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Abstract

We study the local regularity properties of weak solu-
tions to a special class of anisotropic doubly nonlinear
parabolic operators, whose prototype is the anisotropic
Trudinger’s equation

N
u, — ZDi(uz_pi |D;ulP~*D;u) =0, u
i=1

WV
o

We prove a parabolic Harnack inequality, valid with-
out any restrictions on the exponents p;s. When the
range of diffusion exponents is restricted, solutions are
Holder continuous.

MSC 2020
35B45, 35B65, 35K55, 35K65, 35K67

Contents
1. INTRODUCTION AND MAIN RESULTS . . . . . . . . . o i i e e e e e e e 2
2. NOTATION . . . e e e e e e e e e e e e e e e e e e s e s e e 5
3. FUNCTIONAL SETTING AND AUXILIARY RESULTS. . . . . . .. . . ... ..... 6
4. ADE-GIORGI-TYPELEMMA. . . . . o i vt e et e e e e e s s s 8
5. EXPANSION OF POSITIVITY . . . . . . . o o e e e e e e d e e e e e e e 11
6. HARNACK’'SINEQUALITY . . . . . o o o e e e e e e e e e e e e e e e e e e e 15
7. HOLDER CONTINUITY. . . . . . o o e e e s s s 17

© 2026 The Author(s). Journal of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.

J. London Math. Soc. (2) 2026;114:€70643.
https://doi.org/10.1112/jlms.70643

wileyonlinelibrary.com/journal/jlms 10f32


https://orcid.org/0000-0001-7065-4163
mailto:simone.ciani3@unibo.it
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/jlms
https://doi.org/10.1112/jlms.70643
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fjlms.70643&domain=pdf&date_stamp=2026-07-20

20f 32 | CIANI ET AL.

APPENDIX . . . . . e e e 23
ACKNOWLEDGMENTS . . . . . . e e e e e e e e 29
REFERENCES. . . . . . . e e e e 30

1 | INTRODUCTION AND MAIN RESULTS
1.1 | Introduction

In the framework of our program on the qualitative properties of local weak solutions to parabolic
anisotropic operators, here our motivation stems from the classic research in [49] and the
relatively recent studies in [24, 32, 36, 37, 40], where the regularity results such as the local bound-
edness, Harnack’s inequality, and Hélder continuity of solutions to doubly nonlinear parabolic
equations

u, —div(u*"P|Du|P~>Du) =0, u >0,

were proved. Such type of equations in the literature are known as Trudinger’s equations, follow-
ing his pioneering work in [49]. In this paper, we are concerned with nonnegative solutions to
anisotropic Trudinger’s equations with measurable and bounded coefficients, whose prototype is

N
u, — Z D;(u* Pi|DulPi*Du) =0, u>0. (L1)
i=1

We observe that when p; = p, Equation (1.1) enjoys a similar structure to Trudinger’s equation,
with the only difference that the modulus of ellipticity depends on each directional derivatives.

1
In this case, the change of variables v = u?-' turns Equation (1.1) into
N
(P, + ZyiDl- (ID;v|P~*Dv) =0, 7; >0, 1.2)
i=1

whose parabolic and elliptic energy terms are homogeneous with respect to the multiplication by
a constant. The original idea of [49] was that this homogeneity makes the low-order regularity
theory simpler, but on the other hand, the treatment of the time derivative is encumbered, at the
point that adding or subtracting a constant to a solution does not produce a solution to the same
kind of equation. For this reason, the study of the Harnack inequality and of the H6lder continuity
seems to be dinstinct, see, for instance, [2] and [24]. Here, below we address both studies, for
operators whose prototype is (1.1). More precisely, let Q@ C RN be open and bounded, T > 0 and
let us consider numbers

1<py<py<-<py<o.

We study the local regularity properties of nonnegative solutions to the equation

N
u, — z D;A;(x,t,u,Du) =0, locallyweaklyin Qr :=Qx(0,T), 1.3)
i=1
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ANISOTROPIC TRUDINGER’S EQUATION | 30f32

where A;(x,t,5,8) 1 Qp XR, X RN — RV are Carathéodory functions, satisfying the following
structure conditions:

Ai(x,t,8,8) 8 2 Ky s¥PifE P, Y(s,8) e Ry X RY,
(1.4)
|A;(x,t,8,8)| < K, s*7Pi|&;|PimL, Vi=1,..,N,

for positive constants K;, K,. The formulation of the structure conditions (1.4) can be rephrased
under the assumption of the chain rule, see Section 8.1 for the details.

1.2 | Main results

Our first result is the Harnack inequality. The special feature of the following theorem being its
validity regardless of any restrictions on the gap between py and p;.

The parameters N, p, ..., Py, K1, K, will be referred to as the data.

Theorem 1.1. Let u be a nonnegative, local weak solution to (1.3)-(1.4) in Q. There exist positive
constants C, C depending only on the data such that, for all cylinders

K0 (x0) X (tg = C(80)P, ty + C(80)P) C Qr,

there holds
L sup uC,ty—CpP) <ulxg,ty) <C inf u(-ty +C oP), (15)
le(xo) le(xO)
where
al £ 1 al 1
Kp(x())zziznl{lxi_x()i|<ppi} al’ld —::ﬁlzzll—,l

Our second result is the local Holder continuity of solutions. The proof distinguishes between
the cases when u is large or close to zero. In the former case, the equation can be regarded as the
anisotropic p-Laplacian (cf. [13, 15]), whose regularity theory is known only under the additional
assumption that the gap between py and p, is sufficiently small (see Lemma 8.2). For this reason,
a constraint on the spareness of the p;s appears. See also [21] for this technique in the case of
porous medium equations.

Theorem 1.2. Let u be a nonnegative, local weak solution to (1.3)-(1.4). There exists a number ¢, €
(0,1) depending only on the data such that, if

DN — D1 S €y (1.6)

then u has a locally Holder continuous representative.
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1.3 | Novelty and significance

The issues touched in here have been considered in the standard case p; = p starting with
Caffarelli and Friedman [6], Caffarelli and Evans [7], DiBenedetto and Friedman [17], and
DiBenedetto [22] and continued in [1, 18, 19, 21, 29, 30, 45, 51, 52]. Since Trudinger’s equation seems
to be one of the few nonlinear parabolic equation that admits a Harnack inequality just as for
the heat equation,’ it is the natural candidate for generalizing these results to nonlinear equa-
tions with nonstandard growth, particularly to anisotropic equations. The study of regularity
properties of solutions to parabolic equations with nonstandard growth goes back to the 1970’s.
Kolodii [33, 34] gave his seminal contribution on the local boundedness after which several other
came along, see, for example, [43, 46, 47]. At the same time, the basic qualitative properties such
as continuity and the Harnack inequality of solutions to anisotropic elliptic and parabolic equa-
tions are still poorly understood. Regarding the continuity of solutions, surprisingly, the most
extensively studied case is the anisotropic porous medium equation [5, 25-28]. To the best of our
knowledge, partial results for anisotropic elliptic equations can be found in [12, 14, 41, 42] or in [20]
under the additional condition that the gap between py and p, is small enough. For the elliptic
prototype, the authors in [4] show that locally bounded weak solutions are Lipschitz continuous,
and hence continuous, without any restrictions on the spread of the p;s. As for the anisotropic
parabolic equations, some Harnack-type inequalities were obtained [8, 9, 13, 15]. Questions on
boundedness in a wider anisotropic regime were addressed in [10], while in [11], the authors
proved the expansion of positivity. In this paper, we continue the study of the regularity proper-
ties for anisotropic parabolic equations started in [10, 11], namely, we prove Harnack’s inequality
and Hélder continuity of weak solutions to a class of anisotropic parabolic equations having as
prototype the Trudinger’s equation (1.3). In this context, it is a striking fact that the bounded-
ness (proved in [10]) and Harnack’s inequality for solutions of such equations can be proved
without any restrictions on the numbers p; and have the same form as for the heat equation (cf.
Theorem 1.1).

1.3.1 | The method

In [16], Ennio De Giorgi developed an original geometric method for the boundedness and regular-
ity of solutions to elliptic equations with discontinuous, but measurable and bounded coefficients.
The fundamental ideas of this technique have been successfully applied to get regularity for local
minima of calculus of variations and/or solutions to the corresponding elliptic and parabolic equa-
tions with standard growth (for an exhaustive overview on the subject, see, for example, [21, 22,
38, 39]). The core ideas of our proofs are based on this method and also on Krylov and Safonov [35]
procedure, when proving the Harnack inequality, and on the intrinsic scaling method (developed
by DiBenedetto [22]) when proving the Holder continuity of solutions. Although the strategy for
the proof of our main results goes as in the standard p-growth, we had to overcome the difficulties
inherent to the presence of the anisotropy. The proof of the Holder continuity follows the lines of
[36] and [37], with the complication that the case where u is away from zero does not allow us to
transform (1.1) into the p-Laplacian operator, for which there would have been already a complete
picture. Instead, it turns (1.1) into the anisotropic p;-Laplacian, for which the regularity theory is
still under development.

* Meaning with this that it does not require to consider an intrinsic geometry (see for this [22]).
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ANISOTROPIC TRUDINGER’S EQUATION 50f32

1.3.2 | Structure of the paper

The paper is organized as follows. In Section 2, we collect some preliminary and technical prop-
erties, being Section 3 devoted to the proof of a De Giorgi type lemma. Expansion of positivity is
proved in Section 4. Our first main result, the Harnack inequality, is proved in Section 5. Finally,
in Section 6, we prove Holder continuity of weak solutions to (1.3). Motivation for the functional
framework, the definition of solution with the exponential mollification, and other tools of the
trade are collected in the Appendix.

2 | NOTATION
2.1 | Indexes

From now on, we assume that the numbers {p;, p,, ..., px} are fixed. In order to ease notation, we
further assume, without loss of generality, that

1<p;<spy<-<py<o®

and we set

N
1_1y1
;E‘sz

1
N
When index i is concerned, we will always reduce the set of indexes as in the previous formula,
also for the product Hfi 1 = [I;- Given K}, K, by the structure conditions (1.4), we will refer to the
set of parameters {N, p,, ..., Py, K1, K;} as the set of (structural) data, and by saying that a constant
y depends only on the data we mean that it can be quantitatively determined a priori only in terms
of the above quantities. As usual, the generic constant y may change from line to line.
2.2 | Geometry
For fixed r,7 > 0 and a point (%,f) € RV*!, we define the standard cube
K.x) ={xe RN : |x,—%|<r, i= L,..,N},
the anisotropic cubes
P
K@ :={xer": |xy-x|l<rrn, i=1,.,N},
and the cylinders
Qr (X, 1) 1= Kp(X) X (I —1,D).

Finally, for fixed k, r,n > 0, we define the intrinsic anisotropic cubes
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6 of 32 CIANI ET AL.

P _PN=P;

le()’C)::{erRN: x;—%|<rrik P, i=1,.,N},

and cylinders

Q%D 1= L®) X (E—1,D.

3 | FUNCTIONAL SETTING AND AUXILIARY RESULTS
3.1 | Functional anisotropic setting and parabolic embeddings

Equation (1.1) has to be understood in an appropriate variational meaning. For this aim, we define
the anisotropic spaces of locally integrable functions as

whP(Q) = {ue Wwh(Q) : DuelLli(Q), i=1,..,N},

PO, T; W'P(Q)) = {u € L'(0, T; W"(Q)) : Dju € LPi(0,T;LPi(Q)), i=1,..,N},
and the respective spaces of functions with zero boundary data
W, P(Q) = W Q) n WP (),
P (o, T; Wé’p(Q)> = <0, T; W(l)’l(Q)> A LP(0, T; WP(Q)),

for p = (py, ..., py)- The following lemma was originally studied in [48], see [23] for a modern
proof.

Lemma 3.1. Let Q C RY be open and bounded, u € Wé’l(Q) and let us assume
2/ |D;|lul%|Pidx < 0, for a;>0 and p;>0suchthat p<N.
~ Jo
1

Then there exists ¢ > 0, depending on {N, p, ..., Pn> %1, ... , AN}, SUch that

1‘; Pi " N« 1
</ |u|padx> cH </ D, |u|“l|ptdx> . Pa=no p =5 Y. @D
i

By using Holder’s inequality and (3.1), the following lemma is valid too.

Lemma 3.2. Let Q C RV be open and bounded, u € L'(0, T; Wé’l(Q)), p < N and let also

sup/lulﬁdx<oo, >0,

0<t<T JQ

and

T
Z/ /lDilulailpidxdt<oo, a;>0, p;>1, i=1,..,N.
i 0 Q
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ANISOTROPIC TRUDINGER’S EQUATION 7 of 32

Then there exists ¢ > 0, depending on N, py, ..., PN, @1, ... , Ay, SUch that

T g N [T e
|u|p<a+N>dxdt<c sup lulf dx " D |u|% |Pidx NPt
L
o Ja 0<t<T JQ —Jo Q
£ T
(Sup /Iulﬁdx> lZ/ /IDiIuI“ilpidxdt]. (3.2)
0<t<T ~Jo Ja

A closer inspection of our proofs (Lemma 4.1 here below, and Lemma 3.4 of [10]) reveals, as in
Remark 3.9 of [44], that the condition p < N can be removed.

3.2 | Definition of weak solution

Here below we define the notion of local weak solution to Equation (1.3). For the motivation lying
behind this definition and an alternative definition that takes into account an approximated time
derivative, we refer to Section 8.2. A measurable function u : Q; — [0, o0) such that

>“loc loc

_PN
weCu 0TI @), uwi e If (0.1 WiR@),
(3.3)
D;(uri) € Llpo‘c<0, T;LZPO'C(Q)), forall i=1,..,N,

is a nonnegative, local, weak sub (super)-solution to (1.3), if for every compact set E C Q and every
subinterval [¢,,¢,] C (0,T]

¢ 5
/ugodx ‘4 / / ug, + ZAl-(x,t, u,Du) D;p | dxdt < ()0, (3.4)
E h tn JE :

for all nonnegative testing functions

1, s
o€ W, PN, T;LIN(E) nLP (0,T; W, P(B)).

We say that u is a nonnegative, local weak solution to Equation (1.3) if u is both a nonnegative,
local weak sub- and supersolution.

3.3 | Local energy estimates

Lemma 3.3. Let u be a nonnegative, local weak sub(super)-solution to (1.3)-(1.4). Then there exists a
constanty > 0, depending only on the data, such that, for every cylinder Q, (v, 7) C Qr, every level
k > 0, and every piecewise smooth cutoff function { vanishing on 0K,(y) and such that 0 < ¢ <1,
there holds

1 1
sup / g (PN T kP T) ¢PY dx
K, (n)x{t}

T—N<KILT

PN —Pi 1
+ y—l Z // u PNl |D; (upN 1 _ kpN—1 )ilpié’pN dx dt
Qry (1)

A ‘T ‘9202 ‘0SLL69%T
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VA

_r 1 1 1
/ 9o (uPNTY K PNTL) OPN dx+)’// g (upn=t k1) | | dxdt +
Kr()’)X{T—VJ} Qr,;y(y’f)

PNTPL 11
+y Z // u PN1 (uPn—T — kpn-1)P D¢ Pidx dt (3.5)
i #Q 00 B

We postpone the nowadays standard proof of (3.5) to Section 8.3, in order to leave space to what
PN

isreally new. At this stage, we only remark that the assumption u € Ll‘; Z ! (Qp) of (3.3) implies that
each integral above is convergent. Indeed, as usual, this assumption is crucial for the extrapolation
of (3.5) from Equation (1.3)—(1.4).

3.4 | Local upper bound

Local weak subsolutions to (1.3)-(1.4) are bounded above quantitatively. This property can be
extracted from the study performed in [10] for De Giorgi classes of functions satisfying doubly
nonlinear parabolic equations that exhibit nonstandard growth conditions.

Lemma 3.4. Let u be a nonnegative, local, weak subsolution to (1.3)-(1.4), then for any cylinder
Qgpi(gp)p (xg, tg) C Qr, there holds

pN—1

1 _PN_ PN
sup u<y| =7 // urN-! dxdt , (3.6)
Q,,0p (Xost0) pTP Qap,2p)P Xosto)

with a constant y > 0 depending only on the data.

4 | A DE-GIORGI-TYPE LEMMA

The following lemma is an anisotropic version of the classic De-Giorgi-type lemma (see [18, 19,
21, 22]). Although a more general version of it could be extracted from the proof of [11, Lemma
2.4], we decided to report the full proof here, in order to show that for the special case (1.3), there
is no need of intrinsic geometry (see [22] or [50] for more details) since here the parabolic and the
elliptic energy terms suitably balance the De-Giorgi-type iteration.

Lemma 4.1. Let a € (0,1) and k > 0 be fixed real numbers, and let u be a nonnegative, local weak
supersolution to (1.3)-(1.4). Then, there exists v_ € (0, 1), depending only on the data, a, r, and 1 as
in (4.3), such that if

1, 7) N {u < K} < v_1Qy, 0, D, (4.1)
then
u(x,t)y>ak, (x,t)€e Qg,g(y,r). 4.2)

Proof. For j =0,1,2,..., we define

1 1 1 1
kPN = [ak]PnT + (1= am kw127,

A ‘T ‘9202 ‘0SLL69%T
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ANISOTROPIC TRUDINGER’S EQUATION 9 of 32

r i .
rpi= 24270, :=g(1+2 0,

K; 3=’er(J’)’ Q; :=K;xI;, I; ::(r—nj,r).

Now, we consider piecewise smooth cutoff functions ¢ ji= g“ﬁ”(x)g” ;.2)(t), where ¢ ;l)(x) S Cé(K j)
is such that
§§1)(x) =1 for x€Kj,y, 0< {;1)(x) <1

i 2]
and D" < Ehi= 1N,
while {52)(0 € CI(R) is such that

g’;z)(t):O for t<7—7; {;2)(t)=1, for t>7—-7n;,

0< g”;z)(t) <1, verifying |§‘(2)

Using Lemmas 8.5 and 3.3, we obtain

R M PN =P 1 :
sup/ g | uPN T RPNTE ) PN gy 4yt Z// u N D[ uPNTT — kPN ) (PPN Ay de
el; Jxit} / ! T M ! ~
bi
2J7 1 PN=Pi -
y // <uPN 1 kpN )d dt+—2[/ u PN-1 <uPN k;’N 1) dx dt
Qj Qj _

BN/ 1
<27 kvt (5 + r_P> 1Q; N{u < kj}l.

To estimate the left-hand side of this inequality, we define
v .= max(u,a k),

and note that each one of the terms on the left-hand side can be estimated in terms of v as follows:

1 1 1 L
/ g_| upn=1, kN7 {I.)Ndxz/ g_| v RN ) PN dx >
Kx{t} ! ! Kjx{t} ! !
1

bN=2 1 1 \?
(ak)PN 1/ UPNTT — kPN ) PN g,
KXt} / )

and also, for a; = px/Di>

PN—Pi 1 1
// w PN D[ wPNTT — kPN )P ¢PN dxdt
Q J e
PN—Pi 1 1
> // u N D[ upnTT — kPN ) (PPN dxdt
Qjnfuzak} ] _ ]

A ‘T ‘9202 ‘0SLL69%T
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10 of 32 CIANI ET AL.

PN—Pi 1 1
= // v N D[ wPNTT — kPN ) 1P PN dxdt
Q;nfuzak} ! _ J

a;

PN —Di 1 1
>y lapnt // ; UPN—1 k;’N_ | Pi §’§)N dxdt.
Q; _

Hence, collecting the previous estimates, we arrive at
1

PN-2 N
(ak)en—t sup/ UPNTT — kPNTE ) PN gy
telj JK;x{t} J _ J

1 a;

PN—P1 1 L
+y la vt 2// ID;{ vENT — KPNTH ) (PPN dxdt
= JJo j e

|
<y2”kPN1<n+—>leﬂ{u ki3

N
By means of Holder’s inequality together with Lemma 3.2, for § =2 and a = % Yo = %N, we
i=1
obtain
1 PN 1 ap
kij_ kjpfl Qi1 N{u<kjqdl = kij_ k]pfl Q1 N{v < kjiqdl
1 ap
// e R
J J
Qj -
_N_
. p‘”;’\]“ N+2/a Ve
// UPN -1 ka_l {f’\’ dxdt 1Q; Nn{v < kj}|N+/=
Q; —
1 1 2 N+2/a
<y sup/ (UPN—l — kPN 1) {pN dx X
tel; JK;x{t}
N _
1 1 % N+2/a 2/a
x| X // 1D, | [ 0PN T = kP ) PP dxat 1Q; N fu <k} V2
- J J J J
i MQj _
N+p
. PN 1 1 \ N+2/a _p
<y2a Mkt =+ = 1Q; n{u <k; }| TN
n o rP
in {u<k; }| ) )
Sety j = T then from the previous, we obtain
J
L N+p p
_ yP \ N+2/a n N+2/a 1+m
JY a7 -
y}+1 }/2 a <77> <1+Vp> yj >
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ANISOTROPIC TRUDINGER’S EQUATION 11 of 32

which yields lim y; = 0, provided that y, < v_, where v_ is chosen to satisfy
j—)OO

La'(n %1 n _% 43
”—--7(5)(*5) ’ 4.3)

therefore proving proves (4.2). O

5 | EXPANSION OF POSITIVITY

Expansion of positivity is the main and crucial result to obtain Harnack’s inequality, and reads as
follows.

Proposition 5.1. Let u be a nonnegative, local weak supersolution to (1.3)-(1.4) and let us assume
that for somer, k > 0 and o, € (0, 1), the following measure information is at stake:

I.(0) n{ul, s) > kY = apl K. (»)]. (5.1
Then, there exist numbers 1), 8, € (0, 1) depending only on the data and o such that
u(x’ t) 2 Mo k’ DS KZr(y)i (52)

for all times
s+ %rp <t <s+6,rP, (5.3)
provided that
Ks, () X (5,8 +1rP) C Q.
By repeated application of Proposition 5.1, we obtain the following.

Corollary 5.1. Under conditions stated in Proposition 5.1, for any A > 0, there exists number 1) €
(0,1) depending only on the data, a, and A such that

u(x, ) > 7k,  x € Ky(),
forallt
s+ %rp <t<s+ArP,
provided that (5.1) holds and Kg,.(y) X (s, s + A(8r)P) C Qr.
The proof of Proposition 5.1 is performed in two major steps, given by Lemmas 5.1 and 5.2.

We start by introducing the change of variables

=5 Xi = Vi
l’—)—p:‘[’ xi—) > :Zl"
r £

rPi

i=1,..,N,
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12 of 32 | CIANI ET AL.

which maps the cylinder Kg, X (s,s + rP) into Q := Kg(0) X (0,1). Function u keeps on being a
local weak supersolution to (1.3)-(1.4), in Q, and inequality (5.1) translates into

IK1(0) N {u(:,0) > k}| > ay|K,(0)]. (54)

5.1 | Propagation of positivity in time

Lemma 5.1. Let u be a nonnegative, local weak supersolution to (1.3)-(1.4) in Q and assume that
inequality (5.4) holds. Then, there exist €;, 6, € (0,1), depending only on the data and on a, such
that

x
IK1(0) N {u(-,7) > & k} > ZO'Kl(")" (5.5)
forall
0<7t<56;.

Proof. The proof relies on the energy estimates of Lemma 3.3, written over the cylinder K;(0) X
(0, 8,], where the cutoff function ¢ € Cé(Kl(O)) can be chosen as a time-independent function
satisfying for a fixed o € (0, 1) the usual properties

tx)=1forx ek, ,0), 0<¢()<l,  [IDLP< L~ Vi=1,.,N.

oPN

Now, by observing that, for any 0 < u < k, we can reduce from above the following term:

R U ke PN ™ 1
g- (PN kPNT) = (py — 1) / 1 SPNTR(kNT —5)ds =
ubN—1

PN
PN 1 - 1 -

= _1 k pn—1 —u<k1’N—1 — pN_lupN—1> < key 1’
PN bPn bPn

and when restricting on the set {u < ¢;k} forasmall 0 < &; < 1/py, we can reduce it from below
U U 1 . N N PN
g_(upPN=1 kpN-1) > — kPNl — glkPN_l = kN1 (1/pN - gl) s
PN
we arrive at the following estimate, valid for all times 0 < 7 < §;:
_PN_ _r 1
ken=1(1/py — &)IK1_5(0) n{u(-,7) < gk} < sup / g_(uPN=1, keN"1)EPN dz
0<7<8; JK4(0)
PN D

61 1
s/ ' (uPN I km ) dz + —2/ / U PN~ 1(uPN T — kv )Pidzdr
K1 (0)x{0} K(0)

1_
< ao_l_ Y6,
PN oPN

]k"N KL (0)]
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ANISOTROPIC TRUDINGER’S EQUATION 13 of 32

which by the measure estimate
1K1 5(0) n{u(-, ) < &k}l > |K;(0) n{u(-, 1) < & k}| — No|K;(0)],

implies an estimate from above of the sublevel sets of u as

1—¢« o)
IK1(0) N {u(:,7) < gk} < [Na+ Py ( 0,7 1)] K (0)].
1—¢py DN oPN

Now, by choosing

% % (1 — ag)aPN
= - & = N =
8N T @-apy ' 16y py
we arrive at the required (5.5), which proves the lemma. O

5.2 | A measure shrinking lemma

Lemma 5.2. Assume that the conditions of Lemma 5.1 are fulfilled and let 51, €,, a, given in lemma
5.1. Then, for any v € (0, 1), there exists j,, depending only on the data, €,, oy, and v, such that

281K, (5.6)

é k
K,4(0) x <71,51> nfus< <

Proof. Let j, € N to be determined and, for j € N such that 1 < j < j,, letus set k; := E{k and
use Lemma 3.3 for the pair of cylinders

9
Q; :=K,(0)x (Zl 61> and Q, :=K4(0)x (0, 6;),

with a piecewise smooth cutoff function {(x, t) vanishing on the parabolic boundary of Q, and
verifying

1P <y, Vi=1,..,N, and I§[I<5l,
1

to obtain

1

p_N_p. PN —Pi —
Z// uPN-1 ‘|Diu|p" dzdrt syZ// u PN-1|D; (uPN 1 k;’N )_|Pi¢PN dz dt
i an{MSk'} i Q2

[ B BNy pre=i
g-nNT kN |G dzdT +7 ) “"N ! (u"N T —kMNTOPD P dz de
Q, ! i !

kPN N1
<5 kMl

Thanks to the discrete isoperimetric inequality Lemma 8.3 and the assumption (5.4), we arrive at

14

K1 1K(0) N (1) < el < L /
%o T IR Ok <uC <k}

|D;u| dz
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14 of 32 | CIANI ET AL.

for every time 7 € (%, 8,). Integrating this inequality over (%1, 81) by usual manipulations, we
get

14
gkl n{u<k 3 <— // |D;u| dzdz
17j 11 Jj+1 a Z, Qi <uck ) i

1 pi— pN 1—;
% —p; i pN !
< = // uPN =1 Du|Pi dzdrt // u Pl dxdt
Ao Q;nfusk;} Qi Nn{k 4y <usk;}
1-L
y P_z pi PN—1 Pi
i—1
< P (kpN 1|Q1|/51> kj 5 1Q: N{kj <u<kjl
0

14 -
= k,2| 7 1y Nikj o <u<k}l 7

i

1——
|Q1 Nnik; 1<u<k-}| P1
syaalklen( Lk | J

|Q;

Thereby we end up with an estimate of the sublevel sets of u such as

1Q; Nn{u < k }| —2% |Q1n{kj+1<u<kj}|
- r— SVOCO .
Q] Q4

Summing up the last inequalities over j, for 1 < j < j,, and using the properties of Lebesgue
measure, we deduce the shrinking property
oy’

1Q Nfu <k} < —OIQ1I
G, -1

The proof is completed once we choose j, large enough such that

-2 e
ya p1
— 0 <, and Je= |1+ i ,
, 1-L va?
(]* _1) 1 0

where in the last definition, we used the upper integer part. O
De-Giorgi-type Lemma 4.1, for a = % and Lemma 5.2 yield
> kel /2 K,(0 % d
u(z,7) > key* /2, (z,7) € K»(0) X 51 )

Returning to the original variables, we arrive at the required (5.2)-(5.3) with §, = §; and 7, =
E{* /2, completing the proof of Proposition 5.1.
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ANISOTROPIC TRUDINGER’S EQUATION 15 of 32

6 | HARNACK’S INEQUALITY

Let us fix (x,, t,) € Qr for which u(x,, t,) > 0 and construct the cylinder
Ks,(x0) X (tg — C(8p)F, ty + C(8p)P) C Qr
with C > 0 to be chosen. The change of variables

=1
pP

X = Xoi
i L

b

=1, i=1,..,N

t—

1
u(xg,ty)

maps this cylinder into Q := Kg(0) X (—C8P,C8P), and turns v(z,{) =
bounded, nonnegative, weak solution to (1.3)-(1.4) in Q, verifying v(0,0) = 1.

Consider the cylinder QU(O, 0) and fix 8 > 0, to be determined later. By Lemma 8.4, there exist
Yo =70(B) > 1,(»,7) € Q;,(0,0) and r > 0 such that

u(x,y) in a

1
Qr’rP (y9 T) C Ql,l(oa 0)1 rﬁ Sup v < yO’ rﬁv(y’ T) > - (61)
Qryp(¥,7) Yo

Claim 1. There exist €, a € (0, 1) depending only on the data and 8 such that
|Qr,rP(ysT)n {U > Er_ﬁ}l > aIQr,rP(yaT)I- (62)

Proof. Since v is a bounded, nonnegative, weak solution to (1.3)-(1.4), from Lemma 3.4 together
with (6.1) and the fact that |Q, ., (y,7)| = rN*P, we get

pN-l

1 P ( ) 1 PN dxd PN P
—r P <oy, )<y // vPN~ dx dt < yer P+
Yo rN+p Q. p(¥,7)

pN-1

1 PN e d PN
+ )/ // v pN—1 x dt
PN Q¥ 0)N{vzer=A}

pN-1

Qs D) N{v=er P\ v
|Qr,rP (y’ T)l )

<yerF 4 yyr? <

PN
We arrive at the required (6.2), with o = (L) PN , once we choose € = L O

2)/)/(2) 2yvo
Inequality (6.2) yields
|K.(»)n {v(-,s) > er‘5}| > a|K,.(y)|, forsome se€(r—rP,1), (6.3)
and then, by applying Proposition 5.1 (with k = er~# and «, = ), we get
v(z,ty) = neerF, x €K, (y), ty=s+03,r", (6.4)

for some 7, §, € (0, 1) depending only on the data and on §.
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16 of 32 | CIANI ET AL.

We can now repeat this procedure (one and again) starting from (6.4). In fact, the expansion of
positivity now applied for level 7, er~#, radius 2r and ay = lyields

v(z, ) 2 Aner P, x €Kp (), 1 1=ty +82r)P, (6.5)

where 7, € (0,1) depend only on the data and are independent of r and 8. By an iterative scheme,
one arrives at

v(z, t,) =" noer_ﬁ, X € Kpni1,(y), t, :=1t,_; +36Q2"r)P. (6.6)
Choosing n so large that 2"*1 r > 2, the cube K,n41,(y) covers the cube K;(0), and then,
v(z,t,) =" noer_ﬁ, x € K;(0), (6.7)
where time level t,, is given by
n n
o=ty +8 Y (2P =s+8yP +8 ) /)P,
j=1 j=1
which can be estimated as
rP&2"P —1<t, <1+ 82" r)P.

Choosing n such that 2 < §(2"r)P < 2P*1, from (6.7), we obtain

8 _ —logp()

P n 5 » )
Fp) = — p+2

) <2 77) —’70€<2p+1> , xeky(0), 1<i<2P?,

(6.8)

once we take 2° 77 = 1. Returning to the original variables shows inequality (1.5) forward in time.

v(z,0) > 7" neer ™ > 770€<2p+1

6.1 | Backward estimate

Let (xo, t5) € Qp be such that Kg,(x,) X (t, — C(80)P, ty + C(8p)P) C Qr, and let y be an arbi-
trary point in K,(x,). Applying the forward Harnack inequality in (1.5), which has already been
established, with (x,, t,) replaced by (y, t, — CpP), we obtain

u(y7 t() - C’pp) < C inf u(" to) < c M(XO, t()) (69)
Ko(»)

By definition of supremum, for any € € (0, 1), there exists y, € le(xO) such that

sup u(" t() - C_‘OP) < u(ye’ tO - cpp) +e€.
Kp(xo)

Since y is arbitrary in KC,(x,), estimate (6.9) applies, in particular, to y,, which yields

sup u(-,ty, — CpP) < Cu(xy,ty) +e¢.
’Cp(xo)

Letting € - 0 shows the backward Harnack inequality in (1.5), completing the proof of
Theorem 1.1.
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ANISOTROPIC TRUDINGER’S EQUATION 17 of 32

7 | HOLDER CONTINUITY

In this section, we prove Theorem 1.2. Let us fix a point (x, t;) € Q7 and let R > 0 be such that
Qsr sryp (Xg, tp) C Qp. Ifforany 0 < p <R,

osc  u<p,
Qp,0p (Xost0)

then there is nothing to prove. So, assume that there exists 0 < p, < R such that

0sC U= p

on,pg(xo-fo)

and set
Qp, i = on,pg(xo’to), My = sQup u, My = ian u, W 1= My = My
00 0
We will construct the decreasing sequences of numbers
Pj :=ej,o0, w;j :=cjcoo for ¢,0 €(0,1)
and cylinders ij =Q o Pf (xp, tp) such that
u;“ i=supu, u; =infu, M]J.’—/,cj‘ <wj, j=0,1,2,... (7.1)
Pj Pj

Assume first that

Ky < (A +n)aw, (7.2)

where 7 € (0, 1) is to be determined depending only on the data. Observe that one of the following
cases must be true: either

1
[Qsp, 0 {1 > 45 = 50} =0, (73)
or
1
|Q%pon{u>,u8r— 5w0}| > 0. (7.4)

In the first case, we immediately get
u(x t)<,u+—lco Y(x,t) € Q3
s X M 2 0> s ZPO ’
obtaining therefore the reduction of the oscillation

1
0SC U < — W,. 7.5
Q1 2 0 ( )

3P0

Assume now that (7.4) is in force.
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18 of 32 | CIANI ET AL.

Claim 2. There exist &, a € (0,1) depending only on the data such that

|Qp, N {u>Ewy}| > alQ, |- (7.6)

Proof. From (7.4) and Lemma 3.4, applied to the pair of cylinders Q3 o and Qg and recalling
4
(7.2), we obtain

pPN-L
1 N 3 1 _PN PN
Zcuo <My — Za)o <supu<xy i upPN—t dxdt
Q%Po Py Qe

pN—1

PN
)( w ); u N-1 dxd
g ’ < N+p '//Q ﬂ{u>§ wo} pN t>

1Quy N fu > Eeog}l\ P 1Qu, N fu > Eeog}\ P
N = §w, PN N{u > Ew PN
I Z 570 I Z 570
<véwy+yui| — < véwy + 2y —
Q.| Q]
We thereby derive (7.6) once we fix
PN
-1
&= L, and o= R .
8y 16y [l
Claim 3. There exists a time level s € (¢, — pg o — 3 po) such that
|, (xo) 0 {ut,5) < Ewg }| € ——= 1K, (%) (7.7)

/2

Proof. The proofis quite simple and is conducted by means of a contradiction argument. Consider
that, for all ¢t € (¢, — pg o= 3 po) inequality (7.7) is violated. Since (7.6) holds true,

(1 - c{)lQp()' < |]Cp0(x0) X (tO - p09t0 - _pp) N {u ng}' <
<]Qp, N {u<éwy}| <1 -a)lQ, I,
reaching to a contradiction. O

Now we use Corollary 5.1, for A = % and 77 € (0,1) a constant depending only on the data, to
obtain the following inferior bound:

_ a
ux, 1) > 9wy, (x,0) € Ky, (0) X (lg = 7p Lo);

and then, recalling (7.2), we arrive at the reduction of the oscillation for this second case

_ _ 1
osc u < puf —jEwy <A —7€ +nay = (1 - 376)o, (7.8)

Koo ()X (to=5Pp o)
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ANISOTROPIC TRUDINGER’S EQUATION 19 of 32

provided that

n= 577&-

Combining both reduction of the oscillations (7.5) and (7.8), we arrive at

X a\p 1._
0OSCU L OWq = Wy, e=(—) , o=1-—=n¢. 7.9
Qone X 0dy 1 2 2’75 (7.9)

This proves (7.1) for j = 1. We can repeat this procedure and prove (7.1), assuming on each step
that

1_
H <@+ onde;, (7.10)

where € and o € (0,1) are as in (7.9).
Assume now that j, > 1 is the first number such that (7.10) is violated, that is,

+ l — - ﬁg +
K >0+ 277§) Wjos and hence, M = <2 T [ (7.11)

In this case, by the fact that (7.10) holds for j = j, — 1, we obtain

1_ + + 1 = 2+7¢
(1+ E"§>“’Jo <up<wl < (14 §"§>wf°‘1 B < 20 )0

and

1_ 7§ + - + 1+7§
5775 wj, < <2+ﬁ5>ﬂjo Sy SH S 55 )@ (7.12)

The function v :=u/ ,uj_ is a solution of the anisotropic p-Laplace evolution equation
0

v, — Z D;a;(x,t,0,Dv) =0, (x,t)€ ijo, (7.13)
i

where a;(x, t,v,Dv) = #L_ A;(x,t, ,uj_o v, ,uj_ODv) and the following inequalities hold:
Jo

(7.14)

ai(x!t’ U,DU)DiU > K](O-7ﬁa 5) Zi |Div|pia
|ai(xat, UaDv)l < K2(0'577a g) |Div|pi_1a l = 15---7N’

with positive constants K; (o, 7, &), K,(0,7, ) depending only on o, 7, £ and on the constants K,
K, appearing in (1.4).

To proceed with the study of the local Holder continuity of u, we need to study separately the
degenerate and the singular cases. In both studies, we will assume that

DN —P1 SE€,,

for a sufficiently small €, € (0,1) as in Lemma 8.2.

A ‘T ‘9202 ‘0SLL69%T

wouy

LONIPUOD PUe SWIS | 8U 885 *[9202/20/02] U0 ARiqi 8UIUO A31IM * BINSd 1 BISIBAIN - IURID SUOWIS AQ E790. SWI(/ZTTT OT/I0p/L0Y A8 1M ARIqIBUY

100 Aoy

85UB017 SUOWILIOD BA R, 8|qedtjdde 8y Aq peusenob e Sapie YO ‘88N JO Sajni Joj Aig1 auluQ A8]IM U0



20 of 32 | CIANI ET AL.

7.1 | Degenerate case — p, > 2

Consider the real positive numbers C, > 1, b, > 0, and ¢; € (0, 1), to be defined, and introduce
the following numbers:

M w;
pa= 2 g =1 @ = 2, (7.15)
K Jo 'ujo
and cylinders
(D)) . Djo/Cs

~2—D,
Qelpjo .= Kelpjo (xo) X (to — b2(€1p]0)pa)jo N, [0).

We choose ¢; so small that Q( ]O C ijo, that is, by (7.12)

PN—P1

-2
1+ 278\ ° 1+ 276\ ™
gl C,————— <1, and ef by| —— <1
o4 o

The following alternative cases are possible: either

- /4
2 o) 0 {0t = baterp P ™Y ) > f = 20} < 5 [KEA! G,

or
J ~2—p, ~— 1 ~ wj /4
2 o) 0 {0t = baterp P ) < i, + 30} < 5 KEs! (i)
By Lemma 8.2, there exist C, > 1and 0 < b; < b,, depending only on the data, ¢ and 7, such that
D t L s 7.16
@ or v(x,t) > C—Cujo, (7.16)

either v(x, 1) < ﬁjo - Ci o’
*

for almost every point (x,t) € ICeljg "(x9) X (ty — (by — by)(e1p io )pcbjz.o_p Nt

Nowwesetp; :=¢p;,0; :=1-— %, @j 41 1= 01@j, and choose ¢, € (0,1) such that
p PN—DP1 p bi\ py-2
€ < 0 and € <(1--—)o]

which, together with (7.16), guarantee that

(wQsc )v<cbj0+1, Pjo+1 = €205 (7.17)
~\Yjo+1
Qf’j0+1

and this is the starting point to an iterative scheme. Indeed, take

= ._ J= e~ .
Pj+j, += €Pj and w]+]0'_01wjo’ J

WV
(=]
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ANISOTROPIC TRUDINGER’S EQUATION 21 of 32

Then, starting from (7.17) and applying several times Lemma 8.2, we obtain

0SC U<
~@j+jy)

Pj+jo

D)o forall j=o. (7.18)

Observe that under condition (7.12) and the additional assumption

DPN—DP1 =&\ PN—2
eg < <77§> and €f < <ﬁ> .
2 2 2

~(@)1j) :
meﬂo cQ, ", forall j>0

Pj+io
mep. =M5 @ i=clw inequali
and hence, redefining p;, ; and w;,; as P]ﬂ i= Py, =€ Pjyy @jyj, (= 0@j,, inequality
(7.18) yields
0SC U= 0SC USDjj, forall j >0, (7.19)
A ij+1+J'o
J*io

which completes the construction of the sequences as in (7.1) in the case if (7.11) holds. Now
the Holder continuity follows by standard iterative real analysis methods, see, for example, [22,
Chap.3].

7.2 | Singular case — p, <2

Define numbers ,a;.', /Ij_, and @ j, as in (7.15), and for fixed numbers C, > 1, b, > 0, ¢, € (0,1)
0 0
introduce the cylinders

~(cu

. (C.)
Qelpm Icelp X (ty — bz(elpjo)p, to),

where

PN—Pi _2-pi

p
. DPi ~ bi X .
={x:|x;— lOl C, cujo (el,ojo)Pt, i=1,..,N}L

€1Pj, *

Note that redefining p; by r = ~]o pp then IC( ’) coincides with K./ ’0/ * and the cylinder
Q€ 2in) commdes with the cyhnder Qe ,0 defined in the previous section.

Choose €; small enough such that Qe1 p}_o C ijo, that is, by (7.12)

PN P1
2+
,C, 2+78 <1 and b, <1
1% 20 192

We distinguish two different cases: either

o 7 oy
<—:1P ﬂ{ (’tO_bZ(elpJO)p>>'u;;) 4 JO}| _l elp}ol’
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22 of 32 CIANI ET AL.

or
“) ot — p Tes)
|Icelpj n {U< Lo bZ(el‘Ojo) > 'u 4 Jo}| 51910

Lemma 8.2 yields the existence of C,, > 1 and 0 < b; < b,, depending only on the data, o and 7,
such that

. 1 1
<t —=—a& >+ =@ .
either v(x,t) < . C. @ or v(x,t) C @ (7.20)
(C,)
for almost every (x,t) € ICelp X (ty — (by — bl)(elpjo)l’, to)-
Setp;, 1=€pj,0, 1=1— c ,@j 11 1= 0,@;, and choose €, € (0,1) such that
e <o?P, and €< l—b—1
2 1 2 b,
Then, by (7.20), one obtains
~((a_?jso(il) VS Dj41s Pj41 1= €20, (7.21)
'aj0+1

We are just one step away from presenting the final part of the iterative scheme leading to Holder’s
continuity. Let us first choose

N o :
Pirio "= €Pj, and Djyj, 1=01 @), 20,
then we repeat the previous procedure and
~<gj$+(;0) VS Djyjos forall j >0, (7.22)
Pj+jo

and finally, by considering the additional assumption on ¢,

2-py
b (78
€2\<2> and e < b,,

we obtain that

”(d’j”o) :
_ S >
QPj+1+j0 c QPj+j0 , forall j>0
. - +1 2
Redefine g;, ; and @j4j, AS pjﬂ i=6Pj4j, =€ Pjandw;y; = ole , then (7.22) yields
osC u= 0sC u<w;, forany j>0, (7.23)
Q'(.1+), Q”1+1+Jo
J*io

which completes the construction of the sequences as in (7.1) in the case if (7.11) holds. Once again
and as in the degenerate case, the Holder continuity follows by standard iterative real analysis
methods. This completes the proof of Theorem 1.2.
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APPENDIX

A.1 | Motivation for the functional setting

The functional assumption (3.3) is natural for the integrals of (3.4) to be convergent. Indeed, by
by Hélder inequality, for any 0 < ¢ < T, we can estimate the first parabolic term as

/u(x, D e(x,t)dx < 7<sup luC, Ol _en )(Sup Ilfp(-,t)IILpN(E)) < oo
E [0,T] LPNTL(E) [0,T]

_PN_
since u € C},.(0,T;L*v-'(E) and ¢ € C,,.(0,T; LPN(E)) C Wll(;fN(O, T;LPN(E)). Similarly, we
bound the second parabolic term, thanks to the previous assumption since

PN PN

U € Cpoe(0, T; LN (Q) C LN (Qp), (A1)

with

%) 5 _PN_ pg_l\;l t $
/ /uatgodxdt<y</ /“pN1> </ /|5t¢|pN> < 00.
4 JE 4 JE 4 JE

Finally, the elliptic term is controlled by means of the structure conditions (1.4). For all i €
{1,..,N},

5 1 )
/ /Ai(X, t,u,Du)D;p dxdt < yllDi(uPi”)||Lpi71(EX(tl’t2) ||Di§0||§L[(Ex([1 )’
n JE :

1
showing therefore the necessity of the assumption D;uri~! € Lﬁ)ic(O, T; Ll‘zjc(E )). Finally, the
assumption (A.1) allows similarly for the finiteness of the energy inequalities (3.5), and will be
actually used crucially to prove them here below in Section A.3.

A.1.1 | Existence theory
Boundary value problems are well posed (see [44]) when considering Equations (1.3)-(1.4) within
the special form of

1 1
A(x,t,u,Du) = a; j(x, t, u)|Dy(uri~! IP2Dy(uri),

a boundary datum g € LP(0,T; W'P(Q)) N L®(Qy) such that 3,9 € L*(Q;), together with an
initial value 0 < u, € L*(Q). We refer to the study [44] with m; :=1/(p; —1). Two are the
conditions required on the spread of p;s: the first one is

1<p <2 Vi=1,..,N,

which is nevertheless claimed to be unnecessary in [44]; and the condition

1 D < 1 )
< = py<p +1.
pi—1 pi—1\py-—1 A

This last condition is implied by the assumption py, — p; < € of Theorem 1.2 and, in particular, it

1
provides, for the solutions, the existence of a spatial gradient of D(u?~—1) together with the chain
rule, see Section 4 of [44].
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A.1.2 | The structure conditions revisited
In order to end up with positive exponents in the energy estimates, we rewrite the structure
conditions (1.4) as follows:

1 PN—Pi
A;(x,t,u,Du) DjuPN-1 > K, uPn-1 |D; uPN pN=T|Di
(A.2)
PN—Pi
|A;(x,t,u,Du)| < K, u Pn- 1|DuPN 1Pl Vi=1,..,N,

where K, K, are positive constants, and Du = (D;u, ..., Dyu) is assumed (by the request (3.3)) to
satisfy weakly the chain rule

N2 L
Du = (py — DurN-1 D; <uPN—1>, Vi=1,..,N. (A.3)

The fact that (A.2) implies (1.4) under the assumption of the chain rule can be seen by simple
algebraic computations as

2-py L PN—Pi K, PN—Pi (2PN
<u )AiDiu :AiDl.(uﬂN—l) K u PN-1 |D (upN 1)|Pl = 1u PN-1 (pN l)pllDiu|Pi.
14 Y

Manipulating the terms in the set [u > 0] N Qp, we obtain the first condition in (1.4); and
analogously for the second one.

A.2 | Alternative weak formulation

Since we deal with measurable and bounded coefficients, the time derivative of a weak solution
to (3.4) exists only in the sense of distribution (see for an example the diffraction problem in [39],
Sec. 13 of Ch. III, pages 224-233). In order to overcome the lack of regularity in the time variable,
we define the following mollification in time: let v € LY(E X (¢, t,)) for a compact set E C Q,
times 0 < f; < t, < T, and let us set

[l nCx, 1) :=l/[ %v(x 7)dr, []v]];l(x,t):zl/[2 %v(x T)dr.
hJi, h J,

We refer the reader to [31] and Appendix B of [3] for the proofs of the following properties.
Lemma A.1. Foranys > 1, we have

(i) If v € L(Qr), then [v], € L*(Qr). Moreover, ||[v] 41lsq,) < [IVllLsq,y and [v], — v in
L3(Qr) and almost everywhere on Qr as h — 0.
(i) [v]l, € C(0,T;L3(2)).
(iii) Almost everywhere on Qr, there hold

2 ol = 70 = ol

(iV) IfDv € L*(Qy), then D v]};, = [[Dv]l;, = Dvin L5(Qy) and almost everywhere on Q. ash — 0.
(V) Ifv € C(0,T; L5(Q2)), then [v] (-, t) = v(-,t) in L5(Q) and almost everywhere on Q for every
te(0,T)ash — 0.
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be(t)
| / \
t1—e ty to to+ € t

FIGURE 1 [Illustration of the trapezoidal function ..

From the differential inequalities (3.4), we deduce the mollified version as in Lemma 4.2 of
[44],

5
/ / i [ul,e+ E [A4;(x,t,u,Du)]|;,;D;p | dxdr < (=) / u(x, t) el alx, t1)dx, (A4)
n Je\ Ot ; E

for any nonnegative ¢ € LP(0,T; Wé’p(E)).

A3 | Energy estimates proof of Lemma 3.6

We only consider the case of a local weak subsolution to (3.4), and the case of supersolutions can be
considered completely analogously. For fixed t — 1 < t; < t, < t and sufficiently small e € (0, 1),
we define (see Figure 1)

Pe(t) 1=91, £ <t<ty,

0, tL+e<t<rT,
_1 1
and choose in (A.4) the test function ¢ = (uPv—1 — kPN1), {PN(x,t) 3 (t). So, we obtain
4 U U
0>L+L-I;= / /at [ull y(uPn=T — kPN=T) ¢PNep dxdt+
-0 JE

+ Z[_nAnAiuhDi [(uﬁ — kNT), PN zpe] dxdt—

_/u(x,r—n)</r ?cp(x, s)ds>dx. (A5)
E -7

Our intention is to pass to the limit & | 0. The last integral vanishes, thanks to the vanish-
ing property ¢(x,t) = 0 for t € [t —n,t; — €], the time-continuity d la Bochner, Fubini-Tonelli’s
theorem and elementary integration, since
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26 of 32 | CIANI ET AL.

/Eu(x,r - n)(/r; ¢ o(x, s)ds)dx = %/tlr_ee# </E u(x, 7 —n)e(x,s) dx)ds

T-n—t1+€
s( sup ||u<x,t1)<o<x,r)||L1<E)>(e ") -0,

L1 —e<t<t,

T—n—s

when / vanishes. For I;, we compute

T T ! 1
/ / S (ul, o dxdi = / / Ol [l VT = kT ) P e+
g ot g ot .

L 1

T 1 1
+/ / %Huﬂh l(um — kN, — <ﬂu]];,wl - kﬁ) ] CPN pedxdt =1, 1 + 1 5.
—-nJE +
(A.6)

To estimate I, ;, we use the properties of 1, to get

T fulp 1 1
11,1 = / / % l/ (zPN*1 — kpN-1 )+ dz gPN ¢E] dxdt—
t-nJE k

T Py 2 1
—PN/ // (zpnt —ken1), dz ¢PNTIE Y dxdi—
t-nJE Jk

T (ulp 1 1
—/ // (zen=t —kpn1), dz $PN g dxdt >
t—nJE Jk

fyte llp 2 1
2 —PN/ /E/k (zpn=1 —ken-1), dz ¢PNTLE, | dxdt—
51

—€

fyte fllp 2 2
_ / / / (@ — ki), dz ¢PN gl dxdt.
ti—e JE Jk

On the other hand, using property (iii) from Lemma A.l and the fact that the function s —»
1 1

max{sPN~!, k»N~1}is monotone increasing, we see that I, , can be discarded since

AN l(uﬁ—kﬁh—(nuuf—km) ]{pszedxdtzo.
‘ +

-1

We can let 1 — 0 on I; and invoke Lebesgue’s theorem of dominated convergence relying on the
assumption

1
e 1
ubn-l LloC

Q) C L (0, T; W, P(Q)

loc
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ANISOTROPIC TRUDINGER’S EQUATION | 27 of 32

1 _1 _1
and property (i) of Lemma A.1. By using the fact that g, (ur~—!, kov-1) = fku(z pN-L —fpNT1) dz
is continuous w.r.t u, the limit can be computed

T 3 fate 1 i
lim/ é Eﬂu]]hgodxdtz —pN/ ‘/Eg_'_(uPN—l,kPN—l) é‘PN_1|§'t|dxdt—
7 1

h—0 e

frte S U T
—/ /g+(uPN—1,kPN—1)§pN Pldxdt.
t E

1—€
Now we can pass to the limit € — 0 in this inequality and obtain

1)

€—0h—0 51

T 1 1
limlim/ /i[[u]]hqodxdt>/9+(MPN‘1,kpN‘1)CPN dx
- JE ot E

Ly 1 1
- by / / g4 (WPNT ke PNT) ¢PNTHE | dxdt.
t; JE

In order to pass to the limit for h | 0 the diffusion term I,, we split it by the product of weak
derivatives as

12 = /T /[[Al]]h <Dl(uﬁ - k$)+> {pN zpedxdt+
T E

-7
4 IR TR U
+ DN / / (A, (upn=t —kpN—1), ¢PNTIDE Y dxdt
-0 JE
=1 +1,,

and apply Lebesgue’s dominated convergence theorem to pass to the limit, since by point (i) of
Lemma A.1, structure conditions (3.4) and (3.3), we have

1 _Pi
|Ai(x, t,u, Dw)| < yIDuP T [P = A, € LT (Qp).

Hence, the approximated inequality (A.5) as soon as both / and € vanish tends to

1 1
0> /g+(uPN—1,kPN‘1) ¢PN dx
E

b t S B T
_PN/ /g+(uPN‘1,kPN‘1) ¢PNTLE | dxdt +
f ty JE
4 [ S
+) / / A;(x,t,u, Du) D;(uPN=T — kPN1), ¢PN dxdt +
i Jt—nJE
4 N U
— DN Z/ / |A;(x, ¢, u, Du)| (uPn=" — kPN-1), ¢PNTUD¢| dxdt . (A7)
i Jt—nJE

Now, the standard use of the structure conditions (3.4) and the Young inequality yield the
desired estimate (3.5).
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A.4 | Expansion of positivity for anisotropic p-Laplace evolution equation
For the proof of Holder’s continuity of solutions to (1.3)—(1.4), we will make use of the following
result that can be found in [11]. For that purpose, consider the equation

u, — Z D;a;(x,t,u,Du) =0, (x,t)€ Qr, (A.8)
i

and let the following inequalities hold:

N
Y a;(x,t,u,Du)D;u > K, Y, |D;u|Pi,

i=1 1 (A.9)
Iai(xat’uaDu)l gKZ(Z] ID}ulpj) Pi’ i=1’""Na

for fixed positive constants K; and K,. For a point (y, s) € Qr, and constants C, > 1 and b,r > 0,
let u*, u~, w be positive numbers satisfying

ut>  sup u, u- < Cinf u, wzut—u,
Q¥ (y.5+6) QL st

and let O be an intrinsic time parameter defined as
0 :=brP PN,

Finally, let us set

The expansion of positivity is a property of locally bounded local weak solutions to (A.8)—(A.9), as
shown in Theorems 3.1 and 3.4 of [11], at the price of restricting the range py — p; of a qualitative
parameter €, that is determined only from the data.

Lemma A.2. Letu € C),.(0,T; leoc(Q)) N L}JOC(O, T; Wll(;f(Q)) N L;’O"C(QT) be a local weak solution
to (A.8)-(A.9) in Qr, and also assume that

220 0 {v(8) > Eo | = agl K7W, (A.10)

with some &, a, € (0, 1). Then, there exist numbers C, > 1,0 < b < b, €, € (0, 1) depending only on
the data, & and a, such that

v, (x, 1) > Cﬂ (x,t) € ICf’/C* () X (s + brPw? PN s 4 brPw? PN), (A11)
. w/C,
provided that Qqr 56 ,s+06)cQrand
PN — D1 < €, (A.12)

A.5 | Auxiliary lemmas
The following lemma is the well-known De Giorgi-Poincaré lemma (see [21, Lemma 2.2, Chap.2]),
presented for standard cubes.
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LemmaA.3. Letu € WH(K,(»)) and let k and | be real numbers such that k < L. Then, there exists
a constant y > 0, depending only on N, such that

(= RIK,0) N {u <k KW nfus Bl <y / |Vuldx.
Ky (nfk<u<l}

For the next lemma, we refer to [15], Lemma 4.1.

Lemma A.4. For any 8 > 0, there exists a constant y, = yo(8) > 1 such that, for any bounded
u > Qq(xg, tp) = Rwithu(xy,ty) > 1, there exist (y,7) € Qy 1(xy,ty) and r > 0 such that

1
Qr’rP (y, T) C Ql,l(x()’ tO): rﬁ Sup u < YO and rﬁu(y’ T) > -
Qrrp(¥,7) Yo

In order to manipulate the nonlinearity in time, we will also need the following result that can
be found [1, Lemma 3.2]

Lemma A.5. There exists a constant y > 0, depending only on m, such that
1 1
T - K2 < g @ k) <y () - k)2,
y + N Jx +
where

um
9™ k™) 1=+ % / s (s - k™),ds, k,m>0.
km
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