lyzed for α ∈ [0, 1.5], w ∈ {1, 2, 3}, and N ∈ {1, 2, 3}.
Figures 16a and 16b show ε(α,w) and λ(α,w) for the Se,
Sc, Sg, Te, Tc, and Tg motions in the case h/R = 0.6,
whereas Figs. 17a and 17b report the corresponding results
for h/R = 1. In each plot, blue, red, and yellow curves cor-
respond to w = 1, w = 2, and w = 3, respectively; for each
color, solid, dashed, and dotted lines denote N = 1, N = 2,
and N = 3.

A.2.2 PENmodel

Results for the accuracy indices ε and λ of the PEN model
are summarized in Tables 11 and 12 for the case h/R = 0.6,
and in Tables 13 and 14 for the case h/R = 1.

123



  618 Page 22 of 27 R. Di Leva et al.

Fig. 16 Accuracy-index trends for the PMSD model in the case h/R = 0.6: ε (a) and λ (b) as functions of (α,w). For each w, solid, dashed, and
dotted lines correspond to N = 1, N = 2, and N = 3, respectively
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Fig. 17 Accuracy-index trends for the PMSD model in the case h/R = 1: ε (a) and λ (b) as functions of (α,w). For each w, solid, dashed, and
dotted lines correspond to N = 1, N = 2, and N = 3, respectively
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Fig. 18 Comparison of the
PMD and PEN-tan predictions
against the experimental
sloshing height in the case
h/R = 0.6

Fig. 19 Comparison of the
PMD and PEN-tan predictions
against the experimental
sloshing height in the case
h/R = 1

Table 11 Values of ε from the PEN-model formulations in the case
h/R = 0.6

ε[%] N Se Sc Sg Te Tc Tg

PEN-rad 1 -19.14 -33.63 -14.55 -25.84 -26.42 -44.95

2 -14.45 -28.32 -8.53 -19.87 -20.59 -40.42

3 -12.58 -26.31 -6.32 -17.58 -18.36 -38.70

PEN-vert 1 -13.17 -29.96 -11.46 -22.11 -19.94 -39.67

2 -8.35 -24.41 -5.31 -15.89 -13.70 -34.78

3 -6.43 -22.32 -3.06 -13.50 -11.32 -32.92

PEN-tan 1 21.08 -1.59 15.23 6.10 23.09 -4.99

Table 12 Values of λ from the PEN-model formulations in the case
h/R = 0.6

λ[%] N Se Sc Sg Te Tc Tg

PEN-rad 1 8.94 -2.98 38.42 4.40 2.56 7.41

2 10.09 -2.96 39.33 4.45 2.58 7.70

3 10.19 -2.95 39.42 4.46 2.58 7.75

PEN-vert 1 9.08 -2.98 38.56 4.40 2.56 7.47

2 10.23 -2.95 39.47 4.46 2.58 7.76

3 10.34 -2.95 39.57 4.47 2.58 7.81

PEN-tan 1 18.80 0.87 56.33 7.21 5.18 12.41
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Table 13 Values of ε from the PEN-model formulations in the case
h/R = 1

ε[%] N Se Sc Sg Te Tc Tg

PEN-rad 1 -30.79 -22.17 -2.53 -28.93 -33.62 -43.84

2 -26.51 -16.01 4.91 -23.11 -28.26 -38.99

3 -24.87 -13.69 7.62 -20.89 -26.21 -37.14

PEN-vert 1 -26.02 -17.73 0.64 -25.41 -27.90 -39.09

2 -21.61 -11.30 8.26 -19.34 -22.16 -33.84

3 -19.92 -8.87 11.03 -17.03 -19.97 -31.84

PEN-tan 1 2.07 16.17 31.30 2.69 9.76 -6.39

Table 14 Values of λ from the PEN-model formulations in the case
h/R = 1

λ[%] N Se Sc Sg Te Tc Tg

PEN-rad 1 16.85 3.35 -14.40 -10.40 -0.07 -3.06

2 18.24 3.38 -13.57 -10.34 -0.05 -2.80

3 18.36 3.38 -13.49 -10.33 -0.05 -2.75

PEN-vert 1 17.08 3.36 -14.37 -10.40 -0.07 -2.96

2 18.47 3.38 -13.54 -10.34 -0.05 -2.71

3 18.60 3.39 -13.46 -10.33 -0.04 -2.65

PEN-tan 1 29.73 8.28 -5.92 -8.95 2.86 3.59

Table 15 Comparison for ε between the PMD and the PEN-tan formu-
lations in the case h/R = 0.6.

ε[%] N Se Sc Sg Te Tc Tg

PMD 3 32.55 -4.45 6.17 -4.16 29.74 -2.69

PEN-tan 1 21.08 -1.59 15.23 6.10 23.09 -4.99

Table 16 Comparison for λ between the PMD and the PEN-tan formu-
lations in the case h/R = 0.6.

λ[%] N Se Sc Sg Te Tc Tg

PMD 3 139.18 9.30 56.34 -4.04 28.38 72.61

PEN-tan 1 18.80 0.87 56.33 7.21 5.18 12.41

A.2.3 Comparison of the PMD and PENmodels

Figure 18 compares the PMD and PEN models in the case
h/R = 0.6, using their respective optimal formulations.
Specifically, the PMD model uses three sloshing masses
(and no spring), while the PEN model employs the PEN-
tan sloshing-height formulation. In each subfigure, the blue
line represents the experimental sloshing height extracted
using the video-processing algorithm, whereas the green and
purple lines show the PMD and PEN-tan predictions, respec-
tively. Tables 15 and 16 provide the comparison between the
two models in terms of ε and λ, respectively.

Table 17 Comparison for ε between the PMD and the PEN-tan formu-
lations in the case h/R = 1

ε[%] N Se Sc Sg Te Tc Tg

PMD 3 4.95 7.33 23.34 -8.29 15.46 2.23

PEN-tan 1 2.07 16.17 31.30 2.69 9.76 -6.39

Table 18 Comparison for λ between the PMD and the PEN-tan formu-
lations in the case h/R = 1

λ[%] N Se Sc Sg Te Tc Tg

PMD 3 76.56 19.67 17.17 -11.99 13.79 55.31

PEN-tan 1 29.73 8.28 -5.92 -8.95 2.86 3.59

Figure 19, Table 17 and 18 compare the PMD and PEN
models in the case h/R = 1.
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