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ARTICLE INFO ABSTRACT
2020 MSC: In this paper we study coupled fully non-local equations, where a linear non-local operator jointly
60G53

acts on the time and space variables. We establish existence and uniqueness of the solution. A

60K50 maximum principle is proved and used to derive uniqueness. Existence is established by providing
60K15 a stochastic representation based on anomalous processes constructed as a time change via the
Keywords: undershooting of an independent subordinator. This leads to general non-stepped processes with
Time-changed processes intervals of constancy representing a sticky or trapping effect. Our theory allows these intervals
Black-Scholes to be dependent on the immediately subsequent jump. These processes include scaling limit of
Undershooting suitable coupled continuous time random walks previously studied in applications, in particular

Semi-Markov processes

in the context of anomalous diffusion and option pricing. Here we exploit our general theory to
Subordinators

obtain a non-local analog of the Black and Scholes equation, addressing the problem of determin-
ing the seasoned price of a derivative security, in case the price fluctuations are described by a
process whose jumps are dependent on the previous interval.

1. Introduction

Continuous Time Random Walks (CTRWs) are a popular class of models for anomalous diffusion, see for instance [1] and references
therein. The suitability of CTRWs to describe anomalous processes led to several contributions, for example in Hamiltonian chaos
[2-4], but other applications have been studied [1,5-12]. CTRWs are stepped processes (their trajectories are step functions) and thus
they can be seen as a tick-by-tick approximation of possibly continuous anomalous dynamics. From this point of view, there is an
increasing interest in scaling limits of CTRWs, that form an interesting class of Markovian and non-Markovian processes. Indeed, these
limit processes can exhibit continuous trajectories with intervals of constancy, in which the process stays in a fixed position, so that
they cannot satisfy the strong Markov property (in the time-homogeneous case). A systematic, but still non-exhaustive, study of CTRWs
limit processes has been carried out, see for instance [13-18] and also [19,20] for the connection with the limit of an averaging-
homogenization problem. In our context, reference [18] is particularly relevant, where the authors proved Markov embeddings of
the aforementioned processes in RY and studied the corresponding transition semigroups.

CTRWs limit processes can exhibit both jumps and intervals of constancy. The presence of jumps justifies non-local operators in
the space variable appearing in their governing equations. On the other hand, intervals of constancy imply the presence of non-local
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$A \subseteq [0,t]$


\begin {equation*}\bP (H_0(t) \in A)=\int _{A}\overline {\nu }_\phi (t-y)U^\phi (dy).\end {equation*}


$\phi \in \mathfrak {SB}_0$


\begin {equation}\label {eq:densityH} \bP (H_0(t) \in A)=\int _{A}\overline {\nu }_\phi (t-y)u^\phi (y)\, dy.\end {equation}


$H_0$


$S_0$


$H$


$S$


$S_0(\cdot -)$


$L(\cdot )$


$H$


$H$


$M=\ll M(t), t \geq 0 \rr $


$S$


$M^\phi (t)=M(S_0(t))$


$\tau (t)=t+S(0)$


$t \ge 0$


$(M,\tau )$


$(M^\phi ,S)$


$S_0$


$\phi $


$(M, \tau )$


$(M, S)$


$E$


$\Omega =D(\R ^+_0;E \times \R )$


$E \times \R $


$\omega \in \Omega $


$\omega (t)=(\omega _1(t),\omega _2(t)) \in E \times \R $


$t \ge 0$


$(M(t)(\omega ),S(t)(\omega ))=\omega (t)$


$t \ge 0$


$\mathcal {F}_t^0=\sigma ((M(s),S(s)), \ s \le t)$


$\mathcal {F}_\infty ^0=\sigma \left (\bigcup _{t \ge 0}\mathcal {F}^0_t\right )$


$(x,v) \in E \times \R $


$\bP ^{(x,v)}$


$(\Omega , \mathcal {F}^0_\infty )$


$(M,S)$


$\bP ^{(x,v)}(M(0)=x, S(0)=v)=1$


$\cF _\infty $


$\cF _t$


$t \ge 0$


$\cF ^0_\infty $


$\cF ^0_t$


$t \ge 0$


$\bP ^{(x,v)}$


$(\Omega , \cF _\infty , \{\cF _t\}_{t \ge 0}, \bP ^{(x,v)})$


$(M,S)$


$\mathcal {G}_t^0=\sigma ((M^\phi (s),{S}(s)), s \le t)$


$\mathcal {G}_\infty ^0:=\sigma \left (\bigcup _{t \ge 0}\cG _t^0\right )$


$\mathcal {G}_t$


$\mathcal {G}_\infty $


$\bP ^{(x,v)}$


$\mathcal {G}_\infty \subset \mathcal {F}_\infty $


$(M^\phi ,S)$


$\cG :=\{\mathcal {G}_t\}_{t \ge 0}$


$(\Omega , \cF _\infty , \bP )$


$\cF :=\{\mathcal {F}_t\}_{t \ge 0}$


$E \times \R ^m$


$(X,Y)$


$\cF $


$\cF $


$A \in \cE $


$B \in \cB (\R ^m)$


$0 \le s \le t$


\begin {align*}P_{s,t}\mathds {1}_{A \times B}(x,y)=P_{s,t}\mathds {1}_{A \times (B-y)}(x,0),\end {align*}


$B-y=\{z \in \R ^m: \ z+y \in B\}$


$P_{s,t}$


$(X,Y)$


\begin {align}\label {eq:Markovadd} \begin {split} \bP ((X(t),Y(t)-Y(s)) \in A \times B \mid X(s),Y(s))=\bP ((X(t),Y(t)-Y(s)) \in A \times B \mid X(s)). \end {split}\end {align}


$(M^\phi ,S)$


$\cG $


$(M^\phi ,S)$


$\cG $


$s < t$


$A \in \cE $


$B \in \cB (\R )$


$M^\phi (t)$


$X(t)$


$S(t)$


$Y(t)$


$\Delta S=S(t)-S(s)$


\begin {align*}\mathds {P}^{(x,v)} \l (M^\phi (t),\Delta S) \in A \times B \mid M^\phi (s), S (s) \r \notag &= \mathds {E}^{(x,v)} \left [ \mathds {E}^{(x,v)} \left [\mathds {1}_A \l M^\phi (t) \r \mathds {1}_B \l \Delta S \r \mid M^\phi (s), S(s),\Delta S \right ] \mid M^\phi (s), S(s) \right ] \notag \\ &=\mathds {E}^{(x,v)} \left [ \mathds {1}_B \l \Delta S \r \mathds {E}^{(x,v)} \left [\mathds {1}_A \l M^\phi (t) \r \mid M^\phi (s), S(s), \Delta S \right ] \mid M^\phi (s), S(s) \right ] \notag \end {align*}


$M^\phi (t)=M(S(t)-v)=M(\Delta S+S(s)-v)$


$M^\phi (s)=M(S(s)-v)$


$S(s)<S(t)$


$B_1 \in \cE $


$B_2,B_3 \subset \R $


\begin {equation*}B^\star =\{M^\phi (s) \in B_1\} \cap \{S(s) \in B_2\} \cap \{\Delta S \in B_3\} \in \sigma (M^\phi (s),S(s),\Delta S).\end {equation*}


\begin {align*}\E ^{(x,v)}[\mathds {1}_{B^\star }\mathds {1}_A (M^\phi (t)) ]&=\E ^{(x,v)}[\mathds {1}_{B_1}(M^\phi (s))\mathds {1}_{B_2}(S(s))\mathds {1}_{B_3}(\Delta S)\mathds {1}_A (M(\Delta S+S(s)-v)) ]\\ &=\E ^{(x,v)}\left [\mathds {1}_{B_3}(\Delta S)\E ^{(x,v)}\left [\mathds {1}_{B_1}(M^\phi (s))\mathds {1}_{B_2}(S(s))\mathds {1}_A (M(\Delta S+S(s)-v))\mid \Delta S\right ]\right ].\end {align*}


$\{M(t), \ t \ge 0\}$


$S(s)$


$\Delta S$


\begin {equation*}F_1(y)=\E ^{(x,v)}\left [\mathds {1}_{B_1}(M^\phi (s))\mathds {1}_{B_2}(S(s))\mathds {1}_A (M(y+S(s)-v))\right ],\end {equation*}


\begin {equation*}\E ^{(x,v)}[\mathds {1}_{B^\star }\mathds {1}_A (M^\phi (t)) ]=\E ^{(x,v)}\left [\mathds {1}_{B_3}(\Delta S)F_1(\Delta S)\right ].\end {equation*}


\begin {equation}\label {eq:condition1} F_1(y)=\E ^{(x,v)}\left [\mathds {1}_{B_1}(M^\phi (s))\mathds {1}_{B_2}(S(s))\E ^{(x,v)}\left [\mathds {1}_A (M(y+S(s)-v))\mid M^\phi (s), S(s)\right ]\right ].\end {equation}


$B_4 \in \cE $


$B_5 \in \cE $


\begin {equation*}B_{\star \star }=\{M^\phi (s) \in B_4\} \cap \{S(s) \in B_5\}.\end {equation*}


\begin {align*}\E ^{(x,v)}\left [\mathds {1}_{B_{\star \star }} \mathds {1}_A(M(y+{S}(s)-v)\right ]&=\E ^{(x,v)}\left [\mathds {1}_{B_4}(M^\phi (s))\mathds {1}_{B_5}({S}(s)) \mathds {1}_A(M(y+{S}(s)-v)\right ]\\ &=\E ^{(x,v)}\left [\mathds {1}_{B_5}(S(s))\E ^{(x,v)}\left [\mathds {1}_{B_4}(M^\phi (s)) \mathds {1}_A(M(y+S(s)-v)\mid S(s)\right ] \right ].\end {align*}


$M$


$S$


$z \ge v$


\begin {align*}F_2(z)=\E ^{(x,v)}\left [\mathds {1}_{B_4}(M(z-v)) \mathds {1}_A(M(y+z-v)\right ],\end {align*}


\begin {equation*}\E ^{(x,v)}\left [\mathds {1}_{B_{\star \star }} \mathds {1}_A(M(y+S(s)-v)\right ]=\E ^{(x,v)}\left [\mathds {1}_{B_5}(S(s))F_2(S(s))\right ].\end {equation*}


$\{M(z-v) \in B_4\} \in \sigma (M(z-v))$


\begin {align*}F_2(z)&=\E ^{(x,v)}\left [\mathds {1}_{B_4}(M(z-v)) \E ^{(x,v)}\left [\mathds {1}_A(M(y+z-v) \mid M(z-v)\right ]\right ]=\E ^{(x,v)}\left [\mathds {1}_{B_4}(M(z-v)) \E ^{(M(z-v),v)}\left [\mathds {1}_A(M(y))\right ]\right ].\end {align*}


\begin {align*}\E ^{(x,v)}\left [\mathds {1}_{B_{\star \star }} \mathds {1}_A(M(y+S(s)-v)\right ]&=\E ^{(x,v)}\left [\mathds {1}_{B_5}(S(s))\mathds {1}_{B_4}(M^\phi (s))\E ^{(M^\phi (s),v)}\left [\mathds {1}_A(M(y))\right ]\right ]=\E ^{(x,v)}\left [\mathds {1}_{B_{\star \star }}\E ^{(M^\phi (s),v)}\left [\mathds {1}_A(M(y))\right ]\right ].\end {align*}


$B_{\star \star }$


$\pi $


$\sigma (M^\phi (s),S(s))$


\begin {equation*}\E ^{(x,v)}\left [\mathds {1}_A (M(y+S(s)-v))\mid M^\phi (s), S(s)\right ]=\E ^{(M^\phi (s),v)}\left [\mathds {1}_A(M(y))\right ].\end {equation*}


\begin {equation*}F_3(x,y)=\E ^{(x,v)}\left [\mathds {1}_A(M(y))\right ]\end {equation*}


\begin {equation*}F_1(y)=\E ^{(x,v)}\left [\mathds {1}_{B_1}(M^\phi (s))\mathds {1}_{B_2}(S(s))F_3(M^\phi (s),\Delta S)\right ]\end {equation*}


\begin {equation*}\E ^{(x,v)}[\mathds {1}_{B^\star }\mathds {1}_A (M^\phi (t)) ]=\E ^{(x,v)}\left [\mathds {1}_{B^\star }F_3(M^\phi (s),\Delta S)\right ],\end {equation*}


$B^\star $


$\pi $


$\sigma (M^\phi (s),S(s),\Delta S)$


\begin {equation*}\E ^{(x,v)}[\mathds {1}_A (M^\phi (t))\mid M^\phi (s),S(s),\Delta S]=F_3(M^\phi (s),\Delta S).\end {equation*}


$\Delta S$


$M^\phi (s)$


$S(s)$


\begin {equation}\bP ^{(x,v)}((M^\phi (t),\Delta S) \in A \times B \mid M^\phi (s), S(s))=\E ^{(x,v)}\left [\mathds {1}_B(\Delta {S})F_3(M^\phi (s),\Delta S) \mid M^\phi (s)\right ]. \label {propmedcond}\end {equation}


\begin {align*}\bP ^{(x,v)}((M^\phi (t),\Delta S) \in A \times B \mid M^\phi (s))&=\E ^{(x,v)}\left [\mathds {1}_B(\Delta S)\mathds {1}_{A}(M^\phi ({t})) \mid M^\phi (s)\right ]\\ &=\E ^{(x,v)}\left [\E ^{(x,v)}\left [\mathds {1}_B(\Delta S)\mathds {1}_{A}(M^\phi ({t}))\mid M^\phi (s),S(s)\right ] \mid M^\phi (s)\right ]\\ &=\E ^{(x,v)}\left [ \bP ^{(x,v)}((M^\phi (t),\Delta S) \in A \times B \mid M^\phi (s), S(s)) \mid M^\phi (s) \right ]\\ &=\E ^{(x,v)}\left [\E ^{(x,v)}\left [\mathds {1}_B(\Delta S)F_3(M^\phi (s),\Delta S) \mid M^\phi (s)\right ] \mid M^\phi (s)\right ]\\ &=\E ^{(x,v)}\left [\mathds {1}_B(\Delta S)F_3(M^\phi (s),\Delta S) \mid M^\phi (s)\right ]\\ &=\bP ^{(x,v)}((M^\phi (t),\Delta S) \in A \times B \mid M^\phi (s),S(s)).\end {align*}


$X= \ll X(t), t \geq 0 \rr $


$X(t)=M^{\phi }(L(t)-)$


$H(t) = S_0 \l L(t) - \r $


$X(t) = M(H(t))$


$X$


$E=\R ^d$


$M$


$M^\phi $


$\{(X(t),\gamma (t)), \ t \ge 0\}$


$\gamma (t)=\max \{t-S(0)-H(t),0\}$


$\gamma $


$v=0$


$X$


$J_X(t):=t-(0\vee \sup \{s \le t: \ X(s) \neq X(t)\})$


$M$


$M^\phi $


$M$


$X$


$E=\R ^d$


$(X,\gamma )$


$X$


$E$


$X(t)$


$S(0)=0$


$G$


$M$


$\{P_t\}_{t \ge 0}$


$C_0(E)$


$G$


${\sf Dom}(G)$


$(C_0(E),C(\R _0^+;C_0(E)))$


$G$


$q(t,\cdot ) \in C_0(E)$


$u:\R _0^+ \times E \to \R $


$T>0$


\begin {equation*}\lim _{x \to \infty }u(t,x)=0 \quad \mbox { uniformly with respect to }t \in [0,T]\end {equation*}


$\varepsilon >0$


$K \subset E$


\begin {equation*}\sup _{x \not \in K}|u(t,x)|<\varepsilon , \quad \forall t \in [0,T].\end {equation*}


\begin {equation*}\lim _{x \to \infty }u(t,x)=0 \quad \mbox { locally uniformly with respect to }t \ge 0\end {equation*}


$t \in [0,T]$


$T>0$


$\phi \in \mathfrak {SB}_0$


$\Norm {\log (\cdot )u^\phi (\cdot )}{L^1[0,1]}<\infty $


$M$


$E$


$\{P_t\}_{t \ge 0}$


$(G,{\sf Dom}(G))$


$S$


$S$


$M$


$S_0(t)=S(t)-S(0)$


$\phi (\lambda )=\log \E ^{(x,0)}[e^{-\lambda S_0(1)}]$


$H$


$S$


$X(t)=M(H(t))$


$S_0(t)$


$g_{S_0}(\cdot ;t)$


$\bP ^{(x,0)}$


$u \in {\sf Dom}(G)$


\begin {equation*}q(t,x)=\E ^{(x,0)}[u(X(t))]\end {equation*}


\begin {equation}\label {eq:main1} \begin {cases} \phi (\partial _t-G)q(t,x)=\overline {\nu }_{\phi }(t)q(0,x), & t>0, \ x \in E,\\ q(0,x)=u(x), & x \in E\\ \lim _{x \to \infty }q(t,x)=0 & \mbox {locally uniformly with respect to }t \ge 0, \end {cases}\end {equation}


$q: \mathbb {R}_0^+ \times E \mapsto \mathbb {R}$


$\lim _{x \to +\infty }q(t,x)=0$


$t \geq 0$


$E \subset \R ^d$


$f \in C_0(E)$


$f \in C(\overline {E})$


$f(x)=0$


$\partial E$


\begin {equation*}\lim _{x \to \infty }q(t,x)=0 \quad \mbox { locally uniformly with respect to }t \ge 0\end {equation*}


$q \in C(\R _0^+ \times \overline {E})$


$q(t,x)=0$


$x \in \partial E$


$q \in C(\R _0^+ \times \overline {E})$


\begin {equation}\label {eq:CD} \begin {cases} \phi (\partial _t-G)q(t,x)=\overline {\nu }_{\phi }(t)q(0,x), & t>0, \ x \in E,\\ q(0,x)=u(x), & x \in E,\\ q(t,x)=0 & x \in \partial E, \end {cases}\end {equation}


$q(t,\cdot ) \in C_0(E)$


$E$


$q(t,x)=0$


$x \not \in E$


$\R ^d$


$q(t,x)=0$


$x \not \in E$


$\phi (\lambda )=\lambda ^\alpha $


$G= \Delta $


$q$


$q$


$q$


$x \in E$


$q(\cdot , x)$


$x \in E$


$q(\cdot ,x)$


${\rm AC}(\R _0^+)$


$\partial _t q(\cdot ,x)$


$t \in [0,T]$


\begin {equation}\label {eq:partialtcontrol} |\partial _t q(t,x)|\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})u^\phi (t)\end {equation}


$C>0$


$x \in E$


$u^\phi (t)$


$(\widetilde {P}_t)_{t \ge 0}$


$w \in C_0(E \times \R )$


\begin {equation*}\widetilde {P}_tw(x,s)=\E ^{(x,0)}[w(M(t),t+s)].\end {equation*}


$\widetilde {A}$


$(\widetilde {P}_t)_{t \ge 0}$


$(M^\phi ,S)$


$\widetilde {P}$


$S_0$


$w \in {\sf Dom}(\widetilde {A})$


\begin {equation*}\widetilde {A}^\phi w=\int _0^{+\infty }(\widetilde {P}_sw-w)\nu _\phi (ds)\end {equation*}


$u \in {\sf Dom}(G)$


$N \in \N $


$[-N,N]$


$\eta _N \in C^\infty _c(\R )$


$\eta _N(t)=1$


$t \in [-N,N]$


$\eta _N(t)=0$


$t \in [-N-1,N+1]$


$\eta _N(t) \in [0,1]$


$t \in \R $


$\Norm {\frac {d}{dt}\eta _N}{L^\infty (\R )} \le C_\eta $


$C_\eta $


$N$


$u_N(x,t)=u(x)\eta _N(t)$


$u_N \in {\sf Dom}(\widetilde {A})$


\begin {align*}\lim _{h \to 0}\frac {\widetilde {P}_hu_N(x,t)-u_N(x,t)}{h}&=\lim _{h \to 0}\frac {\E ^{(x,0)}[u(M(h))\mid M(0)=x]\eta _N(t+h)-u(x)\eta _N(t)}{h}\\ &=\lim _{h \to 0}\frac {\E ^{(x,0)}[u(M(h))\mid M(0)=x]-u(x)}{h}\eta _N(t+h)+u(x)\lim _{h \to 0}\frac {\eta _N(t+h)-\eta _N(t)}{h}\\ &=Gu(x)\eta _N(t)+u(x)\frac {d}{dt}\eta _N(t).\end {align*}


$u_N \in {\sf Dom}(\widetilde {A})$


\begin {equation}\label {eq:ss} \widetilde {A}u_N(x,t)=Gu(x)\eta _N(t)+u(x)\frac {d}{dt}\eta _N(t) \ \forall x \in E, \ \forall t \in \R .\end {equation}


$u_N \in {\sf Dom}(\widetilde {A}^\phi )$


\begin {align*}\widetilde {A}^\phi u_N&=\int _0^{+\infty }(\widetilde {P}_su_N-u_N)\nu _\phi (ds)=\int _0^{1}\int _0^s\widetilde {P}_\tau \widetilde {A} u_N d\tau \, \nu _\phi (ds)+\int _1^{+\infty }(\widetilde {P}_su_N-u_N)\nu _\phi (ds).\end {align*}


\begin {align*}\Norm {\widetilde {A}^\phi u_N}{C(E \times \R )}& \le \int _0^{1}\int _0^s\Norm {\widetilde {P}_\tau \widetilde {A} u_N}{C(E \times \R )} d\tau \, \nu _\phi (ds)+\int _1^{+\infty }\Norm {\widetilde {P}_su_N-u_N}{C(E \times \R )}\nu _\phi (ds)\le \Norm {\widetilde {A}u_N}{C(E \times \R )}\mathcal {J}_\phi (1)+2\Norm {u_N}{C(E \times \R )}\overline {\nu }_\phi (1),\end {align*}


$\mathcal {J}_\phi (1) = \int _0^1~s \nu _\phi (ds).$


$\Norm {\eta _N}{L^\infty (\R )}=1$


\begin {align*}\Norm {\widetilde {A}^\phi u_N}{C(E \times \R )}& \le (\Norm {Gu}{C(E)}+\Norm {u}{C(E)}C_\eta )\mathcal {J}_\phi (1)+2\Norm {u}{C(E)}\overline {\nu }_\phi (1)\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)}),\end {align*}


$C$


$N$


\begin {equation}\label {eq:qNDynkin} q_N(t,x,s)=\E ^{(x,s)}[u_N(X(t),S(L(t)-))]=\E ^{(x,s)}[u_N(M^\phi (L(t)-),S(L(t)-))],\end {equation}


$L(t)$


$(M^\phi (\cdot -),S(\cdot -))$


\begin {equation*}q_N(t,x,s)=u_N(x,s)+\E ^{(x,s)}\left [\int _0^{L(t)}\widetilde {A}^\phi u_N (M^\phi (\tau ),S(\tau ))d\tau \right ],\end {equation*}


$S$


$T>0$


$t \in \left [0,\frac {3}{2}T\right ]$


$q_N(t,x,s)$


$t \in \left [-\frac {T}{2},0\right ]$


$q_N(t,x,s)={u_N}(x,s)$


$h \in \R $


$0<|h|<\frac {T}{2}$


$\varphi :\left [-\frac {T}{2},\frac {3}{2}T\right ] \to \R $


\begin {equation*}D^h\varphi (t):=\frac {\varphi (t+h)-\varphi (t)}{h}.\end {equation*}


$h>0$


$t \in \left [0,T\right ]$


\begin {align*}\left |D^h q_N(t,x,0)\right | &\le h^{-1}\E ^{(x,0)}\left [\int _{L(t)}^{L(t+h)}|\widetilde {A}^\phi u_N(M^\phi (\tau ),S(\tau ))|d\tau \right ]\\ &\le \Norm {\widetilde {A}^\phi u_N}{C(E \times \R )}h^{-1}\E ^{(x,0)}[L(t+h)-L(t)]\\ &\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})h^{-1}(U^\phi (t+h)-U^\phi (t))\\ &\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})u^\phi (t).\end {align*}


$h<0$


$|h|\le \frac {t}{2}$


\begin {equation*}\left |D^h q_N(t,x,0)\right |\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\frac {U^\phi (t)-U^\phi (t+h)}{|h|} \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})u^\phi \left (\frac {t}{2}\right ).\end {equation*}


$|h| \in \left [\frac {t}{2},t\right )$


\begin {equation*}\left |D^h q_N(t,x,0)\right |\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\frac {U^\phi (t)-U^\phi (t+h)}{|h|} \le 2C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\frac {U^\phi \left (t\right )}{t}.\end {equation*}


$|h|>t$


\begin {equation*}\left |D^h q_N(t,x,0)\right |\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\frac {U^\phi (t)}{|h|} \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\frac {U^\phi \left (t\right )}{t}.\end {equation*}


$h \in \R $


\begin {equation*}\left |D^hq_N(t,x,0)\right | \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\left (u^\phi (t)+u^\phi \left (\frac {t}{2}\right )+\frac {U^\phi (t)}{t}\right ).\end {equation*}


$u \in C_0(E)$


$\Norm {\eta _N}{L^\infty (\R )}=1$


$N \to \infty $


\begin {equation}\label {eq:bound} \left |D^h q(t,x)\right | \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\left (u^\phi (t)+u^\phi \left (\frac {t}{2}\right )+\frac {U^\phi (t)}{t}\right ).\end {equation}


$L^1$


$h_n \to 0$


$x \in {E}$


$g_n(t)=D^{h_n}q(t,x)$


$t \in [0,T]$


$T>0$


\begin {equation*}\int _0^T \frac {U^\phi (t)}{t}\, dt=\int _0^T \int _0^t \frac {u^\phi (s)}{t}\, ds \, dt=\int _0^T \int _s^T \frac {u^\phi (s)}{t}\, dt \, ds=\log (T)U^\phi (T)-\int _0^T\log (s)u^\phi (s) \, ds<\infty ,\end {equation*}


$g^\phi (t)=u^\phi (t)+u^\phi \left (\frac {t}{2}\right )+\frac {U^\phi (t)}{t}$


$g^\phi \in L^1_{\rm loc}(\R _0^+)$


$g_n(t) \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})g^\phi (t)$


$t \ge 0$


\begin {equation*}\Norm {g_n}{L^1[0,T]} \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\Norm {g^\phi }{L^1[0,T]}, \ \forall n \in \N .\end {equation*}


$g^\phi \in L^1[0,T]$


$\varepsilon >0$


$\delta >0$


$A \subset [0,T]$


$|A|<\delta $


\begin {equation*}\int _{A} g_n(t) dt \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\int _{A} g^\phi (t)\, dt<\varepsilon , \ \forall n \in \N ,\end {equation*}


$\{g_n\}_{n \in \N }$


$[0,T]$


$q \in L^1(0,T)$


$g_n \rightharpoonup g$


$\varphi \in C^\infty _c(0,T)$


\begin {equation*}\int _0^T D^hq(t,x)\varphi (t)dt=\int _0^{\frac {3}{2}T} D^hq(t,x)\varphi (t)dt=-\int _0^{\frac {3}{2}T} q(t,x)D^{-h}\varphi (t)dt\end {equation*}


\begin {equation*}\int _0^T g_n(t)\varphi (t)dt=-\int _0^{\frac {3}{2}T} q(t,x)D^{-{h_n}}\varphi (t)dt.\end {equation*}


$n \to +\infty $


\begin {equation*}\int _0^T g(t)\varphi (t)dt=-\int _0^{\frac {3}{2}T} q(t,x)\varphi '(t)dt=-\int _0^{T} q(t,x)\varphi '(t)dt.\end {equation*}


$q(\cdot ,x) \in W^{1,1}[0,T]$


$W^{1,1}[0,T]$


$\partial _tq(t,x)=g(t)$


$W^{1,1}[0,T]$


$q(\cdot ,x)$


$\partial _t q(\cdot ,x)$


$h>0$


\begin {equation*}\left |D^hq(t,x)\right | \le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})u^\phi (t)\end {equation*}


$h \to 0^+$


$q$


$(t,x) \in \R _0^+ \times E$


\begin {equation*}\int _0^t \Norm {P_sq(t-s,\cdot )-P_sq(t,\cdot )}{C(E)}\, \nu _\phi (ds)\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\end {equation*}


\begin {equation*}\int _0^{+\infty } e^{-\lambda t} \int _0^t \Norm {P_sq(t-s,\cdot )-P_sq(t,\cdot )}{C(E)}\, \nu _\phi (ds) \, dt \le \frac {C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})}{\lambda }\end {equation*}


$x \in E$


$\lambda >0$


$x \in E$


\begin {align}\label {eq:partialcontrol2} \left |q(t-s,x)-q(t,x) \right | \, \leq \,& \int _0^s \left | \partial _tq(t-\tau ,x) \right | d\tau \leq C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)}) \int _0^s u^\phi (t-\tau ) d\tau .\end {align}


$P_s$


$x \in E$


\begin {align}\label {eq:ACest1} \begin {split} |P_sq(t-s,x)-P_sq(t,x)|&\le P_s\left |q(t-s,\cdot )-q(t,\cdot ) \right |(x)\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)}) \int _0^s u^\phi (t-\tau ) d\tau \end {split}\end {align}


\begin {align*}\int _0^t \Norm {P_sq(t-s,\cdot )-P_sq(t,\cdot )}{C(E)}\, \nu _\phi (ds) &\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)}) \int _0^t\int _0^s u^\phi (t-\tau ) \, d\tau \, \nu _\phi (ds)\\ &=C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\int _0^t u^\phi (t-\tau ) \int _\tau ^t \nu _\phi (ds) \, {d\tau }\\ &\le C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})\int _0^tu^\phi (t-\tau )\overline {\nu }_\phi (\tau )\, d\tau \\ &=C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)}),\end {align*}


$(\tau ,s) \in [0,s] \times [0,t]$


$(\tau ,s) \in [0,t] \times [\tau ,t]$


\begin {equation*}\int _0^{+\infty }e^{-\lambda t}\int _0^t \Norm {P_sq(t-s,\cdot )-P_sq(t,\cdot )}{C(E)}\, \nu _\phi (ds)\, dt \le \frac {C(\Norm {Gu}{C(E)}+\Norm {u}{C(E)})}{\lambda }\end {equation*}


$\lambda >0$


$q(t,\cdot )$


${\sf Dom}(G)$


$t \ge 0$


$q(t,\cdot )$


${\sf Dom}(G)$


\begin {equation}\label {eq:controlG} \Norm {Gq(t,\cdot )}{C(E)} \le \Norm {Gu}{C(E)}.\end {equation}


$\lim _{x \to \infty }q(t,x)=0$


$t \ge 0$


$H(t)$


$M$


\begin {align}\label {eq:charq} q(t,x)=\E ^{(x,0)}[u(X(t))]=&\E ^{(x,0)}[\E ^{(x,0)}[u(X(t)) \mid H(t)]]=\E ^{(x,0)}[P_{H(t)}u(x)] = \, \int _0^t P_\tau u(x)\bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau ,\end {align}


$H(t)$


$\bar {\nu }_\phi (t-\tau )u^\phi (\tau )$


$\tau \in (0,t)$


\begin {equation*}\int _0^t \Norm {P_\tau u}{C(E)}\bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau \le \Norm {u}{C(E)},\end {equation*}


$q(t,\cdot ) \in C(E)$


\begin {equation}\lim _{x \to \infty }q(t,x)=0 \quad \mbox { locally uniformly with respect to }t \ge 0, \label {Xeqn22-5.11}\end {equation}


$q(t,\cdot ) \in C_0(E)$


$T>0$


$P_tu \in C_0(E)$


$t \ge 0$


$(P_t)_{t \ge 0}$


$P_t=I$


$t \le 0$


$(P_t)_{t \in \R }$


$P_tu \in C_0(E)$


$t \in \R $


$\varepsilon >0$


$t \in [0,T]$


$K(t)$


$\sup _{x \not \in K(t)}|P_tu(x)|<\frac {\varepsilon }{2}$


$P_{t+h}u$


$P_tu$


$h \to 0$


$\delta (t)>0$


$s \in (t-\delta (t),t+\delta (t))=:I(t)$


$\sup _{x \not \in K(t)}|P_{s}u(x)-P_tu(x)|<\frac {\varepsilon }{2}$


$\sup _{x \not \in K(t)}|P_su(x)|<\varepsilon $


$\bigcup _{t \in [0,T]}I(t) \supset [0,T]$


$\R $


$\{I(t)\}_{t \in [0,T]}$


$[0,T]$


$I(t_1),\dots ,I(t_N)$


$[0,T] \subset \bigcup _{i=1}^{N}I(t_i)$


$K=\bigcup _{i=1}^{N}K(t_i)$


$s \in [0,T]$


$i=1,\dots ,N$


$s \in I(t_i)$


\begin {equation*}\sup _{x \not \in K}|P_su(x)| \le \sup _{x \not \in K(t_i)}|P_su(x)|<\varepsilon .\end {equation*}


$s \in [0,T]$


\begin {equation*}\sup _{x \not \in K}|P_su(x)|<\varepsilon .\end {equation*}


\begin {equation*}\sup _{x \not \in K}|q(t,x)| \le \int _0^t \overline {\nu }_\phi (t-s)u^\phi (s)\sup _{x \not \in K}|P_su(x)|\, ds<\varepsilon \int _0^t \overline {\nu }_\phi (t-s)u^\phi (s)\, ds=\varepsilon .\end {equation*}


$\varepsilon >0$


$T>0$


$\lim _{x \to \infty }q(t,x)=0$


$t \ge 0$


$q(t,\cdot ) \in {\sf Dom}(G)$


\begin {equation*}G_s=\frac {P_s-\mathds {I}}{s}, \ s>0,\end {equation*}


$\mathds {I}$


$C_0(E)$


$Q:\R _0^+ \to C_0(E)$


$Q(t)=q(t,\cdot )$


$t \in \R _0^+$


\begin {equation*}Q(t)=\int _0^t P_\tau u\bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau .\end {equation*}


\begin {align}\label {eq:Gstildeq} G_sQ(t)=G_s \int _0^t P_\tau u\, \bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau = \, &\int _0^t G_sP_\tau u \, \bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau = \, \int _0^t P_\tau G_s u \, \bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau ,\end {align}


$G_s$


$P_\tau $


${\sf Dom}(G)$


$u \in {\sf Dom}(G)$


\begin {equation*}G_su=\frac {1}{s}\int _0^sP_wGudw\end {equation*}


$\Norm {G_su}{C(E)} \le \Norm {Gu}{C(E)}$


$P_\tau $


\begin {equation*}\Norm {P_\tau G_s u \, \bar {\nu }_\phi (t-\tau )u^\phi (\tau )}{C(E)} \le \bar {\nu }_\phi (t-\tau )u^\phi (\tau )\Norm {Gu}{C(E)},\end {equation*}


$[0,t]$


$s$


$s \to 0$


$P_\tau $


\begin {equation*}\lim _{s \to 0}G_sQ(t)=\int _0^t P_\tau G u \, \bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau ,\end {equation*}


$q(t,\cdot ) \in {\sf Dom}(G)$


$t \ge 0$


\begin {equation*}Gq(t,\cdot )=\int _0^t P_\tau G u(\cdot ) \, \bar {\nu }_\phi (t-\tau )u^\phi (\tau )d\tau .\end {equation*}


$P_\tau $


$(\bar {\nu }_\phi ,u^\phi )$


\begin {equation*}\Norm {Gq(t,\cdot )}{C(E)} \le \Norm {Gu}{C(E)}.\end {equation*}


$q(t, \cdot ) \in {\sf Dom} (G)$


$Gq(t, \cdot ) \in C_0 \left ( E \right )$


$(t,x) \in \R ^+ \times E$


\begin {equation*}\int _0^t \Norm {P_sq(t,\cdot )-q(t,\cdot )}{C(E)}\, \nu _\phi (ds) \le \Norm {Gu}{C(E)}\mathcal {J}_\phi (t)\end {equation*}


$\mathcal {J}_\phi (t) = \int _0^t s \nu _\phi (d s)$


$\lambda >0$


$x \in E$


\begin {equation*}\int _0^{+\infty }e^{-\lambda t}\int _0^t \Norm {P_sq(t,\cdot )-q(t,\cdot )}{C(E)}\, \nu _\phi (ds)\, dt<\infty .\end {equation*}


$q(t,\cdot ) \in {\sf Dom}(G) \subset C_0(E)$


\begin {equation*}P_sq(t,x)-q(t,x)= \int _0^s GP_\tau q(t,x)\,d\tau = \int _0^s P_\tau G q(t,x)\, d\tau .\end {equation*}


$P_\tau $


\begin {align}\label {eq:Gest1} |P_sq(t,x)-q(t,x)| \le \int _0^s |P_\tau G q(t,x)|\, d\tau \le \int _0^s P_\tau |G q(t,x)|\, d\tau \le \Norm {Gq(t,\cdot )}{C(E)}s \le \Norm {Gu}{C(E)}s.\end {align}


\begin {equation*}\int _0^t \Norm {P_sq(t,\cdot )-q(t,\cdot )}{C(E)}\, \nu _\phi (ds) \le \Norm {Gu}{C(E)}\mathcal {J}_\phi (t)\end {equation*}


$\int _0^{+\infty }e^{-\lambda t}\mathcal {J}_\phi (t)\, dt<\infty $


$\lambda >0$


$|q(t,x)| \le \Norm {u}{C(E)}$


$t \ge 0$


$x \in E$


$\lambda >0$


$x \in E$


\begin {equation*}\int _0^{+\infty }e^{-\lambda t}\overline {\nu }_\phi (t)q(t,x)dt \le \frac {\phi (\lambda )}{\lambda }\Norm {u}{C(E)}.\end {equation*}


$\phi (\partial _t-G)q(t,x)$


$x \in E$


$t>0$


$x \in E$


$\phi (\partial _t-G)q(\cdot ,x)$


$\lambda >0$


$q(0,x)=u(x)$


$\lambda >0$


\begin {equation*}\int _0^{+\infty }e^{-\lambda t}\overline {\nu }_\phi (t)q(0,x)dt=\frac {\phi (\lambda )}{\lambda }q(0,x),\end {equation*}


$q(0,x)$


$x \in E$


\begin {equation*}\int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt=\frac {\phi (\lambda )}{\lambda }q(0,x){=\int _0^{+\infty }e^{-\lambda t}\overline {\nu }_\phi (t)q(0,x)dt},\end {equation*}


$x \in E$


$t>0$


\begin {equation*}\int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt=-\int _0^{+\infty }\int _0^{+\infty } e^{-\lambda t}(P_sq(t-s,x)\mathds {1}_{[0,t]}(s)-q(t,x))dt\, \nu _\phi (ds).\end {equation*}


$Q$


\begin {align*}\int _0^{+\infty } e^{-\lambda t}P_sQ(t-s)\mathds {1}_{[0,t]}(s)dt&=P_s\int _0^{+\infty } e^{-\lambda t}Q(t-s)\mathds {1}_{[s,+\infty )}(t)dt\\ &=P_s\int _s^{+\infty } e^{-\lambda t}Q(t-s)dt\\ &=e^{-\lambda s}P_s\int _0^{+\infty } e^{-\lambda t}Q(t)dt:=e^{-\lambda s}P_s\widetilde {Q}(\lambda ),\end {align*}


$P_s$


$t$


$s \in [0,t]$


$t \in [s,\infty )$


$C_0(E)$


$x \in E$


\begin {align*}\int _0^{+\infty } e^{-\lambda t}P_sq(t-s,x)\mathds {1}_{[0,t]}(s)dt=e^{-\lambda s}P_s\widetilde {q}(\lambda ,x),\end {align*}


$\widetilde {q}(\lambda ,x)=\int _0^{+\infty } e^{-\lambda t}q(t,x)dt$


\begin {equation}\label {eq:preLaplace} \int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt=-\int _0^{+\infty } \left (e^{-\lambda s}P_s\widetilde {q}(\lambda ,x)-\widetilde {q}(\lambda ,x)\right ) \nu _\phi (ds).\end {equation}


$\widetilde {q}(\lambda ,x)$


\begin {equation*}\widetilde {q}(\lambda ,x)=\E ^{(x,0)}\left [\int _0^{+\infty }e^{-\lambda t}u(X(t))\, dt\right ].\end {equation*}


$S$


$[0, +\infty )$


$H(t)=S(y-)$


$t \in (S(y-),S(y)]$


\begin {align*}\widetilde {q}(\lambda ,x)&=\E ^{(x,0)}\left [\sum _{y \ge 0}\int _{S(y-)}^{S(y)}e^{-\lambda t}u(M(S(y-)))dt\right ]\\ &=\E ^{(x,0)}\left [\sum _{y \ge 0}\frac {e^{-\lambda S(y-)}-e^{-\lambda S(y)}}{\lambda }u(M(S(y-)))\right ]\\ &=\frac {1}{\lambda }\E ^{(x,0)}\left [\sum _{y \ge 0}e^{-\lambda S(y-)}(1-e^{-\lambda (S(y)-S(y-))})u(M(S(y-)))\right ]\\\end {align*}


$u_{\pm }(x)= \max \{0,\pm u(x)\}$


\begin {align}\label {eq:presubtract} \frac {1}{\lambda }\E ^{(x,0)}\left [\sum _{y \ge 0}e^{-\lambda S(y-)}(1-e^{-\lambda (S(y)-S(y-))})u_{\pm }(M(S(y-)))\right ] = \, \int _0^{+\infty }e^{-\lambda t}\E ^x[u_{\pm }(X(t))]dt<\infty .\end {align}


$C_{\rm b}(\R _0^+)$


$Z_{\pm }:=\{Z_{\pm }(y), y \ge 0\}$


$y,z \ge 0$


\begin {equation*}Z_{\pm }(y)(z)=u_{\pm }(M(S(y-)))e^{-\lambda S(y-)}(1-e^{-\lambda z}).\end {equation*}


$Z_{\pm }$


$y>0$


$y_n \uparrow y$


\begin {equation*}\Norm {Z_{\pm }(y_n)-Z_{\pm }(y)}{C(E)} \le |u_{\pm }(M(S(y-)))e^{-\lambda S(y-)}-u_{\pm }(M(S(y_n-)))e^{-\lambda S(y_n-)}| \to 0\end {equation*}


$n \to \infty $


$\mathfrak {p}=\{\mathfrak {p}(y), \ y \ge 0\}$


$\mathfrak {p}(y)=S(y)-S(y-)$


$\nu _\phi $


$7$


\begin {align*}\frac {1}{\lambda }\E ^{(x,0)}\left [\sum _{y \ge 0}e^{-\lambda S(y-)}(1-e^{-\lambda (S(y)-S(y-))})u_{\pm }(M(S(y-)))\right ] &=\frac {1}{\lambda }\E ^{(x,0)}\left [\int _0^{+\infty }\left (\int _0^{+\infty }(1-e^{-\lambda w})\nu _\phi (dw)\right )u_{\pm }(M(S(y-)))e^{-\lambda S(y-)}dy\right ]\\ &=\frac {\phi (\lambda )}{\lambda }\E ^{(x,0)}\left [\int _0^{+\infty }u_{\pm }(M(S(y-)))e^{-\lambda S(y-)}dy\right ]\\ &=\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty }\E ^{(x,0)}\left [u_{\pm }(M(S(y-)))e^{-\lambda S(y-)}\right ]dy \notag \\ &= \frac {\phi (\lambda )}{\lambda }\int _0^{+\infty }\E ^{(x,0)}\left [u_{\pm }(M(S(y)))e^{-\lambda S(y)}\right ]dy,\end {align*}


$S$


$M$


$u(x)=u_+(x)-u_-(x)$


$u_{\pm }$


\begin {align*}\widetilde {q}(\lambda ,x)&=\frac {1}{\lambda }\E ^{(x,0)}\left [\sum _{y \ge 0}e^{-\lambda S(y-)}(1-e^{-\lambda (S(y)-S(y-))})u(M(S(y-))) \right ]\\ &=\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty }\E ^{(x,0)}\left [u(M(S(y)))e^{-\lambda S(y)}\right ]dy\\ &=\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty }\int _0^{+\infty }e^{-\lambda \tau }\E ^{(x,0)}\left [u(M(\tau ))\right ]g_S(\tau ;y)d\tau \, dy,\end {align*}


$g_S(\tau ;y)d\tau $


$S(y)$


$\bP ^{(x,0)}$


$M$


$S$


\begin {align}\int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \left [e^{-\lambda s}P_s\left (\int _0^{+\infty }\int _0^{+\infty }e^{-\lambda \tau }\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ]g_S(\tau ;y)d\tau \, dy\right )(x)\right .\nonumber \\ &\qquad -\left .\int _0^{+\infty }\int _0^{+\infty }e^{-\lambda \tau }\E ^{(x,0)}\left [u(M(\tau ))\right ]g_S(\tau ;y)d\tau \, dy\right ] \nu _\phi (ds). \nonumber \end {align}


\begin {align*}\int _0^{+\infty } \int _0^{+\infty }e^{-\lambda \tau }\Norm {\E ^{(\cdot ,0)}[u(M(\tau ))]}{C(E)}g_S(\tau ;y)d\tau \, dy &\le \Norm {u}{C(E)}\int _0^{+\infty }\int _0^{+\infty }e^{-\lambda \tau }g_S(\tau ; y)d\tau \, dy \\ &=\Norm {u}{C(E)}\int _0^{+\infty }e^{-y\phi (\lambda )}dy=\frac {\Norm {u}{C(E)}}{\phi (\lambda )}<\infty ,\end {align*}


$C_0(E)$


$x \in E$


\begin {align}\int _0^{+\infty }e^{-\lambda t}&\phi (\partial _t-G)q(t,x)dt =-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _0^{+\infty }\int _0^{+\infty }\left (e^{-\lambda (s+\tau )}P_s\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)e^{-\lambda \tau }\E ^{(x,0)}\left [u(M(\tau ))\right ]\right ) g_S(\tau ;y)d\tau \, dy \nu _\phi (ds).\label {eq:preLaplace2}\end {align}


$\E ^{(\cdot ,0)}[u(M(\tau ))] \in {\sf Dom}(G)$


$\{\widetilde {P}_s\}_{s \ge 0}$


$\widetilde {P}_s=e^{-\lambda s}P_s$


$G-\lambda I$


${\sf Dom}(G)$


\begin {align*}\int _0^{+\infty } &\int _0^{+\infty }\int _0^{+\infty }\left |e^{-\lambda (s+\tau )}P_s\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)- e^{-\lambda \tau }\E ^{(x,0)}\left [u(M(\tau ))\right ]\right | g_S(\tau ;y)d\tau \, dy \nu _\phi (ds)\\ &=\int _0^{+\infty } \int _0^{+\infty }\int _0^{+\infty }e^{-\lambda \tau }\left |\int _0^{s}\widetilde {P}_w (G-\lambda I)\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)dw\right | g_S(\tau ;y)d\tau \, dy \nu _\phi (ds)\\ &\le \int _0^{+\infty } \int _0^{+\infty }\int _0^{+\infty }\int _0^s e^{-\lambda \tau } \left | \widetilde {P}_w (G-\lambda I)\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)\right | dw\, g_S(\tau ;y)d\tau \, dy \, \nu _\phi (ds)\\ &\le \int _0^{+\infty } \int _0^{+\infty }\int _0^{+\infty }\int _0^s e^{-\lambda \tau }\Norm {\widetilde {P}_w (G-\lambda I)\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ]}{C(E)}dw\, g_S(\tau ;y)d\tau \, dy\, \nu _\phi (ds)\\ &\le \int _0^{+\infty } \int _0^{+\infty }\int _0^{+\infty }e^{-\lambda \tau }\Norm {(G-\lambda I)\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ]}{C(E)}\left (\int _0^{s}e^{-\lambda w}dw\right ) g_S(\tau ;y)d\tau \, dy\, \nu _\phi (ds)\\ &\le \frac {\Norm {Gu}{C(E)}+\lambda \Norm {u}{C(E)}}{\lambda }\int _0^{+\infty }\int _0^{+\infty } {\int _0^{+\infty }}e^{-\lambda \tau }(1-e^{-\lambda s}) g_S(\tau ;y)d\tau \, dy\, \nu _\phi (ds)\\ &=\frac {\Norm {Gu}{C(E)}+\lambda \Norm {u}{C(E)}}{\lambda }<\infty .\end {align*}


\begin {align}\int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _0^{+\infty }\left (e^{-\lambda (s+\tau )}P_s\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)\right .-\left .e^{-\lambda \tau }\E ^{(x,0)}\left [u(M(\tau ))\right ]\right ) \left (\int _0^{+\infty } \!\!\! g_S(\tau ;y)dy\right ) \, d\tau \nu _\phi (ds)\nonumber \\ &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _0^{+\infty }\left (e^{-\lambda (s+\tau )}P_s\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)\right .\ -\left .e^{-\lambda \tau }\E ^{(x,0)}\left [u(M(\tau ))\right ]\right )u^\phi (\tau ) \, d\tau \nu _\phi (ds),\nonumber \end {align}


$u^\phi (\tau )=\int _0^{+\infty }g_S(\tau ;y)dy$


$\E ^{(\cdot ,0)}[u(M(\tau ))] \in {\sf Dom}(G)$


\begin {align}\int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _0^{+\infty }\int _0^s e^{-\lambda (\tau +w)}(G-\lambda )P_w\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)u^\phi (\tau ) dw \, d\tau \nu _\phi (ds).\nonumber \end {align}


$s > w$


\begin {align}\int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _0^{+\infty }\int _w^{+\infty } e^{-\lambda (\tau +w)}(G-\lambda )P_w\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)u^\phi (\tau ) \nu _\phi (ds) \, dw \, d\tau \nonumber \\ &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _0^{+\infty } e^{-\lambda (\tau +w)}(G-\lambda )P_w\E ^{(\cdot ,0)}\left [u(M(\tau ))\right ](x)u^\phi (\tau ) \overline {\nu }_\phi (w) \, dw \, d\tau \nonumber \\ &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _0^{+\infty } e^{-\lambda (\tau +w)}(G-\lambda )P_{w+\tau }u(x)\, u^\phi (\tau ) \overline {\nu }_\phi (w) \, dw \, d\tau .\label {eq:preLaplace3}\end {align}


$w+\tau =v$


$\tau \in [0,v]$


\begin {align}\int _0^{+\infty }e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } \int _\tau ^{+\infty } e^{-\lambda v}(G-\lambda )P_{v}u(x)\, u^\phi (\tau ) \overline {\nu }_\phi (v-\tau ) \, dv \, d\tau \nonumber \\ &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } e^{-\lambda v}(G-\lambda )P_{v}u(x)\, \left (\int _0^v u^\phi (\tau ) \overline {\nu }_\phi (v-\tau ) \, d\tau \right ) \, dv\nonumber \\ &=-\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } e^{-\lambda v}(G-\lambda )P_{v}u(x) dv\nonumber \\ &=\frac {\phi (\lambda )}{\lambda }\int _0^{+\infty } e^{-\lambda v}P_{v}(\lambda -G)u(x) dv\nonumber \\ &=\frac {\phi (\lambda )}{\lambda }u(x),\end {align}


$u^\phi $


$\overline {\nu }_\phi $


$P_v$


$G$


${\sf Dom}(G)$


\begin {equation*}\int _0^{+\infty } e^{-\lambda v}P_{v} dv=(\lambda I-G)^{-1}.\end {equation*}


$x \in E$


$I_x \subset \R ^+$


$t \not \in I_x$


\begin {equation*}\phi (\partial _t-G)q(t,x)=\overline {\nu }_\phi (t)u(x).\end {equation*}


$I_x={\varnothing }$


$x \in E$


$\mathcal {R}=\overline {\{{S}(t), \ t \ge 0\}}$


$S$


$H$


$t \in \mathcal {R}$


$\phi \in \mathfrak {SB}_0$


\begin {equation}\label {eq:contH} \bP ^{(x,0)}(H(t)\not = H(t+)) \le \bP ^{(x,0)}(t \in \mathcal {R})=0\end {equation}


$H$


$M$


\begin {align*}q(t,x)=\E ^{(x,0)}[u(M(H(t))]=\E ^{(x,0)}\left [\E ^{(x,0)}\left [u(M(H(t)) \mid H(t)\right ]\right ]&=\E ^{(x,0)}\left [P_{H(t)}u(x)\right ]=\int _0^t P_su(x)\overline {\nu }_\phi (t-s)u^\phi (s)\,ds.\end {align*}


$x_0,x \in E$


\begin {equation}\label {eq:altrapq} q(t,x)=\int _0^t P_su(x)\overline {\nu }_\phi (t-s)u^\phi (s)\,ds=\E ^{(x_0,0)}\left [P_{H(t)}u(x)\right ].\end {equation}


$t \in \R _0^+$


$t_n \to t$


\begin {equation*}\Norm {q(t_n,\cdot )-q(t,\cdot )}{C(E)} \le \E ^{(x_0,0)}\left [\Norm {P_{H(t_n)}u-P_{H(t)}u}{C(E)}\right ].\end {equation*}


$\lim _{n \to \infty }\Norm {P_{H(t_n)}u-P_{H(t)}u}{C(E)}=0$


$(P_t)_{t \ge 0}$


$\Norm {P_{H(t_n)}u-P_{H(t)}u}{C(E)} \le 2\Norm {u}{C(E)}$


\begin {equation}\label {eq:uniformcont} \lim _{n \to \infty }\Norm {q(t_n,\cdot )-q(t,\cdot )}{C(E)}=0.\end {equation}


$q$


$t \in \R ^+$


$t_n \downarrow t$


$x \in E$


\begin {align*}|\phi (\partial _t-G)q(t_n,x)-\phi (\partial _t-G)q(t,x)|& \le \int _0^{t}|P_sq(t-s,x)-q(t,x)-P_sq(t_n-s,x))+q(t_n,x)|\nu _\phi (ds)\\ &\qquad +\int _{t}^{t_n}|P_sq(t_n-s,x)-q(t_n,x)|\nu _\phi (ds)+|q(t,x)|(\overline {\nu }_\phi (t)-\overline {\nu }_\phi (t_n))+|q(t,x)-q(t_n,x)|\overline {\nu }_\phi (t_n).\end {align*}


$x \in E$


\begin {align*}\Norm {\phi (\partial _t-G)q(t_n,\cdot )-\phi (\partial _t-G)q(t,\cdot )}{C(E)}&\le \int _0^{t}\Norm {P_sq(t-s,\cdot )-q(t,\cdot )-P_sq(t_n-s,\cdot ))+q(t_n,\cdot )}{C(E)}\nu _\phi (ds)\\ &\qquad +\int _{t}^{t_n}\Norm {P_sq(t_n-s,\cdot )-q(t_n,\cdot )}{C(E)}\nu _\phi (ds)\\ &\qquad +\Norm {q(t,\cdot )}{C(E)}(\overline {\nu }_\phi (t)-\overline {\nu }_\phi (t_n))+\Norm {q(t,\cdot )-q(t_n,\cdot )}{C(E)}\overline {\nu }_\phi (t_n)\\ &:=I_n+J_n+\Norm {q(t,\cdot )}{C(E)}(\overline {\nu }_\phi (t)-\overline {\nu }_\phi (t_n))+\Norm {q(t,\cdot )-q(t_n,\cdot )}{C(E)}\overline {\nu }_\phi (t_n).\end {align*}


$I_n$


\begin {align*}\Norm {P_sq(t-s,\cdot )-q(t,\cdot )-P_sq(t_n-s,\cdot ))+q(t_n,\cdot )}{C(E)} & \le \Norm {P_s(q(t-s,\cdot )-q(t_n-s,\cdot ){)}}{C(E)}+\Norm {q(t,\cdot )-q(t_n,\cdot )}{C(E)}\\ &\le \Norm {q(t-s,\cdot )-q(t_n-s,\cdot )}{C(E)}+\Norm {q(t,\cdot )-q(t_n,\cdot )}{C(E)},\end {align*}


$P_s$


$n \to \infty $


\begin {align*}\lim _{n \to \infty }\Norm {P_sq(t-s,\cdot )-q(t,\cdot )-P_sq(t_n-s,\cdot ))+q(t_n,\cdot )}{C(E)}=0.\end {align*}


\begin {align*}\Norm {P_sq(t-s,\cdot )-q(t,\cdot )-P_sq(t_n-s,\cdot )+q(t_n,\cdot )}{C(E)} & \le \Norm {P_sq(t-s,\cdot )-P_sq(t,\cdot )}{C(E)}+\Norm {P_sq(t,\cdot )-q(t,\cdot )}{C(E)}\\ &\qquad +\Norm {P_sq(t_n-s,\cdot )-P_sq(t_n,\cdot )}{C(E)}+\Norm {P_sq(t_n,\cdot )-q(t_n,\cdot )}{C(E)}\\ &\le 2C\left (\Norm {Gu}{C(E)}+\Norm {u}{C(E)}\right )\int _0^su^\phi (t-\tau )d\tau +2\Norm {Gu}{C(E)}s,\end {align*}


$u^\phi (t_n-\tau ) \le u^\phi (t-\tau )$


$u^\phi $


$\nu _\phi (ds)$


\begin {equation*}\lim _{n \to \infty }I_n=0.\end {equation*}


$J_n$


\begin {align*}\Norm {P_sq(t_n-s,\cdot )-q(t_n,\cdot )}{C(E)} &\le \Norm {P_sq(t_n-s,\cdot )-P_s q(t_n,\cdot )}{C(E)}+\Norm {P_sq(t_n,\cdot )-q(t_n,\cdot )}{C(E)}\\ &\le C\left (\Norm {Gu}{C(E)}+\Norm {u}{C(E)}\right )\int _0^su^\phi (t^n-\tau )d\tau +\Norm {Gu}{C(E)}s,\end {align*}


\begin {align*}J_n &\le C\left (\Norm {Gu}{C(E)}+\Norm {u}{C(E)}\right )\int _{t}^{t_n}\int _0^su^\phi (t^n-\tau )d\tau \nu _\phi (ds)+\Norm {Gu}{C(E)}\int _t^{t_n}s\nu _\phi (ds)\\ &=C\left (\Norm {Gu}{C(E)}+\Norm {u}{C(E)}\right )J_n^1+\Norm {Gu}{C(E)}(\mathcal {J}_\phi (t_n)-\mathcal {J}_\phi (t)).\end {align*}


$\mathcal {J}_\phi $


\begin {align*}J_n^1&=\int _{t}^{t_n}\int _0^tu^\phi (t^n-\tau )d\tau \nu _\phi (ds)+\int _{t}^{t_n}\int _t^su^\phi (t^n-\tau )d\tau \nu _\phi (ds)\\ &=\left (\overline {\nu }_\phi (t)-\overline {\nu }_\phi (t_n)\right )(U^\phi (t_n)-U^\phi (t_n-t))+\int _{t}^{t_n}u^\phi (t_n-\tau )(\overline {\nu }_\phi (\tau )-\overline {\nu }_\phi (t_n))\, d\tau \\ &=\left (\overline {\nu }_\phi (t)-\overline {\nu }_\phi (t_n)\right )(U^\phi (t_n)-U^\phi (t_n-t)) +\int _{t}^{t_n}u^\phi (t_n-\tau )\overline {\nu }_\phi (\tau )\, d\tau -\overline {\nu }_\phi (t_n)U^\phi (t_n-t)\\ &\le \left (\overline {\nu }_\phi (t)-\overline {\nu }_\phi (t_n)\right )(U^\phi (t_n)-U^\phi (t_n-t)) +\overline {\nu }_\phi (t)U^\phi (t_n-t)-\overline {\nu }_\phi (t_n)U^\phi (t_n-t)\\ &=\left (\overline {\nu }_\phi (t)-\overline {\nu }_\phi (t_n)\right )U^\phi (t_n),\end {align*}


$\overline {\nu }_\phi $


$\lim _{n \to \infty }J_n^1=0$


$\lim _{n \to \infty }J_n=0$


\begin {equation}\label {eq:rightcontG} \lim _{n \to \infty }\Norm {\phi (\partial _t-G)q(t_n,\cdot )-\phi (\partial _t-G)q(t,\cdot )}{C(E)}=0.\end {equation}


$x \in E$


$I_x \not = {\varnothing }$


$t \in I_x$


$[t,t+\delta ]$


$\delta >0$


$I_x^\delta =I_x \cap [t,t+\delta ]$


$|I_x^\delta |=0$


$|[t,t+\delta ]\setminus I_x^\delta |=\delta =|[t,t+\delta ]|$


$[t,t+\delta ]\setminus I_x^\delta $


$[t,t+\delta ]$


$t_n \downarrow t$


$t_n \not \in I_x$


$n \in \N $


\begin {equation*}\phi (\partial _t-G)q(t_n,x)=\overline {\nu }_\phi (t_n)q(t_n,x).\end {equation*}


$n \to \infty $


$\overline {\nu }_\phi $


\begin {equation*}\phi (\partial _t-G)q(t,x)=\overline {\nu }_\phi (t)q(t,x),\end {equation*}


$t \in I_x$


$I_x = {\varnothing }$


$x \in E$


\begin {equation}\phi (\partial _t-G)q(t,x)=\overline {\nu }_\phi (t)q(t,x), \quad \forall (t,x) \in \R ^+ \times E. \label {Xeqn28-5.23}\end {equation}


$\lim \limits _{x \to \infty }q(t,x)=0$


$t \ge 0$


$q$


$q_1$


$w=q-q_1$


$u \equiv 0$


$T>0$


$\varepsilon =\sup _{(t,x) \in [0,T] \times E}|w(t,x)|>0$


$K \subset E$


\begin {equation*}\sup _{x \not \in K}|w(t,x)|<\varepsilon , \ \forall t \in [0,T].\end {equation*}


$w$


\begin {equation*}\varepsilon =\max _{(t,x) \in [0,T]\times K}|w(t,x)|.\end {equation*}


$(t_\star ,x_\star ) \in [0,T]\times K$


$|w(t_\star ,x_\star )|=\varepsilon $


$w(t_\star ,x_\star )=\varepsilon $


$w(t_\star ,x_\star ) \ge w(t,x)$


$(t,x) \in (0,t_\star ] \times E$


$w(t_\star ,x_\star )=\varepsilon >0=w(0,x)$


$x \in E$


\begin {equation*}0=-\phi (\partial _t-G)w(t_\star ,x_\star )<0,\end {equation*}


$w(t_\star ,x_\star )=-\varepsilon $


$w \equiv 0$


$q:\R _0^+ \times E \to \R $


$q(t,\cdot ) \in {\sf Dom}(G)$


$t \ge 0$


$t \in \R _0^+ \mapsto q(t,\cdot ) \in C_0(E)$


$\lambda _\star >0$


\begin {equation*}\widetilde {q}(\lambda ,x)=\int _0^{+\infty }e^{-\lambda t}q(t,x)dt\end {equation*}


$x \in E$


$\lambda >\lambda _\star $


\begin {equation*}\Norm {\widetilde {q}}{C(E)} \le \int _0^{+\infty }e^{-\lambda _\star t}\Norm {q(t,\cdot )}{C(E)}dt<\infty .\end {equation*}


$x \in E$


$\mathcal {I}_{x} \subset \R _0^+$


$|\mathcal {I}_x|=0$


$\phi (\partial _t-G)q(t,x)$


$t \in \R _0^+ \setminus \mathcal {I}_x$


$x \in E$


$\lambda >\lambda _\star $


\begin {equation}\label {eq:exchange} \int _0^{+\infty } e^{-\lambda t}\phi (\partial _t-G)q(t,x)dt=-\int _0^{+\infty }\int _0^{+\infty } e^{-\lambda t}(P_sq(t-s,x)\mathds {1}_{(0,t]}(s)-q(t,x))dt\, \nu _\phi (ds)\end {equation}


$x \in E$


$t \in \R _0^+\setminus \mathcal {I}_x$


\begin {equation}\label {eq:eqspecial} \phi (\partial _t-G)q(t,x)=\overline {\nu }_\phi (t)q(0,x), \quad \mbox { for almost all }t>0.\end {equation}


$t \in \R _0^+$


\begin {equation*}\Norm {q(t,\cdot )-\E ^{(\cdot ,0)}[q(0,X(t))]}{C(E)}=0.\end {equation*}


$q(0,\cdot ) \in {\sf Dom(G)}$


$q_\star (t,x)=\E ^{(x,0)}[q(0,X(t))]$


$q-q_\star $


$q(0,\cdot ) \equiv 0$


$e^{-\lambda t}$


$\lambda >\lambda _\star $


\begin {equation}\label {eq:equality0} \int _0^{+\infty }\int _0^{+\infty } e^{-\lambda t}(P_sq(t-s,x_\star )\mathds {1}_{(0,t]}(s)-q(t,x))dt\, \nu _\phi (ds)=0.\end {equation}


\begin {equation}\label {eq:Pbeforeex} \int _0^{+\infty } e^{-\lambda t}P_sq(t-s,x) \mathds {1}_{(0,t]}(s)dt=e^{-\lambda s}\int _0^{+\infty } P_s\left (e^{-\lambda (t-s)}q(t-s,\cdot ) \mathds {1}_{(0,t]}(s)\right )(x)dt.\end {equation}


\begin {align}\label {eq:Bochnerint} \begin {split} \int _0^{+\infty } \Norm {e^{-\lambda (t-s)}q(t-s,\cdot ) \mathds {1}_{(0,t]}(s)}{C(E)}dt&=\int _0^{+\infty } \Norm {e^{-\lambda (t-s)}q(t-s,\cdot ) \mathds {1}_{\R _0^+}(t-s)}{C(E)}dt\\ &=\int _{-s}^{+\infty } \Norm {e^{-\lambda \tau }q(\tau ,\cdot ) \mathds {1}_{\R _0^+}(\tau )}{C(E)}d\tau =\int _{0}^{+\infty } e^{-\lambda \tau }\Norm {q(\tau ,\cdot )}{C(E)}d\tau <\infty . \end {split}\end {align}


$s>0$


$t \in \R _0^+ \mapsto e^{-\lambda (t-s)}q(t-s,\cdot ) \mathds {1}_{(0,t]}(s) \in C_0(E)$


\begin {align}\int _0^{+\infty } e^{-\lambda t}P_sq(t-s,x) \mathds {1}_{(0,t]}(s)dt=e^{-\lambda s}P_s\left (\int _0^{+\infty } e^{-\lambda (t-s)}q(t-s,\cdot ) \mathds {1}_{(0,t]}(s)(x)dt\right )=e^{-\lambda s}P_s\widetilde {q}(x)\end {align}


\begin {equation}\label {eq:equality1} \int _0^{+\infty } \left (e^{-\lambda s}P_s\widetilde {q}(x)-\widetilde {q}(x)\right ) \nu _\phi (ds)=0.\end {equation}


$\widetilde {P}_s=e^{-\lambda s}P_s$


$G-\lambda I$


$I$


$\widetilde {q} \in {\sf Dom}(G) \subset {\sf Dom}(G-\lambda I)$


\begin {equation*}e^{-\lambda s}P_s\widetilde {q}(x)-\widetilde {q}(x)=\int _0^s \widetilde {P}_\tau (G-\lambda I)\widetilde {q}(x)\, d\tau .\end {equation*}


\begin {align*}\Norm {e^{-\lambda s}P_s\widetilde {q}-\widetilde {q}}{C(E)} &\le \int _0^s \Norm {\widetilde {P}_\tau (G-\lambda I)\widetilde {q}}{C(E)}\, d\tau \le \frac {\Norm {(G-\lambda I)\widetilde {q}}{C(E)}}{\lambda }(1-e^{-\lambda s}).\end {align*}


$\nu _\phi (ds)$


\begin {align*}\int _0^{+\infty } \Norm {e^{-\lambda s}P_s\widetilde {q}-\widetilde {q}}{C(E)}\, \nu _\phi (ds) \le \frac {\Norm {(G-\lambda I)\widetilde {q}}{C(E)}}{\lambda }\phi (\lambda ).\end {align*}


\begin {equation}\label {eq:equality2} \int _0^{+\infty } \left (e^{-\lambda s}P_s\widetilde {q}-\widetilde {q}\right ) \nu _\phi (ds)=0.\end {equation}


$(P_s^\phi )_{s \ge 0}$


$f \in C_0(E)$


\begin {equation*}\widetilde {P}_s^\phi f= \int _0^{+\infty } \widetilde {P}_\tau f g_S(\tau ;s)\, d\tau \end {equation*}


$\left (-\phi (-(G-\lambda I)), {\sf Dom}(\phi (-(G-\lambda I)))\right )$


${\sf Dom}(G-\lambda I) \subset {\sf Dom}(\phi (-(G-\lambda I)))$


$f \in {\sf Dom}(G-\lambda I)$


\begin {equation*}-\phi (-(G-\lambda I))f=-\int _0^{+\infty } \left (e^{-\lambda _\star s}P_sf-f\right ) \nu _\phi (ds).\end {equation*}


$\widetilde {q} \in {\sf Dom}(G-\lambda I)$


\begin {equation}\label {eq:equality3} -\phi (-(G-\lambda I))\widetilde {q}=0.\end {equation}


$f \in {\sf Dom}(G-\lambda I)$


\begin {equation*}\Norm {\widetilde {P}_s^\phi f}{C(E)}\le \int _0^{+\infty } \Norm {\widetilde {P}_\tau f}{C(E)} g_S(\tau ;s)\, d\tau \le e^{-s\phi (\lambda )}\Norm {f}{C(E)},\end {equation*}


$\phi (\lambda )>0$


$0$


$-\phi (\lambda I-G)$


\begin {equation*}\widetilde {q}(\lambda ,\cdot ) \equiv 0.\end {equation*}


$q$


$q$


$(t,x)$


$q$


$(t,x) \in \R _0^+ \times E$


$\widetilde {E} \subset \R _0^+ \times E$


$x \in E$


$\widetilde {I}_x=\{t \in \R _0^+: \ (t,x) \not \in \widetilde {E}\}$


$|\widetilde {I}_x|=0$


$q$


$\lim _{x \to \infty }q(t,x)=0$


$t \ge 0$


$\alpha $


$B=\{B(t), \ t \ge 0\}$


$1$


$M(t)=e^{B(t)}$


$S$


$(B,S)$


$(\Omega , \mathcal {F}_\infty , \{\cF _t\}_{t \ge 0}, \bP ^{(x,v)})$


$(B^\phi ,S)$


$\cG :=\{\mathcal {G}_t\}_{t \ge 0}$


$X_{\rm e}(t)=B^\phi (L(t)-)=B(H(t))$


\begin {equation}\label {ageprocess} \gamma (t):=t-S(0)-H(t).\end {equation}


$(X_{\rm e},\gamma )$


$C^\infty _c(\R )$


$(B,S)$


$C^\infty _c(\R )$


$(B^\phi ,S)$


$(B^\phi ,S)$


$t \ge 0$


$\cH _t=\cG _{L(t)-}$


$(X_{\rm e},\gamma )$


$\cH :=\{\cH _t\}_{t \ge 0}$


$(B^\phi ,{S})$


$\theta _t \omega (s)=(\omega _1(s),\omega _2(s+t))$


$t,s \ge 0$


$s,t \ge 0$


$\omega \in \Omega $


\begin {align*}(B^\phi (\theta _t\omega ,s),S(\theta _t\omega ,s))=((B(\theta _t\omega ),S(\theta _t\omega ,s)),S(\theta _t\omega ,s)) = (\omega _1(\omega _2(t+s)),\omega _2(t+s))=(B^\phi (\omega ,t+s),S(\omega ,t+s)).\end {align*}


\begin {equation}\label {Xdefinition} X(t)=e^{X_{\rm e}(t)}=M(H(t))=M^\phi (L(t)-).\end {equation}


$(X,\gamma )$


$\cH $


$\cN _t^0=\sigma ((X_{\rm e}(s),\gamma (s)), s \le t)$


$\cN _t$


$\bP ^{(x,v)}$


$\cN :=\{\cN _t^0\}_{t \ge 0}$


$(X,\gamma )$


$(X_{\rm e},\gamma )$


$(X,\gamma )$


$\cH $


$\cN _t \subseteq \cH _t$


$t \ge 0$


$(X_{\rm e},\gamma )$


$(X,\gamma )$


$\cN $


$T>0$


$D_-[0,T]$


$f:[0,T] \to \R $


$\Lambda _-[0,T]$


$X$


$\cN $


$\restr {X}{[0,T]}$


$\restr {X_{\rm e}}{[0,T]}$


$\restr {\gamma }{[0,T]}$


$\restr {\cN }{[0,T]}$


$[0,T]$


$m \in \mathbb {R}$


$x,v \in \R $


\begin {equation*}Z^m(t):=e^{mX_{\rm e}(t)-\frac {m^2 H(t)}{2}}\end {equation*}


$\cN $


$\bP ^{(x,v)}$


$Z^m$


$\cN $


$Z^m(t) \in L^1(\Omega ;\bP ^{(x,v)})$


$t \ge 0$


\begin {equation*}\E ^{(x,v)}[Z^m(t)]=\E ^{(x,v)}\left [\E ^{(x,v)}\left [\cE (mB)(H(t)) \mid H(t)\right ]\right ],\end {equation*}


\begin {equation*}\cE (mB)(\tau )=e^{mB(\tau )-\frac {m^2\tau }{2}}\end {equation*}


$mB$


$B$


$H$


\begin {equation*}\E ^{(x,v)}\left [\cE (mB)(H(t)) \mid H(t)\right ]=F_1(H(t)),\end {equation*}


\begin {equation*}F_1(\tau ):=\E ^{(x,v)}\left [\cE (mB)(\tau )\right ]= {\E ^{(x,0)}\left [\cE (mB)(\tau )\right ] = e^x}.\end {equation*}


\begin {equation*}\E ^{(x,v)}[Z^m(t)] = {e^x \int _{0}^{t-v} \, \overline {\nu }_\phi (t-v-s)u^\phi (s) \, ds = e^x<\infty }.\end {equation*}


$0 \le s \le t$


$A_1,A_2 \subset D_-[0,s]$


\begin {equation*}A_\star :=\left \{\restr {X_{\rm e}}{[0,s]} \in A_1\right \} \cap \left \{\restr {\gamma }{[0,s]} \in A_2\right \}.\end {equation*}


$B$


$H$


$\gamma (t)=t-v-H(t)$


$t \ge 0$


\begin {equation}\label {eq:DDexpo1} \E ^{(x,v)}[Z^m(t)\mathds {1}_{A_\star }]=\E ^{(x,v)}\left [\mathds {1}_{A_2}(\gamma )F_2\left (\restr {H}{[0,t]}\right )\right ],\end {equation}


$g \in \Lambda _-[0,t]$


\begin {align*}F_2(g)=\E ^{(x,v)}\left [\mathds {1}_{A_1}(\restr {B(g(\cdot ))}{[0,s]})\cE (mB)(g(t))\right ] \ \mbox { and } \ ,\end {align*}


\begin {equation*}F_2\left (\restr {H}{[0,t]}\right )=\E ^{(x,v)}[Z^m(t)\mathds {1}_{A_1}(X_{\rm e}) \mid H(\tau ), \ \tau \ge 0].\end {equation*}


$\cE (mB)$


$mB$


$A_1 \subset D_-[0,s]$


$\left \{\restr {B(g(\cdot ))}{[0,s]} \in A_1\right \}$


$\sigma (B(w), \ w \le g(s))$


$\cE (mB)$


$g(s) \le g(t)$


\begin {equation*}F_2(g)=\E ^{(x,v)}\left [\mathds {1}_{A_1}(B(g(\cdot )))\cE (mB)(g(s))\right ]=:\widetilde {F}\left (\restr {g}{[0,s]}\right ).\end {equation*}


$B$


$H$


\begin {equation*}\widetilde {F}_2\left (\restr {H}{[0,s]}\right )=\E ^{(x,v)}[Z^m(s)\mathds {1}_{A_1}(X_{\rm e}) \mid H(\tau ), \ \tau \ge 0].\end {equation*}


\begin {equation}\label {eq:DDexpo2} \E ^{(x,v)}[Z^m(t)\mathds {1}_{A_\star }]=\E ^{(x,v)}\left [\mathds {1}_{A_2}(\gamma )\widetilde {F}_2\left (\restr {H}{[0,s]}\right )\right ]=\E ^{(x,v)}[Z^m(s)\mathds {1}_{A_\star }].\end {equation}


$A_\star $


$\pi $


$\cN _s$


$m=-1/2$


$Z:=Z^{-\frac {1}{2}}$


\begin {equation*}Z(t) = e^{-\frac {X_{\rm e}(t)}{2}-\frac {H(t)}{8}}\end {equation*}


$T>0$


\begin {equation*}\cN _T \ni A \mapsto \widetilde {\bP }_T^{(x,v)}(A)=e^{\frac {x}{2}}\E ^{(x,v)}\left [Z(T)\mathds {1}_{A}\right ],\end {equation*}


\begin {equation*}\frac {d \widetilde {\bP }_T^{(x,v)}}{d \restr {\bP ^{(x,v)}}{\cN _T}}=Z(T).\end {equation*}


$Z(T)$


$\cN $


$\widetilde {\bP }_t^{(x,v)}=\restr {\widetilde {\bP }_T^{(x,v)}}{\cN _t}$


$T \ge 0$


$t \in [0,T]$


$\widetilde {\bP }^{(x,v)}$


$(\Omega , \cN _\infty )$


$\cN _\infty :=\sigma \left (\bigcup _{t \ge 0}\cN _t\right )$


$\restr {\widetilde {\bP }^{(x,v)}}{\cN _t}=\widetilde {\bP }^{(x,v)}_t$


$t \ge 0$


$\widetilde {\bP }^{(x,v)}$


$\bP ^{(x,v)}$


$\cN _t$


$t \ge 0$


$X$


$\cN $


$(x,v) \in \R ^2$


$X$


$\cN $


$\widetilde {\bP }^{(x,v)}$


$X$


$\cN $


$t \in [0,T]$


$X(t) \in L^1(\Omega ;\widetilde {\bP }^{(x,v)})$


\begin {align*}\widetilde {\E }^{(x,v)}[X(t)]=e^{\frac {x}{2}}\E ^{(x,v)}\left [e^{X_{\rm e}(t)-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\right ] &=\E ^{(x,v)}\left [\E ^{(x,v)}\left [e^{\frac {x}{2}+X_{\rm e}(t)-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\mid H(t),H(T)\right ]\right ].\end {align*}


$H(t) \le H(T)$


$B$


$s_1 \le s_2$


\begin {equation*}F_1(s_1,s_2)=\E ^{(x,v)}\left [e^{B(s_1)-\frac {B(s_2)}{2}+\frac {x}{2}-\frac {s_2}{8}}\right ]\end {equation*}


\begin {align*}\widetilde {\E }^{(x,v)}[X(t)]&=\E ^{(x,v)}\left [F_1(H(t),H(T))\right ].\end {align*}


$\left \{B(s)+\frac {s}{2}, \ s \in [0,s_2]\right \}$


\begin {equation*}A \in \cF _{s_2} \mapsto \E ^{(x,v)}\left [\mathds {1}_Ae^{-\frac {B(s_2)}{2}+\frac {x}{2}-\frac {s_2}{8}}\right ],\end {equation*}


$e^{B(s)}=e^{B(s)+\frac {s}{2}-\frac {s}{2}}$


$B(s)+\frac {s}{2}$


\begin {equation*}F_1(s_1,s_2)=\E ^{(x,v)}\left [e^{B(s_1)-\frac {B(s_2)}{2}+\frac {x}{2}-\frac {s_2}{8}}\right ]=e^{x}\end {equation*}


\begin {align*}\widetilde {\E }^{(x,v)}[X(t)]&=\E ^{(x,v)}\left [F_1(H(t),H(T))\right ]=e^x<\infty .\end {align*}


$s$


$t$


$0 \le s \le t$


$A_1,A_2 \in D_-[0,s]$


\begin {equation*}A_{\star }:=\left \{\restr {X_{\rm e}}{[0,s]} \in A_1\right \} \cap \left \{\restr {\gamma }{[0,s]} \in A_2\right \}.\end {equation*}


$T>t$


\begin {align}\widetilde {\E }^{(x,v)}\left [X(t)\mathds {1}_{A_\star }\right ]=\E ^{(x,v)}\left [\mathds {1}_{A_1}\left (\restr {X_{\rm e}}{[0,s]}\right )\mathds {1}_{A_2}\left (\restr {\gamma }{[0,s]}\right )e^{\frac {x}{2}+X_{\rm e}(t)-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\right ]&=\E ^{(x,v)}\left [\mathds {1}_{A_2}\left (\restr {\gamma }{[0,s]}\right )F_2\left (\restr {H}{[0,T]} \right )\right ]\label {eq:premartingale},\end {align}


$g \in \Lambda _-[0,T]$


\begin {equation*}F_2(g):=\E ^{(x,v)}\left [\mathds {1}_{A_1}\left (\restr {B(g(\cdot ))}{[0,s]}\right )e^{\frac {x}{2}+B(g(t))-\frac {B(g(T))}{2}-\frac {g(T)}{8}}\right ]\end {equation*}


\begin {equation*}F_2\left (\restr {H}{[0,T]}\right )=\E ^{(x,v)}\left [\mathds {1}_{A_1}\left (\restr {X_{\rm e}}{[0,s]}\right )e^{\frac {x}{2}+X_{\rm e}(t)-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\mid \ \restr {H}{[0,T]}\right ].\end {equation*}


$A_1 \subset D_-[0,s]$


$\left \{\restr {B(g(\cdot ))}{[0,s]} \in A_1\right \}$


$\sigma (B(w), \ w \le g(s))$


$H|_{[0,T]}$


\begin {equation*}F_2(g)=\E ^{(x,v)}\left [\mathds {1}_{A_1}\left (\restr {B(g(\cdot ))}{[0,s]}\right )e^{\frac {x}{2}+B(g(s))-\frac {B(g(T))}{2}-\frac {g(T)}{8}}\right ].\end {equation*}


\begin {equation*}F_2\left (\restr {H}{[0,T]}\right )=\E ^{(x,v)}\left [\mathds {1}_{A_1}\left (\restr {X_{\rm e}}{[0,s]}\right )e^{\frac {x}{2}+X_{\rm e}(s)-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\mid \ \restr {H}{[0,T]}\right ].\end {equation*}


\begin {align}\widetilde {\E }^{(x,v)}\left [X(t)\mathds {1}_{A_\star }\right ]&=\E ^{(x,v)}\left [\mathds {1}_{A_1}\left (\restr {X_{\rm e}}{[0,s]}\right )\mathds {1}_{A_2}\left (\restr {\gamma }{[0,s]}\right )e^{\frac {x}{2}+X_{\rm e}(t)-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\right ]\nonumber \\ &=\E ^{(x,v)}\left [\mathds {1}_{A_1}\left (\restr {X_{\rm e}}{[0,s]}\right )\mathds {1}_{A_2}\left (\restr {\gamma }{[0,s]}\right )e^{\frac {x}{2}+X_{\rm e}(s)-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\right ]=\widetilde {\E }^{(x,v)}\left [X(s)\mathds {1}_{A_\star }\right ].\end {align}


$A_\star $


$\pi $


$\cN _s$


$(X,\gamma )$


$(X,\gamma )$


$\cN $


$\widetilde {\bP }^{(x,v)}$


$f \in L^\infty (\R ^2)$


$0 \le s \le t$


$T>t$


\begin {align*}\widetilde {\mathds {E}}^{(x,v)}\left [f(X(t),\gamma (t))\mid \cN _s\right ]&= { \frac {\mathds {E}^{(x,v)}\left [f(X(t),\gamma (t))e^{-\frac {X_e (T)}{2}-\frac {H(T)}{8}}\mid \cN _s\right ]}{\mathds {E}^{(x,v)}\left [e^{-\frac {X_e(T)}{2}-\frac {H(T)}{8}}\mid \cN _s\right ]}}=\frac {\mathds {E}^{(x,v)}\left [f(X(t),\gamma (t))e^{-\frac {\log (X(T))}{2}-\frac {T-v-\gamma (T)}{8}}\mid \cN _s\right ]}{\mathds {E}^{(x,v)}\left [e^{-\frac {\log (X(T))}{2}-\frac {T-v-\gamma (T)}{8}}\mid \cN _s\right ]}\\ &=\frac {\mathds {E}^{(x,v)}\left [f(X(t),\gamma (t))e^{-\frac {\log (X(T))}{2}-\frac {T-v-\gamma (T)}{8}}\mid X(s),\gamma (s)\right ]}{\mathds {E}^{(x,v)}\left [e^{-\frac {\log (X(T))}{2}-\frac {T-v-\gamma (T)}{8}}\mid X(s),\gamma (s)\right ]}=\widetilde {\mathds {E}}^{(x,v)}\left [f(X(t),\gamma (t))\mid X(s),\gamma (s)\right ],\end {align*}


$H(T)=T-v-\gamma (T)$


$X_{\rm e}(T)=\log (X(T))$


$\E ^{(x,v)}$


$\cN $


$(X,\gamma )$


$\mathds {P}^{(x,v)}$


$(X,\gamma )$


$X$


$\gamma $


$B$


$S$


$X(0)$


$\gamma (0)$


$(x,v)$


$\mathds {P}^{(x,v)}$


$S(0)=v$


$L(t)$


$t \geq v$


$\gamma (t)$


$\mathds {P}^{(x,v)}$


$v\leq 0$


$(X, \gamma )= (X(w), \gamma (w))$


$w \geq 0$


$t$


$X(s), \gamma (s)$


$x$


$v$


$\widetilde {\E }^{(x,v)}$


$(X(t),\gamma (t))$


$(X(s),\gamma (s))$


$(B(0),S(0))$


$S(0) \le s$


$(X,\gamma )$


$\widetilde {\bP }^{(x,v)}$


$0 \le s \le t$


$x,x^\prime \in \R $


$v,v^\prime \le s$


\begin {equation}\label {eq:equalityexp} \widetilde {\E }^{(x,v)}\left [f(X(t),\gamma (t))\mid X(s), \ \gamma (s)\right ]=\widetilde {\E }^{(x^\prime ,v^\prime )}\left [f(X(t),\gamma (t))\mid X(s), \ \gamma (s)\right ].\end {equation}


$0 \le s \le t$


$\widetilde {Q}_{s,t}$


$(X,\gamma )$


$\widetilde {\bP }^{(x,v)}$


$f:\R ^+ \times \R _0^+ \to \R $


\begin {equation}\label {eq:transsemi1} \widetilde {Q}_{s,t}f(X(s),\gamma (s))=\widetilde {\E }^{(x,v)}\left [f(X(t),\gamma (t)) \mid X(s), \gamma (s)\right ],\end {equation}


$x \in \R $


$v \le s$


$\widetilde {Q}_{s,t}$


$t-s$


$(X,\gamma )$


$(Q_{t})_{t \ge 0}$


$\bP ^{(x,v)}$


$(X,\gamma )$


$f:\R ^+ \times \R _0^+ \to \R $


$t \ge 0$


$Q_tf:\R ^+ \times \R _0^+ \to \R $


$s \ge 0$


$x \in \R ^+$


$v \in [0,s]$


\begin {equation}\label {eq:semigroupQ} Q_tf(X(s),\gamma (s))=\E ^{(x,v)}[f(X(t+s),\gamma (t+s)) \mid X(s), \gamma (s)].\end {equation}


$(x,v)$


$(X_{\rm e},\gamma )$


$(x,v)$


$f:\R ^+ \times \R _0^+ \to \R $


\begin {equation*}\E ^{(x,v)}\left [|f(X(t),\gamma (t))|\right ]<\infty \end {equation*}


$t \ge 0$


$x,v \in \R $


$0 \le s \le t$


$x,x^\prime \in \R ^+$


$v,v^\prime \le s$


$T>t$


\begin {align}\label {eq:prehomo0} \widetilde {\E }^{(x,v)}\left [f(X(t),\gamma (t)) \mid X(s), \gamma (s)\right ]=\frac {\E ^{(x,v)}\left [f(X(t),\gamma (t))e^{-\frac {\log (X(T))}{2}-\frac {T-{v -}\gamma (T)}{8}} \mid X(s), \gamma (s)\right ]}{\E ^{(x,v)}\left [e^{-\frac {\log (X(T))}{2}-\frac {T-{v -}\gamma (T)}{8}} \mid X(s), \gamma (s)\right ]}.\end {align}


$y$


$w$


$T>t$


$Q_t$


$t \geq 0$


\begin {align}Q_{T-t}f(y,w) = f(y,w).\end {align}


\begin {align}\E ^{(x,v)}\left [f(X(t),\gamma (t))e^{-\frac {\log (X(T))}{2}-\frac {T-v-\gamma (T)}{8}} \mid X(s), \gamma (s)\right ]=\E ^{(x,v)}\left [f(X(t),\gamma (t))Q_{T-t}g(X(t),\gamma (t)) \mid X(s), \gamma (s)\right ], \label {eq:pretimehomo1}\end {align}


\begin {equation*}g(y,w)=e^{-\frac {\log (y)}{2}-\frac {T{-S(0)}-w}{8}}.\end {equation*}


\begin {equation*}h(y,w)=f(y,w)Q_{T-t}g(y,w).\end {equation*}


$f$


\begin {align*}\E ^{(x,v)}\left [|h(X(t),\gamma (t))|\right ] \le \left (\sup _{(y,w) \in \R ^+\times \R _0^+}|f(y,w)|\right )\E ^{(x,v)}\left [g(X(T),\gamma (T))\right ]&=e^x\left (\sup _{(y,w) \in \R ^+\times \R _0^+}|f(y,w)|\right )<\infty .\end {align*}


\begin {equation}\label {eq:pretimehomo2} \E ^{(x,v)}\left [f(X(t),\gamma (t))e^{-\frac {\log (X(T))}{2}-\frac {T-v-\gamma (T)}{8}} \mid X(s), \gamma (s)\right ]=Q_{t-s}h(X(s),\gamma (s)).\end {equation}


\begin {align*}&\E ^{(x,v)}\left [e^{-\frac {\log (X(T))}{2}-\frac {T-v-\gamma (T)}{8}} \mid X(s), \gamma (s)\right ]=Q_{T-s}g(X(s),\gamma (s)).\end {align*}


\begin {equation}\label {eq:transsemi1.5} \widetilde {\E }^{(x,v)}\left [f(X(t),\gamma (t)) \mid X(s), \gamma (s)\right ]=\frac {Q_{t-s}h(X(s),\gamma (s))}{Q_{T-s}g(X(s),\gamma (s))}.\end {equation}


$(x,v)$


$T=t+1$


$h(y,w)=f(y,w)Q_{1}g(t,w)$


\begin {equation*}\widetilde {Q}_{s,t}f(y,w)=\frac {Q_{t-s}\left (f(\cdot ,\cdot )Q_{1}g(\cdot ,\cdot )\right )(y,w)}{Q_{t-s+1}g(y,w)}.\end {equation*}


$\widetilde {Q}_{s,t}$


$t-s$


$\widetilde {Q}_{t-s}:=\widetilde {Q}_{s,t}$


$(x,v) \in \R ^2$


$T>0$


$\restr {\left (X_{\rm e}+\frac {H}{2},\gamma \right )}{[0,T]}$


$\widetilde {\bP }^{(x,v)}$


$\restr {\left (X_{\rm e},\gamma \right )}{[0,T]}$


$\bP ^{(x,v)}$


$(X,\gamma )$


$\widetilde {\bP }^{(x,v)}$


$\left (Xe^{-\frac {H}{2}},\gamma \right )$


$\bP ^{(x,v)}$


$T>0$


$f:D_-[0,T] \times \Lambda _-[0,T] \to \R $


\begin {align}\widetilde {\E }^{(x,v)}\left [f\left (\restr {\left (X_{\rm e}+\frac {H}{2}\right )}{[0,T]},\restr {\gamma }{[0,T]}\right )\right ]=\E ^{(x,v)}\left [f\left (\restr {\left (X_{\rm e}+\frac {H}{2}\right )}{[0,T]},\restr {\gamma }{[0,T]}\right )e^{-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}}\right ]=\E ^{(x,v)}\left [F(\restr {H}{[0,T]})\right ]\label {eq:predist},\end {align}


$g \in \Lambda _-[0,T]$


\begin {equation*}\widetilde {\gamma }(g)(t):=t-v-g(t) \ \mbox { and } \ F(g)=\E ^{(x,v)}\left [f\left (\restr {\left (B(g(\cdot ))+\frac {g(\cdot )}{2}\right )}{[0,T]},\restr {\widetilde {\gamma }(g)}{[0,T]}\right )e^{-\frac {B(g(T))}{2}-\frac {g(T)}{8}}\right ]\end {equation*}


\begin {equation*}F\left (\restr {H}{[0,T]}\right )=\E ^{(x,v)}\left [f\left (\restr {\left (X_{\rm e}+\frac {H}{2}\right )}{[0,T]},\restr {\gamma }{[0,T]}\right )e^{-\frac {X_{\rm e}(T)}{2}-\frac {H(T)}{8}} \mid \restr {H}{[0,T]}\right ].\end {equation*}


\begin {equation*}A \in \cF _{g(T)} \mapsto \E ^{(x,v)}\left [\mathds {1}_{A}e^{-\frac {B(g(T))}{2}-\frac {g(T)}{8}}\right ]\end {equation*}


$t \in [0,g(T)] \mapsto B(t)+\frac {t}{2}$


$\restr {\left (B(g(\cdot ))+\frac {g(\cdot )}{2}\right )}{[0,T]}$


$\restr {B(g(\cdot ))}{[0,T]}$


$\bP ^{(x,v)}$


\begin {equation*}F(g)=\E ^{(x,v)}\left [f\left (\restr {B(g(\cdot ))}{[0,T]},\restr {\widetilde {\gamma }(g)}{[0,T]}\right )\right ].\end {equation*}


$B$


$H$


\begin {equation*}F\left (\restr {H}{[0,T]}\right )=\E ^{(x,v)}\left [f\left (\restr {X_{\rm e}}{[0,T]},\restr {\gamma }{[0,T]}\right ) \mid \restr {H}{[0,T]}\right ].\end {equation*}


\begin {align}\widetilde {\E }^{(x,v)}\left [f\left (\restr {\left (X_{\rm e}+\frac {H}{2}\right )}{[0,T]},\restr {\gamma }{[0,T]}\right )\right ]=\E ^{(x,v)}\left [f\left (\restr {X_{\rm e}}{[0,T]},\restr {\gamma }{[0,T]}\right )\right ].\end {align}


$f$


$\left (X_{\rm e}+\frac {H}{2},\gamma \right )$


$\cN $


$\widetilde {\bP }^{(x,v)}$


$(X_{\rm e},\gamma )$


$\cN $


$\E ^{(x,v)}$


$\restr {\left (X_{\rm e}+\frac {H}{2},\gamma \right )}{[0,T]}$


$\widetilde {\bP }^{(x,v)}$


$\restr {(X_{\rm e},\gamma )}{[0,T]}$


$\bP ^{(x,v)}$


$T>0$


$(X,\gamma )$


$\widetilde {\bP }^{(x,v)}$


$\left (Xe^{-\frac {H}{2}},\gamma \right )$


$\bP ^{(x,v)}$


$\left (X_{\rm e}+\frac {H}{2},\gamma \right )$


$\left (X_{\rm e},\gamma \right )$


$T>0$


$K>0$


\begin {equation*}\mathcal {X}(t):=\widetilde {\E }^{(x,v)}\left [({X}(T)-K)_+ \mid \cN _t\right ], \qquad t \in [0,T]\end {equation*}


$(x)_+ = \max (x,0)$


${X}(t)$


\begin {equation*}\mathcal {X}(t)=\widetilde {\E }^{(x,v)}\left [(\mathcal {X}(T)-K)_+ \mid X(t), \ \gamma (t)\right ]=\widetilde {Q}_{T-t}u(X(t),\gamma (t)),\end {equation*}


\begin {equation*}u(y,w)=(y-K)_+.\end {equation*}


\begin {equation*}q_\star (t,y,w) := \widetilde {Q}_{T-t}u(y,w).\end {equation*}


$T>0$


$K>0$


$0$


\begin {align}\partial _t q_{\rm BS}(T-t,x) \, = \, - \frac {1}{2} x^2 \partial _x^2 q_{\rm {BS}}(T-t,x), \qquad t \in [0,T), \, x \in \mathbb {R}^+, \label {classbsproblem}\end {align}


$q_{\text {BS}}(T-t,x) \, \mid _{t=T} = \, (x-K)_+$


\begin {equation}q(t,x)=q_\star (T-t,x,0)=\widetilde {Q}_{t}u(x,0) \label {prezzofinbsnonloca}\end {equation}


$w>0$


\begin {align}q(t,x,w)=q_\star (T-t,x,w)=\widetilde {Q}_{t}u(x,w), \label {pricewpos}\end {align}


$w>0$


$S$


$\alpha $


$\phi (\lambda )=\lambda ^{\alpha }$


$\alpha >\frac {1}{2}$


$H_0(t)$


$t B$


$B$


$(\beta ,1-\ \beta )$


$\varphi _{X(t)}(z)$


$X(t)$


\begin {equation*}\varphi _{X(t)}(z)=_1\hspace {-.1cm}F_1\left (\alpha ,1, -\frac {tz^2}{2}\right ) , \qquad z \in \R ,\end {equation*}


$_1F_1$


$H_0$


\begin {equation}\label {eq:densityHalpha} {g_{H_0}(s;t)}=\frac {s^{\alpha -1}(t-s)^{-\alpha }\mathds {1}_{(0,t)}(s)}{\Gamma (\alpha )\Gamma (1-\alpha )}.\end {equation}


$v=0$


$X_{\rm e}(0)=B(0)$


\begin {equation*}q(t,x)=\widetilde {\E }^{(\log (x),0)}\left [(X(t)-K)_+\right ].\end {equation*}


$v=0$


$H$


$H_0$


\begin {equation}\label {eq:qspecial} q(t,x)=\E ^{(\log (x),0)}\left [(X(t)e^{-\frac {H(t)}{2}}-K)_+\right ]=\int _0^{+\infty }q_{\rm BS}(s,x)g_H(s;t)ds,\end {equation}


\begin {align*}q_{\rm BS}(s,x)&=\E ^{(\log (x),0)}\left [\left (B(s)e^{-\frac {s}{2}}-K\right )_+\right ]=x\Phi \left (\frac {2\log (x)-2\log (K)+s}{2\sqrt {s}}\right )-K\Phi \left (\frac {2\log (x)-2\log (K)-s}{2\sqrt {s}}\right )\end {align*}


\begin {equation*}\Phi (z):=\frac {1}{\sqrt {2\pi }}\int _{-\infty }^{z}e^{-\frac {x^2}{2}}dx.\end {equation*}


$q_{\rm BS}$


$s=T-t$


$q_{\text {BS}}(s,x)$


$(s,x)$


$s>0$


$2^{-1}x^2 \partial _x^2$


$s>0$


$\beta \ge 0$


\begin {equation*}\cC _0(\beta ):=\{u \in C(\R ^+): \ \exists C>0, \ |u(x)| \le Ce^{\beta |\log (x)|}\}\end {equation*}


\begin {equation*}\cC _0=\bigcup _{\beta \ge 0}\cC _0(\beta ).\end {equation*}


$f \in \cC _{\rm sol}$


$(i)$


$f \in C(\R _0^+ \times \R ^+) \cap C^1(\R ^+\times \R ^+)$


$(ii)$


$f(t,\cdot ) \in C^2(\R ^+)$


$t>0$


$(iii)$


$T>0$


$\beta _T,C_T>0$


$|f(t,x)| \le C_Te^{\beta _T|\log (x)|}$


$t \in [0,T]$


$x \in \R ^+$


$u \in \cC _0(\beta )$


\begin {equation*}[u]_{\beta }:=\sup _{x \in \R ^+}|u(x)|e^{-\beta |\log (x)|}.\end {equation*}


$\cC _{0, \ {\rm loc}}(\R _0^+)$


$f \in C(\R _0^+ \times \R ^+)$


$T>0$


$\beta _T,C_T>0$


$|f(t,x)| \le C_Te^{\beta _T|\log (x)|}$


$t \in [0,T]$


$x \in \R ^+$


$\cC _{\rm sol} \subset \cC _{0, \ {\rm loc}}(\R _0^+)$


\begin {align*}\E ^{(x,v)}[e^{\lambda _1 |B(t)|+\lambda _2B(t)}]&=e^{(\lambda _1+\lambda _2) x+\frac {(\lambda _1+\lambda _2)^2}{2}t}\Phi \left (-\frac {(\lambda _1+\lambda _2) t+x}{\sqrt {t}}\right ) +e^{-(\lambda _1-\lambda _2) x+\frac {(\lambda _1-\lambda _2)^2}{2}t}\Phi \left (-\frac {(\lambda _1-\lambda _2) t-x}{\sqrt {t}}\right )\end {align*}


$G:=\frac {x^2}{2}\partial _x^2$


$f \in \cC _0$


$u_f \in \cC _{\rm sol}$


\begin {equation}\label {eq:BSclass1} \begin {cases} \partial _t u(t,x)=Gu(t,x), & t>0, \ x \in \R ^+ \\ u(0,x)=f(x), & x>0, \end {cases}\end {equation}


$(\cC _0,\cC _{\rm sol})$


$G$


$(P_t)_{t \geq 0}$


$f \in \cC _0$


\begin {align}P_t f (x) \, = \, \int _0^{+\infty } f(y) p_{\rm GBM}(t,y;x)dy\end {align}


\begin {equation}\label {heatker} p_{\rm GBM}(t,y;x):=x^{\frac {1}{2}}e^{-\frac {t}{8}}\frac {p(t,\log (y)-\log (x))}{y^{\frac {3}{2}}} \ \mbox { and } \ p(t,w)=\frac {1}{\sqrt {2\pi t}}e^{-\frac {w^2}{2t}}.\end {equation}


$(P_t)_{t \ge 0}$


$\beta \ge 0$


$f \in \cC _0(\beta )$


$\partial _x P_tf \in \cC _0(\beta +1)$


\begin {equation*}[\partial _x P_tf(x)]_{\beta +1} \le 4[f]_\beta \exp \left (\beta \frac {t}{2}+\frac {\beta ^2 t^2}{2}\right ).\end {equation*}


$f \in \cC _0 \cap \cC $


$\partial _x f \in \cC _0$


$Gf \in \cC _0$


\begin {equation*}P_tGf=GP_tf.\end {equation*}


$\beta _1,\beta _2 \in \R $


$f_{\beta _1,\beta _2}(x)=e^{\beta _1|\log (x)|+\beta _2\log (x)}$


\begin {align*}P_tf_{\beta _1,\beta _2}(x)&=e^{(\beta _1+\beta _2) \log (x)+\frac {(\beta _1+\beta _2)(\beta _1+\beta _2-1)}{2}t}\Phi \left (-\left (\beta _1+\beta _2-\frac {1}{2}\right )\sqrt {t}-\frac {\log (x)}{\sqrt {t}}\right )\\ &\qquad + e^{-(\beta _1-\beta _2)\log (x)+\frac {(\beta _1-\beta _2)(\beta _1-\beta _2+1)}{2}t}\Phi \left (-\left (\beta _1-\beta _2+\frac {1}{2}\right )\sqrt {t}+\frac {\log (x)}{\sqrt {t}}\right ).\end {align*}


$f \in \cC _0(\beta )$


$P_tf \in \cC _0(\beta )$


\begin {equation*}[P_tf]_{\beta } \le 2[f]_{\beta }e^{\frac {\beta (\beta +1)}{2}t}.\end {equation*}


$q_{\rm BS}$


$t,x>0$


\begin {align}\partial _x q_{\rm BS}(t,x)&=\Phi \left (\frac {2\log (x/K)+t}{2\sqrt {t}}\right ), \label {eq:der1}\\ \partial ^2_x q_{\rm BS}(t,x)&=\sqrt {\frac {K}{2\pi tx^3}}\exp \left (-\frac {4\log ^2\left (x/K\right )+t^2}{8t}\right ), \label {eq:der2}\\ \partial _t q_{\rm BS}(t,x)&=G{q}_{\rm BS}(t,x)=\sqrt {\frac {Kx}{8\pi t}}\exp \left (-\frac {4\log ^2\left (x/K\right )+t^2}{8t}\right ). \label {eq:der3}\end {align}


\begin {align}\left |q_{\rm BS}(t,x)\right | &\le e^{|\log (x)|} \label {eq:der3.5}\\ \left |\partial _x q_{\rm BS}(t,x)\right |&\le 1, \label {eq:der4}\\ \left |\partial _t q_{\rm BS}(t,x)\right |&=\left |G q_{\rm BS}(t,x)\right | \le \sqrt {\frac {Kx}{8\pi t}}.\label {eq:der5}\end {align}


$a>0$


$x \ge a$


\begin {equation}\left |\partial _x^2 q_{\rm BS}(t,x)\right | \le \sqrt {\frac {K}{8\pi a^3 t}}. \label {eq:der6}\end {equation}


$q_{BS}$


\begin {equation}\label {eq:BSclass1} \begin {cases} \partial _t q_{\rm BS}(t,x)=Gq_{\rm BS}(t,x), & t>0, \ x \in \R ^+ \\ q_{\rm BS}(0,x)=(x-K)_+, & x>0,\\ q_{\rm BS} \in \cC _{0, {\rm loc}}(\R _0^+). \end {cases}\end {equation}


$\phi (\lambda )=\lambda ^{\alpha }$


$\alpha >\frac {1}{2}$


$\Phi $


$\Phi $


$H_0$


$\alpha >\frac {1}{2}$


$\phi (\lambda )=\lambda ^{\alpha }$


$\alpha \in \left (\frac {1}{2},1\right )$


$h \in \R $


$A \in \cB (\R )$


$w \ge 0$


\begin {align}\label {eq:K} \widetilde {\mathcal {K}}(A,h)=\int _0^{+\infty }\mathds {1}_A(s)p(s,h)\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}ds \qquad \mathcal {K}(d\tau ,dh)=\widetilde {\mathcal {K}}(d\tau ,h)dh\end {align}


\begin {equation*}\mathcal {K}_w(A)=\begin {cases} \displaystyle \frac {\mathcal {K}(A \cap (\R \times [w,+\infty )))}{\mathcal {K}(\R \times [w,+\infty ))} & w>0\\[7pt] \delta _{(0,0)}(A) & w=0. \end {cases}\end {equation*}


\begin {equation*}q_\star (t,x,0)=q(T-t,x)\end {equation*}


$w>0$


$v<t-w$


\begin {align}\label {eq:possoj} q_\star (t,x,w)&=\left (xe^{-\frac {t-v-w}{2}}-K\right )_+\mathcal {K}_w(x;\R ^d \times [w+T-t,\infty ))\notag \\ &\quad +\int _{\R \times [w,w+T-t)}\!\!\!\!\!\!\! q(T-t+w-\tau ,\log (x)+y+t-w+\tau -v)\mathcal {K}_w(d\tau ,dy),\end {align}


$q$


\begin {equation}\label {eq:BSUnder} \begin {cases} (\partial _t-G)^\alpha q(t,x)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}q(0,x) \\ q(0,x)=(x-K)_+\\ q \in \cC _{0, {\rm loc}}(\R _0^+). \end {cases}\end {equation}


$q$


$q$


$(x-K)_+$


$q_\star $


$q$


$q_\star $


$0$


$\infty $


\begin {align}\label {eq:possoj2} q_\star (t,x,w)&=\left (xe^{-\frac {t-v-w}{2}}-K\right )_+\mathcal {K}_w(x;\R ^d \times [w+T-t,\infty ))\notag \\ &\quad +\int _{\R \times [w,w+T-t)}\!\!\!\!\!\!\! q_\star (t-w+\tau ,\log (x)+y+t-w+\tau -v,0)\mathcal {K}_w(d\tau ,dy),\end {align}


$q_\star (t,x,0)$


$(x-K)_+$


$t>0$


$q_\star (t,x,w)$


\begin {align}(x-K)_+=q(0,x) \, = \, q_\star (T,x,0)\end {align}


$(x-K)_+$


$q_\star (\cdot ,\cdot ,0)$


$t>0$


$K$


$T>t$


$t \rightsquigarrow T-t$


$q$


$q$


$f \in L^\infty (\R )$


\begin {align}\label {eq:selfsim} \E ^{(x,0)}[f(H(t))]=\int _0^t f(y)\frac {(t-y)^{-\alpha }y^{\alpha -1}}{\Gamma (1-\alpha )\Gamma (\alpha )}\, dy =\int _0^1 f(ts)\frac {(1-s)^{-\alpha }s^{\alpha -1}}{\Gamma (1-\alpha )\Gamma (\alpha )}\, ds=\E ^{(x,0)}[f(tH(1))],\end {align}


$H(t)\overset {d}{=}tH(1)$


$x>0$


$q(\cdot ,x)$


${\rm AC}(\R _0^+)$


$x>0$


$q(\cdot ,x) \in {\rm AC}(\R _0^+)$


$\partial _t q(\cdot ,x)$


$t \ge 0$


\begin {equation}\label {eq:ACqstar} |\partial _t q(t,x)| \le \frac {\Gamma \left (\alpha +\frac {1}{2}\right )}{\pi \Gamma (\alpha )}\sqrt {\frac {Kx}{t}}.\end {equation}


$t > 0$


$h \in \left (-\frac {t}{2},1\right )$


$D^hq(t,x)=\frac {q(t+h,x)-q(t,x)}{h}$


\begin {equation*}|D^h q(t,x)| \le \int _0^1 \left |\frac {q_{\rm BS}(ts+hs,x)-q_{\rm BS}(ts,x)}{hs}\right |\frac {s^{\alpha }(1-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}ds.\end {equation*}


$\xi \in [\min \{ts,ts+hs\},\max \{ts,ts+hs\}]$


\begin {equation*}\left |\frac {q_{\rm BS}(ts+hs,x)-q_{\rm BS}(ts,x)}{hs}\right |=\left |\partial _t q_{\rm BS}(x,\xi )\right |\le \sqrt {\frac {Kx}{8\pi \xi }} \le \sqrt {\frac {Kx}{4\pi ts}},\end {equation*}


\begin {equation*}|D^hq(t,x)| \le \sqrt {\frac {Kx}{4\pi t}}\int _0^1 \frac {s^{\alpha -\frac {1}{2}}(1-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}ds=\frac {\Gamma \left (\alpha +\frac {1}{2}\right )}{\pi \Gamma (\alpha )}\sqrt {\frac {Kx}{t}}.\end {equation*}


$h$


$L^1(0,T)$


$T>0$


$q$


$t,x>0$


\begin {equation*}\int _0^t |P_s q(t-s,x)-P_sq(t,x)|\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}ds<\infty \end {equation*}


$\lambda >\frac {3}{8}$


$x>0$


\begin {equation*}\int _0^{+\infty } \int _0^t e^{-\lambda t} |P_s q(t-s,x)-P_sq(t,x)|\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}ds\, dt<\infty .\end {equation*}


$x>0$


$0 <s<t$


\begin {align}\left | q (t-s,x) - q (t,x) \right | &\leq \int _0^s \left | \partial _t q(t-\tau ,x) \right | d\tau \leq \frac {\Gamma \left (\alpha +\frac {1}{2}\right )}{\pi \Gamma (\alpha )}\sqrt {Kx}\int _0^s(t-\tau )^{-1/2}d\tau =\frac {\Gamma \left (\alpha +\frac {1}{2}\right ) s}{\pi \Gamma (\alpha )}\sqrt {\frac {Kx}{t-s}}.\label {623}\end {align}


$\left | q (t-s,\cdot ) - q (t,\cdot ) \right | \in \cC _0(1/2)$


$(1)$


$(5)$


\begin {align*}\int _0^t |P_s q(t-s,x)-P_sq(t,x)|\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}ds & \le \int _0^t P_s |q(t-s,\cdot )-q(t,\cdot )|(x)\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}ds \\ &\le \frac {2 \alpha \Gamma \left (\alpha +\frac {1}{2}\right ) \sqrt {K}}{\pi \Gamma (\alpha )\Gamma (1-\alpha )}e^{\frac {1}{2}|\log (x)|+\frac {3}{8}t}\int _0^t \!\! s^{-\alpha }(t-s)^{-\frac {1}{2}}ds=\frac {2 \alpha \Gamma \left (\alpha +\frac {1}{2}\right ) \sqrt {K}}{\Gamma (\alpha )\Gamma \left (\frac {3}{2}-\alpha \right )\sqrt {\pi } }t^{\frac {1}{2}-\alpha }e^{\frac {1}{2}|\log (x)|+\frac {3}{8}t},\end {align*}


$\lambda >\frac {3}{8}$


\begin {align*}\int _0^{+\infty } \int _0^t e^{-\lambda t} |P_s q(t-s,x)-P_sq(t,x)|\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}ds\, dt &\le \frac {2 \alpha \Gamma \left (\alpha +\frac {1}{2}\right ) \sqrt {K}}{\Gamma (\alpha )\Gamma \left (\frac {3}{2}-\alpha \right )\sqrt {\pi } }t^{\frac {1}{2}-\alpha }e^{\frac {1}{2}|\log (x)|}\int _0^{+\infty } t^{\frac {1}{2}-\alpha }e^{-\left (\lambda -\frac {3}{8}\right )t}\, dt\\ &=\frac {2 \alpha \Gamma \left (\alpha +\frac {1}{2}\right ) \sqrt {K}}{\Gamma (\alpha )\sqrt {\pi } }t^{\frac {1}{2}-\alpha }e^{\frac {1}{2}|\log (x)|}\left (\lambda -\frac {3}{8}\right )^{\alpha -\frac {3}{2}}.\end {align*}


$q$


$x$


$t,x>0$


\begin {align}&\partial _x q (t,x) \, = \, \frac {1}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^1 \partial _x q_{\rm BS} (\tau t, x) \, \tau ^{\alpha -1} (1-\tau )^{-\alpha } d\tau , \label {derstar1}\\ & \partial _x^2 q(t,x) \, = \, \frac {1}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^1 \partial _x^2 q_{\rm BS} (\tau t, x) \, \tau ^{\alpha -1} (1-\tau )^{-\alpha } d\tau , \label {derstar2}\\ & G q (t,x) \, = \, \frac {1}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^1~G q_{\rm BS} (\tau t, x) \, \tau ^{\alpha -1} (1-\tau )^{-\alpha } d\tau . \label {derstar3}\end {align}


$q(t,\cdot ) \in \cC _0(1)$


$\partial _x q(t,\cdot ) \in \cC _0(0)$


$Gq(t,\cdot ) \in \cC _0(1/2)$


$t>0$


\begin {align}|q(t,x)| &\le e^{|\log (x)|} \label {eq:est1q}\\ |\partial _x q(t,x)| &\le 1 \label {eq:est2q}\\ |G q(t,x)| & \le \sqrt {\frac {K x}{2 t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )} \label {eq:est3q}.\end {align}


$q \in \cC _{0, {\rm loc}}(\R _0^+)$


$q \in \cC _0(1)$


$[q]_1 \le 1$


$\partial _x q(t,\cdot ) \in \cC _0(0)$


$[\partial _x q(t,\cdot )]_0 \le 1$


$a > 0$


$x \ge a$


\begin {align*}\int _0^1 \left |\partial _x^2 q_{\rm BS}(ts,x)\right |\frac {s^{\alpha -1}(1-s)^{-\alpha }}{\Gamma (1-\alpha )\Gamma (\alpha )}ds &\le \sqrt {\frac {K}{8\pi a^3 t}}\int _0^1 \frac {s^{\alpha -\frac {3}{2}}(1-s)^{-\alpha }}{\Gamma (1-\alpha )\Gamma (\alpha )}ds=\frac {1}{2\pi }\sqrt {\frac {K}{2a^3 t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{\Gamma (\alpha )}<\infty ,\end {align*}


$\alpha >\frac {1}{2}$


$\frac {x^2}{2}$


$Gq(t,\cdot ) \in \cC _0(1/2)$


$t>0$


\begin {equation*}\left |Gq(t,x)\right | \le \sqrt {\frac {K x}{8\pi t}}\int _0^1 \frac {s^{\alpha -\frac {3}{2}}(1-s)^{-\alpha }}{\Gamma (1-\alpha )\Gamma (\alpha )}ds=\sqrt {\frac {K x}{2 t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}.\end {equation*}


$\alpha \in (0,1)$


$\alpha >1/2$


$t, x>0$


$x \not = K$


$\alpha \le 1/2$


$h \in [0,1]$


\begin {align*}\frac {\partial _x q_{\rm BS}(ts,K+h)-\partial _xq_{\rm BS}(ts,K)}{h}=\partial _x^{2}q_{\rm BS}(ts,\xi )&=\sqrt {\frac {K}{2\pi ts \xi ^3}}\exp \left (-\frac {4\log ^2(\xi /K)+t^2s^2}{8ts}\right )\\ &\ge \sqrt {\frac {K}{2\pi ts (K+1)^3}}\exp \left (-\frac {4\log ^2\left (1+\frac {h}{K}\right )+t^2s^2}{8ts}\right )\end {align*}


$\xi \in [K,K+h]$


\begin {align*}\frac {\partial _x q(t,K+h)-\partial _xq(t,K)}{h} &=\int _0^1 \frac {\partial _x q_{\rm BS}(ts,K+h)-\partial _xq_{\rm BS}(ts,K)}{h}\frac {s^{\alpha -1}(1-s)^{-\alpha }}{\Gamma (\alpha ) \Gamma (1-\alpha )}\, ds\\ &\ge \frac {\sqrt {K}}{\sqrt {2\pi t(K+1)^3}}\int _0^1 \exp \left (-\frac {4\log ^2\left (1+\frac {h}{K}\right )+t^2s^2}{8ts}\right ) \frac {s^{\alpha -\frac {3}{2}}(1-s)^{-\alpha }}{\Gamma (\alpha ) \Gamma (1-\alpha )}\, ds.\end {align*}


$h \to 0^+$


\begin {align*}\lim _{h \to 0^+}\frac {\partial _x q(t,K+h)-\partial _xq(t,K)}{h} \ge \frac {\sqrt {K}}{\Gamma (\alpha ) \Gamma (1-\alpha )\sqrt {2\pi t(K+1)^3}}\int _0^1 \exp \left (-\frac {ts}{8}\right ) s^{\alpha -\frac {3}{2}}(1-s)^{-\alpha }\, ds=\infty ,\end {align*}


$\alpha \le \frac {1}{2}$


$q(t,\cdot )$


$x=K$


$q$


$q$


$t,x>0$


\begin {equation*}\int _0^t |P_sq(t,x)-q(t,x)|\, \nu _\alpha (ds)<\infty ,\end {equation*}


$x>0$


$\lambda >\frac {3}{8}$


\begin {equation*}\int _0^{+\infty }\int _0^t e^{-\lambda t}|P_sq(t,x)-q(t,x)|\, \nu _\alpha (ds)\, dt<\infty \end {equation*}


$\nu _\alpha (ds)$


$\phi (\lambda ) = \lambda ^\alpha $


$\alpha \in (1/2,1)$


\begin {align}\nu _\alpha (ds)= \alpha s^{-\alpha -1}/\Gamma (1-\alpha )ds. \label {stablev}\end {align}


$q(t,\cdot ) \in \cC _0$


\begin {equation*}P_sq(t,x)-q(t,x)=\int _0^s GP_\tau q(t,x) d\tau .\end {equation*}


$\partial _x q(t,\cdot ), Gq(t,\cdot ) \in \cC _0$


$(3)$


\begin {equation}\label {eq:Psestq} {P_sq(t,x)-q(t,x)=\int _0^s P_\tau G q(t,x) d\tau .}\end {equation}


$Gq(t,\cdot ) \in \cC _0(1/2)$


\begin {equation*}[Gq(t,\cdot )]_{1/2} \le \sqrt {\frac {K}{2 t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}.\end {equation*}


$(5)$


$P_\tau Gq(t,\cdot ) \in \cC _0(1/2)$


\begin {equation*}[P_\tau Gq(t,\cdot )]_{1/2} \le \sqrt {\frac {2K}{ t}}e^{\frac {3}{8}\tau }\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}.\end {equation*}


\begin {align*}\left |P_sq(t,x)-q(t,x)\right |& {\le }\int _0^s \left |P_\tau Gvq(t,x)\right | d\tau \le \sqrt {\frac {2K}{ t}}e^{\frac {1}{2}|\log (x)|}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}\int _0^s e^{\frac {3}{8}\tau } \, d\tau \le \sqrt {\frac {2K}{ t}}e^{\frac {1}{2}|\log (x)|}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}s}s.\end {align*}


$\nu _\phi $


\begin {align*}\int _0^t \left |P_sq(t,x)-q(t,x)\right |\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}ds &\le \sqrt {\frac {2K}{ t}}e^{\frac {1}{2}|\log (x)|}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}\int _0^t \frac {\alpha s^{-\alpha }e^{\frac {3}{8}s}}{\Gamma (1-\alpha )}\, ds\le e^{\frac {1}{2}|\log (x)|}\frac {\alpha \Gamma \left (\alpha -\frac {1}{2}\right ) \sqrt {2K}}{2\pi \Gamma (\alpha )\Gamma (2-\alpha )}e^{\frac {3}{8}t}t^{\frac {1}{2}-\alpha }.\end {align*}


$e^{-\lambda t}$


$\lambda >\frac {3}{8}$


\begin {align*}\int _0^{+\infty } \int _0^t e^{-\lambda t}\left |P_sq(t,x)-q(t,x)\right |\frac {\alpha s^{-\alpha -1}}{\Gamma (1-\alpha )}\, ds\, dt &\le e^{\frac {1}{2}|\log (x)|}\frac {\alpha \Gamma \left (\alpha -\frac {1}{2}\right )\sqrt {2K}}{2\pi \Gamma (\alpha )\Gamma (2-\alpha )}\int _0^{+\infty }e^{-\left (\lambda -\frac {3}{8}\right )t}t^{\frac {1}{2}-\alpha }\, dt\\ &=e^{\frac {1}{2}|\log (x)|}\frac {\alpha \Gamma \left (\alpha -\frac {1}{2}\right )\sqrt {2K}}{2\pi \Gamma (\alpha )\Gamma (2-\alpha )}\left (\lambda -\frac {3}{8}\right )^{\alpha -\frac {3}{2}}\Gamma \left (\frac {3}{2}-\alpha \right ).\end {align*}


$x,\lambda >0$


\begin {equation*}\int _0^{+\infty } e^{-\lambda t} \overline {\nu }_\alpha (t) |q(t,x)|\, dt <\infty ,\end {equation*}


$\bar {\nu }_\alpha (t)$


$\overline {\nu }_\phi (t)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}$


\begin {align*}\int _0^{+\infty } e^{-\lambda t} \frac {t^{-\alpha }}{\Gamma (1-\alpha )} |q(t,x)|\, dt \le \frac {e^{|\log (x)|}}{\Gamma (1-\alpha )}\int _0^{+\infty } t^{-\alpha }e^{-\lambda t}dt=\frac {e^{|\log (x)|}}{\lambda ^{1-\alpha }}.\end {align*}


$q$


$(\partial _t-G)^\alpha q(t,x)$


$x,t>0$


$x>0$


$(\partial _t-G)^\alpha q(\cdot ,x)$


$\lambda >\frac {3}{8}$


$x>0$


$\lambda >\frac {3}{8}$


\begin {equation}\label {eq:Laptranseq} \int _0^{+\infty } e^{-\lambda t}(\partial _t-G)^\alpha q(t,x)dt=\lambda ^{\alpha -1}(x-K)_+,\end {equation}


$t$


\begin {align}(\partial _t-G)^\alpha q(t,x) = \frac {t^{-\alpha }}{\Gamma (1-\alpha )} q(0,x).\end {align}


$x>0$


$\lambda >\frac {3}{8}$


\begin {equation*}\widetilde {q}(\lambda ,x)=\int _0^{+\infty } e^{-\lambda t}q(t,x) \, dt.\end {equation*}


$\widetilde {q}$


$u_K(x)=(x-K)_+$


\begin {align}\widetilde {q}(\lambda ,x) &= \frac {1}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \!\!\! e^{-\lambda t}\int _0^t \!\! s^{\alpha -1}(t-s)^{-\alpha }q_{\rm BS}(s,x)\, ds \, dt = \frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )} \int _0^{+\infty }\!\!\! e^{-\lambda s} s^{\alpha -1} q_{\rm BS}(s,x) \, ds = \frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )} \int _0^{+\infty } \!\!\! e^{-\lambda s} s^{\alpha -1} P_su_K(x) \, ds, \label {qtildastar}\end {align}


$q_{\rm BS}$


\begin {align}\int _0^{+\infty } e^{-\lambda t} \l \partial _t -G \r ^\alpha q(x,t) \, dt &= -\int _0^{+\infty } \int _0^{+\infty } e^{-\lambda t} (P_s q(t-s,x)\mathds {1}_{(0,t]}(s)-q(t,x))\, dt \,\nu _\alpha (ds) \nonumber \\ & = -\int _0^{+\infty } \left ( \int _s^{+\infty } \int _0^{+\infty } e^{-\lambda t}q(t-s,y)p_{\rm GBM}(s,y;x)\, dy \, dt - \widetilde {q}(\lambda ,x)\right ) \, \nu _\alpha (ds) \nonumber \\ & = -\int _0^{+\infty } \left ( e^{-\lambda s}\int _0^{+\infty } \widetilde {q} (\lambda ,y)p_{\rm GBM}(s,y;x)\, dy - \widetilde {q}(\lambda ,x)\right ) \, \nu _\alpha (ds)\nonumber \\ & = -\int _0^{+\infty } \left ( e^{-\lambda s}P_s(\widetilde {q} (\lambda ,\cdot ))(x) - \widetilde {q}(\lambda ,x)\right ) \, \nu _\alpha (ds), \nonumber \end {align}


$q$


$p_{\rm GBM}$


$P_s$


$\widetilde {q}$


\begin {align}P_s \l \widetilde {q} (\lambda , \cdot ) \r (x) \, = \, & \frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )} \int _0^{+\infty }\int _0^{+\infty } e^{-\lambda \tau } \tau ^{\alpha -1} P_\tau u_K(y) p_{\rm GBM}(s, y;x) d\tau \, dy = \frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )} \int _0^{+\infty } e^{-\lambda \tau } \tau ^{\alpha -1} P_{s+\tau } u_K(x) \, d\tau \end {align}


\begin {align}\int _0^{+\infty } e^{-\lambda t} \l \partial _t -G \r ^\alpha q(x,t) \, dt &=-\frac {\alpha \lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \int _0^{+\infty } \tau ^{\alpha -1}s^{-\alpha -1}\left ( e^{-\lambda (s+\tau )} P_{s+\tau } u_K(x) \, - e^{-\lambda \tau } P_{\tau } u_K(x) \, \right )d\tau \, ds \notag \\ & = -\frac {\alpha \lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \int _0^{+\infty } \tau ^{\alpha -1}s^{-\alpha -1}e^{-\lambda \tau }P_\tau \left ( e^{-\lambda s} q_{\rm BS}(s,x)\, - u_K(x) \, \right )d\tau \, ds,\end {align}


$P_\tau $


$\nu _\alpha (\cdot )$


\begin {align}e^{-\lambda s} q_{\rm BS}(s,x)\, - u_K(x) = & \int _0^s \!\! \partial _w \left (e^{-\lambda w} q_{\rm BS} (w,x)\right ) \, dw = \int _0^s \! e^{-\lambda w} \l \partial _w q_{\rm BS}(w,x) - \lambda q_{\rm BS} (w,x) \r \, dw = \int _0^s \! e^{-\lambda w} \l G - \lambda \r \, q_{\rm BS}(w,x) \, dw\end {align}


$P_\tau $


\begin {align}\int _0^{+\infty } \!\!\! e^{-\lambda t} \l \partial _t -G \r ^\alpha q(x,t) \, dt = -\frac {\alpha \lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \! \int _0^{+\infty } \! \int _0^{+\infty } \! \int _0^s\tau ^{\alpha -1}s^{-\alpha -1}e^{-\lambda (\tau +w)} \l G - \lambda \r \, q_{\rm BS}(w,y) \, p_{\rm GBM}(\tau ,y;x) \, dw \, dy \, d\tau \, ds \label {eq:preFub}.\end {align}


$G q_{BS} \ge 0$


\begin {align}& \int _0^{+\infty }\int _0^{+\infty }\int _0^{+\infty } \int _0^s \tau ^{\alpha -1}s^{-\alpha -1}e^{-\lambda (\tau +w)} \left | (G-\lambda ) q_{\rm BS} (w,y) \right | p_{\rm GBM} (\tau , y;x) \, dw \, dy \, d\tau \, ds \notag \\ &\qquad \leq \int _0^{+\infty }\int _0^{+\infty }\int _0^{s} \int _0^{+\infty } \tau ^{\alpha -1} s^{-\alpha -1}e^{-\lambda (\tau +w)}(G+\lambda )q_{\rm BS}(w,y) p_{\rm GBM} (\tau , y;x) \, dy \, dw \, d\tau \, ds\nonumber \\ &\qquad =\int _0^{+\infty }\int _0^{+\infty }\int _0^{s} \tau ^{\alpha -1} s^{-\alpha -1}e^{-\lambda (\tau +w)}P_\tau (G+\lambda )q_{\rm BS}(w,x) \, dw \, d\tau \, ds \label {bound646}\end {align}


$q_{\rm BS}(t,\cdot ) \in \cC _0$


$\partial _x q_{\rm BS} \in \cC _0$


$Gq_{\rm BS} \in \cC _0$


$(G+\lambda )$


$P_\tau $


\begin {align}& \int _0^{+\infty }\int _0^{+\infty }\int _0^{+\infty } \int _0^s \tau ^{\alpha -1}s^{-\alpha -1}e^{-\lambda (\tau +w)} \left | (G-\lambda ) q_{\rm BS} (w,y) \right | p_{\rm GBM} (\tau , y;x) \, dw \, dy \, d\tau \, ds \notag \\ &\qquad \leq \int _0^{+\infty }\int _0^{+\infty }\int _0^{s} \tau ^{\alpha -1} s^{-\alpha -1}e^{-\lambda (\tau +w)}(G+\lambda )P_\tau q_{\rm BS}(w,x) \, dw \, d\tau \, ds\\ &\qquad = \int _0^{+\infty }\int _0^{+\infty }\int _0^{s} \tau ^{\alpha -1} s^{-\alpha -1}e^{-\lambda (\tau +w)}(G+\lambda )q_{\rm BS}(\tau +w,x) \, dw \, d\tau \, ds, \label {bound6462}\end {align}


$P_\tau q_{\rm BS}(w,x)=P_\tau P_w u_K(x)=P_{\tau +w}u_K(x)=q_{\rm BS}(w+\tau ,x)$


\begin {equation}\label {eq:control} Gq_{\rm BS}(\tau +w,x) \le \sqrt {\frac {Kx}{8\pi (\tau +w)}}\exp \left (-\frac {\log ^2\left (\frac {x}{K}\right )}{2(\tau +w)}\right ).\end {equation}


$r \in \R ^+ \mapsto \sqrt {r}\exp \left (-r\frac {\log ^2\left (\frac {x}{K}\right )}{2}\right ) \in \R $


$r_\star =\log ^{-2}\left (\frac {x}{K}\right )$


\begin {equation*}\sqrt {r}\exp \left (-r\frac {\log ^2\left (\frac {x}{K}\right )}{2}\right ) \le \frac {1}{\sqrt {e}}\left |\log ^{-1}\left (\frac {x}{K}\right )\right |.\end {equation*}


$\lambda q_{\rm BS}(\tau +w,x)$


\begin {equation*}(G+\lambda )q_{\rm BS}(\tau +w,x) \le \sqrt {\frac {Kx}{8\pi e}}\left |\log ^{-1}\left (\frac {x}{K}\right )\right |+\lambda e^{|\log (x)|}.\end {equation*}


\begin {align}&\int _0^{+\infty }\int _0^{+\infty }\int _0^{+\infty } \int _0^s \tau ^{\alpha -1}s^{-\alpha -1}e^{-\lambda (\tau +w)} \left | (G-\lambda ) q_{\rm BS} (w,y) \right | p_{\rm GBM} (\tau , y;x) \, dw \, dy \, d\tau \, ds \notag \\ & \qquad \leq \frac {1}{\lambda }\left (\sqrt {\frac {Kx}{8\pi e}}\left |\log ^{-1}\left (\frac {x}{K}\right )\right |+\lambda e^{|\log (x)|}\right )\int _0^{+\infty }\int _0^{+\infty } \tau ^{\alpha -1} (1-e^{-\lambda s})s^{-\alpha -1}e^{-\lambda \tau } \, d\tau \, ds \nonumber \\ &\qquad = \frac {1}{\lambda }\left (\sqrt {\frac {Kx}{8\pi e}}\left |\log ^{-1}\left (\frac {x}{K}\right )\right |+\lambda e^{|\log (x)|}\right )\left (\int _{0}^{+\infty }\tau ^{\alpha -1}e^{-\lambda \tau } \, d\tau \right )\left (\int _{0}^{+\infty }s^{-\alpha -1}(1-e^{-\lambda s}) \, ds\right )\nonumber \\ &\qquad = \frac {1}{\lambda }\left (\sqrt {\frac {Kx}{8\pi e}}\left |\log ^{-1}\left (\frac {x}{K}\right )\right |+\lambda e^{|\log (x)|}\right )\frac {\Gamma (\alpha )\Gamma (1-\alpha )}{\alpha }<\infty \nonumber \end {align}


\begin {align*}\int _{0}^{+\infty }s^{-\alpha -1}(1-e^{-\lambda s}) \, ds = \frac {\Gamma (1-\alpha )}{\alpha } \lambda ^\alpha .\end {align*}


\begin {align}\int _0^{+\infty } e^{-\lambda t} \l \partial _t -G \r ^\alpha q(x,t) \, dt &= -\frac {\alpha \lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \! \int _0^{+\infty } \! \int _0^{+\infty } \! \int _w^{+\infty } \! \! \tau ^{\alpha -1}s^{-\alpha -1}e^{-\lambda (\tau +w)} \l G - \lambda \r \, q_{\rm BS}(w,y) \, p_{\rm GBM}(\tau ,y;x) \, ds \, dy \, d\tau \, dw \nonumber \\ &= -\frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \! \int _0^{+\infty }\tau ^{\alpha -1}w^{-\alpha }e^{-\lambda (\tau +w)} P_\tau \l G - \lambda \r \, q_{\rm BS}(w,x) \, d\tau \, dw \notag \\ &= -\frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \! \int _0^{+\infty }\tau ^{\alpha -1}w^{-\alpha }e^{-\lambda (\tau +w)} \l G - \lambda \r \, q_{\rm BS}(\tau +w,x) \, d\tau \, dw \notag \\ &= -\frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \! \int _w^{+\infty }(z-w)^{\alpha -1}w^{-\alpha } \l G - \lambda \r \, e^{-\lambda z} q_{\rm BS}(z,x) \, dz\, dw \notag \\ &= -\frac {\lambda ^{\alpha -1}}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^{+\infty } \l G - \lambda \r \, e^{-\lambda z} q_{\rm BS}(z,x)\left (\int _0^{z}(z-w)^{\alpha -1}w^{-\alpha } \, dw\right )\, dz \notag \\ &= -\lambda ^{\alpha -1}\int _0^{+\infty } \l G - \lambda \r \, e^{-\lambda z} q_{\rm BS}(z,x) dz, \label {eq:tosubs}\end {align}


$P_\tau q_{\rm BS} (w,y) = P_\tau P_w u_K(x) = P_{\tau +w}u_K(x) = q_{\rm BS} (\tau +w,x)$


$\tau =z-w$


$t$


\begin {equation*}\lambda \int _0^{+\infty } e^{-\lambda z}q_{\rm BS}(z,x)dz-u_K(x)=\int _0^{+\infty } e^{-\lambda z}Gq_{\rm BS}(z,x)dz.\end {equation*}


\begin {equation*}\int _0^{+\infty } (\lambda -G)e^{-\lambda z} q_{\rm BS}(z,x)dz=u_K(x)\end {equation*}


$x>0$


$\mathcal {I}_x \subset \R ^+$


$|\mathcal {I}_x|=0$


$t \in \R ^+ \setminus \mathcal {I}_x$


\begin {equation*}(\partial _t-G)^\alpha q(t,x)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}q(0,x).\end {equation*}


$\mathcal {I}_x=\varnothing $


$x>0$


$q$


$t,x>0$


$(t_n,x_n) \to (t,x)$


\begin {equation*}q(t_n,x_n)=\int _0^1 q_{\rm BS}(t_ns,x_n)\frac {(1-s)^{-\alpha }s^{\alpha -1}}{\Gamma (1-\alpha )\Gamma (\alpha )}ds.\end {equation*}


$x_n \to x$


$0<a<b$


$x_n \in [a,b]$


$n \in \N $


$|q_{\rm BS}(t_ns,x_n)| \le e^{\max \{|\log (a)|, |\log (b)|\}}$


\begin {equation*}\lim _{n \to +\infty }q(t_n,x_n)=\int _0^1 q_{\rm BS}(ts,x)\frac {(1-s)^{-\alpha }s^{\alpha -1}}{\Gamma (1-\alpha )\Gamma (\alpha )}ds=q(t,x).\end {equation*}


$x>0$


$(\partial _t-G)^\alpha q(\cdot ,x)$


$t_n \downarrow t$


$t>0$


\begin {align*}|(\partial _t-G)^\alpha q(t_n,x)-(\partial _t-G)^\alpha q(t,x)| &\le \frac {\alpha }{\Gamma (1-\alpha )}\int _0^t |P_sq(t-s,x)-q(t,x)-P_sq(t_n-s,x)+q(t_n,x)| s^{-1-\alpha }ds\\ &+\frac {\alpha }{\Gamma (1-\alpha )}\int _t^{t_n} \!\!\! |P_sq(t_n-s,x)-q(t_n,x)| s^{-1-\alpha }ds+\frac {t^{-\alpha }-t_n^{-\alpha }}{\Gamma (1-\alpha )}|q(t,x)|+|q(t,x)-q(t_n,x)|\frac {t_n^{-\alpha }}{\Gamma (1-\alpha )}\\ &:=\frac {\alpha }{\Gamma (1-\alpha )}\left (I_n(x)+J_n(x)+\frac {t^{-\alpha }-t_n^{-\alpha }}{\alpha }|q(t,x)|+|q(t,x)-q(t_n,x)|\frac {t_n^{-\alpha }}{\alpha }\right ).\end {align*}


$I_n(x)$


\begin {align*}|P_sq(t-s,x)-q(t,x)-P_sq(t_n-s,x)+q(t_n,x)| & \le |P_sq(t-s,x)-P_sq(t_n-s,x)| + |q(t,x)-q(t_n,x)|\\ &\le P_s|q(t_n-s,\cdot )-q(t-s,\cdot )|(x) + |q(t,x)-q(t_n,x)|\end {align*}


$|q(t-s,\cdot )-q(t_n-s,\cdot )| \in \cC _0(1/2)$


$t_n-s-(t_n-t)$


\begin {equation*}[|q(t-s,\cdot )-q(t_n-s,\cdot )|]_{1/2} \le \frac {\Gamma \left (\alpha +\frac {1}{2}\right )(t_n-t)}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t-s}}.\end {equation*}


$(5)$


\begin {align*}P_s|q(t_n-s,\cdot )-q(t-s,\cdot )|(x) \le 2\frac {\Gamma \left (\alpha +\frac {1}{2}\right )(t_n-t)}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t-s}}e^{\frac {3}{8}s+\frac {|\log (x)|}{2}}.\end {align*}


$q$


$s \in [0,t)$


\begin {equation*}\lim _{n \to \infty }|P_sq(t-s,x)-q(t,x)-P_sq(t_n-s,x)+q(t_n,x)|=0.\end {equation*}


$I_n(x)$


\begin {align}\label {eq:In0} \begin {split} |P_sq(t-s,x)&-q(t,x)-P_sq(t_n-s,x)+q(t_n,x)|\\ & \le |P_sq(t-s,x)-P_sq(t,x)| + |P_sq(t,x)-q(t,x)| +|P_sq(t_n-s,x)-P_sq(t_n,x)|+|P_sq(t_n,x)-q(t_n,x)|\\ &\le P_s|q(t-s,\cdot )-q(t,\cdot )|(x) + |P_sq(t,x)-q(t,x)| + P_s|q(t_n-s,\cdot )-q(t_n,\cdot )|(x)+|P_sq(t_n,x)-q(t_n,x)|. \end {split}\end {align}


$|q(t-s,\cdot )-q(t,\cdot )| \in \cC _0(1/2)$


\begin {equation*}[|q(t-s,\cdot )-q(t,\cdot )|]_{1/2} \le \frac {\Gamma \left (\alpha +\frac {1}{2}\right )s}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t-s}},\end {equation*}


$(5)$


\begin {align}P_s|q(t-s,\cdot )-q(t,\cdot )|(x) &\le \frac {2\Gamma \left (\alpha +\frac {1}{2}\right )s}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t-s}}e^{\frac {3}{8}t+\frac {|\log (x)|}{2}} \le \frac {2\Gamma \left (\alpha +\frac {1}{2}\right )s}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t-s}}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}} \label {eq:In1}\end {align}


\begin {align}P_s|q(t_n-s,\cdot )-q(t_n,\cdot )|(x) &\le \frac {2\Gamma \left (\alpha +\frac {1}{2}\right )s}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t_n-s}}e^{\frac {3}{8}t_n+\frac {|\log (x)|}{2}}\le \frac {2\Gamma \left (\alpha +\frac {1}{2}\right )s}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t-s}}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}. \label {eq:In2}\end {align}


\begin {equation*}P_sq(t,x)-q(t,x)=\int _0^s G P_\tau q(t,x) \, d\tau =\int _0^s P_\tau G q(t,x) \, d\tau \end {equation*}


$(3)$


$q(t,\cdot ), \partial _x q(t,\cdot )$


$Gq(t,\cdot )$


$\cC _0$


$Gq(t,\cdot ) \in \cC _0(1/2)$


\begin {equation*}[Gq(t,\cdot )]_{\frac {1}{2}} \le \sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}.\end {equation*}


$(5)$


$\tau \le s \le t$


\begin {align*}|P_\tau Gq(t,x)| \le 2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}\tau +\frac {|\log (x)|}{2}}\le 2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}\end {align*}


\begin {equation}\label {eq:In3} |P_sq(t,x)-q(t,x)| \le 2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}s\end {equation}


\begin {equation}\label {eq:In4} |P_sq(t_n,x)-q(t_n,x)| \le 2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}s.\end {equation}


\begin {align*}\begin {split} |P_sq(t-s,x)-q(t,x)-P_sq(t_n-s,x)+q(t_n,x)| & \le \frac {4\Gamma \left (\alpha +\frac {1}{2}\right )s}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t-s}}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}+4\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}s. \end {split}\end {align*}


$s^{-1-\alpha }$


\begin {align*}\begin {split} \int _0^t |P_sq(t-s,x)&-q(t,x)-P_sq(t_n-s,x)+q(t_n,x)|s^{-1-\alpha }\, ds\\ & \le \frac {4\Gamma \left (\alpha +\frac {1}{2}\right )}{\pi \Gamma (\alpha )}\sqrt {K}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}\int _0^t (t-s)^{-\frac {1}{2}}s^{-\alpha }\, ds+4\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}\int _0^t s^{-\alpha }\, ds\\ &=\frac {4\Gamma \left (\alpha +\frac {1}{2}\right )\Gamma (1-\alpha )}{ \Gamma (\alpha )\Gamma \left (\frac {3}{2}-\alpha \right )}\sqrt {\frac {K}{\pi }}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}t^{\frac {1}{2}-\alpha }+4\sqrt {\frac {K}{2}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi (1-\alpha )\Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}t^{\frac {1}{2}-\alpha } \end {split}\end {align*}


\begin {equation*}\lim _{n \to \infty }I_n(x)=0.\end {equation*}


$J_n(x)$


$s \in [t_n,t]$


\begin {align*}|P_sq(t_n-s,x)-q(t_n,x)| &\le |P_sq(t_n-s,x)-P_s q(t_n,x)|+|P_sq(t_n,x)-q(t_n,x)|\\ &\le P_s|q(t_n-s,\cdot )-q(t_n,\cdot )|+|P_sq(t_n,x)-q(t_n,x)|\\ &\le \frac {2\Gamma \left (\alpha +\frac {1}{2}\right )s}{\pi \Gamma (\alpha )}\sqrt {\frac {K}{t_n-s}}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}+2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}s.\end {align*}


\begin {align*}J_n(x) &\le \frac {2\Gamma \left (\alpha +\frac {1}{2}\right )}{\pi \Gamma (\alpha )}\sqrt {K}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}\int _{t}^{t_n} (t_n-s)^{-\frac {1}{2}}s^{-\alpha }\, ds+2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi \Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}\int _{t}^{t_n}s^{-\alpha }ds\\ &=\frac {2\Gamma \left (\alpha +\frac {1}{2}\right )}{\pi \Gamma (\alpha )}\sqrt {K}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}\int _{0}^{t_n-t} w^{-\frac {1}{2}}(t_n-w)^{-\alpha }\, dw+2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi (1-\alpha )\Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}(t_n^{1-\alpha }-t^{1-\alpha })\\ &=\frac {2\Gamma \left (\alpha +\frac {1}{2}\right )}{\pi \Gamma (\alpha )}\sqrt {K}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}t_n^{\frac {1}{2}-\alpha }\int _{0}^{1-\frac {t}{t_n}} z^{-\frac {1}{2}}(1-z)^{-\alpha }\, dz+2\sqrt {\frac {K}{2t}}\frac {\Gamma \left (\alpha -\frac {1}{2}\right )}{2\pi (1-\alpha )\Gamma (\alpha )}e^{\frac {3}{8}t_1+\frac {|\log (x)|}{2}}(t_n^{1-\alpha }-t^{1-\alpha }).\end {align*}


$n \to \infty $


\begin {equation*}\lim _{n \to \infty }J_n(x)=0.\end {equation*}


$n \to \infty $


\begin {equation*}\lim _{n \to \infty }(\partial _t-G)^\alpha q(t_n,x)=(\partial _t-G)^\alpha q(t,x).\end {equation*}


$\mathcal {I}_x = \varnothing $


$x>0$


$x>0$


$\mathcal {I}_x \not = \varnothing $


$t \in \mathcal {I}_x$


$[t,t+\delta ]$


$\delta >0$


$|\mathcal {I}_x \cap [t,t+\delta ]|=0$


$t_n \downarrow t$


$t_n \not \in \mathcal {I}_x$


$n \in \N $


\begin {equation*}(\partial _t-G)^{\alpha }q(t_n,x)=\frac {t_n^{-\alpha }}{\Gamma (1-\alpha )}q(0,x).\end {equation*}


$n \to \infty $


\begin {equation*}(\partial _t-G)^{\alpha }q(t,x)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}q(0,x)\end {equation*}


$\mathcal {I}_x=\varnothing $


\begin {equation}(\partial _t-G)^{\alpha }q(t,x)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}q(0,x), \ \qquad \forall t,x>0. \label {Xeqn64-6.68}\end {equation}


$q \in \cC _{0,{\rm loc}}(\R _0^+)$


$(\partial _t-G)^\alpha q$


$\beta \ge 0$


$f_\beta (x)=e^{\beta |\log (x)|}$


$(4)$


\begin {align*}u_\beta (t,x)=P_tf_\beta (x)&=e^{\beta \log (x)+\frac {\beta (\beta -1)}{2}t}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}-\frac {\log (x)}{\sqrt {t}}\right )+e^{-\beta \log (x)+\frac {\beta (\beta +1)}{2}t}\Phi \left (-\left (\beta +\frac {1}{2}\right )\sqrt {t}+\frac {\log (x)}{\sqrt {t}}\right ).\end {align*}


$u_\beta $


$\beta \ge 0$


$t,x>0$


\begin {align}\partial _x u_\beta (t,x)&=\beta e^{\frac {\beta (\beta -1)}{2}t+(\beta -1)\log (x)}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}-\frac {\log (x)}{\sqrt {t}}\right )-\beta e^{\frac {\beta (\beta +1)}{2}t-(\beta +1)\log (x)}\Phi \left (-\left (\beta +\frac {1}{2}\right )\sqrt {t}+\frac {\log (x)}{\sqrt {t}}\right ) \label {eq:derub1}\\ \partial ^2_x u_\beta (t,x)&=\beta (\beta -1) e^{\frac {\beta (\beta -1)}{2}t+(\beta -2)\log (x)}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}-\frac {\log (x)}{\sqrt {t}}\right ) \nonumber \\ &\qquad +\beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}t-(\beta +2)\log (x)}\Phi \left (-\left (\beta +\frac {1}{2}\right )\sqrt {t}+\frac {\log (x)}{\sqrt {t}}\right )-\sqrt {\frac {2 \beta ^2}{\pi t}}e^{-\frac {t}{8}-\frac {3}{2}\log (x)-\frac {\log ^2(x)}{2t}}\label {eq:derub2}\\ \partial _t u_\beta (t,x)&=Gu_\beta (t,x)=\frac {\beta (\beta -1)}{2} e^{\frac {\beta (\beta -1)}{2}t+\beta \log (x)}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}-\frac {\log (x)}{\sqrt {t}}\right ) \nonumber \\ &\qquad +\frac {\beta (\beta +1)}{2} e^{\frac {\beta (\beta +1)}{2}t-\beta \log (x)}\Phi \left (-\left (\beta +\frac {1}{2}\right )\sqrt {t}+\frac {\log (x)}{\sqrt {t}}\right )-\frac {\beta }{\sqrt {2\pi t}}e^{-\frac {t}{8}+\frac {\log (x)}{2}-\frac {\log ^2(x)}{2t}}\label {eq:derub3}.\end {align}


\begin {align}|u_\beta (t,x)| &\le 2e^{\frac {\beta (\beta +1)}{2}t+\beta |\log (x)|} \label {eq:derub3.5}\\ |\partial _x u_\beta (t,x)| &\le 2 \beta e^{\frac {\beta (\beta +1)}{2}t+(\beta +1)|\log (x)|} \label {eq:derub4}\\ |\partial ^2_x u_\beta (t,x)| &\le 2 \beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}t+(\beta +2)|\log (x)|}+\frac {\beta \sqrt {2}}{\sqrt {\pi t}}e^{\frac {3}{2}|\log (x)|} \label {eq:derub5}\\ |\partial _t u_\beta (t,x)|&=|G u_\beta (t,x)| \le \beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}t+\beta |\log (x)|}+\frac {\beta }{\sqrt {2\pi t}}e^{\frac {|\log (x)|}{2}}. \label {eq:derub6}\end {align}


\begin {align}\label {eq:qbeta} q_\beta (t,x)=\int _0^t u_\beta (s,x)g_H(s;t)\, ds=\int _0^t u_\beta (s,x)\frac {s^{\alpha -1}(t-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}\, ds =\int _0^1 u_\beta (st,x)\frac {s^{\alpha -1}(1-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}\, ds.\end {align}


$q$


$q_\beta $


$t$


${\phi (\lambda )}=\lambda ^\alpha $


$\alpha \in (0,1)$


$\beta \ge 0$


$x>0$


$q_\beta (\cdot ,x)$


${\rm AC}(\R _0^+)$


$\partial _tq_\beta (\cdot ,x)$


\begin {equation}\label {eq:qbetaderest1} |\partial _t q_\beta (t,x)| \le \alpha \beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}(t+1)+\beta |\log (x)|}+\frac {2\beta \Gamma \left (\frac {1}{2}+\alpha \right )}{\pi \sqrt {t}\Gamma (\alpha )}e^{\frac {|\log (x)|}{2}}.\end {equation}


$t,x>0$


\begin {equation*}\frac {\alpha }{\Gamma (1-\alpha )}\int _0^t|P_sq_\beta (t-s,x)-P_sq_\beta (t,x)|s^{-1-\alpha }\, ds <\infty \end {equation*}


$x>0$


$\lambda >\max \left \{\beta (\beta +1), \frac {3}{4}\right \}$


\begin {equation}\label {eq:LaptransPsdiff} \frac {\alpha }{\Gamma (1-\alpha )}\int _0^{+\infty }\int _0^te^{-\lambda t}|P_sq_\beta (t-s,x)-P_sq_\beta (t,x)|s^{-1-\alpha }\, ds\, dt <\infty .\end {equation}


$t>0$


$h \in \left (-\frac {t}{2},1\right )$


\begin {equation}\label {eq:incratiob} \left |\frac {q_\beta (t+h,x)-q_\beta (t,x)}{h}\right | \le \int _0^1\left |\frac {u_\beta (st+sh,x)-u_\beta (st,x)}{sh}\right |\frac {s^{\alpha }(1-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}\, ds.\end {equation}


$\xi \in [\min \{ts,ts+hs\}, \max \{ts,ts+hs\}] \subseteq \left [\frac {ts}{2},(t+1)s\right ]$


\begin {align*}\left |\frac {u_\beta (st+sh,x)-u_\beta (st,x)}{sh}\right |=|\partial _t u_\beta (\xi ,x)| &\le \beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}\xi +\beta |\log (x)|}+\frac {\beta }{\sqrt {2\pi \xi }}e^{\frac {|\log (x)|}{2}} \\ &\le \beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}(t+1)s+\beta |\log (x)|}+\frac {\beta }{\sqrt {\pi ts}}e^{\frac {|\log (x)|}{2}},\end {align*}


\begin {align*}\left |\frac {q_\beta (t+h,x)-q_\beta (t,x)}{h}\right | &\le \beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}(t+1)+\beta |\log (x)|}\int _0^1\frac {s^{\alpha }(1-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}\, ds+\frac {\beta }{\sqrt {\pi t}}e^{\frac {|\log (x)|}{2}}\int _0^1\frac {s^{\alpha -\frac {1}{2}}(1-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}\, ds\\ &\qquad =\alpha \beta (\beta +1) e^{\frac {\beta (\beta +1)}{2}(t+1)+\beta |\log (x)|}+\frac {2\beta \Gamma \left (\frac {1}{2}+\alpha \right )}{\pi \sqrt {t}\Gamma (\alpha )}e^{\frac {|\log (x)|}{2}}.\end {align*}


$q_\beta (\cdot ,x)$


${\rm AC}(\R _0^+)$


$\partial _t q_\beta (t,x)$


\begin {align*}|q_\beta (t-s,x)-q_\beta (t,x)| &\le \int _0^s |\partial _t q(t-\tau ,x)|\, d\tau \le \alpha \beta (\beta +1)e^{\frac {\beta (\beta +1)}{2}(t+1)+\beta |\log (x)|}s+\frac {2s\beta \Gamma \left (\frac {1}{2}+\alpha \right )}{\pi \sqrt {t-s}\Gamma (\alpha )}e^{\frac {|\log (x)|}{2}}.\end {align*}


$\widetilde {\beta }=\max \left \{\frac {1}{2},\beta \right \}$


$|q_\beta (t-s,\cdot )-q_\beta (t,\cdot )| \in \cC _0(\widetilde {\beta })$


\begin {align*}[q_\beta (t-s,\cdot )-q_\beta (t,\cdot )]_{\widetilde {\beta }} \le \alpha \beta (\beta +1)e^{\frac {\beta (\beta +1)}{2}(t+1)}s+\frac {2s\beta \Gamma \left (\frac {1}{2}+\alpha \right )}{\pi \sqrt {t-s}\Gamma (\alpha )}\end {align*}


$(5)$


\begin {align}\label {eq:estPsqbeta} P_s|q_\beta (t-s,\cdot )-q_\beta (t,\cdot )| \le \left (2\alpha \beta (\beta +1)e^{\widetilde {\beta }(\widetilde {\beta }+1)(t+1)}s+\frac {4s\beta \Gamma \left (\frac {1}{2}+\alpha \right )}{\pi \sqrt {t-s}\Gamma (\alpha )}e^{\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}t}\right )\, e^{\widetilde {\beta }|\log (x)|}.\end {align}


\begin {align*}\frac {\alpha }{\Gamma (1-\alpha )}\int _0^t|P_sq_\beta (t-s,x)-P_sq_\beta (t,x)| s^{-1-\alpha }\, ds \le \left (\frac {2\alpha ^2\beta (\beta +1)}{\Gamma (2-\alpha )}e^{\widetilde {\beta }(\widetilde {\beta }+1)(t+1)}t^{1-\alpha }+\frac {4\alpha \beta \Gamma \left (\frac {1}{2}+\alpha \right )}{\sqrt {\pi }\Gamma (\alpha )\Gamma \left (\frac {3}{2}-\alpha \right )}e^{\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}t}t^{\frac {1}{2}-\alpha }\right )\, e^{\widetilde {\beta }|\log (x)|}\end {align*}


$\lambda >\widetilde {\beta }(\widetilde {\beta }+1)$


$q_\beta $


$x$


$t,x>0$


\begin {equation}\label {eq:derinside} \partial _x q_\beta (t,x)=\frac {1}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^1 \partial _x u_\beta (t\tau ,x)\tau ^{\alpha -1}(1-\tau )^{-\alpha }d\tau .\end {equation}


$q_\beta \in \cC _0(\beta )$


$\partial _x q_\beta \in \cC _0(\beta +1)$


\begin {align}[q_\beta (t,\cdot )]_\beta \le 2e^{\frac {\beta (\beta +1)}{2}t} \label {eq:qbetaest1}\\ [\partial _xq_\beta (t,\cdot )]_\beta \le 2\beta e^{\frac {\beta (\beta +1)}{2}t}. \label {eq:qbetaest2}\end {align}


$\alpha \in \left (\frac {1}{2},1\right )$


$\beta \ge 0$


$t,x>0$


\begin {align}\label {eq:derinside2} \partial ^2_x q_\beta (t,x)=\frac {1}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^1 \partial ^2_x u_\beta (t\tau ,x)\tau ^{\alpha -1}(1-\tau )^{-\alpha }d\tau .\\ G q_\beta (t,x)=\frac {1}{\Gamma (\alpha )\Gamma (1-\alpha )}\int _0^1~G u_\beta (t\tau ,x)\tau ^{\alpha -1}(1-\tau )^{-\alpha }d\tau . \label {eq:opinside}\end {align}


$Gq_\beta \in \cC _0(\widetilde {\beta })$


$\widetilde {\beta }=\max \left \{\beta , \frac {1}{2}\right \}$


\begin {align}[Gq_\beta (t,\cdot )]_{\widetilde {\beta }} \le \beta (\beta +1)e^{\frac {\beta (\beta +1)}{2}t}+\frac {\beta \Gamma \left (\alpha -\frac {1}{2}\right )\Gamma (1-\alpha )}{\pi \sqrt {2t}}. \label {eq:qbetaest3}\end {align}


$t,x>0$


\begin {equation*}\frac {\alpha }{\Gamma (1-\alpha )}\int _0^t |P_sq(t,x)-q(t,x)|s^{-1-\alpha }\, ds < \infty ,\end {equation*}


$x>0$


$\lambda >\widetilde {\beta }(\widetilde {\beta }+1)$


\begin {equation}\label {eq:LapestGqbeta1} \frac {\alpha }{\Gamma (1-\alpha )}\int _0^{+\infty } \int _0^t e^{-\lambda t}|P_sq(t,x)-q(t,x)|s^{-1-\alpha }\, ds\, dt < \infty .\end {equation}


$x,t>0$


$0<a<x<b$


$y \in [a,b]$


$\tau \in [0,1]$


\begin {equation*}|\partial _x^2 u_\beta (t\tau ,y)| \le 2\beta (\beta +1)e^{\frac {\beta (\beta +1)}{2}t+(\beta +2)M}+\frac {\beta \sqrt {2}}{\sqrt {\pi t\tau }}e^{\frac {3M}{2}},\end {equation*}


$M=\max \{|\log (a)|, |\log (b)|\}$


$g_H(\tau ,1)$


\begin {align*}\int _0^1 &\left (2\beta (\beta +1)e^{\frac {\beta (\beta +1)}{2}t+(\beta +2)M}+\frac {\beta }{\sqrt {2\pi t\tau }}e^{\frac {M}{2}}\right )\tau ^{\alpha -1}(1-\tau )^{-\alpha }\, d\tau =2\beta (\beta +1)e^{\frac {\beta (\beta +1)}{2}t+(\beta +2)M}+\frac {\beta \Gamma \left (\alpha -\frac {1}{2}\right )\Gamma (1-\alpha )\sqrt {2}}{\pi \sqrt {t}}e^{\frac {3M}{2}}.\end {align*}


$\frac {x^2}{2}$


$q_\beta (t,\cdot ), \partial _x q_\beta (t,\cdot ) \in \cC _0$


$G q_\beta (t,\cdot ) \in \cC _0$


\begin {equation*}P_sq_\beta (t,x)-q_\beta (t,x)=\int _0^s GP_\tau q_\beta (t,x)\, d\tau =\int _0^s P_\tau Gq_\beta (t,x)\, d\tau .\end {equation*}


$(5)$


$\tau \in [0,s] \subseteq [0,t]$


\begin {align}P_\tau |Gq_\beta (t,\cdot )| \le \left (\beta (\beta +1)e^{\widetilde {\beta }(\widetilde {\beta }+1)t}+\frac {\beta \Gamma \left (\alpha -\frac {1}{2}\right )\Gamma (1-\alpha )}{\pi \sqrt {2t}}e^{\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}t}\right )\, e^{\widetilde {\beta }|\log (x)|}. \label {eq:PtauGbetaest}\end {align}


\begin {align}|P_sq_\beta (t,x)-q(t,x)| \le \left (\beta (\beta +1)e^{\widetilde {\beta }(\widetilde {\beta }+1)t}+\frac {\beta \Gamma \left (\alpha -\frac {1}{2}\right )\Gamma (1-\alpha )}{\pi \sqrt {2t}}e^{\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}t}\right )\, se^{\widetilde {\beta }|\log (x)|}. \label {eq:Ptaudiffest2}\end {align}


\begin {align*}\frac {\alpha }{\Gamma (1-\alpha )}\int _0^t |P_sq_\beta (t,x)-q(t,x)|s^{-1-\alpha }\, ds \le \frac {\alpha }{\Gamma (2-\alpha )}\left (\beta (\beta +1)e^{\widetilde {\beta }(\widetilde {\beta }+1)t}+\frac {\beta \Gamma \left (\alpha -\frac {1}{2}\right )\Gamma (1-\alpha )}{\pi \sqrt {2t}}e^{\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}t}\right )\, t^{1-\alpha }e^{\widetilde {\beta }|\log (x)|}.\end {align*}


$\lambda >\widetilde {\beta }(\widetilde {\beta }+1)$


$q_\beta $


$\alpha \in (0,1)$


$\beta \ge 0$


$\lambda >\frac {\beta (\beta +1)}{2}$


$x>0$


\begin {equation*}\frac {1}{\Gamma (1-\alpha )}\int _0^{+\infty } t^{-\alpha }e^{-\lambda t}|q_\beta (t,x)|\, dt<\infty .\end {equation*}


\begin {align*}\frac {1}{\Gamma (1-\alpha )}\int _0^{+\infty } t^{-\alpha }e^{-\lambda t}|q_\beta (t,x)|\, dt &\le \frac {2e^{\beta |\log (x)|}}{\Gamma (1-\alpha )}\int _0^{+\infty } t^{-\alpha }e^{-\left (\lambda -\frac {\beta (\beta +1)}{2}\right )t}\, dt=2e^{\beta |\log (x)|}\left (\lambda -\frac {\beta (\beta +1)}{2}\right )^{\alpha -1}.\end {align*}


$q_\beta $


$\alpha \in \left (\frac {1}{2},1\right )$


$\beta \ge 0$


$q_\beta $


\begin {equation}\label {eq:specialeq} \begin {cases} (\partial _t-G)^\alpha q_\beta (t,x)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}q_\beta (0,x) & t,x>0 \\ q_\beta (0,x)=e^{\beta |\log (x)|} & x>0. \end {cases}\end {equation}


$q_\beta (0,x)=u_\beta (0,x)=e^{\beta |\log (x)|}$


$(\partial _t-G)^\alpha q_\beta (t,x)$


$t,x>0$


$x>0$


$(\partial _t-G)^\alpha q_\beta (\cdot ,x)$


$\lambda >\widetilde {\beta }(\widetilde {\beta }+1)$


$\widetilde {\beta }=\max \left \{\beta ,\frac {1}{2}\right \}$


\begin {equation}\label {eq:Laplaceequality} \int _0^{+\infty } e^{-\lambda t}(\partial _t-G)^\alpha q_\beta (t,x)\, dt=\lambda ^{\alpha -1}e^{\beta |\log (x)|}\end {equation}


$\lambda >\frac {1}{16}\left (\frac {1}{4}+\widetilde {\beta }(\widetilde {\beta }+1)\right )$


$f_\beta (x)=e^{\beta |\log (x)|}$


\begin {equation*}\overline {u}(t,x)=e^{-\frac {\log ^2(x)}{2t}}f_{\widetilde {\beta }}(x)\end {equation*}


\begin {equation*}\left | (G-\lambda ) u_{\beta } (w,y) \right | \le \left ((\beta (\beta +1)+2\lambda )e^{\frac {\beta (\beta +1)}{2}w}f_{\widetilde {\beta }}(y)+\frac {\beta }{\sqrt {2\pi w}}\overline {u}(w,y)\right ).\end {equation*}


\begin {align}& \int _0^{+\infty }\int _0^{+\infty }\int _0^{+\infty } \int _0^s \tau ^{\alpha -1}s^{-\alpha -1}e^{-\lambda (\tau +w)} \left | (G-\lambda ) u_{\beta } (w,y) \right | p_{\rm GBM} (\tau , y;x) \, dw \, dy \, d\tau \, ds \notag \\ & \le \int _0^{+\infty }\int _0^{\infty }\int _0^{s} (\beta (\beta +1)+2\lambda )e^{\frac {\beta (\beta +1)}{2}w}\tau ^{\alpha -1} s^{-\alpha -1}e^{-\lambda (\tau +w)}u_{\widetilde {\beta }}(\tau ,x) \, dw \, d\tau \, ds \nonumber \\ &\qquad +\int _0^{\infty }\int _0^{\infty }\int _0^{s} \frac {\beta }{\sqrt {2\pi w}}\tau ^{\alpha -1} s^{-\alpha -1}e^{-\lambda (\tau +w)}P_\tau \overline {u}(w,x) \, dw \, d\tau \, ds=:I_1+I_2. \label {Fubnew1}\end {align}


$I_1$


$(5)$


\begin {align*}I_1& \le 2(\beta (\beta +1)+2\lambda )\int _0^{\infty }\int _0^{\infty }\int _0^{s} e^{-\left (\lambda -\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}\right )(\tau +w)}\tau ^{\alpha -1} s^{-\alpha -1} \, dw \, d\tau \, ds\\ &=\frac {4(\beta (\beta +1)+2\lambda )}{2\lambda -\widetilde {\beta }(\widetilde {\beta }+1)}\left (\int _0^{\infty }\left (1-e^{-\left (\lambda -\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}\right )s}\right )s^{-\alpha -1}\, ds\right ) \left (\int _0^{\infty }e^{-\left (\lambda -\frac {\widetilde {\beta }(\widetilde {\beta }+1)}{2}\right )\tau }\tau ^{\alpha -1} \, d\tau \right )\\ &=\frac {4(\beta (\beta +1)+2\lambda )\Gamma (1-\alpha )\Gamma (\alpha )}{2\lambda -\widetilde {\beta }(\widetilde {\beta }+1)}.\end {align*}


$I_2$


$P_\tau \overline {u}(w,x)$


\begin {align*}P_\tau \overline {u}(w,x)&=\int _0^{+\infty } e^{-\frac {\log ^2(y)}{2w}+\widetilde {\beta }|\log (y)|-\frac {\tau }{8}-\frac {(\log (y)-\log (x))^2}{2\tau }}\sqrt {\frac {x}{y^3 2\pi \tau }}\, dy\\ &=\sqrt {x}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2\tau }}\int _0^{+\infty } e^{-\frac {\log ^2(y)}{2w}-\frac {\log ^2(y)}{2\tau }+\frac {\log (y)\log (x)}{\tau }+\widetilde {\beta }|\log (y)|}\frac {1}{\sqrt {y^3 2\pi \tau }}\, dy.\end {align*}


$z=\log (y)$


\begin {align*}P_\tau \overline {u}(w,x)&=\sqrt {\frac {x}{2\pi \tau }}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2\tau }}\int _{-\infty }^{+\infty } e^{-\frac {z^2}{2w}-\frac {z^2}{2\tau }+\frac {\log (x)}{\tau }z-\frac {z}{2}+\widetilde {\beta }|z|}\, dz.\end {align*}


\begin {equation}\mathcal {H}(\tau ,w)=\left (\frac {1}{w}+\frac {1}{\tau }\right )^{-1} \label {Xeqn72-6.93}\end {equation}


\begin {align*}P_\tau \overline {u}(w,x)&=\sqrt {\frac {x \mathcal {H}(\tau ,w)}{\tau }}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2\tau }}\int _{-\infty }^{+\infty } \frac {1}{\sqrt {2\pi \mathcal {H}(\tau ,w)}}e^{-\frac {z^2}{2\mathcal {H}(\tau ,w)}+\left (\frac {\log (x)}{\tau }-\frac {1}{2}\right )z+\widetilde {\beta }|z|}\, dz\\ &=\sqrt {\frac {x \mathcal {H}(\tau ,w)}{\tau }}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2\tau }}\E ^{(0,0)}\left [e^{\widetilde {\beta } |B(\mathcal {H}(\tau ,w))|+\left (\frac {\log (x)}{\tau }-\frac {1}{2}\right )B(\mathcal {H}(\tau ,w))}\right ]\\ &=\sqrt {\frac {x \mathcal {H}(\tau ,w)}{\tau }}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2\tau }}e^{\frac {1}{2}\left (\widetilde {\beta }+\frac {\log (x)}{\tau }-\frac {1}{2}\right )^2\mathcal {H}(\tau ,w)}\Phi \left (-\left (\widetilde {\beta }+\frac {\log (x)}{\tau }-\frac {1}{2}\right )\sqrt {t}\right )\\ &\qquad + \sqrt {\frac {x \mathcal {H}(\tau ,w)}{\tau }}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2\tau }}e^{\frac {1}{2}\left (\widetilde {\beta }-\frac {\log (x)}{\tau }+\frac {1}{2}\right )^2\mathcal {H}(\tau ,w)}\Phi \left (-\left (\widetilde {\beta }-\frac {\log (x)}{\tau }+\frac {1}{2}\right )\sqrt {t}\right )\\ &=\sqrt {\frac {x \mathcal {H}(\tau ,w)}{\tau }}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2(\tau +w)}+A_1\mathcal {H}(\tau ,w)+\left (\widetilde {\beta }-\frac {1}{2}\right )\frac {w}{\tau +w}\log (x)}\Phi \left (-A_2\sqrt {t}\right )\\ &\qquad + \sqrt {\frac {x \mathcal {H}(\tau ,w)}{\tau }}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2(\tau +w)}+B_1\mathcal {H}(\tau ,w)-\left (\widetilde {\beta }+\frac {1}{2}\right )\frac {w}{\tau +w}\log (x)}\Phi \left (-B_2\sqrt {t}\right ),\end {align*}


\begin {align*}A_1=\frac {\widetilde {\beta }^2}{2}+\frac {1}{8}-\frac {\widetilde {\beta }}{2} && A_2=\widetilde {\beta }+\frac {\log (x)}{\tau }-\frac {1}{2}\\ B_1=\frac {\widetilde {\beta }^2}{2}+\frac {1}{8}+\frac {\widetilde {\beta }}{2} && B_2=\beta -\frac {\log (x)}{\tau }+\frac {1}{2}\end {align*}


\begin {align*}\frac {\beta }{\sqrt {2\pi w}}P_\tau \overline {u}(w,x)&=\beta \sqrt {\frac {x}{2\pi (\tau +w)}}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2(\tau +w)}+A_1\mathcal {H}(\tau ,w)+\left (\widetilde {\beta }-\frac {1}{2}\right )\frac {w}{\tau +w}\log (x)}\Phi \left (-A_2\sqrt {t}\right )\\ &\qquad +2\beta \sqrt {\frac {x}{2\pi (\tau +w)}}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2(\tau +w)}+B_1\mathcal {H}(\tau ,w)-\left (\widetilde {\beta }+\frac {1}{2}\right )\frac {w}{\tau +w}\log (x)}\Phi \left (-B_2\sqrt {t}\right )\\ &\le \frac {\beta }{\sqrt {2\pi (\tau +w)}}e^{-\frac {\tau }{8}-\frac {\log ^2(x)}{2(\tau +w)}+B_1\mathcal {H}(\tau ,w)+\left (\widetilde {\beta }+1\right )|\log (x)|},\end {align*}


$B_1>A_1$


$\frac {w}{\tau +w} \le 1$


$r \in \R ^+ \mapsto \sqrt {r}e^{-\frac {\log ^2(x)}{2r}} \in \R ^+$


$r_\star =\log ^{-2}(x)$


\begin {align*}\frac {\beta }{\sqrt {2\pi w}}P_\tau \overline {u}(w,x)&\le \frac {\beta }{\sqrt {2\pi e}}|\log ^{-1}(x)|e^{-\frac {\tau }{8}+B_1\mathcal {H}(\tau ,w)+\left (\widetilde {\beta }+1\right )|\log (x)|}.\end {align*}


$2\mathcal {H}(\tau ,w)$


$\tau $


$w$


\begin {equation*}\mathcal {H}(\tau ,w) \le \frac {\tau +w}{4}\end {equation*}


\begin {align*}\frac {\beta }{\sqrt {2\pi w}}P_\tau \overline {u}(w,x)&\le \frac {\beta }{\sqrt {2\pi e}}|\log ^{-1}(x)|e^{\frac {B_1}{4}(\tau +w)+\left (\widetilde {\beta }+1\right )|\log (x)|}.\end {align*}


$I_2$


\begin {align*}I_2 &\le \frac {\beta }{\sqrt {2\pi e}}|\log ^{-1}(x)|e^{\left (\widetilde {\beta }+1\right )|\log (x)|}\int _0^{+\infty }\int _0^{+\infty }\int _0^{s} \tau ^{\alpha -1} s^{-\alpha -1}e^{-\left (\lambda -\frac {B_1}{4}\right ) (\tau +w)} \, dw \, d\tau \, ds\\ &=\frac {\beta }{\left (\lambda -\frac {B_1}{4}\right )\sqrt {2\pi e}}|\log ^{-1}(x)|e^{\left (\widetilde {\beta }+1\right )|\log (x)|}\left (\int _0^{+\infty }s^{-\alpha -1}\left (1-e^{-\left (\lambda -\frac {B_1}{4}\right )s}\right )\, ds\right )\left (\int _0^{+\infty } \tau ^{\alpha -1}e^{-\left (\lambda -\frac {B_1}{4}\right )\tau } \, d\tau \right )\\ &=\frac {\beta \Gamma (1-\alpha )\Gamma (\alpha )}{\left (\lambda -\frac {B_1}{4}\right )\sqrt {2\pi e}}|\log ^{-1}(x)|e^{\left (\widetilde {\beta }+1\right )|\log (x)|}.\end {align*}


$x>0$


$\mathcal {I}_x \subset \R ^+$


$|\mathcal {I}_x|=0$


$t \in \R ^+ \setminus \mathcal {I}_x$


\begin {equation}\label {eq:equalitysol} (\partial _t-G)^\alpha q_\beta (t,x)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}q_\beta (0,x).\end {equation}


$\mathcal {I}_x=\varnothing $


$q_\beta $


$t_n \downarrow t$


$(\partial _t-G)^\alpha q_\beta (t_n,x) \to (\partial _t-G)^\alpha q_\beta (t,x)$


$\mathcal {I}_x=\varnothing $


$x>0$


$q_\beta $


$q_\beta $


$\alpha \in (0,1)$


$\beta \ge 0$


$C_\beta :\R ^+ \to \R $


$C_\beta (t)>0$


$t>0$


\begin {equation*}q_\beta (t,x) \ge C_\beta (t)e^{\beta |\log (x)|}.\end {equation*}


$x \ge 1$


$\log (x) \ge 0$


\begin {equation*}u_\beta (t,x) \ge e^{\beta \log (x)+\frac {\beta (\beta +1)}{2}t}\Phi \left (-\left (\beta +\frac {1}{2}\right )\sqrt {t}\right ) \ge e^{\beta \log (x)+\frac {\beta (\beta -1)}{2}t}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}\right ).\end {equation*}


$x \in (0,1]$


$\log (x) \le 0$


\begin {equation*}u_\beta (t,x) \ge e^{-\beta \log (x)+\frac {\beta (\beta -1)}{2}t}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}\right ).\end {equation*}


\begin {equation*}u_\beta (t,x) \ge e^{\beta |\log (x)|+\frac {\beta (\beta -1)}{2}t}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}\right ).\end {equation*}


\begin {align*}q_\beta (t,x)& \ge e^{\beta |\log (x)|}\int _0^1e^{\frac {\beta (\beta -1)}{2}ts}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {ts}\right )\frac {s^{\alpha -1}(1-s)^{-\alpha }}{\Gamma (\alpha )\Gamma (1-\alpha )}\ge \begin {cases} \frac { e^{\beta |\log (x)|+\frac {\beta (\beta -1)}{2}t}}{2} & \beta \le \frac {1}{2} \\ e^{\beta |\log (x)|+\frac {\beta (\beta -1)}{2}t}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}\right ) & \beta \in \left (\frac {1}{2},1\right ]\\ e^{\beta |\log (x)|}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}\right ) & \beta > 1, \end {cases}\end {align*}


$\cC _{0, {\rm loc}}(\R _0^+)$


$\alpha \in \left (\frac {1}{2},1\right )$


$f \in \cC _0$


\begin {equation}\label {eq:BSnonlocgen} \begin {cases} (\partial _t-G)^\alpha q_f(t,x)=\frac {t^{-\alpha }}{\Gamma (1-\alpha )}q_f(0,x) & t,x>0 \\ q_f(0,x)=f(x) & x>0\\ q_f \in \cC _{0,{\rm loc}}(\R _0^+) \end {cases}\end {equation}


$f \equiv 0$


$q_f \equiv 0$


$T>0$


$q_f \in \cC _{0,{\rm loc}}(\R _0^+)$


\begin {equation*}|q_f(t,x)| \le C_Te^{\beta _T|\log (x)|}.\end {equation*}


$C_T=C$


$\beta _T:=\beta _0$


$A \ge 1$


$\beta >\beta _0$


\begin {equation*}w_\beta (t,x;A):=\frac {C}{C_\beta (T)}e^{(\beta _0-\beta )|\log (A)|}q_\beta (t,x).\end {equation*}


$w_\beta (0,x;A)>0=q_f(0,x)$


$x>0$


$t \in (0,T]$


\begin {equation*}w_\beta (t,x;A) \ge \frac {C_\beta (t)}{C_\beta (T)}Ce^{(\beta _0-\beta )|\log (A)|+\beta |\log (x)|} \ge Ce^{(\beta _0-\beta )|\log (A)|+\beta |\log (x)|}.\end {equation*}


$x \not \in \left [A^{-1},A\right ]$


$|\log (x)| \ge |\log (A)|$


\begin {equation*}w_\beta (t,x;A) \ge Ce^{\beta _0|\log (A)|} \ge |q_f(t,x)|.\end {equation*}


$x \not \in \left [A^{-1},A\right ]$


$t \in [0,T]$


\begin {equation}\label {eq:inequalitytoextend} w_\beta (t,x;A)+q_f(t,x) \le 0 \le w_\beta (t,x;A)-q_f(t,x).\end {equation}


$x>0$


$(t_\star ,x_\star ) \in [0,T] \times \R ^+$


\begin {equation*}w_\beta (t_\star ,x_\star ;A)-q_\beta (t_\star ,x_\star )<0.\end {equation*}


$x_\star \in [A^{-1},A]$


\begin {equation*}w_\beta (t_\star ,x_\star ;A)-q_f(t_\star ,x_\star )=\min _{(t,x) \in [0,T] \times [A^{-1},A]}(w_\beta (t,x;A)-q_f(t,x)).\end {equation*}


$x \in \R ^+$


\begin {equation*}w_\beta (t_\star ,x_\star ;A)-q_f(t_\star ,x_\star )<0<w_\beta (0,x;A)-q_f(0,x).\end {equation*}


$x \not \in [A^{-1},A]$


$(t_\star ,x_\star )$


$x \in [A^{-1},A]$


\begin {equation*}w_\beta (t_\star ,x_\star ;A)-q_f(t_\star ,x_\star ) \le w_\beta (t,x;A)-q_f(t,x)\end {equation*}


$t \in [0,T]$


$x>0$


\begin {equation*}-(\partial _t-G)^\alpha (w_\beta (\cdot ,\cdot ;A)-q_f(\cdot ,\cdot ))(x_\star ,t_\star )+\frac {t_\star ^{-\alpha }}{\Gamma (1-\alpha )}w_\beta (0,x_\star ;A)>0.\end {equation*}


$w_\beta (\cdot ,\cdot ;A)$


$q_f$


\begin {equation*}-(\partial _t-G)^\alpha (w_\beta (\cdot ,\cdot ;A)-q_f(\cdot ,\cdot ))(x_\star ,t_\star )+\frac {t_\star ^{-\alpha }}{\Gamma (1-\alpha )}w_\beta (0,x_\star ;A)=0,\end {equation*}


\begin {equation*}w_\beta (t,x;A)-q_f(t,x) \ge 0, \ \forall x>0, \ t \in [0,T]\end {equation*}


\begin {equation*}w_\beta (t,x;A)+q_f(t,x) \le 0, \ \forall x>0, \ t \in [0,T]\end {equation*}


$x>0$


$t \in [0,T]$


\begin {equation*}|q_f(t,x)| \le w_\beta (t,x;A)=\frac {C}{C_\beta (T)}e^{(\beta _0-\beta )|\log (A)|}q_\beta (t,x)\end {equation*}


$A \to \infty $


$|q_f(t,x)|=0$


$x>0$


$t \in [0,T]$


$T>0$


${\phi (\lambda )}=\lambda ^{\alpha }$


$\alpha \in (0,1)$


$f \in C_c^{+\infty }(\R \times \R ^+)$


$A^\phi $


$(B^\phi ,{S})$


\begin {align*}A^\phi f(x,v)&=\int _{\R }\int _{\R }(f(x+h,s+v)-f(x,v)-h\partial _xf(x,v)\mathds {1}_{[-1,1]}(h))\mathcal {K}(dh;ds) \, dh,\end {align*}


$\mathcal {K}$


$q_\star (T-t,x,0)=q(t,x)$


$q$


$(\mathcal {Q}_t)_{t \ge 0}$


$(X_{\rm e}(t),\gamma (t))$


\begin {align*}q_\star (t,X(t),\gamma (t))&=\widetilde {Q}_{T-t}u(X(t),\gamma (t))=\widetilde {\E }^{(x,v)}[(X(T)-K)_+ \mid X(t), \gamma (t)]\\ &=\E ^{(x,v)}[(e^{X_{\rm e}(T)-\frac {T-v-\gamma (T)}{2}}-K)_+ \mid X(t), \gamma (t)]=\mathcal {Q}_{T-t}g_{T,v}(X_{\rm e}(t),\gamma (t))=\mathcal {Q}_{T-t}g_{T,v}(\log (X(t)),\gamma (t)),\end {align*}


\begin {equation*}g_{T,v}(x,w)=(e^{x-\frac {T-v-w}{2}}-K)_+.\end {equation*}


$w>0$


\begin {equation*}\mathcal {Q}_{t}g(x,w)=g(x,w+t)\mathcal {K}_w(x;\R ^d \times [w+t,\infty ))+ \int _{\R \times [w,w+t)}\!\!\!\!\!\!\!\!\!\!\!\!\!\!\! \mathcal {Q}_{t+w-\tau }g(x+y,0)\mathcal {K}_w(d\tau ,dy),\end {equation*}


\begin {align}\label {eq:presubstitut} q_\star (t,x,w)&=\mathcal {Q}_{T-t}g_{T,v}(\log (x),w)=g_{T,v}(\log (x),w+T-t)\mathcal {K}_w(x;\R ^d \times [w+T-t,\infty ))\\ &\qquad +\int _{\R \times [w,w+T-t)}\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\! \mathcal {Q}_{T-t+w-\tau }g_{T,v}(\log (x)+y,0)\mathcal {K}_w(d\tau ,dy).\end {align}


$\widetilde {x}=\log (x)+y+t-w+\tau -v$


$\widetilde {t}=T-t+w-\tau $


\begin {align*}\mathcal {Q}_{T-t+w-\tau }g_{T,v}(\log (x)+y,0)&=\E ^{(\log (x)+y,0)}\left [\left (\exp \left (X_{\rm e}(\widetilde {t})-\frac {T-v-\gamma (\widetilde {t})}{2}\right )-K\right )_+\right ]\\ &=\E ^{(\widetilde {x},0)}\left [\left (\exp \left (X_{\rm e}(\widetilde {t})-\frac {\widetilde {t}-\gamma (\widetilde {t})}{2}\right )-K\right )_+\right ]=\E ^{(\widetilde {x},0)}[(X(\widetilde {t})e^{-\frac {\widetilde {t}-\gamma (\widetilde {t})}{2}}-K)_+]=q(\widetilde {t},\widetilde {x}).\end {align*}


$X,Y,Z$


$E_X,E_Y,E_Z$


$Z$


$X$


$Y$


$F:E_X \times E_Z \to \R $


\begin {equation*}\E [F(X,Z)\mid X,Y]=\E [F(X,Z) \mid X]\end {equation*}


$B_X \in \cE _X$


$B_Z \in \cE _Z$


\begin {align*}\E \left [\mathds {1}_{B_X}(X)\mathds {1}_{B_Z}(Z) \mid X,Y\right ]=\mathds {1}_{B_X}(X)\E \left [\mathds {1}_{B_Z}(Z) \mid X,Y\right ]&=\mathds {1}_{B_X}(X)\E \left [\mathds {1}_{B_Z}(Z)\right ]\\ &=\mathds {1}_{B_X}(X)\E \left [\mathds {1}_{B_Z}(Z) \mid X\right ]=\E \left [\mathds {1}_{B_X}(X)\mathds {1}_{B_Z}(Z) \mid X\right ].\end {align*}


$F \in \sigma (X,Y)$


$B \in \cE _X \otimes \cE _Z$


\begin {equation*}\mu _F(B)=\E \left [\mathds {1}_F\E \left [\mathds {1}_{B}(X,Z)\mid X,Y\right ]\right ]\end {equation*}


\begin {equation*}\nu _F(B)=\E \left [\mathds {1}_F\E \left [\mathds {1}_{B}(X,Z)\mid X\right ]\right ].\end {equation*}


$B=B_X \times B_Z$


$B_X \in \cE _X$


$B_Z \in \cE _Z$


$\mu _F(B_X \times B_Z)=\nu _F(B_X \times B_Z)$


$B_X \times B_Z$


$\pi $


$\cE _X \otimes \cE _Z$


$\mu _F=\nu _F$


$F \in \sigma (X,Y)$


\begin {equation*}\E \left [\mathds {1}_{B}(X,Z)\mid X,Y\right ]=\E \left [\mathds {1}_{B}(X,Z)\mid X\right ]\end {equation*}


$B \in \cE _X \times \cE _Z$


\begin {align*}\int _{-\infty }^{+\infty }e^{\lambda _1 |y|+\lambda _2 y}p(t,x-y)dy&=\frac {1}{\sqrt {2\pi t}}\int _{-\infty }^{+\infty }e^{\lambda _1|y|+\lambda _2 y-\frac {y^2}{2t}-\frac {x^2}{2t}+\frac {xy}{t}}dy\\ &=\frac {1}{\sqrt {2\pi t}}\int _{0}^{+\infty }e^{\lambda _1 y+\lambda _2 y-\frac {y^2}{2t}-\frac {x^2}{2t}+\frac {xy}{t}}dy+\frac {1}{\sqrt {2\pi t}}\int _{-\infty }^{0}e^{-\lambda _1 y+\lambda _2y-\frac {y^2}{2t}-\frac {x^2}{2t}+\frac {xy}{t}}dy\\ &=F(t,x;\lambda _1+\lambda _2)+F(t,-x;\lambda _1-\lambda _2)\end {align*}


\begin {equation*}F(t,x;\lambda )=\frac {1}{\sqrt {2\pi t}}\int _{0}^{+\infty }e^{\lambda y-\frac {y^2}{2t}-\frac {x^2}{2t}+\frac {xy}{t}}dy.\end {equation*}


$F$


\begin {align*}\lambda y-\frac {y^2}{2t}-\frac {x^2}{2t}+\frac {xy}{t} &=-\frac {(y-(\lambda t+x))^2}{2t}+\frac {\lambda (\lambda t+2x)}{2}\end {align*}


\begin {equation*}F(t,x;\lambda )=\frac {1}{\sqrt {2\pi t}}e^{\frac {\lambda (\lambda t+2x)}{2}}\int _{0}^{+\infty }e^{-\frac {(y-(\lambda t+x))^2}{2t}}dy.\end {equation*}


$v=\frac {y-(\lambda t+x)}{\sqrt {t}}$


\begin {equation*}F(t,x;\lambda )=\frac {1}{\sqrt {2\pi }}e^{\frac {\lambda (\lambda t+2x)}{2}}\int _{-\frac {\lambda t+x}{\sqrt {t}}}^{+\infty }e^{-v^2}{2}dv=e^{\frac {\lambda (\lambda t+2x)}{2}}\Phi \left (-\frac {\lambda t+x}{\sqrt {t}}\right ).\end {equation*}


\begin {equation}\label {eq:heataux} \begin {cases} \partial _t v(t,y)=\frac {1}{2}\partial _y^2 v(t,y), & t>0, \ x \in \R \\ v(0,y)=g(y), & x \in \R \end {cases}\end {equation}


$v_g$


$g \in C(\R )$


$|g(y)| \le Ce^{\beta |y|}$


$C,\beta >0$


$v(t,y)$


$T>0$


$|v(t,y)| \le C_1e^{C_2y^2}$


$C_1,C_2>0$


$t \in [0,T]$


\begin {equation*}v_g(t,y)=\E ^{(y,0)}[g(B(t))]\end {equation*}


$T>0$


$t \in [0,T]$


\begin {equation*}|v_g(t,y)| \le \E ^{(y,0)}[|g(B(t))|] \le C\E ^{(y,0)}\left [e^{\beta |B(t)|}\right ]\le 2Ce^{\beta |y|+\frac {\beta ^2t}{2}},\end {equation*}


\begin {equation}\label {eq:BSclass} \begin {cases} \partial _t u(t,x)=Gu(t,x), & t>0, \ x \in \R ^+ \\ u(0,x)=f(x) & x \in \R ^+, \end {cases}\end {equation}


$f \in \cC _0$


$\beta >0$


$f \in \cC _0(\beta )$


\begin {equation*}g(y)=e^{-\frac {y}{2}}f(e^y), \ x \in \R \end {equation*}


$|g(y)| \le [f]_\beta e^{\left (\beta +\frac {1}{2}\right )|y|}$


$g \in C(\R )$


$v_g(t,y)$


\begin {equation*}|v_g(t,y)| \le 2[f]_\beta e^{\frac {1}{2}\left (\beta +\frac {1}{2}\right )^2 t+\left (\beta +\frac {1}{2}\right )|y|}.\end {equation*}


\begin {equation*}u_f(t,x)=e^{\frac {\log (x)}{2}-\frac {t}{8}}v_g(t,\log (x))\end {equation*}


$u_f \in C(\R _0^+ \times \R ^+) \cap C^1(\R ^+ \times \R ^+)$


$t>0$


$u_f(t,\cdot ) \in C^2(\R ^+)$


$x>0$


\begin {equation}\label {eq:estimateItem} |u_f(t,x)| \le e^{\frac {|\log (x)|}{2}}|v_g(t,\log (x))| \le 2[f]_\beta e^{(\beta +1)|\log (x)|+\frac {\beta (\beta +1)}{2}t}\end {equation}


$u_f \in \cC _{\rm sol}$


$\cC _{\rm sol}$


$v^\prime _g(t,x)=e^{-\frac {x}{2}+\frac {t}{8}}u(t,e^x)$


\begin {equation*}|v^\prime _g(t,x)| \le \widetilde {C}_Te^{\frac {T}{8}}e^{\left (\widetilde {\beta }_T+\frac {1}{2}\right )|x|}\end {equation*}


$T>0$


$t \in [0,T]$


$x \in \R $


$v^\prime _g=v_g$


$u^\prime _f=u_f$


$(P_s)_{s \ge 0}$


$\cC _0$


$f \in \cC _0$


$u_f(s,x)=P_sf(x)$


$\cC _{\rm sol}$


$f_{\beta _1,\beta _2}(x)=e^{\beta _1|\log (x)|+\beta _2\log (x)}$


$\cC _0(|\beta _1|+|\beta _2|)$


$g(y)=e^{\left (\beta _2-\frac {1}{2}\right )y+\beta _1|y|}$


\begin {align*}v_g(t,y)=\E ^{(y,0)}[g(B(t))]&=e^{\left (\beta _1+\beta _2-\frac {1}{2}\right )y+\frac {1}{2}\left (\beta _1+\beta _2-\frac {1}{2}\right )^2t}\Phi \left (-\left (\beta _1+\beta _2-\frac {1}{2}\right )\sqrt {t}-\frac {y}{\sqrt {t}}\right )\\ &\qquad + e^{-\left (\beta _1-\beta _2+\frac {1}{2}\right )y+\frac {1}{2}\left (\beta _1-\beta _2+\frac {1}{2}\right )^2t}\Phi \left (-\left (\beta _1-\beta _2+\frac {1}{2}\right )\sqrt {t}+\frac {y}{\sqrt {t}}\right ).\end {align*}


\begin {align*}P_tf_{\beta _1,\beta _2}(x)&=e^{(\beta _1+\beta _2) \log (x)+\frac {(\beta _1+\beta _2)(\beta _1+\beta _2-1)}{2}t}\Phi \left (-\left (\beta _1+\beta _2-\frac {1}{2}\right )\sqrt {t}-\frac {\log (x)}{\sqrt {t}}\right )\\ &\qquad + e^{-(\beta _1-\beta _2)\log (x)+\frac {(\beta _1-\beta _2)(\beta _1-\beta _2+1)}{2}t}\Phi \left (-\left (\beta _1-\beta _2+\frac {1}{2}\right )\sqrt {t}+\frac {\log (x)}{\sqrt {t}}\right ).\end {align*}


$(4)$


$(1)$


$f \in \cC _0$


$P_tf(x)=e^{\frac {\log (x)}{2}-\frac {t}{8}}v_g(t,\log (x))$


$v_g$


$g(y)=e^{-\frac {y}{2}}f(e^y)$


\begin {equation*}v_g(t,y)=\int _{\R } g(z)p(t,z-y)dz=\int _{\R }e^{-\frac {z}{2}}f(e^z)p(t,z-y)dz,\end {equation*}


\begin {equation*}p(t,z-y)=\frac {1}{\sqrt {2\pi t}}e^{-\frac {(z-y)^2}{2t}}\end {equation*}


\begin {equation*}P_tf(x)=e^{\frac {\log (x)}{2}-\frac {t}{8}}\int _{\R }e^{-\frac {z}{2}}f(e^z)p(t,z-\log (x))dz.\end {equation*}


$z=\log (w)$


\begin {align*}P_tf(x)&=e^{\frac {\log (x)}{2}-\frac {t}{8}}\int _{0}^{+\infty }\frac {e^{-\frac {\log (w)}{2}}}{w}f(w)p(t,\log (w)-\log (x))dw\\ &=\int _{0}^{+\infty }f(w)p_{\rm GBM}(t,w;x)dw.\end {align*}


$p_{\rm GBM}(t,\cdot ;x)$


$P_t$


$f \in \cC _0(\beta )$


$|f| \le f_{\beta ,0}=:f_\beta $


\begin {align*}|P_tf(x)| \le P_t|f|(x) \le [f]_\beta P_tf_{\beta ,0}(x) &\le [f]_\beta e^{\beta \log (x)+\frac {\beta (\beta -1)}{2}t}\Phi \left (-\left (\beta -\frac {1}{2}\right )\sqrt {t}-\frac {\log (x)}{\sqrt {t}}\right )\\ &\qquad +[f]_\beta e^{-\beta \log (x)+\frac {\beta (\beta +1)}{2}t}\Phi \left (-\left (\beta +\frac {1}{2}\right )\sqrt {t}+\frac {\log (x)}{\sqrt {t}}\right )\le 2[f]_\beta e^{\frac {\beta (\beta +1)}{2}t+\beta |\log (x)|},\end {align*}


$(5)$


$(2)$


\begin {equation*}p_{\rm GBM}(t,w;x)=\frac {1}{w\sqrt {2\pi }}\exp \left (-\frac {\left (2\log (w)-2\log (x)+t\right )^2}{8t}\right )\end {equation*}


\begin {equation*}\partial _x p_{\rm GBM}(t,w;x)=\frac {2\log (w)-2\log (x)+t}{2txw\sqrt {2\pi }}\exp \left (-\frac {\left (2\log (w)-2\log (x)+t\right )^2}{8t}\right ).\end {equation*}


$0<a<b$


$x \in [a,b]$


$\beta \ge 0$


$f \in \cC _0(\beta )$


$M=\max \{|\log (a)|,|\log (b)|\}$


\begin {align*}|f(w)\partial _x p_{\rm GBM}(t,w;x)| &\le [f]_\beta \frac {|2\log (w)-2\log (x)+t|}{2txw\sqrt {2\pi }}\exp \left (\beta |\log (w)|-\frac {\left (2\log (w)-2\log (x)+t\right )^2}{8t}\right )\\ &\le \frac {[f]_\beta }{2at\sqrt {2\pi }}g_t(\log (w))\exp \left (-\log (w)-\frac {\log ^2(w)}{16t}\right )\exp \left (-\frac {\log ^2(w)}{32t}\right )\\ &\quad \times \exp \left (\beta |\log (w)|-\frac {\log ^2(w)}{8t}\right ) \exp \left (\frac {-\log ^2(w)+2\log (w)(2\log (x)-t)}{4t}\right ),\end {align*}


\begin {equation*}g_t(z)=(2|z|+2M+t)e^{-\frac {z^2}{32t}}.\end {equation*}


$g_t \in C(\R )$


$g_t(z) \ge 0$


$z \in \R $


$\lim _{z \to \pm \infty }g_t(z)=0$


$M_1(t)=\max _{z \in \R }g_t(z)$


$r \in \R \mapsto -\frac {r^2}{8t}+\beta r \in \R $


$\left (4\beta t, 2\beta ^2t\right )$


$r \in \R \mapsto -\frac {r^2}{4t}+\frac {r(2\log (x)-t)}{2t} \in \R $


$\left (2\log (x)-t,\frac {(2\log (x)-t)^2}{4t}\right )$


$r \in \R \mapsto -\frac {r^2}{16 t}-r \in \R $


$\left (-8t, 4t\right )$


\begin {equation*}C_t:=\frac {[f]_\beta M_1(t)}{2at\sqrt {2\pi }}\exp \left (2(\beta ^2+2)t\right )\max _{x \in [a,b]}\exp \left (\frac {(2\log (x)-t)^2}{4t}\right )\end {equation*}


\begin {align*}|f(w)\partial _x p_{\rm GBM}(t,w;x)| \le C_t \exp \left (-\frac {\log ^2(w)}{32t}\right ),\end {align*}


$x$


\begin {equation*}\partial _x P_tf(x)=\int _{0}^{+\infty }f(w)\partial _x p_{\rm GBM}(t,w;x)\, dw.\end {equation*}


\begin {align*}|\partial _x P_tf(x)| &\le \int _{0}^{+\infty }|f(w)\partial _x p_{\rm GBM}(t,w;x)|\, dw\\ &=\frac {[f]_\beta }{2tx\sqrt {2\pi }} \int _{0}^{+\infty }\frac {\left |2\log (w)-2\log (x)+t\right |}{w} \exp \left (\beta |\log (w)|-\frac {(2\log (w)-2\log (x)+t)^2}{8t}\right )\, dw.\end {align*}


$z=\frac {2\log (w)-2\log (x)+t}{2\sqrt {t}}$


\begin {align*}|\partial _x P_tf(x)| &\le \frac {[f]_\beta }{x\sqrt {2\pi }} \int _{-\infty }^{+\infty }|z|\exp \left (\beta \left |z\sqrt {t}+\log (x)-\frac {t}{2}\right |-\frac {z^2}{2}\right )\, dz\\ &\le \frac {[f]_\beta }{2x\sqrt {2\pi }}\exp \left (\beta \left |\log (x)\right |+\beta \frac {t}{2}\right )\int _{0}^{+\infty }z\exp \left (\beta \sqrt {t} z-\frac {z^2}{2}\right )\, dz\\ &=\frac {[f]_\beta }{2x\sqrt {2\pi }}\exp \left (\beta \left |\log (x)\right |+\beta \frac {t}{2}\right )\int _{0}^{+\infty }(z-\beta \sqrt {t})\exp \left (\beta \sqrt {t} z-\frac {z^2}{2}\right )\, dz\\ &\qquad +\frac {[f]_\beta \beta \sqrt {t}}{2x\sqrt {2\pi }}\exp \left (\beta \left |\log (x)\right |+\beta \frac {t}{2}\right )\int _{0}^{+\infty }\exp \left (\beta \sqrt {t} z-\frac {z^2}{2}\right )\, dz.\\ &:=\frac {2[f]_\beta }{x\sqrt {2\pi }}\exp \left (\beta \left |\log (x)\right |+\beta \frac {t}{2}\right )(I_1+I_2).\end {align*}


$I_1$


$I_1=1$


$I_2$


\begin {equation*}I_2=\sqrt {\frac {\pi }{2}}\E ^{(0,0)}\left [e^{\beta \sqrt {t}|B(1)|}\right ]=\sqrt {2\pi }e^{\frac {\beta ^2 t^2}{2}}\Phi \left (-\beta \sqrt {t}\right ).\end {equation*}


\begin {align*}|\partial _x P_tf(x)| &\le \frac {2[f]_\beta }{x\sqrt {2\pi }}\exp \left (\beta \left |\log (x)\right |+\beta \frac {t}{2}\right )\left (1+\sqrt {2\pi }e^{\frac {\beta ^2 t^2}{2}}\Phi \left (-\beta \sqrt {t}\right )\right )\le 4[f]_\beta \exp \left ((\beta +1)\left |\log (x)\right |+\beta \frac {t}{2}+\frac {\beta ^2 t^2}{2}\right ),\end {align*}


$(2)$


$(3)$


$f$


$f \in \cC _0(\beta )$


$\partial _x f \in \cC _0(\beta ^\prime )$


$Gf \in \cC _0(\beta ^{\prime \prime }$


\begin {align}\partial _x P_t f(x) \, = \, \int _0^{+\infty } f(w) \, \partial _x p_{\rm GBM}(t,w;x) \, dw.\end {align}


\begin {align}\partial _x^2p_{\rm GBM}(t,w;x)&=\frac {(-8t+(2\log (w)-2\log (x)+t)^2-4t(2\log (w)-2\log (x)+t))}{8t^2w\sqrt {2\pi }x^2}\exp \left (-\frac {(2\log (w)-2\log (x)+t)^2}{8t}\right ).\end {align}


$(2)$


$x \in [a,b]$


$0<a<b$


$t>0$


\begin {align}|f(x)\partial _y^2 p(t,x;x)| \le C_t\exp \left (-\frac {\log ^2(w)}{32t}\right )\end {align}


$C_t$


$t$


$a$


$b$


$\beta $


$[f]_\beta $


\begin {align}\partial ^2_x P_t f(x) \, = \, \int _0^{+\infty } f(w) \, \partial ^2_x p_{\rm GBM}(t,w;x) \, dw.\end {align}


\begin {align}\label {eq:adjoint} \frac {x^2}{2}\partial _x^2 p_{\rm GBM}(t,w;x) \, = \, \partial _w^2 \l \frac {w^2}{2}p_{\rm GBM}(t,w;x) \r .\end {align}


\begin {align}\label {eq:preintbp} G P_t f(x) \, = \, \int _0^{+\infty } f(w) \, \partial ^2_w\left ( \frac {w^2}{2}p_{\rm GBM}(t,w;x)\right ) \, dw.\end {align}


\begin {equation*}\left |f(w) \, \partial _w\left ( \frac {w^2}{2}p_{\rm GBM}(t,w;x)\right )\right | \le C\exp \left (-\frac {\log ^2(w)}{32t}\right )\end {equation*}


$C$


$t,x,\beta $


$[f]_\beta $


\begin {equation*}\lim _{w \to 0}\left |f(w) \, \partial _w\left ( \frac {w^2}{2}p_{\rm GBM}(t,w;x)\right )\right |=\lim _{w \to +\infty }\left |f(w) \, \partial _w\left ( \frac {w^2}{2}p_{\rm GBM}(t,w;x)\right )\right |=0\end {equation*}


\begin {align}\label {eq:preintbp2} G P_t f(x) \, = \, -\int _0^{+\infty } \partial _w f(w) \, \partial _w\left ( \frac {w^2}{2}p_{\rm GBM}(t,w;x)\right ) \, dw.\end {align}


\begin {equation}\frac {w^2}{2}\left |\partial _w f(w) \, p_{\rm GBM}(t,w;x)\right | \le C \exp \left (-\frac {\log ^2(w)}{32t}\right ) \label {Xeqn79-C.11}\end {equation}


$C$


$t,x,\beta ^\prime $


$[\partial _xf]_{\beta ^\prime }$


\begin {equation*}\lim _{w \to 0}\frac {w^2}{2}\left |\partial _w f(w) \, p_{\rm GBM}(t,w;x)\right |=\lim _{w \to +\infty }\frac {w^2}{2}\left |\partial _w f(w) \, p_{\rm GBM}(t,w;x)\right |=0\end {equation*}


\begin {align}G P_t f(x) \, = \, -\int _0^{+\infty } Gf(w) p_{\rm GBM}(t,w;x) \, dw=P_tGf(x),\end {align}


$Gf \in \cC _0$


$(B(t),\tau (t))$


$B(t)$


$\bP ^{(x,v)}(B(0)=x)=1$


$\bP ^{(x,v)}(\tau (t)=t+v)=1$


$(B^\phi ,{S})$


$(B,\tau )$


$(\mathcal {T}_t)_{t \ge 0}$


$(B(t),\tau (t))$


\begin {equation*}\mathcal {T}_tf(x,v)=\int _{-\infty }^{+\infty }f(y,t+v)p(t,x-y)dy, \forall f \in C_b(\R \times \R ^+_0).\end {equation*}


$p$


$C_c^\infty (\R \times \R ^+)$


$A^\phi $


$(B^\phi ,\sigma )$


\begin {align*}A^\phi f(x,v)&=\frac {\alpha }{\Gamma (1-\alpha )}\int _0^{+\infty }(\mathcal {T}_tf(x,v)-f(x,v))t^{-1-\alpha }\, dt\\ &=\frac {\alpha }{\Gamma (1-\alpha )}\int _0^{+\infty }\int _{-\infty }^{+\infty }(f(y,t+v)-f(x,v))p(t,x-y)t^{-1-\alpha }\, dy \, dt\\ &=\frac {\alpha }{\Gamma (1-\alpha )}\int _0^{+\infty }\int _{-\infty }^{+\infty }(f(x+h,t+v)-f(x,v))p(t,h)t^{-1-\alpha }\, dh \, dt,\end {align*}


$x-y=h$


\begin {equation*}\int _{-1}^{1}h\partial _xf(x,v)p(t,h)\, dh=0\end {equation*}


\begin {align}\label {eq:generator1} A^\phi f(x,v) &=\frac {\alpha }{\Gamma (1-\alpha )}\int _0^{+\infty }\int _{-\infty }^{+\infty }(f(x+h,t+v)-f(x,v)-h\partial _xf(x,v)\mathds {1}_{[-1,1]}(h))p(t,h)t^{-1-\alpha }\, dh \, dt.\end {align}


\begin {align*}\int _0^{+\infty }\int _{-\infty }^{+\infty }&|f(x+h,t+v)-f(x,v)-h\partial _xf(x,v)|p(t,h)t^{-1-\alpha }\, dh \, dt \\ &\le \int _0^{+\infty }\int _{-\infty }^{+\infty }|f(x+h,t+v)-f(x+h,v)|p(t,h)t^{-1-\alpha }\, dh \, dt\\ &\qquad +\int _0^{+\infty }\int _{-\infty }^{+\infty }|f(x+h,v)-f(x,v)-h\partial _xf(x,v)\mathds {1}_{[-1,1]}(h)|p(t,h)t^{-1-\alpha }\, dh \, dt\\ &=:I_1+I_2.\end {align*}


$I_1$


\begin {align*}I_1&=\int _0^{1}\int _{-\infty }^{+\infty }|f(x+h,t+v)-f(x+h,v)|p(t,h)t^{-1-\alpha }\, dh \, dt\\ &\qquad +\int _1^{+\infty }\int _{-\infty }^{+\infty }|f(x+h,t+v)-f(x+h,v)|p(t,h)t^{-1-\alpha }\, dh \, dt=:I_3+I_4.\end {align*}


$f \in C_c^\infty (\R \times \R ^+)$


$\int _{-\infty }^{+\infty }p(t,h)dh=1$


\begin {equation*}I_3 \le \max _{(x,v) \in \R \times \R ^+}|\partial _v f(x,v)|\int _0^{1} t^{-\alpha }\, dt=\frac {\max _{(x,v) \in \R \times \R ^+}|\partial _v f(x,v)|}{1-\alpha }\end {equation*}


\begin {equation*}I_4 \le 2\max _{(x,v) \in \R \times \R ^+}|f(x,v)|\int _1^{+\infty }t^{-1-\alpha }\, dt=\frac {\max _{(x,v) \in \R \times \R ^+}|f(x,v)|}{\alpha }.\end {equation*}


$I_2$


\begin {equation*}j(h):=\int _{0}^{+\infty }p(t,h)t^{-1-\alpha }dt=C_\alpha |h|^{1+2\alpha }\end {equation*}


$C_\alpha >0$


\begin {align*}I_2&=\int _{h \not \in [-1,1]}|f(x+h,v)-f(x,v)|j(h)\, dh \, dt+\int _{h \in [-1,1]}|f(x+h,v)-f(x,v)-h\partial _xf(x,v)|j(h)\, dh \, dt=:I_5+I_6.\end {align*}


$I_5$


\begin {equation*}I_5 \le 4\max _{(x,v) \in \R \times \R ^+}|f(x,v)|\int _1^{+\infty }h^{-1-2\alpha }\, dh=\frac {4\max _{(x,v) \in \R \times \R ^+}}{2\alpha },\end {equation*}


$I_6$


\begin {equation*}I_6 \le \max _{(x,v) \in \R \times \R ^+}|\partial _x^2f(x,v)|\int _{0}^{1}h^{1-2\alpha }\, dh=\frac {\max _{(x,v) \in \R \times \R ^+}|\partial _x^2f(x,v)|}{2(1-\alpha )}.\end {equation*}


$\R $


\begin {equation*}A \in \cB (\R ) \mapsto \widetilde {\mathcal {K}}(A,h)=\int _{0}^{+\infty }\mathds {1}_A(t)p(t,h)\frac {\alpha t^{-1-\alpha }}{\Gamma (1-\alpha )}\, dt.\end {equation*}


$\R ^2$


$A_1,A_2 \in \cB (\R )$


\begin {equation*}\mathcal {K}(A_1 \times A_2)=\int _{-\infty }^{+\infty }\mathds {1}_{A_1}(h)\widetilde {\mathcal {K}}(A_2,h)\, dh.\end {equation*}


\begin {equation*}A^\phi f(x,v) =\int _{-\infty }^{+\infty }\int _0^{+\infty }\int _{\R }\frac {\alpha t^{-1-\alpha }}{\Gamma (1-\alpha )}(f(x+h,s+v)-f(x,v)-h\partial _xf(x,v)\mathds {1}_{[-1,1]}(h))p(t,h)\, \delta _t(ds)\, dt \, dh.\end {equation*}


$A \in \cB (\R )$


\begin {align*}\widetilde {\mathcal {K}}(A,h)&=\int _{0}^{+\infty }\mathds {1}_A(t)p(t,h)\frac {\alpha t^{-1-\alpha }}{\Gamma (1-\alpha )}\, dt=\int _{0}^{+\infty }\delta _t(A)p(t,h)\frac {\alpha t^{-1-\alpha }}{\Gamma (1-\alpha )}\, dt=\int _{0}^{+\infty }\int _{\R } \mathds {1}_A(s)p(t,h)\frac {\alpha t^{-1-\alpha }}{\Gamma (1-\alpha )}\,\delta _t(ds)\, dt.\end {align*}


\begin {align*}A^\phi f(x,v)&=\int _{-\infty }^{+\infty }\int _{\R }(f(x+h,s+v)-f(x,v)-h\partial _xf(x,v)\mathds {1}_{[-1,1]}(h))\widetilde {\mathcal {K}}(ds;h) \, dh\\ &=\int _{\R }\int _{\R }(f(x+h,s+v)-f(x,v)-h\partial _xf(x,v)\mathds {1}_{[-1,1]}(h))\mathcal {K}(dh;ds) \, dh,\end {align*}


$K$
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operators in the time variable. A prototypical CTRWs limit process exhibits a structure either of the form M (L(r)) or M (L(t)—), where
M is a cadlag Feller process and L is the inverse of a subordinator, i.e., a non-decreasing Lévy process. In general, M and L are not
necessarily independent: independence arises, for instance, when the pre-limit CTRWs are made of independent jumps and inter-jump
times. The governing equation, in this case, inherits the non-locality in time from the behavior of the process L, while the possible
non-locality in space only depends on the jumps of the parent Feller process M. The independent case, called uncoupled by physicists,
has been widely studied in literature (see, e.g., [21-26]). Let us consider an example. If we assume that M is an a-stable isotropic
Lévy process on R and L is the inverse of an independent g-stable subordinator, that typically happens when the generalized central
limit theorem can be applied without using triangular array limits, the governing equation of the process M (L(?)) is the well-known
space-time fractional heat equation with Caputo fractional time derivative and spatial fractional Laplacian:

(o + 1% g = 0. (1)

The dependent case arises when the CTRW has dependent jumps and inter-arrival time intervals between jumps (see [14]) while
preserving the renewal temporal properties. It is of crucial importance in applications (see, e.g., [27,28]), but the governing equation
has not been fully understood. Some results (for processes in R¢) can be found, for instance, in [13,29,301; however the first reference
does not provide an evolution equation (in space-time variables) with an initial condition, while in the second and third references, the
dependence only induces spatial heterogeneity, that is, the intervals of constancy depends on the position. According to the particular
dependence between M and L, it is possible to observe several different behaviors [14,31]. Here, we consider the following setting:
the parent Feller process, that in this case will be denoted as M?, is of the form M (S(r)), where M is a c4dlag Feller process and .S
is an independent subordinator, while L is the inverse of the very same subordinator S. As a consequence, the time-changed process
X(t) = M?(L(t)-) can be also rewritten as X (t) = M(H(t)), where H(t) = S(L(t)-) is the undershooting of the subordinator S.

In this research we study in detail the process X(¢) introduced before. This process arises from CTRWs with coupled jumps and
inter-event times and has trajectories with intervals of constancy followed by dependent jumps. If for instance the process X (r) admits
an interval of constancy for ¢ € [¢,,1,], the position it reaches after the jump is exactly M(t,). As we shall prove in the paper, it turns
out that the governing equation of such processes presents coupled non-localities in time and space. For instance, if M is a Brownian
motion and .S is %—stable, with a € (0,2), then the governing equation is a (coupled) fully fractional heat equation:

a —a

(0,—A)2q(x,0) = ﬁq(x,O), (1.2)
that is a coupled counterpart of (1.1) for g = % Such operator has been already adopted in [32] in a different setting and it is
strictly related to the fully fractional heat equation appearing in [33,34], which is a particular master equation as discussed in [35].
Eq. (1.2) also appeared (in the one-dimensional case) in the heuristic discussion of [14, Example 5.2], inspired by the modeling
aspects presented in [28].

A closely related line of research is provided by the theory of Lévy walks, where the duration of a motion and the correspond-
ing spatial displacement are intrinsically coupled. In scaling limits, this space-time coupling naturally leads to pseudo-differential
equations in the joint time-space variables and, in several homogeneous cases, to fractional material derivatives. The functional limit
theorems and governing equations obtained in [36,37] provide a basic probabilistic and analytic prototype for such coupled non-
local dynamics. Moreover, the pointwise representation and numerical treatment of the fractional material derivative developed in
[38] provide complementary analytic and computational tools for equations arising from Lévy-walk limits. These works therefore
give useful context for the present approach, in which the dependence between trapping intervals and subsequent spatial motion is
encoded by a linear non-local operator acting jointly on time and space.

Anomalous diffusion is not the only possible context in which these processes appear. A distinct line of research, focused on finan-
cial markets and their statistical analyses, considered CTRWs as a tick-by-tick model for price fluctuations. Then the corresponding
fluid-dynamic limit is considered in order to gain insight on economic measures such as the return distributions, see e.g. [39-42] and
recently [43]. Such limits typically produce stable-like processes (and thus discontinuous continuous-time trajectories) and variations
thereof. A particularly consequential aspect of modelling financial markets prices with scaling limit of CTRWs is that the processes
thus obtained are non-Markovian and exhibits periods of constant prices. However, Markovianity can be recovered, as explained in
[18], by augmenting the state space with the one variable keeping count of the time elapsed since the particle last move (the “sojourn
time” or “age”).

In general, being able to establish some form of finite higher-dimensional Markovianity is especially useful in the mathematical
modeling of random phenomena. Concretely, in a financial valuation context, it can be interpreted as the possibility to establish the
theoretical fair value of a contract based only on a finite set of market-observable data. Two recent papers have tried to bring together
some of these aspects. In [44] the authors chose a semi-Markov multiplicative CTRW model based on a sequence of independent and
identically distributed log-normal random variables and an independent renewal counting process. The limit process turns out to be
semi-Markov with continuous trajectories. Although the governing equation of the limit process is studied, the independence between
the spatial log-normal innovations and the renewal process, implies that the magnitude of the price moves remain independent from
the trade duration, that is, the sojourn time of the price process. A similar, but more general, model with independence is presented in
[45], generalizing the earlier suggestions in [46] and [47]. Crucially, in such work a time-changed model with dependence between
temporal and spatial variables is also introduced. The authors use spectral methods to derive the option price for such a model, and
comment on a weak form of semi-Markov property (Markov embedding) of the process as a whole, but do not study the corresponding
governing Black and Scholes type equation. Furthermore a financial model with “stochastic volatility”, based on a system of SDEs
subordinated to the inverse of an independent stable subordinator is proposed in [48].

2
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Therefore, besides the applications in the context of anomalous diffusion, one significant applied problem addressed by the theory
developed in the present paper is the extension and unification and of the contributions of [44] and [45], by answering the problem
of pricing for, and determining the seasoned value of, an intraday call option written on an asset with dependent duration and returns
as in [45], using the techniques inspired from the semi-Markov analysis of the limiting process in [44].

Structure of the article and summary of the results

As a guide to readers, below we give a summary of the main results and topics that are dealt with in each section.

In Section 2 we introduce basic notions on uniqueness classes, semigroup actions and Bernstein functions. All that will be relevant
in the subsequent sections.

In Section 3 we define a family coupled non-local operators including (1.2) as very special case, and we study the domain and
regularity properties. Moreover, we provide a notion for the solution of the related Cauchy problem.

In Section 4 we review the theory of time change according to subordinators and their inverses, introduce the time-changed
Feller process related to the Cauchy problem of Section 3, and establish the Markov-additivity of the pair process-subordinator;
e In Section 5 the first main Theorem 5.1, is presented and proved. This states that the expectation of the process defined in
Section 4 is the unique solution, in the sense of Definition 3.3, of the Cauchy problem related with our class of coupled non-local
operators, subject to a further local uniform boundary condition. To prove the theorem, firstly we focus on regularity properties
for the expectation, described in Section 5.1. In Section 5.2 we give the details of the proof.

In Section 6 we move to the applications in finance of the theory discussed in the previous sections. We define a process for
pricing an intraday call option written on an asset with dependent duration and returns, whose log-price follows a time-changed
Feller process as the one of Section 4. This leads to the second main result, Theorem 6.2, which is the applied counterpart of
Theorem 5.1. A second result, proved separately is necessary because the call option initial (terminal) datum does not satisfy the
regularity required in Theorem 5.1. The proof of this theorem is split into several auxiliary results, firstly proving regularity of
the solution, then establishing existence, uniqueness and, finally, the renewal equation in separate subsections.

In the appendices some auxiliary results are proved.

L]

L]

2. Preliminaries

We let E be a locally compact separable Hausdorff space and we set £ = B(E), the Borel c-algebra on E. We equip any interval
[0,T] C Rg :=[0, +o0) and the half-axis RO* with the Borel c-algebra. We also denote R* := (0, +c0). With an abuse of language, we
say that a function f : E — R belongs to £ if it is Borel-measurable, so that £ will denote the linear space of Borel-measurable real
valued functions on E. Furthermore, we denote by C(E) the space of continuous functions f : E — R and by C,(E) the space of
bounded continuous functions f : E - R. The space C,(E) is a Banach space once it is equipped with the uniform norm

1/ ey == sup | £ ()]
x€E

Furthermore, we denote by C,(E) the space of continuous functions f : £ — R vanishing at infinity, i.e. such that for all € > 0 there
exists a compact K C E such that

sup |f(x)| <e,
x¢K

which is still a Banach space when equipped with the uniform norm.
2.1. Uniqueness classes and semigroup actions

Consider a linear operator G : C C £ — &, where C is a suitable subspace of €. For such an operator, we consider the following
differential equation

0,q(t,x) = Gq(t,x), t>0,x€E,
q(0,x) = u(x), x€E,

(2.1)
where u € £ is suitable initial data. To introduce a notion of solution, we take inspiration from the theory of ordinary differential
equations (see [49, Chapter 2]).

Definition 2.1. We say that a function g : [0,7] X E — R is a local Carathéodory solution of (2.1) if and only if
(i) g € B([0,T] X E), q(-,x) € C[0,T] for any x € E and q(t,-) € C for any ¢t € (0,T7;
(i) q(0,x) = u(x) for any x € E;

(iii) Gq(-,x) € L1(0,T) for any x € E;
(iv) Forany x € Eand >0

'
q(t,x) = u(x)+ / Gq(s,x)ds. (2.2)
0
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We say that g : Rg XE — R is a global Carathéodory solution of (2.1) if its restriction to [0, 7] is a local Carathéodory solution for
any T > 0.

Remark 2.1. This definition is related to the so-called mild solution of an abstract Cauchy problem (see [50, Definition 3.1.1]). For
instance, suppose that G is a closed linear operator on C C Cy(E). Assume that ¢ is a global Carathéodory solution of (2.1) such that
Gq(t,-) € Cy(E) and 1 € [0,T] - ||Gq(t, My €R belongs to L'[0,T] for all T > 0. Notice also that, by definition of Carathéodory
solution, ¢(z, -) € C. Hence, for convenience, we can denote ¢(¢) = ¢(z,-) so that q : Rg — Cy(E). Then, in particular, by [50, Proposition
1.1.7], we have

t '
/ Gq(s)ds = G/ q(s)ds.
0 0

If also u € Cy(E), we can rewrite (2.2) in terms of Bochner integrals as

t
q) =u+ G/ q(s)ds,
0
i.e., g is a mild solution of the abstract Cauchy problem in Cy(E)
9,q(t) = Gq(1), >0,

9(0) = u.

Now we want to consider some classes of functions C, C £ and C, C B(Rg XE) that will play the following role: C, will be the
set of initial data so that the problem (2.1) admits a unique solution belonging the class C,,,. Let us formalize this (see, for instance,
[51, page 204] in the case of the heat equation).

Definition 2.2. We say that the couple (Cy, Cy,), where Cy C € and C,, € B(Ry XE) is a uniqueness class for G if and only if

(i) For any ¢q € Cy, and any ¢ > 0 it holds ¢(z,) € CuNC;
(ii) For any u € C, there exists a unique global Carathéodory solution g € C to (2.1).

Let us give some examples.
Example 2.1. Consider E =R, C = C%(R) and G = 92. If we set C = Cy(R) and
Coor = {9 € CRYXR)NC'(R* XR) : q(t,) € C2(R), V1> 0, and ¢(0, ) € Cy(R)},
then (C, Cy,) is a uniqueness class for G, as it is well-known that the heat equation

(2.3)

0,q(1,x) = 0%q(t,x), 1>0,x ER,
q(0, x) = u(x), x €R,

admits a unique solution in C&(R) if u € Cy(R). It is important to notice that such a solution is not unique among all the measurable
functions on R, as we could find other unbounded solutions of the same equation, that are usually called non-physical solutions (see
[52, Theorem 2.3.1]).

Example 2.2. Again, consider E = R, C = C2(R) and G = 2. Now set
Co={ueC®): Ic;,c, >0, Iy €[0,2), u(x)| < ¢;e2™, vx € R)
and
Cir =1 € C([R(’)r xR)NC'(R*xR) : q(t,-) € Cz([R), vt >0,
and VT > 0,3¢;, ¢, > 0,3y €[0,2), |q(t,x)| < ;2P| vx e R, V1 €[0,T]}.

Then (C, Cy,) is a uniqueness class for G as (2.3) admits a unique solution ¢ € C,,; whenever u € C, (see [52, Theorem 3.6.1]). Let
us stress that we could also consider G as the generator of the Brownian motion. In such a case, however, since C, ¢ Cy(R), the usual
theory of Feller semigroups (see [53, Definition III.6.5]) does not apply.

Example 2.3. Now let E = [a,b] C R for some a < b. As before, set G = 0> with C = C%(a, b). Set
Co={ueCla,b] : u(a)=u(b) =0}
Cior=1{q€ C(RBL x[a, b)) N C3(R* x(a, b)) : q(t,a) = q(t,b) =0, Vi > 0}.
Then (C,, C,,) is a uniqueness class for G. Indeed, in such a case, g € C, is a solution of (2.1) if and only if it solves
0,q(t,x) = 0%q(t,x), >0, x € (a,b)
q(0, x) = u(x) x € [a,b]
q(t,a)=q(t,b)=0 >0,

that is a Dirichlet-Cauchy problem and then admits a unique solution.

4
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Example 2.4. Let now (P,),,o be a Feller semigroup on C,(E) with generator (G, Dom(G)). Then we can set C, = Cy(E) and C, =
C(R; Cy(E)). By standard Feller semigroups theory (see [50, Chapter 3]), we know that (Cy, C;) is a uniqueness class for G. This
implies that the abstract setting we are considering can be applied in general to Feller semigroups and their generators. We can also
consider strong solutions in this framework by setting C, = Dom(G) and Cy, = C'(R}; Dom(G)).

Definition 2.3. For a linear operator G : C C € — £ and a uniqueness class (C, C,,) for G, we define the family of linear operators
(P)»0 acting on C, as follows:

(i) Py=1I, where I is the identity on C;
(i) Forany t > 0, f € Cy and x € &, Pu(x) = ¢(1, x), where q is the unique Carathéodory solution of (2.1) in C.
We call the family (P,),», the semigroup action induced by G on (Cy, Cy)).

The family (P,),» is indeed an action of the additive semigroup (R¥,+) on the linear space C,,. Indeed, fix any u € C; and ¢, s > 0 and
consider ¢(t, -) = P,u. Now let 4(s, -) = Pyq(t,-) and observe that g is the unique function in C,, such that for any s > 0 and any x € E

s

q(s,x) = q(t,x) + / Gq(z,x)dr. 2.4)
0

However, by definition,

1+s

t+s s
q(t + 5,x) = u(x) + / Gq(r,x)dt = q(t,x) + / Gq(r,x)dr = q(t,x) + / Gq(t + 7,x)dr,
0 0

t

that is to say that the function ¢(t + -, -) € C, satisfies (2.4) and then

P u(x) = q(t + 5,x) = (s, x) = Pyq(t, x) = P Pu(x)
for any s > 0 and any x € E. We use the name semigroup action in place of semigroup to avoid any possible confusion with Feller
semigroups on Banach spaces, that are a particular case in this theory.
2.2. Bernstein functions

We here recall some basic definitions and properties concerning Bernstein functions that will be used throughout the paper. We

mainly refer to [54] where proofs of the theorems stated below can be found.
Definition 2.4. A function ¢ : RT — Ra’ is said to be a Bernstein function if, ¢(4) > 0, ¢ € C*(R*) and for any n € N

(-1 lg™W) >0 VieR*.
We denote by 8B the convex cone of Bernstein functions.
Any function ¢ € B admits a special representation.

Theorem 2.1. For any ¢ € B there exists a unique triplet (ag, bys vg)s where ag, by € R* and vg is a Borel measure on (0, +c0) with the
property

/ (IAD) v¢(dt) < 0, (2.5)
(0,00)
such that
d(A) = ag + b¢i +/ 1- e_M)vdj(dt). (2.6)
,00)

Vice versa, any triplet (ay, by, v,) with ay, by, > 0 and v, a Borel measure on (0, +o0) satisfying (2.5) defines a Bernstein function ¢ by means
of (2.6).

Definition 2.5. The triplet (a,, by, vy) is called the Lévy triplet of ¢ and, in particular, v, is called the Lévy measure of ¢. We denote
by B, the subset of B composed of Bernstein functions with triplet (0,0, v,) and such that v(0, co) = co.

Any Bernstein function defines the law of a subordinator in a unique way. Namely, for any ¢ € B there exists a (canonical) probability
space and a (possibly killed) subordinator ¢ := {o(¢), t > 0}, i.e. an increasing Lévy process, such that

E[e *®] = ¢ ¢D_ vt >0, VA >0,

where E is the expected value on the aforementioned probability space. Vice versa, if ¢ is a subordinator on a suitable probability
space, then the function

$(A) = —log(E[e D))

belongs to B. For further details we refer to [54, Chapter 5], [55, Chapter III] and [56]. For the ease of the reader, for any 0 <, <
t, < oo and any Borel-measurable f : R* — R, we shall denote

5] +o0
/ f(s)v¢(ds) :=/ f(s)v¢(ds) and / f(s)v¢(ds) :=/ f(s)v¢(ds).
a1 (11,121 1 (1y,00)

5
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In the next sections we shall use the following notation

1

1
V() 1= vy(t,00),  Ty(h) ::/ V(s)ds,  Jy(t) ::/ svg(ds);
0 0

the previous quantities will play a crucial role later in computations. A simple integration by parts argument leads to the relation

Tp(0) = 1V,(1) = Ty(1). @.7)
A Bernstein function ¢ € B is said to be special if the function
A
*()) = 2
¢™ (D) oD

still belongs to B. We call €%, the set @B, := ©B N B,,, where ©B is the set of special Bernstein functions.
3. The non-local operator

We here define the coupled non-local operator that will be used in the next sections.

Definition 3.1. Consider a linear operator G : C C £ — &, a uniqueness class (Cy, Cy,) for G and its induced semigroup action (P,),»
onCy. Let p € By and f € B([R(J)r xE) such that, for any r > 0, f(t,-) € Cy. For t > 0 and x € E we define

+oo
_‘75(31 - G)f(” x) = / (P f(t = 5,01 4(s) = f(t, x))vy(ds),
0
where, for any 7 < 0, we set f(t,x) = 0, provided the integral is well-defined.

Now we would like to find some conditions on f so that —¢(a, - G) f(t,x) is well-defined at least for some (¢, x) € Rg XE. This is
true as a consequence of the following theorem.

Theorem 3.1. Let G : C C £ — £ be a linear operator, (C.C,,) be a uniqueness class for G and (P,),», be the semigroup action induced
by G on C,,. Let also ¢ € B,,. Consider a function f € B([R{(J)r XE) such that f(t,-) € C. Fix (t,x) € Ra’ XE and assume further that:

(i) It holds

/Or [P, f(t=s,x) = P f(t,x)|vg(ds) < o0;
(ii) It holds

/Ot [Py f(1,x) = f(t,%)|vy(ds) < co.

Then —¢(9, — G) f (1, x) is well-defined.
Proof. It is sufficient to split the integral defining —¢(d, — G) f (¢, x) as follows:
-9, - G)f(t,x) = /o (Pgf(t—=s,%) = P f(t,x))vy(ds) +/0 (P f(t,x) = f(t,x))Vp(ds) = V(D f (2, %),

where the two integrals are absolutely convergent by (i) and (ii)). O

In the following, we shall make explicit use of the Laplace transform. The following theorem provides sufficient conditions to guarantee
that —¢(9, — G)f (-, x) is Laplace transformable for fixed x € E. The proof of this theorem is an immediate consequence of the existence
conditions for Laplace transforms (see [50, Section 1.4]).

Theorem 3.2. Let G : C C € — £ be a linear operator, (C,C,,) be a uniqueness class for G and (P,),», be the semigroup action induced
by G on C,. Let also ¢ € B,. Consider a function f € B’(RO+ XE) such that f(t,-) € Cy. Fix x € E and suppose that the assumptions of
Theorem 3.1 hold on (t,x) for a.a. t € Rg. Assume further that

(i) There exists Ay > 0 such that for all A > 4
+o0 t
/ e_’“/ [P f(t = 5,%) = Py f(t,x)| vy(ds) dt < co;
0 0
(ii) There exists A; > 0 such that for all A > A,
+oo t
/ e_’“/ [P f(t,x) = f(1, )| vy(dis) di < oo;
0 0

(iii) There exists A, > 0 such that for all A > 4,

+00
/ e, £ (1, x)] di < co.
0
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Then, setting A, := max{4y, 4,4}, for all A > A, it holds
+o0
/ e M |(=¢(9, — G)f (1, x))|d1 < oo (3.1)
0
and
+oo +o0 +o0
/ e (=0, — G) f(t,x))dt = / / (Pt = 5. 3) 10, (8) = f(t X)dt vy(ds). (3.2)
0 0 0

The assumptions of both Theorems 3.1 and 3.2 are quite general and must be verified separately depending on the properties of the
operator G and the semigroup action (P,),.

Furthermore, if we equip the state space E with a measure yj, then we could ask for some sufficient conditions on f so that
—@(0, — G) f(1,x) is well-defined for a.a. t > 0 and pg-a.a. x € E. This can be done by developing, for instance, a Llloc—theory. Since,
however, in our cases of interest it will be not necessary, we do not report these details.

On the other hand, we shall make use of a maximum principle, that holds under some additional assumptions on the semigroup
action (P,),»(. We recall here some specific properties.

Definition 3.2. We say that the semigroup action (P,),» is positivity preserving if for all f € C, with f(x) > 0 for all x € E it holds
P f(x)>0forallx € Eandt>0.

We say that the semigroup action (P,),, is sub-Markov if there exists a one-parameter semigroup of operators (PP),-, acting on
Cy(E) and coinciding with (P,),5¢ on CyNCy(E) such that PPl < 1.

Throughout the paper we shall omit the superscript b on the additional semigroup (P°),s. With these definitions, we are ready to
prove the following Positive Maximum Principle (PMP).

Proposition 3.1. Assume that the semigroup action (P,), is positivity preserving and sub-Markov.
(i) Assume there exists (t,,x,) € R* XE suchthat f(t,,x,) > f(t,x) foral(t,x) € (0,1, 1X E, f(t,,x,) > f(0,x) forall x € E and —¢(0, —
G)f(t,,x,) is well-defined. Then
=0 — G)f (14, x,) + V(1) f(0,x,) < 0.

(ii) Assume there exists (t,,x,) € R* XE suchthat f(t,,x,) < f(t,x) fordl(t,x) € (0,1, 1X E, f(t,,x,) < f(0,x) forall x € E and —¢(9, —
G)f(t,,x,) is well-defined. Then

=0, — G) f (1,0, x,) + Vg (1,0 f(0,x,) > 0.

Proof. We just prove (i), since theBroof of (ii) is analogous. For t € [0,¢,] and x € E define Ft,x) = f(tye,x, ) — f(t,x) > 0. Since P,
is positivity preserving, we have P, f(t, — s,x) > 0 for all s € [0,7,] and x € E, that in turn implies P, f (¢, — s,x) < (P, f (1, x,))(x) for
all s € [0,7,] and x € E. Furthermore, since P, is sub-Markov and linear, we have

P f(t, —s,x) < f(t,,x,), Vs €[0,t,]Vx € E.

Hence, it is sufficient to observe that

[
=0, = G)f (14, %) + Vg (1,) f (0, x,) = / (P f(ty = 5,x5) = [, X))V (d ) + V(£ )(f(0,x,) = f(t,,x,)) <0.
0
O

In the next section, we shall focus on the following equation:

(3.3)

¢, — G)q(t,x) = V¢(t)q(0, x) t>0,x€E
q(0, x) = u(x) xEE,

where u is suitable initial data. Let us give the definition of solution.

Definition 3.3. Wessay thatgq : Rg XE — Ris asolution of (3.3) if ¢ is continuous, ¢(d, — G)q(t, x) is well-defined for all (, x) € R* xE

and the equalities in (3.3) hold pointwise.

We remark that operators in the form of ¢(a, - G) have already been considered in the literature. In [34] the authors considered
the equation (9, — A)“g=¢?, a €(0,1), p>0, for x € R?, 1 € (0,T), and studied the existence and behaviour of blow-up. In [33]
the authors considered the equation (0, - A)aq =0, a € (0, 1), in connection with the obstacle problem for the fractional Laplacian.
Furthermore, in [35] the authors considered coupled operators of this kind that reduce to qb(d, — G), under suitable assumptions, and
they provided Holder estimates for integro-differential equations involving those operators.

In this paper, we are interested in proving the existence and uniqueness of the solutions to (3.3) and relating them to some
appropriate non-Markov processes. We shall consider two specific cases of interest:

¢ In the first case, we shall assume that G is the generator of a Feller semigroup on Cy(E). In such a case (3.3) is shown to be the
governing equation of a large family of time-changed Feller processes.
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¢ In the second case, we shall focus on a sub-diffusive Black-Scholes equation in the context of a sub-diffusive market. Notice that,
in such a situation, we could consider G to be the generator of a geometric Brownian motion, however the initial (or final) data
we consider does not belong to Cy(R*). For such a reason, a deep investigation of the uniqueness classes related to the problem
is needed. Even in this case, however, the solution can be related to a suitably time-changed geometric Brownian motion.

In both cases, the existence of the solution can be proved using a stochastic representation, namely a suitable time-change of a Markov
process generated by G. This idea will be described in the next section.

4. The undershooting of a subordinator and related time-changed processes

Fix a filtered probability space (Q, F,. {F,},50. IP). Throughout the paper, we will denote filtrations with a calligraphic letter with-
out subscript, as, for instance, F := {F,},5o. Let S = {S(¢), 1 > 0} be a real-valued, strictly increasing cadlag process with independent
and stationary increments. In particular, we have that S, = {.Sy(?), t > 0} defined as S,(r) = S(r) — S(0) is a subordinator. We define
the first-passage processes

L) :=inf{u>0: S@) > 1) Lo :=inf{u>0: Syu)> 1},

where for all 7 > 0 it holds L(¢) = Ly(t — S(0)). Since S is assumed to be strictly increasing, L is continuous and increasing. Denote by
D(R;) the space of real-valued cadlag functions and for any f € D(R;) and > 0let f(t-) = limgy f(t + &), while we set £(0-) := f(0).
We define

H(@) 1= Sy(L(1)-) Hy(t) 1= Sy(Lo(1)-). 4.1
In particular, H, is called the undershooting of the subordinator S, see [56, Section 1.4]. Concerning H, we have, for all > 0
H() = S(L(H-) — S0) = Hy(t - S(0)).
Throughout the paper, we assume that E[e™*50?] = ¢~ where ¢ € B,. The potential measure of the subordinator S|, is defined as
U%(t) = E[Ly(1)].

It is well-known (see [54, Theorem 10.3 and Equation (10.9)]) that if ¢ € @B, then there exists a non-increasing function b RY >
R* (called the potential density) such that /01 u®()dt < o0 and

U®@dr) = u®(t)dt.

Since u? is non-increasing and non-negative, U? is concave. We recall (see [54, Theorem 10.9]) that (u?®, V) constitute a Sonine pair,
meaning that

t
/ u (1)t - T)dr = 1.
0

Such a condition, called Sonine condition, has been first introduced in [57] and became very popular in fractional calculus (see, e.g.,
[24,58,59]). In general, for all Borel sets A C [0, ] (see [56, Lemma 1.10]),

P(Hy(t) € A) = / Vgt = U (dy).
A
Furthermore, if ¢ € ©B,,, it holds
P(Hy(1) € A) =/V¢(t—y)u¢(y)dy- (4.2)
A

Being a suitable time translation of the undershooting H,, of .S, we refer to H as the undershooting of .S. Since it is the composition
of the caglad function S,(-—) with the continuous function L(-), it is true that also H is caglad. Now, we want to use H as a time-
change. The fact that it is not right-continuous implies that this is not a time-change in the usual sense, e.g. [60, Definition V.1.2].
However, a suitable theory of left-continuous time-changes has been developed in the context of subordinators and their inverses (see
[18D.

To define our time-changed process, let M = {M(),t > 0} be a Feller process independent of .S. We define M?(t) = M(S,(¢)) and
7(t) = t + S(0) for all + > 0. Since (M, 7) is a Feller process, by Phillips’ Theorem (see [61, Theorem 32.1]) we know that (M?,.5),
that is obtained by subordination via S, is still a Feller process with respect to its natural filtration. For the reader convenience
we recall that Phillips’ Theorem states that, by subordinating (via a subordinator with Laplace exponent ¢) a strongly continuous
contraction semigroup of operators on a Banach space, one obtains another strongly continuous semigroup on the same Banach space.
The theorem then also provides a form for the generator of this new semigroup. In our context, this is used by observing that since
(M, 7) is a Feller process then it is associated with a Feller semigroup: the subordination of this semigroup then correponds the time-
change of the process and this yields our previous assertion. In the following, it will be useful to consider the canonical construction
of (M, S), as in [60, Chapter III.1], with the only exception that we are using the most general form of the Kolmogorov extension
theorem, as in [62, Theorem 2.4.3], so that we do not need E to be a Polish space. We recall here the canonical construction.
We have Q = D(R'; E x R), i.e., the space of cadlag functions with values in E x R, and we set for any o € Q, denoting w(t) =
(@), 0,(1)) € EXR for t 2 0, (M()(w), S(t)(w)) = w(t). For t > 0, we let F = o(M(5), S(5)), s <1) and FO = o(,5 F'). Then, for
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any (x,v) € E xR, we construct, by using Kolmogorov extension theorem, the unique probability measure P**) on (Q,F2) such
that (M, S) admits the desired transition probability function and P*?(M(0) = x, S(0) = v) = 1. Once this is done, we consider the
completion 7, and F,, fort > 0, of T’go and P?, for t > 0, with respect to the measure P*?) and we use as (family of) filtered probability
spaces (Q,F o, {F;};50, P®?). In such a case, (M, S) is called a canonical Feller process. Now denote ¥ = o(M?(s), S(5)),s < 1),
QO = G(U,ZO Q?) and with G, and G, their completion with respect to P&, Since the composition is a measurable operator (see

=)

[63]), we know that G, C F_,. Furthermore, by Phillip’s theorem, (M #,S) is a Feller process with respect to the filtration ¢ : = {Ci}is0-
Before proceeding, let us recall the following definition, as in [64, Definition 1.4].

Definition 4.1. Consider a probability space (Q,F,,P) and a filtration 7 := {F,},5o on it. An E X R™-valued stochastic process
(X,Y) is said to be Markov additive with respect to F if it is F-Markov and for all A € £, B€ BR")and 0 < s <t

Ps,t]leB()ﬁ »= Ps.t]IAx(B—y)(x’ 0),

where B—y={z€ R" : z+y € B} and P, is the two-parameters transition semigroup of (X, Y). Notice that the latter is equivalent
to

P(X(®),Y(1)=Y(s)) € AX B | X(5),Y(s5)) = P(X(®),Y(1) - Y(5)) € AX B | X(s)). (4.3)
We can prove the following result.
Lemma 4.1. The process (M?, S) is Markov additive with respect to its augmented natural filtration G.

Proof. We already know that (M?, S) is a Feller process with respect to G, hence we just need to show (4.3). Let s <t, A € £ and
B € B(R), let M?(t) play the role of X(¢) and S(7) play the role of Y(¢) and observe that, setting AS = S(t) — S(s),

P& (M?(1), AS) € AX B | M?(s), S(s)) = EXV[EXD 14 (M?(1))15(AS) | M%(s), S(s), AS| | M%(s5), S(s)]
= E®V [15AHES?[1,(M?(10) | MP(s), S(5), AS| | M?(s), S(s)

Now recall that M?(t) = M(S(t) — v) = M(AS + S(s) — v) and M?(s) = M(S(s) — v), where S(s) < S(r). Now consider three Borel sets
B, € &, B,, B; C R and the event

B* = {M®(s) € B} n {S(s) € B,} N {AS € By} € 6(M?(s), S(s5), AS).
It holds

ECO[1 e 1 ,(MP(1)] = ESV[1 g (M?())1 3, (S(5))1 g, (AS)1 ,(M(AS + S(s) — v))]

= B0 [15,(AS)ES [15 (MO (515, (SGDTAMAS + 5(9) = o)) | AS][.

Once we notice that {M(¢), t > 0} and S(s) are independent of AS, if we set

Fi) = B [ 1y, (MY L, (SENLAM G+ S(5) = o).
it holds

ECO[1 o 1 ,(MP(1))] = &) []1 B}(AS)Fl(AS)] .
However, we can also write

Fi(y) = EXY [1131 (MP ()1, (SN EY [14(M(y + S(s) - v)) | M?(s), S(s)]]. (4.9
Let us focus on the inner conditional expectation. Consider again two sets B, € £ and Bs € £ and the event

B,, = (M%) € B,} n {S(s) € Bs}.
Then

EC9 L, LM+ 56) = 0)] = B [15,(MP(6) L5, (SOILAM( +S(5) = 0)]

= B0 [15, (SO B [15, (MA@ (MG + 56) = 0) | 56|

Since M and S are independent, if we set, for z > v,

Fy(2) = B [15, (M(z = )1, (M +2 - 0)],
it holds

B [Ly,, 1M+ 56) = 0)] = B [15, (SGDES®)]
However, since {M(z — v) € B,} € 6(M(z — v)), we have

Fy(z) = B0 [IL 5, (M(z = ) E®Y [Ly(M(y+z - 0) | M(z - u)]] = B0 [IL 5, (M(z = 0) EMG0) [1 A(M(y))]].

9
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Hence
ECO (15, 1aMG+S(6) = 0)] = B [15 (SOILp, (M) EM*O0 [ M| | = B [15,, BM* O [1,M0)] |
Since the events of the form B, , constitute a z-system generating o(M ?(s), S(s)), this shows that
ESY [14(M(y + S(s) = 0)) | M?(s5), S(s)] = EM* O [1,(M ()]
Define
F3(x,y) = EXY [1,(M ()]
so that going back to (4.4) we get
Fi() = & [15 (M), (SGNF(M*(s), A5)|
and then
ECO[1 g 14 (MP0)] = E®Y [1 i Fy(M%(s), AS)).
i.e., since the events of the form B* constitute a z-system generating c(M%(s), S(s), AS),
ECI[L,(MP(0) | M?(s), S(s), AS] = F;(M?(s), AS).
Since AS is independent of both M%(s) and S(s), we get (see Lemma A.1)
PEO(M?(1), AS) € AX B | M?(s), S(5) = E&Y [15(AS)F;(M?(s), AS) | M?(s)]. (4.5)
Use now (4.5) to see that
PEI(MP (1), AS) € Ax B | M?(s5)) = ECY [15(AS)14(M?(1)) | M (s)]
=E® [E®Y [15(AS)1 (M (0) | M?(s), S(s)] | M?(5)]
= E® [PEI(M?(1), AS) € AX B| M?(s), 5(5)) | M?(s)]
= ECY [EXY [1(A8)F3(M%(s), AS) | M?(5)] | M?(5)]
= ECV [L5(AS)Fy(M?(s), AS) | M%(s)]
=PEV(M®(1), AS) € Ax B | M%(s), S(s)).
O

Now we can define the process X = {X(1),7 > 0} where X(t) = M?(L(+)-) that is, if we remember that H(¢) = Sy(L(t)-), we have
that X(f) = M(H (1)). Notice, in particular, that X is a caglad process. We can highlight quite a special case. Indeed, if E = RY and
M is a jump-diffusion (as in [18]), then also M? is a jump-diffusion by [61, Theorem 32.1]. Hence, by combining Lemma 4.1
and [18, Theorem 4.1], we know that the process {(X(¢),y(1)), t > 0} is a time-homogeneous simple Markov process, where y(t) =
max{t — S(0) — H(r),0}. The process y is usually referred to as the age process, while its right-limits, under v = 0, coincide with the
sojourn time of X in the current position, i.e., the r.v. Jy(¢) :=t— (0 Vsup{s <t : X(s) # X(?)}), whenever M (and thus M%) does
not admit holding points (i.e., points on which M is stuck for an exponentially distributed random time). Such processes are related,
as observed in [18], on the one hand, to the limits of continuous time random walks and, on the other hand, to the theory of semi-
Markov processes (see [65]). It is, however, worth noticing that the fact that the semi-Markov property holds for X has not been
shown even for E = R“, but the simple Markov property of (X,y) is already enough to provide interesting stochastic models. We
conjecture that the process X is actually semi-Markov even in the general case in which E is a locally compact separable Hausdorff
space: this problem is deferred to future research.

5. A coupled fully non-local equation for time-changed Feller processes

In this section, we want to determine the governing evolution equation of the process X (r) under the condition S(0) = 0, relating
it with (3.3). To do this, we shall consider the case in which G is a generator of a Feller semigroup. Let us now dive into the details.

Let M be defined as in the previous section and consider its Feller semigroup {P,},5, on Cy(E). Denote by G its generator, with
domain Dom(G). As in Example 2.4, (Cy(E), C(R; Cy(E))) is a uniqueness class for G. To get uniqueness for our non-local Eq. (3.3),
the condition ¢(z, -) € Cy(E) will not be sufficient: we need this to hold locally uniformly in time.

Definition 5.1. Letu : RF XE — R and T > 0. We say that
lim u(r,x) =0 uniformly with respect to ¢t € [0,T]
X—00

if for all £ > 0 there exists a compact set K C E such that

sup |u(t,x)| <e, Vtel[0,T].
x¢K

We say that
lim u(t,x) =0 locally uniformly with respect to z > 0
X—00

if the same property holds uniformly with respect to ¢ € [0, T] for all T > 0.

10
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Theorem 5.1. Let ¢ € ©By such that |[log(-u?()|| 1.1 < % and M be a E-valued Feller process with semigroup { P, } > and generator
(G,Dom(G)). Let also S be a real-valued, strictly increasing cadldg process with independent and stationary increments. Assume further that
S is independent of M and that the subordinator Sy(t) = S(f) — S(0) is such that (1) = log EXP[e=450D]. Let H be the undershooting of S
and X (1) = M(H(1)). Finally, suppose that S,(t) admits a density g 503D under P9, Then, for all u € Dom(G), the function

q(t,x) = EXOu(X 1))
is the unique solution of

(9, — G)q(t,x) =Vy(1)q(0,x), t>0, x € E,
q(0, x) = u(x), x€E 5.1
lim,_,, ¢(t,x) =0 locally uniformly with respect to t > 0,
i.e., it is the unique function q : Rg X E — R that satisfies Definition 3.3 and the limit condition lim,_, . q(t, x) = 0 locally uniformly with
respecttot > 0.
Remark 5.1. Notice that if E c R is a bounded open set with a suitably regular boundary, f € Cy(E) if and only if f € C(E) with
f(x) =0 on 0E. Furthermore,

lim ¢(t,x) =0 locally uniformly with respect to t > 0
X—00
if and only if it admits an extension ¢ € C(Rg X E) with g(z, x) = 0 for all x € 9E. In particular, for g € C([R(J)r XE), (5.1) becomes

#(0, — G)g(t,x) = Vy(g(0,x), >0, xEE,

q(0, x) = u(x), x€E, (5.2)

q(t,x)=0 x € 0E,
i.e., it is a non-local Cauchy-Dirichlet problem. Let us underline that with our notion of solution ¢(z, -) € Cy(E), i.e. it does not need to
be defined outside E. It is common to consider, in such a case, the extension such that g(z, x) = 0 whenever x ¢ E, so to have it defined
on RY. With this extension, that is commonly used to work with nonlocal operators in integral form with Dirichlet conditions, the
boundary condition has to be expressed as an exterior Dirichlet condition, i.e., ¢(t,x) = 0 for x ¢ E. From a purely analytical point of
view and in the special case ¢(1) = 1* and G = A these problems have been studied in [33] in connection with the obstacle problem
for the fractional Laplacian and in [34] with a non-linear term. Also in [35], equations of these forms are considered and Holder
estimates are provided.

In order to prove Theorem 5.1, we need some preliminary regularity estimates on the function ¢ to verify the hypotheses of
Theorems 3.1 and 3.2.

5.1. Regularity of q

First of all, in order to guarantee that we can apply Theorems 3.1 and 3.2 to the function ¢, we show that it satisfies the assumptions
of both theorems. This requires some smoothness properties. We start by proving that, for fixed x € E, g(, x) is absolutely continuous.

Proposition 5.1. Under the hypotheses of Theorem 5.1, for all x € E the function q(-, x) belongs to AC(RS’) with a.e. derivative 9,q(-, x)
satisfying, for almost all t € [0,T7],

19,q(t.2)] < C(IGull ey + lullce)u® @) (5.3)
for a suitable constant C > 0 (which is independent on x € E). Remember that u®(t) denotes the potential density.
Proof. Consider the Feller semigroup (F’,),ZO acting on any function w € Cy(E X R) as

Puw(x, s) = EXO[w(M (@), 1 + 9)].

Let A be the generator of (P),>0 By Phillips theorem (see [54, Theorem 12.6]), we obtain that the generator of (M¢,.S) (which is
obtained by subordinating P by means of the subordinator ) is given, on functions w € Dom(A), by

+oo
AP = / (ﬁxw - w)v¢(ds)
0

where the integral is meant in the sense of Bochner. Now let u € Dom(G) and consider, for any N € N, a cut-off function of [-N, N],
i.e. ny € CX(R) such that ny () =1 fort € [-N,N], ny(@t) =0 fort € [-N — I, N + 1] and n,(t) € [0, 1] for all + € R. Without loss of

generality, we can assume that “%'1 N ”Lw(R) < C,, where C, is independent of N. We define uy (x,#) = u(x)ny (#). Let us show that

uy € Dom(Z). Indeed,
i Pyuy(x,0) —uy(Ge) - EEO[u(M(h)) | M(0) = Xlny (t + h) — u(x)ny (1)
im = lim
h=0 h h—0 h

(x0) 1 _
EY[w(M () | M(0) = x] “(X)nN(t+h)+u(x)’llin(1) nN(1+h2 (1)

= lim
h—0 h

= GuGny () +ux) Sy 0

11
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Since the pointwise generator coincides with the classical one (see [66, Theorem 1.33]), then this proves that uy € Dom(x) and
ZuN (x,1) = Gu(x)ny (1) + u(x)%n,\, HVxeE, VteR. (5.4)
By Phillips theorem, we know that u, € Dom(A%) and in particular
- +oo 1 s +oo
Auy :/ (Psuy —uN)v¢(ds):/ / PTAuNdTv¢(ds)+/ (Pguy — un)vy(ds).
0 o Jo 1

By Bochner theorem, see [50, Theorem 1.1.4], we have

~ +oco
uy ”C(ExR)dr vy(ds) + /l

where J,(1) = fol sv4(ds). Using (5.4) and recalling that ||;1N ||L°°(R) =1, we have

[ 4%

for some suitable constant C that is independent of N. Now let

gy (t.x,8) = EXuy (X (@), S(LO-)] = E®9[uy (MP(L@#)-), S(LEO-))], (5.5)

- uNH vp(ds) < ”XL‘N H T+ 2Jun || sy VoD:

[
C(EXR) C(EXR) C(EXR)

CLEXR) < (IGullcgy + lullcey CPTp(D + 2lull o) Vp(1) < CIGuUll gy + lullce))s

observe that L(7) is a stopping time with respect to the natural filtration of (M ?(-—), S(-—)) and use Dynkin’s formula [66, Equation
(1.55)] to write

Lo _
an(t, %, s) = uy(x, s) + E&Y / Alun(M®(z), S(r))d7 |,
0

where we also used the fact that S is stochastically continuous. Now fix T' > 0 and consider ¢ € [0, %T] We extend gy (7, x,s) to
te [—g,()] by setting gy (t, x, s) = upn(x,s). Let h € R with 0 < |A| < % and define for any ¢ : [—g %T] — R the quantity

h
Doty i= ELED =00

We argue first for 4 > 0. Observe that, by (5.5), for almost all # € [0, T'].

L(t+h)

Dq (1, x, 0)\ < EXD [ / |A%uy (M*(7), S(r)|dT
L(t)

< [| A%y ESOLLG + 1~ L))

< C(IGull gy + lull ce)h™ U + h) — UL (1))
< CUIGullce + Nullcge)u® @)

If h < 0 instead, let us distinguish among two cases. If |A| < % then we have

U*(t) - U%(t + h)

1
|Dax . x,0)| < CUIGulleqe + Nulleqe) < CAIGulleqey + Nulleeyu? (3 ).

[l
If, instead, |h| € [%,I), then
n U%@) Ut + h) (t)
|D qn (. x, 0)‘ < ClGullceg + ”u”C(E))T <2C(IGulleey + Nlullece))

Finally, if |h| > 7, we get

40!

40)
< C(IGullcg) + ”u”C(E))T

|D qan(, x, 0)‘ < CllGulleegy + llullcgy) Il

Hence, we have in general (for any 4 € R)

t U®()
| Dy (t.x.0)| < ClGull ey + ||u||C(E>>(u¢<z) rub(2)+ ).
Now, since u € Co(E) and ||f1y|| .« g, = 1, we can use the dominated convergence theorem to take the limit as N — oo and get

440)
—)-

|D"at.0)| < ClGullcqr + ||u||c<E>)<u¢<t> +ub(5)+ (5.6)

We now use a suitable modification of [67, Theorem 5.8.3] in the case of L' functions. For completeness we give here all the details
of the proof. Consider any sequence &, — 0, fix x € E and set, for simplicity, g,(t) = D q(t, x) for ¢ € [0, T]. Before proceeding, notice
that for any 7 > 0 it holds

/U‘f”(r) //u(s)dd_/

.
= log(T)U¥(T) — / log(s)u?(s)ds < oo,
0

12
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where the last inequality follows by assumption. Set then g?(t) = u®(r) + u¢(%) + @

C(IGull ey + lullc(g)g? @) for all + > 0. We have then

and notice that g% € L! (RY) and g,() <

loc

||g"||L1[(),T] < C(”Gu”C(E) + ”u”C(E))ngS”LI[O,T]’ VneN.

Furthermore, since g# € L'[0,T], we know that for any £ > 0 there exists § > 0 such that for all measurable A c [0, T] such that |A| < §
it holds

/g,,(t)dt < CllGullgee + ||u||c(E))/ g?(hdt<e, VneN,
A A
that implies that the sequence {g,},cy is uniformly integrable in [0, T']. Hence, by Dunford-Pettis theorem [68, Theorem 4.30] we
know that there exists a function ¢ € L!(0, T) such that g, — g. Next, let ¢ € C®(0,T) and observe that
T ir it
/ D41, x)p(n)dt = / D"q(t, x)g()dt = ~ / q(t,x) D" p(t)d1
0 0 0

and, in particular,

T %T
/ g, (D)t = — / q(t,x)D ™M p(t)dt.
0 0

Taking the limit as n — +oco we have

T %T T
/0 gOendt = — /0 q(t, x)@' (1)dt = — /0 q(t, x)¢@’ (1)dt.

It follows that ¢(-, x) € W 1[0, T], where W 1[0, T] is the usual Sobolev space, with weak derivative d,q(t, x) = g(?). In particular, we
recall that any function W'-1[0, T'] admits an absolutely continuous version. Since g(-, x) is continuous, then it is absolutely continuous
with a.e. derivative 9,4(-, x). Finally, notice that for 2 > 0 we actually have

|D"a(t. )| < ClGulleq + lulloee)u ()
and taking the limit as 2 — 0% we get the statement. [
Thanks to the previous result, now we can prove that g satisfies Items (i) of Theorem 3.1 and (i) of Theorem 3.2.
Corollary 5.1. Under the assumptions of Theorem 5.1 we have that for all (t,x) € Ra’ XE,

t

/0 ”qu(t =9, ) - Psq(t7 ')”C(E) Vd;(ds) < C(”Gu”C(E) + “u”C(E))

and
teoo ot ClIGulleey + NullecE))

/ e M/ ”P_yq(t_sa ) - Psq(t, .)”C(E) V¢(d5)dt < 2
0 0

forall x € E and A > 0.

Proof. Let us fix x € E and observe that by (5.3) we have

latt = 5,3 — a(t, )| < /0 ot — 7, 0dr < CGulleqe, + lulleqs) /0 "t - vy, 5.7)
Since P, is non-expansive, positive preserving and sub-Markov we have for all x € E

[Pyq(t = 5,x) = Pyq(t, x)| < Pglq(t = s,) — q(t, )|(x) < C(|Gull gy + ||u||c<E))/OS ul(t — tydr (5.8)
hence, taking the supremum, then integrating and using Fubini,

/O 1Pt = 5.~ Poatt, Ve, vp(ds) < ClGuls) + lulleqey) /0 [ /O "t - oy de vy(ds)

t t
= CUIGulleqe + lulleqe) / Wi - ) / vy(ds) de
0 T

t
< CIGulleq) + lulles) / WPt — 1y y(0) e
0

= C(IGullc(gy + llull ek
where the first equality is due to the fact that (z, s) € [0, s] X [0, ] is equivalent to (z, s) € [0, ] X [z, t]. Furthermore, we have

too CIGullcey + lullecr))
/0 e ’“/0 [Pyt = 5, = Psq(t, )| () vy (ds) dt < p

forallA>0. O

13
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Next, we show that ¢(t, -) belongs to Dom(G) and we control its uniform norm.
Proposition 5.2. Under the hypotheses of Theorem 5.1, for all t > 0 the function ¢(t, -) belongs to Dom(G) and

1Ga@, ey < Gulleey- (5.9)
Furthermore lim,._, , q(t, x) = 0 locally uniformly with respect to t > 0.

Proof. Observe that, since H(r) defined in Eq. (4.1) is independent of M, we have
1
q(t, %) = EXO[u(X 0))] = ECV[ECO[w(X (1) | H@O)) = BXO[Pyyu(x)] = / Pu(x)V,(t — tu? (z)dr, (5.10)
0

where we used the fact that H(r) admits density Vgt — u?(r) for r € (0,1), see [56, Lemma 1.10]. Let us stress that

t
/ | Petel o Pt = D (@)d T < Null ey
0
hence, a simple application of the dominated convergence theorem shows that ¢(7, -) € C(E). Next, we prove that
lim ¢(t,x) =0 locally uniformly with respect to 7 > 0, (5.11)
X—00

which in turn implies that ¢(t,-) € Cy(E). To do this, fix T > 0 and observe that Pu € Cy(E) for all >0 and (P,)», is strongly
continuous. Let us extend the semigroup by setting P, = I for all < 0, in such a way that (P,),cp is still a strongly continuous family
of operators such that Pu € Cy(E) for all t € R. Fix € > 0. For all # € [0, 7] let K(r) be a compact set such that sup,gg, | Pu(x)| < %
Since P, ,u uniformly converges towards P,u as 1 — 0, we know that there exists 6(r) > 0 such that for any s € (t — 6(r),1 + 6(t)) =: I(?)
it holds sup, g | Psu(x) — Pu(x)| < % As a consequence, in particular, sup, ¢, | Psu(x)| < e. Now notice that Ure[O,T] I(t) > [0,T],
where the latter is a compact subset of R, thus {1(?)},¢o ) is an open covering of [0, T']. Hence, we can extract a finite number of such
open sets I(z), ..., I(ty) such that [0,T] C leil I(t). Let K = Ullil K(t;), which is a compact set since it is a finite union of compact
sets. Let s € [0, T']. Then there exists i = 1, ..., N such that s € I(z;) and then

sup |Pu(x)| < sup |Pu(x)| <e.
x¢&K x¢K(t;)

i

We have shown that, for all s € [0,T7],

sup | Piu(x)| < e.
xgK

Hence, by (5.10) we get

t t
sup |q(t,x)| < / Vgt = $u®(s) sup |Piu(x)|ds < 2/ Vit = Hu(s)ds =e.
x¢&K 0 x¢K 0
Since € > 0 and T > 0 are arbitrary, we proved that lim,_,, ¢(¢, x) = 0 locally uniformly with respect to ¢ > 0. Now we need to prove
that ¢(z,-) € Dom(G) and that (5.9) holds. Define

P -1

G, = , s>0,
s

where I is the identity operator on C,(E). Setting O : Rg — Cy(E) as O(t) = q(t,-) for t € R, we have

t
o@) = / PLuvy(t - Dub(r)dr.
0
Thus,
' ' '
G,0(1) =G, / Pouvy(r— T)u¢(‘r)d‘r = / G Puvy(t— T)ud’(f)df = / P.Guvyt - T)u¢(1)d1, (5.12)
0 0 0

where we used [50, Proposition 1.1.6] and the fact that G; and P, commute on Dom(G). Now, since u € Dom(G), we have (see
Definition 2.3)

N
Gxu:l/ P,Gudw
s Jo

and in particular ||Gul|(g, < IGullc (k) Furthermore, since P, is contractive, we have

PGty =t @) ) < Tt = D@ Gulle,

where the right-hand side is integrable in [0, ] and independent of s. Hence, taking the limit as s — 0 in (5.12), using the dominated
convergence theorem for Bochner integrals [50, Theorem 1.1.8] and the fact that P, is continuous, we get

t
lim G,0(1) = / P,Guy(t — yu?(r)dr,
5= 0

14
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i.e. q(t,-) € Dom(G) for all r > 0 and
t
Gq(t,) = / P,Gu() 7,(t — D (7)d.
0

Finally, again by Bochner theorem, the contractivity of P, and the fact that (v, u?) is a Sonine pair, we have

1Ga ey < 1Gull k-
O

Since ¢(t, -) € Dom(G), one has Gq(t, ) € Cy(E). Hence, we get the following corollary, which guarantees that Items (ii) of Theorem 3.1
and (ii) of Theorem 3.2 hold.

Corollary 5.2. Under the assumptions of Theorem 5.1 we have, for all (t,x) € Rt XE
t
/ ”Psq(t, ) - Q(tv ')”C(E) V¢(d5) < ”Gu”C(E)qu(t)
0

where J, (1) = f()' svy(ds) and, for all 2> 0 and x € E,

+o0 t
/ e*ﬂ’/ | Psa(t, ) = at, )| o, vp(ds) di < 0.
0 0
Proof. Since 4(t,-) € Dom(G) C Cy(E), we have
N s
Pq(t,x)—q(t,x) = / GP.q(t,x)dr = / P.Gq(t,x)dr.
0 0

Taking the absolute value, using again the fact that P, is non-expansive, positivity preserving and sub-Markov,

s

s S
|Patt. ) - qt.%)] < / |P,Ga(t. ) dr < / P,1Gq(t, )] dt < 1Ga(, Meqss < 1Gullceys. (5.13)
0 0

Hence, taking the supremum and then integrating,
t
/ 1 Pyatt, ) = a(t, )| o vo(ds) < 1Gull sy Tp(t)
0

and it follows by (2.7), that f0+°° eHJyndt <ooforall 1>0. O

Next, we need to show that Item (iii) of Theorem 3.2 holds. Next proposition follows once we observe that |g(t, x)| < |lullcg, for
allt>0and x € E.

Proposition 5.3. Under the hypotheses of Theorem 5.1 the following inequality holds, for all A > 0 and x € E

+o0
= A
/0 eV (0q(t x)dt < #HMHC(E)-
5.2. Proof of Theorem 5.1

Proof. First, notice that, by the discussion in Section 5.1, we know that we are under the hypotheses of Theorems 3.1 and 3.2. Hence,
observe that by Theorem 3.1, ¢(9, — G)q(t, x) is well-defined for all x € E and 7 > 0. Furthermore, by Theorem 3.2, we know that for
all x € E the function ¢(9, — G)q(-, x) is Laplace transformable for any 4 > 0. Consider that ¢(0, x) = u(x) by definition. Next, observe
that, for 4 > 0, the Laplace transform of the right-hand side of the first equation in (5.1) is given by

+o0
/ e, (0g(0. x)d1 = @q(o, x),
0

where ¢(0, x) does not play any role in the determination of the aforementioned Laplace transform. Hence, we need to prove that for
allxe E
+o0 p) +0o0 _
[ 90, - ouunar="2q0.0= [ 5, 00000
0 0

so that the injectivity of the Laplace transform then yields the first equation for fixed x € E and almost all > 0. For this, first observe
that by Theorem 3.2 we have

400 +o +o0
/ e P(0, — G)q(t, x)dt = — / / e H(Pyq(t — 5,X)L191(5) — q(t, X))dt vy(ds).
0 0 0
Set Q as in the proof of Proposition 5.2. Then we have

+00 +oo
/ PO — )10 ()t = P, / QU = $Y1y 4 (D
0 0

15
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+oo
=P, / e MO - s)dt
N

+o00 -
=eMP, / e HOWdt 1= e P,O(A),
0
where the first equality is due to the fact that P, does not depend on ¢ and that s € [0, ] is equivalent to ¢ € [s, o) and where all the
integrals are Bochner integrals on C,(E). Hence, in particular, the equality holds for all x € E and then we get
+o0
/ e Pt — 5, )L 4(8)dt = e PG(A, x),
0

where (4, x) = 0+°° e~Mq(t, x)dt. This implies

+00 +oo
/ e pd, — Gq(t, x)dt = — / (e PG4, %) = G4, X)) vy(ds). (5.14)
0 0

Now we need to evaluate g(4, x). First, we use Fubini’s theorem to write
[ +oo
34, x) = E®O / e Mu(X (1) dt] )
/o

Then, we recall that S performs at most countably many jumps that are a.s. dense in [0, +c0) and it increases continuously on a set
with Lebesgue measure zero (see [61, Chapter 4, Section 21]) and also that H(r) = S(y—) for any ¢ € (S(y-), S(»)], so that

[ S)
(A, x) =TSO |3 / e‘“u(M(S(y—)))dz]
| 720/ S0-)

—E=0 |y Mu(M(S(y—)))]

Ly=>0

= L geo
P

Z e M0 - e—/l(S(y)—S(y—)))u(M(S(y_)))]

y20

Now observe that all the previous argument can be applied to u, (x) = max{0, +u(x)}, so that

+oo
% Ex0) |:Z e—/lS(y—)(l _ e—A(S(y)—S(y—)))ui(M(S(y_))):| — [} oM ]Ex[ui(X(t))]dt < oo, (5.15)
y20
Consider the Cb(Rar)—valued stochastic processes: Z, :={Z, (y),y > 0} defined, for all y,z > 0, as
Z.(y)(2) = u (M(S(y—))e S0 (1 — =),
Notice that Z, is left-continuous, i.e. for all y > 0 and y, 1 y it holds
[1Z:0w) = ZeW)ll ey < e MSG=Ne 50 —u (M(S(y,=))e 50| - 0

as n — oo, hence it is a predictable process Furthermore, observe that p = {p(y), y > 0} with p(y) = S(y) — S(y—) is a Poisson point
process of intensity v,. Hence, by the compensation formula (see [55, Page 71), we get

+oo +oo
Tl DY e-“S(”—S@—”)ugM(S(y—)»] = 2B [ / < [ a- e-‘“’)V¢(dw)>ui(M<S<y—>>>e-‘S<y->dy
0 0

y>0

+o
= &0 o [ / ui<M(S(y—>)>e—“<Y‘>dy]
+oo
=D [ 550 ay

+00
- /0 ECO [u (M(SG))e 5] dy,

where in the last equality we used the fact that .S is stochastically continuous and independent of M. Since the left-hand side of the
previous equality is finite, so it is the right-hand side. Hence, subtracting term to term and using the fact that u(x) = u_(x) — u_(x)
according to the definition of u,, we get

Z e*/IS(y*)(l _ eA(S(y)S(y)))u(M(S(y—))):l
y20

+oo
=20 [ B s ay

~ 1
Ax) =~ E®O
44 x) = 5

+oo +00
- @ / / e~ E*O [u(M (1))1gs(z: y)dT dy,
0 0
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where g¢(7; y)dr is the law of S(y) under P*? and we used the independence of M and S. Substituting this equality into (5.14) we

get
+oo ¢(/‘[) +oco ) +o0 +oo
/ e Hp(d, — G)q(t, x)dt = - / [e‘“PS < / / e BUY [w(M (1)) 1gs(7: y)dT dy><x>
0 0 0 0

+o0 +o0
- / / M ECO [u(M(r))JgS(r;y)drdy] vy(ds).
0 0

Now observe that

[

+o0
ECOLM @), &5 07 dy < llulleq / / e gs(rpdrdy

= lullec, / ety = 10
0 o)

hence, by [50, Proposition 1.1.6] and recalling that Bochner integrability in C,(E) implies Lebesgue integrability for fixed x € E, we
have

el Py [re [T e —A(s+7) -0) — At Ta(x,0)
/ e (0, — G)q(t, x)dt = —T/O / /0 (e 4+ P ECO [w(M (2)(x)e™* EXO [u(M (2))]) g5 (73 y)d = dyvy(ds).
0
(5.16)

Next, we want to use Fubini theorem. To do this, we first observe that EC?[u(M(z))] € Dom(G). Furthermore, the semigroup {IN’S }s20
where P, = ¢=** P, admits G — AI as generator, with domain Dom(G). Hence,

+o0 +o0 +oo
/ / / |e 0+ P BCO [u(M (D)) = 4 B [u(M (0)][5(x: 9 dyvy(ds)
0

/

/ / / (G - ADEC 0)[”(M(’>>]HC<E)< / e‘“’dw)gs(r;y)drdyvq><ds)

”Gu“ +,{ u” 400 400 400
WGuller) + Allullcm) / / / (1 = e )gg(r: Y dy vy(ds)

At

g5(z3 y)dT dyvy(ds)

/ S Py(G = AD ECO [u(M (2))|(x)dw
0

—AT

P (G- AI)EWY [u(M(r))](x)‘dw gs(z;y)drdyvy(ds)

/

Pu(G = aDE uM @), dwes(z:ydr dyvy(ds)

C(E)

—AT

i
IGullee) + Alullcce
= <
A
Hence, by Fubini theorem, changing the order of the integrals in (5.16), we have
e P [F [T 0 i w0 -
/ e M9, — G)q(t, x)dt = _T/ / (eI P ECO [w(M(0)(x) — e EXD [u(M(2))]) </ gs(f;y)dy> dzvy(ds)
0 0 0 0

P [T [T s -0 —it T(x.0) ®
:_T / (e (”’)PS]E O (M (@)(x) — e E™ [u(M(T))])M () dtvy(ds),

where we used the relation u?(r) = /O+°° gg(7; y)dy. Again, since ECO[w(M (1))] € Dom(G), we can write

+0o0 at ¢(/1) +o0 +o0 N ) w 0 B
/ TP, = Ghq(t, x)dt = ——= / / / TG — )P, B [u(M (0))(x)u? (2)dw dTvy(ds).
0 0 0

Next, we use again Fubini theorem and we get, by observing that s > w,
+oo ¢(/{) +o0 +00 +o0 B i 0
/ e (0, — G)q(t, x)dt = - / / / e AHNG = P, ECO [w(M (0)(u? (2)vy(ds) dwdt
0
+oo
= ‘W) / MG — NP, ECO [u(M (0))(x)u? (2)V 4 (w) dw d

+oo
__¢W / / TG = HP,, u(x) u? (1)V 4 (w) dw d. (5.17)

Now we set w + = = v in the inner integral so that (5.17) gives us (again, remember that z € [0, v])

+00 a d)(/‘l) +0o +00 o ¢ _
/ e (0, — G)q(t, x)dt = _T / / e (G — M) Pu(x)u (r)v¢(u —1)dvdr
0 0 T

+0o0 v
= _@ / e™H(G — A)Pu(x) ( / u (1) (v - 7) dr) dv
0 0

17
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+00
- _@ / ¢~H(G — 2)P,u(x)dv

0
+oo
= @ / e P (4 — Gu(x)dv
0

_ ¢

= Tu(x), (5.18)

where we used the fact that u® and Vv, constitute a Sonine pair as a consequence of (4.2), P, and G commute on Dom(G) and
+o0
/ e P dv= I -G
0

Taking the inverse Laplace transform we get that, for all x € E, there exists I, C R*, with Lebesgue measure zero, such that for ¢ I,
it holds
(0, — Gq(t, x) = Vy(Du(x).

Now we need to show that I, = @ for all x € E. To this purpose, first denote by R = {S(r), ¢t > 0} the topological closure of the range
of S. Since H can only jump when t € R and it is isolated on the left and ¢ € ©%,,,

PEOH (1) # Ht+) < PXOr e R) =0 (5.19)

by [56, Proposition 1.9]. Once this has been established, notice that one can rewrite, given that H and M are independent,

q(t,x) = EXO[u(MH(@0)] = EXO [EC? [u(M(H®) | HO] = SO [Py ux)] = /0 t Pou(x)Vy(t = su®(s)ds.
Observe, however, that for any two fixed x,, x € E it holds

qt,x) = /Ot Pau(x)vy(t — Hu?(s)ds = EXo-0 [PH(,)u(x)]. (5.20)
Fix 1 € R and let 7, — 1. Then it holds

lattns = . ey < B0 ([P = P |

Notice that lim,_, ”PH(,”)u—PH(,)u” =0 almost surely by (5.19) and the strong continuity of (P,),5o. Furthermore,

C(E)

o < 2|lullc(g)- Hence, by the dominated convergence theorem,

”PHm” - PH(r)"‘
n]LrL]o ||Q(ln’ ) —q(t, ')”C(E) =0. (5.21)

In particular, this shows that ¢ is continuous in both variables. Next, fix t € R* and consider a sequence 7, | t. Then we have for all
x€eE

t
[6(9; — G)q(t,,, x) — P(0; — G)q(t, x)| < /0 [Pyq(t — 5,x) — q(1, x) = Pyq(t, — 5, %)) + q(t,, )|vg(ds)

+ / TPty = 5,%) = aty D) 1vp(ds) + 10t )T (1) = V(1) + 1900 %) = 4(1,, 0V5(0,).
t

Taking the supremum over x € E, this leads to
t
|90 = GYa(ty, ) = b0, = Da(t, ¢y < / [ PaCt = 5.) = a(t,) = Pyqty = 5,0) + 4ty | ) Vopds)
0

+ / "\ Patty 5.t Mew valds)
+ 19, e Ve = Vo) + [|latt. ) = 4ty Dl gy Ve )
=4y + g ey Ve ® = V) + [lat, ) = 4@, | coey Ve ltn-
Concerning I,, first notice that
|Pya(t = 5,-) = a(t,) = Pya(t, = 5,) + aty, | ooy < || PolaCt = 5,) = aty = 5, M| ey + 10 ) = alts | ey
<la = 5,9 = a@t, = 5,9 ey + 1att ) = 4t Dl ey
since P, is non-expansive. Hence, taking the limit as » - o and using (5.21) we have

Hm [|Pyg(t = 5,2) = q(t,) = Pog(t, = 5,) + iy |y = 0.

18
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Furthermore,
”Psq(t —8,) = 4(1, )= Psq(tn =5+ q(tns -)”C(E) < ”Psq(l D Psq(t’ .)”C(E) + ||Psq(t, )= 4(1, .)”C(E)
+[|Pat, = 5. = Poa(t,. )l oy + 1Patn. ) = a(t: )l oy

)
< 2C(IIGull gy + llullcry ) /0 u(t —r)dr + 2||Gullc(g)ss

where we used (5.8), (5.13) and the fact that u®(z, — ) < u®(t — 7) since u? is non-increasing. The right-hand side of the previous
inequality is integrable against v,(ds), hence we can use the dominated convergence theorem to achieve
Jim 1, =0

Concerning J, instead, we have

”Psl[(tn -, ) - q(lm ')”C(E) < ||qu(tn =S, ) - Psq(tn, ')”C(E) + ||P_yq(tn7 ) - Q(In, ')”C(E)
s
< C(IGulcqe) + M) | a#0" = oide + Gl

where we used again (5.8) and (5.13). Hence

1, s t,
J, < C(IGullg + ||u||C(E))/ / u (" — rydrvy(ds) + ||Gu||C(E)/ svy(ds)
t 0 t

= C(”G“”c(E) + ||u||c(E))J,: + 1Gull ey (Tp(t,) — Tp(0)).

By (2.7), it turns out that J,, is right-continuous. Furthermore

t, t 1, N
Jh= / / u(t" — vydrvy(ds) + / / u (" — rydrvy(ds)
t 0 t t
1

= (V) = V(1)) U(1t,) - U, — D) + / Wt - Y (0) — Tyt dr
t

In
= (Vp(0) = Vgt)) U@, - U, — 1) + / ub(t, — W) dr = Vy(t, U1, — 1)

t
< (V) = Vgt ) U (,) = U2, — 1) + Vg (DU (1, — 1) = Yyt )U (1, — 1)
= (V) = Vgt ))U(1,).

hence, since v is also right-continuous, lim J1 =0, thus lim,

n—oo Y

Jlim [0, — G)q(ty, ) = (0, = G)a(t, )| ¢y = O- (5.22)

J, = 0. This proves that

n—00

Now fix x € E and assume, by contradiction, that I, # @. Let t € I, and consider any interval of the form [z, + 6] for some 6 > 0.
Let I ;Z = I, N[t,t+ 8] and observe that |I jl =0, hence |[t,t + 5]\ I fjl =6 = |[t,1 + 6]|. Since the Lebesgue measure has full topological
support (i.e., any non-empty open set has positive measure), then [, + 5] \ 1 f is dense in [t,7 + 6] and there exists a sequence t,, | ¢
such that ¢, ¢ I for all n € N. For such a sequence

(0, — G)q(t,, x) = vy(1,)q(t,,, x).
However, taking the limit as n — oo, using (5.21), (5.22) and the fact that U¢ is right-continuous, we get

#(0; — G)q(t, x) = Vy(D)q(t, x),
that is absurd since r € I,. Hence I, = @ and, since x € E is arbitrary, this shows that

¢, — G)q(t,x) = V¢(t)q(t, x), V(,x) € Rt xE. (5.23)
Combining the latter with the fact that XILrEQ q(t, x) = 0 locally uniformly with respect to > 0 as shown in Proposition 5.2, we finally

have that g is solution of (5.1).
It remains to show that this is the unique solution. Indeed, let ¢; be another solution of (5.1). Then w = g — ¢, solves (5.1) with
u = 0. Now let T > 0 and assume, by contradiction, that & = sup, ;)cj0.71xr [(%, X)| > 0. Let K C E be such that

sup |w(t,x)| < e, Vt €[0,T].
x¢&K

Then, since w is continuous,

e= max |w(t,x)|.
(1,x)€[0,T1xXK

Let (t,,x,) € [0,T] x K be such that |w(,,x,)| = e. If w(t,,x,) = ¢, then w(t,,x,) > w(t,x) for all (t,x) € (0,¢,]%X E and w(t,,x,) =
e >0=w(0,x) for all x € E. Hence, by Proposition 3.1 we have

0=—¢0, — Gw(t,,x,) <0,
which is a contradiction. The same holds if w(t,, x,) = —e. Hence w = 0 and this ends the proof. O
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5.3. Another uniqueness criterion

Before moving to option pricing, we give a further result concerning the uniqueness of the solution to our non-local problem.

Proposition 5.4. Let q : IR(’)r XE — R be a function such that ¢(t,-) € Dom(G) for all t >0 and t € RO+ — q(t,-) € Cy(E) is measurable.
Assume further that there exists A, > 0 such that:

e The function

+00
G4, x) = / e Mq(t, x)dt
0

is well-defined for all x € E and A > A,
o It holds

+oo
e < || e lat e < .

e For all x € E there exists I, C Ry such that |I,| = 0 and ¢(9, — G)q(t, x) is well-defined for all t € R} \I,.
e Forall x € E and 4 > A, it holds

+oo +oo +oo
/ e_’“d)(at —G)q(t,x)dt = — / / e_’“(Psq(l = 5,019 (s) — q(t, x))dt v (ds) (5.24)
0 0 0
e Fordlx € E and t € R} \L, it holds
(9, — G)q(t, x) = v (1)q(0, x), for almost all t > 0. (5.25)
Then, for almost all 1 € Ry it holds

lact. > - EO190. X001, =0.

cE

Proof. Since ¢(0,-) € Dom(G), arguing as in the proof of Theorem 5.1, we know that the function g, (, x) = E®?[4(0, X (1))] satisfies
all the assumptions in the statement. As a consequence, also the function ¢q — ¢, satisfies all the assumptions in the statement. Hence,
without loss of generality, we can assume that ¢(0, -) = 0. Integrating (5.25) against e~* for A > 4, and using (5.24) we get

+o0 +oo
/ / e”“(PSq(t =5, x,) g (s) = q(t, x))dt vy(ds) = 0. (5.26)
0 0
Next, notice that
+o0 +oo
/ e M Pt — 5,x) L (s)dt = e / Py(e7M17g(t — 5, )L g 4(5)) (). (5.27)
0 0

Now observe that

+o0 +00

+o0

+oo
—Ait —At
= e g, Y+ (1) dr = / e gz, )|l dr < .
L] 2 O = ] )

Observing that, for fixed s > 0, also ¢ € Rg e =gt — 5,91 ©.(8) € Cy(E) is measurable, we know by (5.28) and Bochner’s theorem
(see [50, Theorem 1.1.4]) that the latter is Bochner-integrable and then, by [50, Proposition 1.1.6] and (5.27), we have

+o0 +oco
/ e Pt — 5, %)L (s)dt = e Py ( / e Mgt — s, -)11(0,,](s)(x)dr> = e M Pg(x) (5.29)
0 0
and then (5.26) becomes
+oo
/ (e PG(x) — G(x)) vy(ds) = 0. (5.30)
0

Now let P, = ¢=#s P, and notice that this is still a Feller semigroup with generator G — AI, where I is the identity operator. In particular,
by [50, Proposition 1.1.7], § € Dom(G) C Dom(G — AI). In particular, this implies that

e M PG(x) - qlx) = / P,(G - AD§(x) d.
0

Taking the norm we get

s
”e_hpsa_ a“cuz) < /0

Integrating the right-hand side against v, (ds) we get

+oo (G = ADd| ¢
—As p
/0 e P~ aHC(E) vp(ds) S —————— ().

”(G - AI)‘?HC(E)

_ ,—As
C(E) A (=™

Em—nﬂ( dr <
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Thus, we can rewrite (5.30) in terms of Bochner integrals as
+00
/ (P PG~ q)vy(ds) = 0. (.3
0

Now consider the Feller semigroup (P? )s>0 acting on f € Cy(E) as

~ +oo ~

Plf= /0 P, fgs(z;5)dr

and denote by (—¢(—(G — 1)), Dom(¢(—(G — AI)))) its generator. By Phillips formula (see [54, Theorem 12.6]) we know that Dom(G —
Al) € Dom(¢p(—(G — AI))) and on f € Dom(G — Al) it holds

+0o0
—p(=(G-AD)f = —/0 (efj*SPsf - f)vd,(ds).
Since g € Dom(G — AI), we get by (5.31)
—¢(=(G - AI)g =0. (5.32)
Finally, notice that for all f € Dom(G — AI) it holds

~ +oo
Pg’f”aE) S/0 ‘

where ¢(4) > 0. Hence, by the Hille-Yosida Theorem (see [50, Theorems 3.3.2 and 3.3.4]) we know that 0 belongs to the resolvent
set of —p(AI — G) and thus the operator is invertible. As a consequence, (5.32) implies

Pf| . gss)de < e DY flles,

‘C(E)

Ay =0.
By injectivity of the Laplace transform (see [50, Theorem 1.7.3]), this ends the proof. [

Remark 5.2. Notice that the function ¢ in Proposition 5.4 is not a solution of (3.3) in the sense of Definition 3.3. Indeed, on the
one hand we are not requiring that ¢ is a continuous function of (z, x), on the other hand ¢ solves (3.3) not for all (7,x) € Rg XE but
only on a subset Ec R; X E such that for all x € E the set INX ={te R(’; (X)) ¢ E } satisfies |1~x| = 0. With an abuse of notation, we
could refer to such a function g as an almost-everywhere (a.e.) solution of (3.3). From this point of view, Proposition 5.4 tells us that
the solution provided in Theorem 5.1 is also the unique a.e. solution satisfying some additional conditions on the Laplace transform.
Finally, notice that we are not requiring that lim,_,  ¢(#, x) = 0 locally uniformly with respect to ¢ > 0.

6. Option pricing with the undershooting of the a-stable subordinator

In this section we deal with the model with dependent returns and trade durations (DRD) introduced in [45]. In [45, Theorem
6.2], an option pricing formula is obtained for such a model using Fourier methods. Here, we shall instead take inspiration from
the results of the previous sections, in particular Theorem 5.1, to derive a suitable final problem for a non-local pseudo-differential
equation, in the same spirit as for the local Black and Scholes differential equation.

6.1. The price process

To describe the price process underlying our option-pricing method, we shall make use of the time-changed processes introduced
in Section 4. Let B = {B(t), t > 0} be a 1-dimensional standard Brownian motion and consider the process M(t) = ¢2®. Consider .S
as in Section 4 and assume (B, S) is a canonical Feller process, on the canonical filtered probability space (Q, F,., {F,};0- POV, By
Lemma 4.1 we know that (B?,.S) is a Markov additive Feller process with respect to its augmented natural filtration G := {Ci}is0-
Now let X, (1) = B®(L(f)-) = B(H(?)) and consider the age process

y(t) :=t—-S0)— H(®). (6.1)

Then, (X,,y) is a caglad process. Furthermore, notice that by Phillip’s theorem, since C°(R) is contained in the domain of the
generator of (B,.S), we know that C®(R) is a subset of the domain of the generator of (B%,.S). Hence, we can use the Courrége-
Waldenfels theorem (see [66, Theorem 2.21]) to establish the jump-diffusion form of the generator of (B?,.S). Thus, we have the
following result.

Theorem 6.1. For t >0 set H, = G;,_. Then the process (X,y) is a time-homogeneous Markov process with respect to the filtration
H = {H;} 1o

Proof. The proof is exactly the same of the ones of [18, Theorems 3.2 and 4.1], with the only exception that since (B?, S) is not a
canonical Feller process in our setting, one has to modify the translation operator accordingly. Precisely, in our case we just need to
set 0,w(s) = (0, (s), w,(s + 1)) for all ¢, s > 0. Indeed, for 5,7 > 0 and w € Q

(Bd’(e,w, 5), S(0,m, 5)) = (B(0,m), S(6,0, 5)), S(0,m, 5)) = (0 (0, (t + 5)), 0, (t + 5)) = (B¢(w, t+s), S, t+5s)).
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Now we set
X(t) = XV = M(H(1)) = MP(L(t)-). 6.2)

(X,y) is still a time-homogeneous Markov process with respect to H. Now define N ? = 6((X.(5),7(s)),s < t) and N, its completion
with respect to P&V, N 1= {N ? }1s0 is the natural filtration of (X, y), as the latter is related to (X, y) by means of a homeomorphism.
Furthermore, since (X, y) is H-Markov, then N, C H, for all 1 > 0 and both (X,,7) and (X, y) are N -Markov and time-homogeneous.
Since we are going to work with caglad processes, let us introduce now, for any T > 0, the space D_[0,T] of caglad functions
f 110,T] - R and A_[0, T] its subspace of non-decreasing and non-negative functions. As usual in this context, we need to introduce
a new (family of) probability measures under which the process X is actually a A -martingale. From now on, whenever it is not
ambiguous, we shall denote by X )[o 3 Xe y : and N 071 the restriction of the considered quantities on the interval [0, T].

\T] )[O,T] o

We need the following lemma.

Lemma 6.1. For any m € R and x, v € R, the process

2H
Zm(t) 1= X0

is a N -martingale under P9,
Proof. Z™ is N'-adapted by definition. To show that Z"(¢) € L'(Q; P™) for all 7 > 0, just notice that
EC[Zm(1)] = BSY [E® [EmBYH @) | HE)]|.
where
EmB)(e) = O
is the Doleans-Dade exponential of mB. Since B and H are independent, we have
EXY [£mB)(H (1) | H®] = F(H(®)),
where
F(2) := E®Y [EmB)(7)] = EXO [E(mB)(7)] = e*.
Hence
—v
E®D[Z™(1)] = e* /0 Vet —v— Hu?(s)ds = * < .
To show the martingale property, fix 0 < s < ¢ and consider two Borel sets A;, A, C D_][0, s]. Consider the event

A, = {Xe 0 € Al}n {y|l(m c Az}.

Since B and H are independent and y(t) =t — v — H(¢) for all 7 > 0, it holds

E(X’U)[ZM(I)ILA*] = R0 []lA2 )F, (H‘[OJ] )] N (6.3)
where, for all g € A_[0, ], we set

Fy(e) = B [1,, (BeO)| | ) EmB)(g()] and .
and we notice that

_ x0) m

FZ(H’[OJ]) = EX[Z"()1,, (Xo) | H(z), 72 0].
Notice in particular that £(mB) is the Doleans-Dade exponential of mB. Since A; C D_[0, s], the event {B(g(-))|[0 ] €A } belongs to
o(B(w), w < g(s)). Furthermore, once we recall that £(mB) is a martingale and g(s) < g(t), we have ,

_ (xw) ) —F

Fy(g) = E® 1, (B() EmB)e(s)] =: F(g],, )
However, we have that, still by independence between B and H

o _ o) om

FZ(H’[O,SJ = ESV[Z"(s)1 4, (X) | H(z), 72 0],
Substituting it back into (6.3), we get

ECO[Z7(01,,1= B [1 Az(y)Fz(H([o SJ)] = ECV[Z"(5)1, 1. (6.4)
Since the events of the form A, constitute a z-system generating N ,, this ends the proof. [
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1
From now on we set m = —1/2 and we write Z := Z 2. Therefore we have

_Xe® _H®O
Z(t):e 2 8

For any T > 0 define the probability measure
N7 3 A PEU4) =3 EX [2(T)1,],
i.e., in terms of the Radon-Nykodim derivative:
dB{
dPe0) "

T

= Z(T).

Since Z(T) is an N -martingale, we have that I~Pﬁx’”) = IAEd’(T"’”) " for all T >0 and ¢ € [0,T]. This guarantees that we can use the
1

Kolmogorov extension theorem to construct a probability measure P®*) on (Q, N, ), where N, := 6(U,5o ;) such that P v =
- 1

]?’EX’”) for all 1 > 0. The method of construction of such a measure is classical and we refer to [69, Page 192]. Furthermore, notice that
since the Radon-Nykodim derivative is strictly positive, the measure P> is equivalent to P**) when restricted on N’ , forany s > 0.
Now let us show that X defined in (6.2) is an M -martingale under such a measure.

Proposition 6.1. For any (x, v) € R2, the process X is an N -martingale under P&-0),

Proof. By definition X is N'-adapted. Now we show that for all 7 € [0, 77 it is true that X () € L'(Q; ]NP("*”)). To do this, first notice
that

~ x Xe(T) x Xe(T)
Ex (1)) = > B0 [exe(”‘T ‘¥] = E& [E("’”) [e5+xe(')_ e IH(t),H(T)H.

Since H(t) < H(T) are independent of the Brownian motion B, if we set, for s; < s,,

Bisp) [ x_

FI(SI’SZ) — E(X»U) [eB(Sl)_T*'E_?]
we get
E™[X (0] = EXY [Fy(H(0), HT).

However, by Girsanov’s theorem (see [69, Theorem 5.1]), we know that {B(s) + % s € [0, 52]} is a Brownian motion under the
measure
B(sp) , x _s
AEF, m E [nAe‘T“T?z],
hence in particular e2®) = ¢#*272 is the Doleans-Dade exponential of B(s) + % and thus a martingale under the same measure. As
a consequence, we have that

B(s) 5
Fi(sy.59) = E&) [93(51)—72+§—§2] — o

and then
B X (0] = B [Fy(H @), HT))] = * < oo.

Now we need to prove the martingale property. To do this, fix s and 7 such that 0 < s <r and let A, A, € D_[O0, s] be Borel sets.
Define the event

A i= {Xe 0. € Al}n {y|[0s] < Az}'

Then we have, for any T > 1,

~(x,0)

E [X(z)n A*] = E&) [n A (Xe

x Xe(D) _H(T)
) o, )
[O,SJ>1A2<y’[O,xJ>e2 : ’ ] E La, y‘[O,xJ B H‘[O,TJ ’ (6.5)

where for any g € A_[0,T] we set

x B(e(T)) _ g(T)
Fy(g) := B> [ﬂm (B<g<->>|[0 S])er’*(g('»-%-ﬂ

and we notice that

— TR0
(], ) = [ (x

X Xe(T)  H(T)
)ei”‘e(’)‘T—T H’ .
[0.5] (071
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Since A; c D_[0, 5], the event {B(g('))‘[o : € A } belongs to ¢(B(w), w < g(s)). Therefore we use again Girsanov’s theorem and use
X

the martingale property of Brownian (conditionally on the independent H | 1)) to get now

: x _BG@) _ g
Fy(g) = E®Y [11,4,(3(g('))|lO YJ)eZJrB(g(S)) 2 7 ]

In particular, we have that

Fz(H}[O,T]) = &) [11 a(Xe

When we replace the latter equality back into (6.5), we obtain

E's (,)_M_M
2 e 2 8
[o,s])]lf‘z <y}[0,s])e

x _Xe(M) HT) ~(x,0)
0 q1>1A2 (y’lo YJ>e2+z\fc(:) > S ] _ Exv [X(S)ILA*]. (6.6)

)€%+Xe(s)_7xez(7")_%| H| ]
[0,s] [0,T]

~(x,0)

i [X(t)]l A*] = E&0 []1 (%

= E®0 [n a (e

Given that events of the form of A, are a z-system generating N ,, this completes the proof. O

We need, however, to guarantee that the change of measure does not affect the Markov property and the time-homogeneity of the
process (X, y). As for the Markov property, this is considered in the following result, while the preservation of the time-homogeneity
will be proved later.

Proposition 6.2. The process (X,y) is N'-Markoy under P>,

Proof. Consider any function f € L*(R?) and let 0 < s < t. We have, for any T > 1,

Xo(T log(X(T)) _ T=v—y(T)
8

]E(X’”)[f(X(t),V(t))e_ - |NS] E) [f(X(rw(z))e‘ 2 IM]

D) [fXO.y@) | N =

_ Xe(M _ H(T) ] _log(X(T)) _ T=v—y(T)
2 8
N

E&x.0) [e 2 8 E®v) [e | N:]
: _log(X(T) _ T—v—y(T)
E(0) [f(X(r), rpe 2 51X, ﬂs)]
_ — F&xo)
_ T = EXV[F (X0, 7(®) | X(5),7(s)],

EG0) [e_f T8 |X (S),}’(S)]

where we used the fact that H(T) = T — v — y(T) and X,(T) = log(X(T)) under E**) and the A'-Markov property of (X, y) with respect
to P&V, O

Before proving that (X, y) is also time-homogeneous, we need to investigate another property. Indeed, notice that both X and y depend
on B and S and in particular X(0) and y(0) are constrained by the values (x, v). Observe that under P*¥), one has that if S(0) = v and
thus L(r) is defined for ¢ > v, as well as y(¢). In practice, under P*"), v < 0, the position of process (X,y) = (X (w), y(w)), w > 0, at

time ¢, conditionally to X (s), y(s), does note see the choice of x and v. Hence, as a first step, we need to show that, under E(M), the

distribution of (X (¢), y(¢)) given (X (s), y(s)) is independent of the choice of (B(0), .S(0)), given that S(0) < s at least. This is done in the
next proposition, in which we also prove that the process (X, y) is time-homogeneous with respect to the measure P*?),

Proposition 6.3. Let 0 < s <. Then, for all x,x’ € R and v, v’ < s it holds

~(x,0) ~('0v")

EIfX@0,y®0) | X(s), ()] =E LfX@D,y@) | X(9), v(s)]. (6.7)
In particular, one can define, for 0 < s <t, the transition semigroup QS,, of (X,y) under P™¥ acting on bounded measurable functions
f i R* xR — R in such a way that

~ = (x.0)

O, f(X(s),7(s) = E X @, 1) | X(), 7 (9)], (6.8
for any x € R and v < s. Furthermore, éw only depends on t — s and then (X, y) is time-homogeneous.

Proof. Let (Q,);5 be the transition semigroup under P*?) of the time-homogeneous process (X, ), i.e. for all bounded measurable
functions f : R* x IR{(J)r — Randforallr >0, Q,f : Rt x Ra“ — R is the bounded measurable function such that for any s > 0, x € R*
and v € [0, s]

0, f(X(5),7(5)) = ECV[£(X(t + 5), 7t + 9)) | X(5),7(5)]. (6.9)

The independence on (x, v) is justified by observing that the transition semigroup of (X,,y) is already independent of (x,v) by [18,
Theorems 3.2 and 4.1].
Notice that (6.9) holds whenever f : Rt x [R(J)r — R is a measurable function such that

E®I [ £(X @), y(t)]] < oo
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forallt >0and x,v € R. Now fix0 < s < t, x,x’ € R* and v, v’ < 5. Then, as a consequence of Proposition 6.2, for any T > t, we have

log(X(T)) _ T—v-, y<T>
" E®Y [f (X(@®),y@e” 2 | X(s), Y(S)]
ELA(X@, v @) | X(8),7()] = logQX(T)) _ T=v=(T) o
E&V [e-f‘i | X(s), 7(5)]

To deal with the numerator note that, by Lemma 6.1, we can use the martingale property to get, for any y, w and T > ¢, that for the
Markov semigroup Q,, t > 0, it is true that

Or_ f(y,w) = f(y, w). (6.11)
Hence, for the numerator in (6.10), we have

2(X(T)) _ T—v—, 7(7')

B9 | 7X@y, rope 3 | X(5),7()| = E®? [f(X@0), y0)Qr_ (X0, 7(1®) | X(),7(5)]. (6.12)
where
log(y) _ T=S©0)-w
g,wy=e "2 "8
Next, let

h(y,w) = f(y, w)Or_;8(y, w).
Given that f is bounded, we can write
ECY [IaX @0,y <] sup /@) |[EX) [gX (D), yTH] = sup  [f(w)l|< oo.
(y,w)eRT x R(*)' (y,w)eRT x [R(*)'

Hence (6.12) can be rewritten as

log(X(T)) _ T—v—, y( )

EC [ X, y0pe 5 | X(s), y(s)] 0 h(X(5).7(9)). (6.13)

For the denominator of (6.10), we have

E®D) [

log(X(T)) T—v— y(T)

| X(s), J/(S)] Or_,8(X(s),7(s)).
Hence, (6.10) can be rewritten as
Foeo O,_;h(X(s),7(s))
X X _ 6.14
[fFX@®, @) | X(s),7()] = 0r_.sX().7) ( )
The right-hand side is independent of the choice of (x,v), therefore we get (6.7). Now, let us select T =t + 1, so that h(y, w) =
f(y, w)0,g(t,w), and let us set
0, (f()018( ) (v, w)
051180, w) ’

O, f(y,w) =

Then we see that @S’, only depends on 7 — s and (6.8) holds by virtue of (6.14). O

With the previous proposition in mind, we can directly define é,_x = ésy,. Finally, we show the equivalent of the Cameron-Martin
formula in this context.
under P&V coincides
[0.T]
~ H
with the one of (X,,7) |[o - under P, As a consequence, the distribution of (X, y) under P®™:*) coincides with the one of (X e 2, y) under
P&, '

Proposition 6.4 (Cameron-Martin formula). Forany (x,v) € R? and any T > 0, the distribution of (X o+ % y)

Proof. Fix T > 0 and consider a bounded and measurable function f : D_[0,T]x A_[0,T] — R. Then we have

Fe0) [f((Xe+ g) lovn,y‘[oﬂ)] = E&») [f((Xe + %) [OTJ’y)[OT]>e*Xe2(T> H(T)] E&®» [F(H‘ ] (6.15)

where we set, for any g € A_[0,T],
B@(T) _gT)
f<<B(g( »+ ) ), > IR ]
1
[0,7]

_ Xe(D _ HT)
sV ) e 2 8| H‘ )
o) 0T [0.T]

25

7)) :=t—v—g(t) and F(g)=E>Y

and we notice that

Pl =20 (v 5)
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By Girsanov theorem, however, we know that under the measure

(x0) _ B() _ g
AEFyqy > ENY |1y e 2 8

the process t € [0, g(T)] —» B(t) + é is a Brownian motion. Hence, the distribution of (B(g(v)) + %>| under the aforementioned
[0,T]

measure coincides with the distribution of B(g(~))‘[0 - under P®) and then

F(g) = ECY [f(B(g('))|[o,r]’ﬂg)‘[o;])]'

In particular, we notice that, by independence of B and H,

F(H|[0,T]> =E*” [f(Xe [O,T]) | H)[O,T]]'

Substituting this into (6.15) we have

DR [f ((Xe + %) - 7| Hm)] = B9 [7(x,

Since f is arbitrary, we have the equality in distribution.

[O,T]’y

w117 o )] : (6.16)

Next, notice that with the same argument as in Proposition 6.2, one can prove that (X o+ %, y) is a M -Markov process under Peo),

Recalling also that (X,,y) is M-Markov with respect to the measure E®Y, we have that since the distribution of (Xe + g y)

[0.7]

0] under P*?) coincide for all T > 0, then the distribution of the whole trajectories must coincide. Finally, the

~ H
distribution of (X, y) under P**) coincides with the one of (X e 7, y) under P®¥ since both of them are expressed as deterministic

under P& and (X, 7)

functions of (Xe + %y) and (X,,7). O
6.2. The coupled non-local Black-Scholes equation

We can now introduce the option price process. Fix a maturity 7" > 0 and a strike price K > 0. We want to focus on the case of a
call option, hence we define the option price process by

~(x,0)

X0 :=ET[(XM-K,|N,], t€[0,T]
where (x), = max(x,0). By Proposition 6.2, X(¢) is given by

~(x,0)

X0 =E"[(XT) - K), | X@), y(@0)] = Or_u(X (1), y (1),
where
u(y, w) = (y — K),..
Hence, let us set
04t y,w) := Op_u(y, w).
For a call option with maturity T > 0, strike price K > 0, when the interest rate is 0, the classical Black and Scholes equation is
d,qps(T —1,%) = —%xzaﬁqBS(T -t,x), t€[0,T), x €R", 6.17)
under the (final) condition ggg(T —#,x) |,—r= (x — K),. Denoting
q(1,x) = g, (T —1,x,0) = O,u(x,0) (6.18)
and, for w > 0,
41, %, w) = 4, (T =1, x,w) = Q,u(x, w), (6.19)

in this section we show that the function (6.18) is the solution of a Black-and-Scholes type (non-local) equation containing the coupled
operator introduced in Section 3; moreover, we provide a renewal-type equation that gives the price (for any w > 0) in (6.19).
In our analysis we limit ourselves to the case when the process .S is an a-stable subordinator, that is ¢(1) = 1%, and we furthermore

impose, for technical reasons, the condition a > %

Remark 6.1. The undershooting of an inverse stable subordinator is particularly tractable, in that its marginal distributions are
known. Indeed, the law of H(¢) coincides with that of 1B where B is a Beta(#, 1 — f) random variable ([14, Example 5.5]). Based on
this, after the usual conditioning argument it can be deduced that the characteristic function @y, (z) of X(#) is given by

122
ox»(2) =1F (1,1,—7 , z €R,

where | F; is the confluent hypergeometric function. The above follows as a particular case of [45, Theorem 6.2, second line of (6.4)].
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Let us begin with some preliminary considerations. By Remark 6.1, denote the density of the undershooting H,, by
52711 = )70 g, (5)

C T@rd-a)

A general form of (6.20) for general subordinators is available in [56, Lemma 1.10]. Now we recall that, since when v = 0 it must
hold X.(0) = B(0),

guy(s:1) = (6.20)

a(t,x) = B0 [x 0 - k),

By the time-changed Cameron-Martin formula given in Proposition 6.4, recalling that, under v = 0, H and H,, coincide, we have

5 +00
q(t, x) = E10g0.0 [(X(z)e*% - 1<)+] = /0 gps (8, X)gg (s:0ds, (6.21)

where

dns(5. ) = E0OE90 [ (B(S)e_% _ K) ] o < 21og(x) — 2log(K) + s ) xo < 2log(x) — 2log(K) — s>
N

24/s 24/s

and

1 z 2
O(z) := —/ e 2dx.
V2rm /o

The function ggg is the solution of the classical Black and Scholes Eq. (6.17) with respect to the variable s = T -1, i.e., the quantity
gps (s, x), for fixed (s, x), represents the price, at time zero, of a plain-vanilla call option with maturity s > 0 and the corresponding
function satisfies the Black and Scholes equation with the operator 2-!x29? (with positive sign). The positive sign in front of the
space operator is due to the fact that we are taking the derivative with respect to variable s > 0 that, in this context, is the maturity.
Precisely, let, for any g > 0

Co(P) :={ue CR*) : 3C >0, |u(x)| < CePlloely
and define

Co=JCod.

520
Furthermore, we say that a function f € C if and only if
() f € CRYxRY)NC' R xRY)

@ity f(t,-) € CHR*) forallt >0
(iif) For all T > 0 there exist f, Cy > 0 such that | f(#,x)| < Crefr!oe®l for all t € [0, T] and x € R™.
For u € Cy(p), we define the quantity

lulp 1= sup |u(x)|e POl
xeR™
Finally, let us introduce Cg 1,.(R;) as the set of functions f € C(R} xR*) such that for all T > 0 there exist fr,Cr > 0 with the
property that | f(#,x)| < Crefr!¢™l for all # € [0,T] and x € R*. Notice that Cy, C Cy 1oc(R}).
Before proceeding to introduce the Black-Scholes equation, let us give a simple lemma, which will be useful in the following.

Lemma 6.2. It holds
e R ks . e U2 (A = A —x
Vi Vi

The proof of such a lemma is given in Appendix B. Now we can introduce the operator G := %6)% and provide some well-known
properties of such an operator.

E®0[ABOI+2 B0 = At A)x+

Lemma 6.3. For all f € C, there exists a unique classical solution u, € Cy, of

{d,u(l, X)=Gu(t,x), t>0, xeR* ©6.22)

u(0,x) = f(x), x>0,
ie., (Cy,Cyy) is a uniqueness class for G. If we denote by (P,),» the associated semigroup action, then the following properties hold true.

1. For all f € C, we have that

+oo
Pf(x) = / SMpcem(, y; x)dy (6.23)
0
where GBM stands for geometric Brownian motion and
1 _tp(t, 1 -1 _uw?
Pgem(t, ¥ix) i=x2e 8 IM and p(t,w) = ! e . (6.24)

Q1w
o
3
S

y
As a consequence, the semigroup (P,), is Markovian and positivity preserving.
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2. Let § >0 and assume f € Cy(p). Then 0, P, f € Cy(f + 1) and

r . B
[0, P, f ()] py1 < 41f1pexp <ﬂ§ + T)
3. Fordll f € CynC such that o, f € Cy and Gf € Cy, it holds
PGf =GPf.
4. Fix fy,p, € R and let fy 4 (x) = P1110g@)|+6210¢() Then

B+By)Py +5-1) 1 log(x)
Ptfﬁ]ﬁz(x) — e(ﬂ1+ﬁ2)log(x)+ 5 rd)(_(ﬁl +h - 5)\/; _ \/_
t

p_ B1=P)(B1~Pr+1) 1 log(x
4 e~ Bi=p)logt+ 5 P _(ﬂ] _ﬂ2+5)\/;+ﬁ .
Vi

5. If f € Cy(B), then P,f € Co(p) with

Pp+1)
2 t,

[P.f1y <2[f]ge

We give, for completeness, the proof of the previous lemma in Appendix C.
Concerning the function ggg, we recall the following properties, that can be verified by direct evaluation.

Lemma 6.4. For all #,x > 0 it holds

2log(x/K)+t
2/ |

K 4log* (x/K) + 12
Odps(t:3) = | [ —— exp <— g si : (6.26)

0,qps(t, x) = <l>< (6.25)

K 4log? (x/K) + 12
0,au5(t. %) = Gags(t,x) = || 2= exp <—% : (6.27)
In particular,
|ags (. )| < €2l (6.28)
|0yaps (. %)| < 1, (6.29)

[k
|95t )| = |Gaps(t,%)| < 8—;; (6.30)

Furthermore, for all a > 0 and x > a we have

2 < K
|2ams(t. 00| <y - (6.31)

In particular qpg is the unique solution of

0,qps(t, x) = Gqgs(t,x), >0, x € Rt
qps(0,x) = (x — K),, x>0, (6.32)
dps € Co,loc(Rar)-
The remainder of this section is devoted to the proof of the following theorem, i.e., the main result of this part. Notice that we focus
on the case ¢(4) = A* with a > % While it will be clear that some arguments apply to a generic ®, most of the proof relies on the

specific form of @, in particular on the self-similarity of H, under this choice. Furthermore, as it will be clear in the following, the
condition « > % is dictated by regularity issues.

Theorem 6.2. Let ¢p(1) = A* for a € (% 1). Let also, forany h € R, A € B(R) and w > 0

K(A, h) = / " 1 A(s)p(s,h)La_lds K(dt,dh) = K(dt, h)dh (6.33)
o I -a)
and
K(A N (R X[w, +00))) 0
K, (A) = (R X[w, +00))
800)(A) w=0.
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Then
45, x,0) = q(T - 1,x)

and, for w>0and any v <t — w,

4, (1, %, w) = (xe*i"?“' - K) K,y RY X[ + T — 1, 00))
+
+/ qT —t+w—-r7,logx)+y+t—w+7-0v)K,(d7,dy), (6.34)
R X[w,w+T—t)

where q is the unique solution of

0, — G)q(t, x) = F(’l’—fu)q(o, x)
q(0,x) = (x - K), (6.35)
q€ CO,I()C(ROJr)'

This will be proved using several preliminary results:

. first we study the regularity of the function g in (6.21);

. next, we prove that ¢ is solution of (6.35);

. we then prove that the solution to (6.35) is unique for initial data in a suitable class (to which (x — K), belongs);
. finally, we prove Theorem 6.2.

AWM

Remark 6.2. Notice that (6.34) is a formula that determines the value of ¢, uniquely for positive sojourn time. Indeed, the only
quantity that is involved is the function ¢ which is related to the value of g, on renewal states, i.e. for zero sojourn time, which is the
unique solution with at most power growth at 0 and oo of the fully nonlocal Black-Scholes Eq. (6.35). This is also underlined by the
fact that (6.34) can be rewritten as

Gt x, w) = (xe‘ i K) Koy RY X[ + T — 1, 00))
+
+ / g, t—w+rtlogx)+y+t—w+7-0,0K,(d7,dy), (6.36)
R X[w,w+T—1)
that only involves the function g, (t, x,0), which is given by the solution of (6.35).We remark that (x — K), appears as an initial
condition in (6.35) but, given that the fair price of our call option at time 7 > 0 is g, (, x, w), then
(x = K), =4(0,x) = q,(T,x,0) (6.37)

and thus (x — K),. is the usual final condition for g, (-, -,0). It follows that, according to our model, the fair price at time # > 0 of a(n)
(intraday) plain vanilla call option (with zero interest rate, strike price K and maturity T' > ) can be determined by solving the initial
value problem (6.35) then changing the variable r -~ T —  and finally using (6.36).

6.2.1. Regularity of q
In this section, we provide some regularity results on the function ¢ that will be needed to apply Theorems 3.1 and 3.2. Before
proceeding, let us recall that for any f € L*(R), by (6.20), it holds

y)y

1 —a qa—1
i 2 Sy U =97 o 0
) (a ) - /0 f@s) T - o)) ds =E>"7[fH1))], (6.38)

Emmmw—/ﬂ)
i.e., H(?) < tH(1). We shall use this self-similarity property throughout the proof.
Now, we prove that for all x > 0 the function ¢(-, x) belongs to AC(Rg) and we provide a suitable upper bound on its a.e. derivative.

Proposition 6.5. Under the hypotheses of Theorem 6.2, for all x > 0 the function q(-, x) € AC(RS“) and its a.e. derivative d,q(-, x) satisfies,
fora.a. t>0,

nF(a) T (6.39)

|0,q(t,x)| <

Proof. Forany >0, let h (—% 1) and consider D"q(t, x) = w Then we have, by (6.38),

1
|Nmms/
0

By Lagrange theorem, we know that there exists & € [min{rs,ts + hs}, max{ts, ts + hs}] such that

Kx Kx
= |9,qps(x,&)| < \ o 87 SR Y Tnts’

29

qgs(ts + hs, x) — qgg(ts, x)
hs

s¥(1—s)7%
T(I'(1 — a)

qps(ts + hs, x) qps (s, x)
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where we also used (6.30). Hence

a L —a INa+ l
[D"q(t, x)|<\/Kx/ U9 ( 2> Kx,
4rt Jo T -a) 7T (a) t

The right-hand side is independent of 4 and belongs to L'(0,T) for all T > 0, thus we can argue as in Proposition 5.1 and get the
result. O

As claimed, the previous proposition implies that ¢ satisfies Item (i) of both Theorems 3.1 and 3.2. We show this in the next result.

Corollary 6.1. Under the assumptions of Theorem 6.2 we have that for all t,x > 0

—a—1
/ | Pyg(t — — Pq(t, x)|—)ds<oo

and, for all A > § and x > 0,

+o0 1 A as_a_l
/() ’/0 e~ ’|P5q(t—s,x)—PSq(I,x)lmdsdt< 0.

Proof. Fix x > 0, and note that for 0 < s < ¢,

s ( 12 (a+ %)S Kx
lq(t = 5,x) — q(t, x)| S’/O |0,q(t — 7, x)|d7r £ ——= T \/Kx/ t-o)"dr= ———— T — (6.40)

This proves that |g(r — s, -) — q(t, )| € Cy(1/2). We get, by also employing Items (1) and (5) of Lemma 6.3,
—a—1

F(l a)

—a—1

t
as
ds < P q(t—s,)—q(t,- —d
s_/o latt = 5. = 4O T 98
2al a+l> K 2a1“(a+l> K
< ( 2 \/—e;|log(x)|+;r/tsa(t_s)—l 2 \/_ ——a |log(x)|+%t’
0

S T @rd —a) 2ds = r

r@r(2-a)y=

/ |Pyq(t — 5,x) — Pyq(t, x)| =

where we also used [70, Lemma 1.11]. Furthermore, for any 4 > % it holds

oo gt as—o] 2al"<a+%>\/f 1 ® 1 —(/1—3)1
/ / ¢ H1Pyg(t = 5.x) = Pg(t. 0| S ——dsdi < —— 3 og(x)‘/ 127 T8 dr
o Jo (I-a r(a)r(% —a)\/Z 0
2 r( l) K -3
_ @ 0{+2 \/_ﬁ—a —|]og(x)|</1 é)a 2
- : )

[(a)y/7

O
Now we discuss the regularity of g in x. This is done by means of the following proposition.

Proposition 6.6. Under the assumptions of Theorem 6.2, the following equalities hold for all t,x > 0:

= 1 : a=1.1 _ -«
0xq(t, X) = m </O 0quS(Tt’x)T (1 T) dr, (6,41)
1 ! a —a
02q(t,x) = m / 0% qgs(rt,x) (1 — 1)™"dr, (6.42)
a=11 _ -«
Gq(t,x) = F(a)F(l ) / Gags(tt,x) % (1 — ) %d7. (6.43)
Furthermore q(t,-) € Cy(1), 0,4(t,-) € Cy(0) and Gq(t,-) € Cy(1/2) for all t > 0, where
lq(t,x)] < el (6.44)
[0cq(t, x)| <1 (6.45)
Ia-1
Kx ( 2)
|Gq(t, x)| < 7Tw) (6.46)

In particular, g € Cyo(RY).

Proof. By (6.21) and (6.28) we already know that g € C((1) with [¢]; < 1. Moreover, by (6.29), we know that we can apply the domi-
nated convergence theorem to take the derivative inside the integral sign in (6.21) and then using (6.38), getting (6.41). Furthermore,
(6.29) also implies that 9, 4(z, ) € C((0) with [0,¢(t, )]y < 1.
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To argue with the second derivative, fix a > 0 and notice that for all x > « it holds, by (6.31),

3 _1
/1 -9 [ K / SRVl B 1 X e 2><
- Y s,
0 F(l a)F(a) 8radt ' —-al(a) 2a3t T'(a)
since a > % Hence, by dominated convergence, we get (6.42) and finally, multiplying both sides of (6.42) by %, we also get (6.43).
Finally, notice that (6.43) and (6.30) imply that Gq(t,-) € C((1/2) for all + > 0 and in particular

1
Kx “z(l—s)“ er(“—z)
|Ga(t, )| < / ds=q/ 22 2/
871 J, TA=—al(a) % 22T@)
0

Remark 6.3. Notice that Proposition 6.5, Corollary 6.1, (6.41), (6.44) and (6.45) hold for any « € (0, 1). The condition « > 1/2
comes into play only for (6.42), (6.43) and (6.46). However, it is worth highlighting that, using a finer estimate in place of (6.31),
it is possible to prove that (6.42) and (6.43) still hold for all ¢, x > 0 with x # K if a < 1/2. However, notice that, for 4 € [0, 1], by
Lagrange’s theorem,

Oy qps(1s, K + h) — 0. qps (15, K) Pana(ts.E) = K _410g2(§/K) + 1252
h xS, 27ts&3 P 8ts
2 h 2.2
\/T 4log (1+E)+ts
2> exp|—
2xts(K +1)3 8ts
where ¢ € [K, K + h]. Hence, by (6.41), we have

dyq(t, K + h) —0,q(t,K) /1 0y qps(ts, K + h) — 0,qps(ts, K) s*~1(1 — 5)~
h o h T — a)

4log? (1 + %) +257 | a-d (g _ gya

> — / exp|— ds
V2rt(K +1)3 Jo 8ts C(a)(1 — a)
Taking the limit as 4~ — 0" we have, as a consequence of the monotone convergence theorem,

d,q(t, K+ h)—0.q(t, K _3

lim 24 )~ 040 K) VK / “B)sm 31— 5 ds = oo
h=0% h M@ — a)V2z1(K + 1)

if « < 1. Hence, in such a case, g(t,-) cannot admit a second order derivative in x = K. If we suppose that we have already shown

that g is solution of (6.35), then this lack of parabolic smoothing is also common in time-nonlocal equations, see for instance [71,
Proposition 3.3].

Now we prove that g satisfies Item (ii) of both Theorems 3.1 and 3.2.
Proposition 6.7. Under the assumptions of Theorem 6.2 it holds, for all t, x > 0,

t
/ [Pyq(t, x) = q(t, %)| v (dss) < o0,
0

and, for all x > 0 and 4 > %

+o0 1
/ / e M| Pyq(t, x) — q(t, X)| vg(ds) dt < oo
0 0

where v, (ds) is the Lévy measure corresponding to ¢(A) = 2%, a € (1/2,1), i.e,
Vo(ds) = as™ 1 JT(1 — a)dss. (6.47)
Proof. By Proposition 6.6 we know that ¢(z, -) € C, hence we can write
N
Pyq(t, x) — q(t,x) = / GP.q(t,x)d.
0
Recalling that, still by Proposition 6.6, d,4(t, ), G4(t, -) € C,, by Item (3) of Lemma 6.3 we have
N
Pyq(t,x) — q(t,x) = / P.Gq(t,x)dz. (6.48)
0

In particular, Gq(1,-) € Cy(1/2) and, by (6.46)

F(a - l)
X 2
[Ga(t,)]in < \/;T(a)
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Hence, by Item (5) of Lemma 6.3 we get that P,Gq(t,-) € C((1/2) with

I(a-1
2K 3, ( 2>
[PTGq(tu)]]/zS\/;e8 “2al()

Using this into (6.48) we have

1 1
; I'a- = I'la-=
’ 2K Lo ( 2) '3 2K 1 ( 2)1
Pyq(t,x) — q(t,x)|< | |P,Gug(t, x)|d < 1/ ==e2 g(")‘—/ STdr <[ Tl iy,
| Pyq(t, x) — q( x)|_/0 |P.Guq(t, x)|dT < PR 220@)  Jo erars r ¢ 22l@)

Integrating the latter against v,,, we have

F(a—l) g 3 F(a—l)\/ZK
ds < ‘/2—Ke%|1"g(x)| 2 / as~%es’ ds < ez\loz,(X)I— %Tt%_a.
! 0

271(a) Id-a 2202 — a)

/ | Pya(t, x) = q(t, X)|F(l

Finally, integrating the latter against e=* for 4 > % we get

" ! 1 F(a—l) 2K e —(/1—3)1 1
/ / MIP q(t, x) — q(1, x)l ds dt < ppllogol N 2/ 7 B 3 )h-a gy,

ra- 22T ()2 — @)
1 1ogol aF(a - 5)\/ 2K

3\*72 /3
= 2T @2 — ) (’1_5) F(E_“)'
a
The last thing we need to check is Item (iii) of Theorem 3.2.

Proposition 6.8. Under the assumptions of Theorem 6.2 for all x, A > 0 it holds

+o
/ MY (0q(t, x)| dt < oo,
0

where V,(1) is the tail of (6 47).

Proof. Since v (1) = we just use the inequality (6.44) to get

F(l a)’

+oo | log(x)| +oo | log(x)|
/ T A Wl < ey = Em
0 F(l I'(l-a) M-«

O
6.2.2. Existence of the solution
We are now ready to prove a first bit of Theorem 6.2, which is summarized in the next proposition.
Proposition 6.9. Under the assumptions of Theorem 6.2, q is a solution of (6.35).

Proof. In view of the results in Section 6.2.1, we know by Theorem 3.1 that (9, — G)*q(z, x) is well-defined for all x,7 > 0. Moreover,
for any x > 0 we know by Theorem 3.2 that (9, — G)*q(-, x) admits Laplace transform for any 4 > % We divide the proof into two

parts. First we check that for all x > 0 and 4 > % we have

+o0
/ e M9, — G)q(t, x)dt = A% L (x - K),, (6.49)
0
which is the first equation in (6.35) after taking the Laplace transform in the 7 variable on both sides. Then we use this to prove that
« __ 17
0, — G)*q(t,x) = i) q(0, x). (6.50)

We begin with (6.49). Consider x > 0, 4 > % and denote

+oo
q(A,x) = / e Mg, x) dt.
0

Let us first evaluate an alternative formula for 7. Set uy (x) = (x — K), and notice that, by (6.21), we get

1 e At ’tx 1 a /1(1_1 oo As qa—1 Aa_l e As qa—1
qN(/Lx):—/ e /s’(t—s)’ qps(s, x)dsdt = e s qpg(s,x)ds = / e s Pug(x)ds,
(1 —a) Jo 0 BS T(a) /o BS T(a) Jo sk
(6.51)

where, in the first step, we used the convolution Theorem for Laplace transform (e.g., [50, Proposition 1.6.4]) and then we applied
Tonelli’s theorem since ggg is non-negative. As a consequence of (3.2), we have that

4+ +o0 +oo
/ e (0, - G)*qlx,ndt = — / / (Pt — 5,x)1 () — qt, X)) dt v, (ds)
0 0 0
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+oo +00 400
= _/ </ / e Mgt — 5, Ypgem(s. ¥ x) dy dt — G4, x)> vy (ds)
0 s 0

+o0 +o00
=- /0 (e‘“ /0 44, Y)pgem(s, ¥5 X) dy—’qu,x)> v,(ds)

+oo
=- / (7 Py(@(A, )(x) = G4 X)) v, (ds),
0

where in the third equality we used again Tonelli’s theorem to exchange the order of the integrals (since g and pgg); are non-negative)
after having made explicit the action of the operator P, in the second step. Now we can replace g in the previous identity by making
use of (6.51). To do this, we first observe that

+oo A ) j'a—l +00 ; )
P, (q(4, - e lp ix)drdy = =— ezl p, d 6.52
S(l]( ))(x) T )/ / Uk (Vpem(s, y; x)dtdy T J, g (X)dT ( )
and then we have
+o0 i @ (Xﬂa_l +o0 +o0o . ) A ) 2
(0, - G dt = ————— a=lgma=l(e=As+n) p —e P drd
/0 e ( ) ) q(x,1) @ —a) / s (e g (x) —e TuK(x)) Tds
(Zla 1 +oo +oo l —anl —A )
= F(a)F(l — / golgma= P, ( A gps (5, X) —uK(x))dr ds, (6.53)

where we used the fact that P, is a semigroup action and the explicit form of v,(-) given in (6.47). However, if we observe that

N

e M apg(s,x) —ug(x) = / 0 (€™ qps(w, %)) dw = / e (0,,qps (W, x) — Aggg(w, x)) dw = / (G — 2) ggs(w, x) dw  (6.54)
0 0 0

and we explicitly write the integral in P,, we get

+00 A a a’/lla_l +0oo +0o0 +0o0 s . ] A )
e (3, — G) q(x,t)dt = ——/ / / / 0L gmem o= AT (G — 1) gpo (W, ) poem (T, 3 X) dw dydT ds.
/0 @-6) @@=ty Jo Jo Jo pei T Panm
(6.55)

We want to use Fubini’s theorem to change the order of the integrals. To do this, we notice that (6.27) implies Gggg > 0 and then

+00 +o0 +0o0 s
/ / / / r"’ls’“’le”l(”w”(G - Daps(w, y)|peem(t, ¥: x) dwdydr ds
0 0 0 0
+o0 +o0 N +o0
< / / / / 7071570 oA O(G 4 Mg (w, Y)paem (T, v; X) dy dw dT ds
0 0 0 0

+00 +00 N
= / / / 7071 gme 1A p (G 4 M) gpg(w, x) dwdT ds (6.56)

Since ggg(7,-) € Cy, 0,qps € Cy and Gggg € Cy, we can exchange the operator (G + A) with P,, getting

+oo +oo +oo s
/ / / / T“_ls_“_le_i(”w”(G — Daps(w, y)|pepm(z, y; x)dwdydr ds
0 0 0 0

+0o +oo N
< / / / 70 LgmamLem AT O(G 4 )P gps(w, x) dwdT ds (6.57)
+o0 +o0 N
= / / / 70l gme 1o+ O/(G 4 Ngpo (7 + w, x) dw dT ds, (6.58)
where we also used the fact that P qgg(w, x) = P, P ug(x) = P, ug(x) = ggs(w + 7, x). By (6.27) we have
log? ( = )
Kx K
G ,x) < - . 6.59
aps (7 + 0. %) 8x(r + w) xp 2(r + w) ( )

log2 (%)

Consider the function r € R* = y/rexp <—r >

) € R. It is possible to check that such a function has a maximum at r, =
log™2 (%) and then

log? (%)

1
rexp|-r—e—|< —
2TV

—1 i
log ( X ) .
Plugging the latter into (6.59), adding Aggg(r + w, x) and also using (6.28) we get

Kx
(G+ ANgps(t +w,x) < \/ Sre

log™! (%)' + Ael10g1,
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Plugging this inequality into (6.58) we obtain

/+°° /+°° /+°° /STQ_]S_Q_IQ_MTM)KG—/l)qu(w,y)|pGBM(r,y;x)dwdydrds
%(\/;log 1(%) +/1€I10g(X)>/ / 1911 = )54 g g

= %(\/g log™! (%) + Ae'l"g(x)></0+0o R dr) </0+°° sl - e‘“)ds)
= %(@ Jog™! <%> Heucg(x)>r(a>r(1 -0 _

(04
where, in the last step, we used the integral representation of the Gamma function that
+00
ra-
/ (1 = ey gy = D29 je
0 04

We can now safely use Fubini’s theorem in (6.55), obtaining

reoo pe 7 N Al e 1 1 —A(r+w)
e (o, -G x,1)dt = / / / / o lgmamlmATr) (G _ ) w, T,y;x)dsdydrdw
/0 (0, - G)"a(x.1) r(a>r<1—a) (G = 2) aps (10, ¥) pop(7, y; X) ds dy

+oo0

— _ a=1 —a —A(t+w) _

= —F(a)F(l e / / T w % P.(G — A) qgs(w, x)dt dw
+o0

_ et —AT+w) _

= F(a)F(l—a)/ / e (G—=ANagps(tr+w,x)drdw
+o0 +o0 1 B i

m/ / (z—w) (G /1)6 qBS(z x)dzdw

400
-t _ —Az _ a—1,, —a
= F(a)F(l 2 /0 (G — A) e qps(z, x)</0 (z—w)* w dw) dz

+oo
—Ae! / (G — X e *qpe(z, x)dz, (6.60)
0

where in the third equality we used that P qgg(w,y) = ik (X) = Py g (x) = ggg(7 + w, x), in the fourth equality we used the
change of variables 7 = z — w, in the fifth equality we used again Fubini’s theorem and in the last equality we used the integral
representation of the Beta function. Now notice that (6.28)-(6.30) guarantee that we can take the Laplace transform in the variable
t on both sides of the first equation of (6.32), leading to

+00 +oo
A/ e_“qBS(z, X)dz — ug(x) =/ e_AZGqBS(z, x)dz.
0 0

This equality can be rearranged to obtain

+00
/ (A= Gre ¥ qps(z, x)dz = ug (x)
0

which, replaced into (6.60) gives (6.49).
By injectivity of the Laplace transform, we know that for all x > 0 there exists a measurable set 7, ¢ R* such that |Z,| = 0 and for

all t € R*\Z, one has

t
I'(l-a)

(0, - G)q(t,x) = 4(0,x).

We want to prove that 7, = @ for all x > 0. To do this, we first show that g is continuous. Indeed, let 7, x > 0 and consider a sequence
(t,. x,) = (t,x). By (6.21) and (6.38) we have

1 —a qa—1
_ (1—5)"%s
q(tn,xn)—/o qBS(["S’X")—F(l—a)F(a) ds

Since x, — x, there exist 0 < a < b such that x,, € [a, b] for all n € N and then |ggg(#,s, x,,)| < em*{Iloe@L.1log®I} Hence, we can use the
dominated convergence theorem to get

(_s)aal

O @ ds = q(t, x).

1
lim q(tn,xn)=/ qps(ts, x)
n—+oo 0
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Now we prove that for fixed x > 0 the function (9, — G)*q(-, x) is right-continuous. Indeed, let ¢, | ¢ for some ¢ > 0 and observe that

t
10, 6 att, 0= 0, = 60,91 < i [ 1Pt =530 = gt1.3) = Poat, = 5.0+ tt, 0™
(1-a) Jo
t, o a —a
a _ _ —l-a n _ n
o / [P, = 5,30 = 40, 015775 4 T = la,01 + 100 = a6 0] =
o« e ~ e
N <1n(x)+Jn(x)+T|q(z,x>|+|q(z,x> gty 0 )

Let us first consider I,(x). We have

[ Pyq(t — 5,x) — q(t, x) — Piq(t, — 5, %) + q(t,, X)| < |Pq(t — 5,x) — Pyq(t, — s, x)| + |q(t, x) — q(t,,, X)|
< Plqt, —s,-) — q(t = 5,)|(x) + |9, x) — q(¢,,, )|

Arguing as in the proof of Corollary 6.1, we have that |¢(t —s,-) — q(t,, — 5,-)| € Co(1/2) with t, —s — (z, — 1)

F(a+ %)(tn -0 %
[lg(t = s,) —q(t, = s, ')|]1/2 < T@[)V :

Hence, by Item (5) of Lemma 6.3 we have

F(a+ l)(z _
) n 3 o gl
Ps|q<zn—s,-)—q<t—s,-)|<x>52—\/—,K P
- S

zl'(a)
Combining this inequality with the fact that ¢ is continuous, for fixed s € [0,7), we find

Jim |Pig(t = 5,X) = q(t, X) = Pyq(t, = $,%) + q(t,, )| =0.

Hence, it is sufficient to show that we can use the dominated convergence theorem to take the limit inside the integral sign in I,(x).
To do this, observe that

| Pq(t = 5,x) = q(t, x) = Pq(t, — 5,X) + q(t,,, x)|
< |Pyq(t = s5,x) = Pq(t, x)| + | Pyq(t, x) — q(t, X)| + | Pyq(t, — 5, %) — Pyq(t,, X)| + | Pyq(t,, X) — q(t,, x)| (6.61)
< Pylq(t = s,) — q(t,)|(x) + | Pyq(t, x) — q(t, )| + Pylq(t, — s,+) — q(t,,, ) (x) + | Pyq(t,, x) — q(t,,, )|

Again recall that |g(r — s, ") — q(t, )| € Cy(1/2) with

F((l+%)s X
[lgt —s,-) — q(t, ')|]1/2 < T(a)v s

hence, by Item (5) of Lemma 6.3,

2F(a+l)s 2F(a+ l>s
2 K 34 lloel 2 K 3, 4 ol
Plq(t—s,-)—q(t,- <— "7 /= ¢8 2 < ———~ [ ——e8'1TT2 6.62
10 = 5.9 = 400 € — ey [ e @ Vi (6.62)
and
2F(a+ 1).? 2F<a+ l)s ’
2 K 3, +|log(x)| 2 K 3 +|log<»)l
P.lqt, —s,-)—q(t,,- < — "7 = et <~ TZ T eyt 6.63
clatty = 5,0 = 9l ) S — iy [ e o Visse (6.63)

Furthermore, notice that

s

S s
Pyq(t,x) — q(t,x) =/ GP.q(t,x)dt =/ P,Gq(t,x)dr
0 0
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where we used Item (3) of Lemma 6.3 since ¢(t, -), 0,4(t, -) and Gq(t, -) belong to C. In particular, recall that, by (6.46), that Gq(t,-) €
Cy(1/2) and

F(a— l)
K 2
(Gat N1 <\ 5 2T

Hence, by Item (5) of Lemma 6.3 we get, since t < s <t

1 1
F(a — —) I'la-=
2 ) 3_, Hogl 2 | IOE(X)l
K TR < K o3 t+

|P.Gq(t,x)| <24/ = ——=—"¢ <n /2 -7
2t 2xl(a) 2t 2xl'(a)
and then
F(a - l) :
K 2) 3, 4ol
P.q(t,x) — q(t,x)] <24/ = ———Les"1T 2 6.64
[Psq(t, x) — q(1, x)| \/21 aT@ ¢ s (6.64)
Analogously,
F(a—l> 3. llog)l
|Pyq(t,. x) - q(z,,,x>|<z,/’<tT@j)egn+—g . (6.65)
Combining (6.62)-(6.65) with (6.61) we have
4F((x+l)s F(a—l)
2 K 3, 4ol K 2 H_\log(x)l
Pq(t — —q(t,x)— Pq(t, — t < ——"F"1/ —e8'! 2 4y == —— 2 X
| Pyq(t = 5,x) — q(t,x) — Pyq(t, — 5,%) + q(t,,x)| < @) T—s¢ + 2% 2aT@) es s

Integrating the latter against s~'~% we get

t
/ [Poq(t — 5,x) — qt, x) — Pig(t, — 5, %) + q(t,., x)|s™' " ds
0

4F<“+%>\/— 3, Lol [! KF<“‘%) g

<—— 2 \Ke¥"T2 [ (1—9) 25 %ds+4 2 el / s%d

=T ¢ /0( 5) ST 2% 2aT(@) € o s
4F<a+ 1)r(1 —a) » p(a_ 1) »

_ 2 lge%"+|]i()lt%_"+4 /5 2 e%'l*'“gzwt%_"

F(a)l"(é —a) ks 2 2z(1 — )[(a)
2

where we also used [70, Lemma 1.11]. Hence, we can use the dominated convergence theorem to guarantee that
lim I,(x) =
n—oo

Next, we move to J,(x). We have, arguing as before and recalling that this time s € [¢,,1],

|Psq(tn —5,Xx) — q(tn’x)l < |Psq(tn —5,X) — Ps‘l(’n’-x)l + |Psq(tn’x) - q(tn’x)l
< Plq(t, — s,+) = q(t, )| + | Pyg(t,, x) — (1, )]

2F(a+l)s o F(a—l> o

< 2 K e%t"*'“%w E 2 ot ,+\l (x)\ N
7zl (@) t,—s 2t 2xl(a)

Hence,

2r(a+}) g <(a-1) .
og(x: 2 3 |log(x)| n
J, —— 2K g+ t Seg +2\/—— gt / ~od
() < 1_( ) e / (t,—s) 2s s 2 2aT(@) e t s %ds

2r<a+-) it r(a—l>

2 | logml 1 2 |log(x)|

= — 2\ JKein g / Wty - w) " dw+ 2y e 2Lt glma _l-a
0

7l'(a) 2t 27(1 — a)['(@)

1 ‘ _1
= —2F£z£)2> \/Ee n +“0w)| t,,%_a '/0175 z7%(1 —-z)%dz+ 2\/%—2;?0[_ a)i“)(a)est +“0gzw (1111—01 — {1y,
Hence, taking the limit as n — oo, we get

lim J,(x) =0

n—oo
Combined with the fact that also the remaining terms converge to 0 as n — oo, this finally shows that

1im (9, = G)*q(t, ) = (0, = G)"q(t, ).
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Now we prove that 7, = @ for all x > 0. Indeed, fix x > 0 and assume that 7, # @. Let t € I, and consider an interval of the form
[t,¢ + 6] for some & > 0. Since |, N [z,7 + 5]| = 0, we know that there exists a sequence ¢, | ¢ such that 7, ¢ T, for all n € N. For such
a sequence, we know that

—a

— G\ - _n
(0, = G)*q(t,, x) ) 4(0, x).
Taking the limit as n - co we get
l*a
— o R —
(0, = G)*q(1,x) - 4(0,x)

that is absurd. Hence 7, = @ and thus we get that
l*a
(0, - G)aq(l, x) = mq(o, X), Vi, x > 0. (6.66)

Finally, we notice that g € Cy,(R}) by Proposition 6.6. O

Remark 6.4. Actually, the first equality in (6.35) guarantees that (9, — G)%q is continuous in both variables.

6.2.3. Uniqueness of the solution
In order to prove that (6.35) has a unique solution, we need to consider an auxiliary problem. For f > 0 consider the function

fp(x) = &1l and, by Item (4) of Lemma 6.3,
ﬁ(ﬂ2+l>,q) —(ﬂ+ l)\/;+ log(x) .
AN

BB=D lo, -
(- -2
Let us give some preliminary estimates on u;, that can be verified by direct evaluation.

up(t, x) = P, fy(x) = &/ 1

\/;

Lemma 6.5. Forall § >0 and t,x > 0 we have:

BB=1)

_ log(x) _ mtf(lﬁrl)log(x) _ l log(x)
)\/? 7 > e 2 @ <ﬂ+2)\/2+ 7 (6.67)

s _ 1 log(x)
Pup(t,x) = fp— ez TIDWg( (5 2 ff- 222
“ﬂ X e ( 2) \/;

2 1 3 0 2 X
+ P+ D IR (g4 L)+ 0800 ) _ 22 - tox- 2 6.68)
2 \/; it

_ _ pB-1) ﬂ(ﬂil)t+ﬂ10g(x) _ _ l _ log(x)
Oyt ) = Gup(t, x) = =" <1>< <ﬂ 2)\/} o

02(X, 02X
LBBHD B iy _(ﬁ+1)\/;+‘°g(X> R T (6.69)
2 2 \/; \V2xt

In particular,
lug(t, )| < 2™ 2+ IoE (6.70)
0, up(t.x)| < 2pe 5+ o] (6.71)
X ’ = .
p+1) 2 3
1022, )] < 20(8 + Dy ™5 +0+Dlool | V2 V2 s (6.72)
it
pB+D) y Llog()|
[0up(t, x)| = |Guy(t, x)| < BB+ e 2 4] log()] + \/L_e 2. (6.73)
2t
Now consider the function
! ! R D ! s (1 =)
t,x) = ; ;Dds = S X)—————ds = t,X) ———ds. 6.74
qﬁ( X) /0 uﬁ(s x)g(s;t)ds /0 uﬂ(s X) @i —a) s /0 uﬂ(s X) @ —a) s ( )

Similarly to what we did for g, we need to prove some regularity results for g,. We start with the following proposition, concerning
the regularity in the ¢ variable.

Proposition 6.10. Let ¢(1) = A* for some a € (0,1) and f > 0. Then for all x > 0 the function qp(-,x) belongs to AC([R(J;) and its a.e.
derivative 9,q,(-, x) satisfies

2ﬂF< Ly a)

A+ 2 | log(x)|

10,g5(t. )] < @B(p+ e 2 FIHANEIL 2= 2R
/(@)

(6.75)
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In particular, for all t,x > 0
t
a -
m /0 [Pyqp(t = 5,x) — Pygp(t, x)|s I=e g5 < o
and for all x > 0 and 4 > max{ﬂ(ﬁ+ 1),%}
a +oo t i .
m/() [} e '|Psqﬂ(t—s,x)— Pyqp(t, 0)|s™ " ds dt < co. (6.76)
Proof. Arguing as in Proposition 6.5, let > 0and h € (—% 1). We have

1
</
0

By Lagrange’s theorem we know that there exists & € [min{zs, ts + hs}, max{ts,ts + hs}] C [’ES t+ l)s] such that

qp(t + h,x) — q4(t, x)
h

ug(st + sh, x) — uﬂ(st, X)
sh

s¥(1 —s)7¢

T(@)I(1 — a) 6.77)

ug(st + sh, x) — ug(st, x)
sh

p Lol
—e 2

\2né

(+Ds+pllogel | B Lol

= 10up(&, )| < P(§ + D F I

BB+
2

< PP+ De

5

nts

where we used (6.73). Using this bound into (6.77) we get

ﬂ"’*”<x+1>+/3|log(x>|/l s4(1 — 5)7@ “OEW'/ s* 2(1—8) -
<P+ De , T@ii-a®t Tard=a %

qp(t + h,x) — qp(t, x)
h

2 r(l + a)
ﬁ(ﬁ;l)(Hl)Jrﬁ”Og(Xﬂ " ﬂ 2 eHng(XH ‘
V(@)
Arguing as in Proposition 5.1, this implies that g,(-, x) belongs to AC(IRB’) and that its a.e. derivative 9,q,(t, x) satisfies (6.75).
Next, observe that
1

2sﬂF(§ + “) llog(ol
—_—e 2 .

7\t — s[(a)

= ap(p+ e

s BB+
|q,,(z—s,x)—qﬂ<r,x>|s/ 10,q(t — 7,)| d7 < af(f+ De” 2 HDHI0E®
0

Setting /7: max { %,ﬁ}, we have that |g;(t —s,-) — g3(t,-)| € CO(E) with

2 F(l + )
PO ) SPT(; +a
z\/t — s['(a)

[q5( = 5,) = qp(t, )5 < af(f + e

and then, by Item (5) of Lemma 6.3

4sﬂlﬁ<l +a) I -
2 BB hltogol

7/t — s['(a)

Pylap(t = 5,) — a1, )] < | 2ap(p + DePPHED 4 6.78)

Thus we have

2826+ 1) 55 4“’”(% ) i, 1| -
20°pB+ D) jgrverng—a " N2 ) BB da | Biogeol

rQ2-a) \/;F(G)F@ _ a)

t

[¢4 —1-
e | IR0 - Pl v as <
that also implies (6.76) with A > ﬂN(ﬂ~+ . O
Next, we need to study the regularity of g, in the x variable. Let us first focus on the first derivative.

Proposition 6.11. For all 7,x > 0, we have

0,5, x) = ) / Oup(tT, )" H(1 — 7)%dr. (6.79)

(a )F(
Furthermore, q; € Cy(f) and d,.q5 € Co(ff + 1), with

(f+1)

[y, >1,,<2e el (6.80)

[0,,(t, )y < 2pe" 2. 6.81)
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Proof. The identity (6.79) follows by (6.74) by a simple application of the dominated convergence theorem, which is justified by
(6.71). Furthermore, (6.70) and (6.71) imply respectively (6.80) and (6.81). O

For the second derivative, we need a further assumption.

Proposition 6.12. Leta € (% 1) and B > 0. Then, for all t, x > 0, we have

_1 ! 2 a—l¢1 _ _\—«a
F(a)r(l—a)/o Opltm,x)e 1 = ey (6.82)

— 1 ] a—1 —a
= m A Guﬁ(t'r, X)T (1-7)"%dr. (6.83)

0%q5(1, %) =
Gyqp(t,x)

Moreover, Gqy € Co(B) with ff = max {ﬂ’ 3 } and

) ey, Pr(a=3)ra-a
[Gapt. )]z < BB+ De T+ ———————. (6.84)

72t
As a consequence, for all t,x > 0,

t
a —1—
—F(l—a)/o |Pyq(t, x) = q(t,x)|s™' " ds < oo,

and for all x > 0 and A > E(ﬂ~+ 1),

+oo t
a _ -
o /() /0 e M| Pg(t, x) — q(t, x)|s7' "% ds dt < 0. (6.85)

Proof. Fix x,t >0andlet 0 < a < x < b. For y € [a,b] and 7 € [0, 1], by (6.72), we have

B+ 2 M
[0%uy(17, )| <2p(f+ e 2 THHIM +&e T,
rtt

where M = max{|log(a)l, | log(b)|}. Notice that the right-hand side is integrable against g (r, 1). Indeed,
ﬂF(a - %)I‘(l —aV2
e .
m\t

Hence, an application of the dominated convergence theorem to (6.79) leads to (6.82). Furthermore, multiplying both sides of (6.82)

by % we get (6.83) and (6.84) follows by (6.83) and (6.73).
Now observe that by Proposition 6.12 we know that g,(t, ), d,q,(t, ) € Cy, while we also proved that Gg,(t,-) € C,. Hence we can
write

1
BB+ M BB+
/ <2ﬁ(ﬁ+ s L €2>‘L'a_1(1 -0 dr=2p(f+ e 2 TIIM 4
0

\2rtr

s

s s
Pqp(t, x) — qp(t,x) = / GP gt x)dt = / P,Ggy(t,x)dr.
0 0
Furthermore, by (6.84) and Item (5) of Lemma 6.3 we get for = € [0, s] C [0,7]
1
ﬁF((x -1 )r(l -9 g,
N 7 T

w2

P,1Gay(t, ) < | p(p + 1P P 4 ePllol, (6.86)

Thus, we have

1
ﬂF(a - E)r(l -
—_— e 2

a2

[Pyay(t, %) — q(t, )| < | BB+ PP+ 4 [ sefltogeol (6.87)

and then

{1 Bl log()|

: o pr(a=Hra-wo g,
L/ [P,qp(t.x) — qt. )57 " ds < —"—| p(p+ DSPH 4 —— LT
Tl-a) fo

“T2-a) 2

Eventually, the latter inequality implies (6.85) for A > f(f+1). O
Now we check that ap satisfies Item (iii) of Theorem 3.2.

Proposition 6.13. Let a € (0,1) and p > 0. Then, for all 1 > @ and x > 0 we have

1 +o0 A
_ %M t, dt < .
F(l—a)/o gyt 0] di < oo

39



G. Ascione et al. Stochastic Processes and their Applications 201 (2026) 105057

Proof. By (6.80) we have

+oo log(x)| p+D) a1
—a =2 2¢fllog —a —(4= o log(x) BB+ 1)
/ e M gt x)| dt < o i " g BG4y 2 g piostol i- B

Ir'ad-a)
O

We can now prove that g, is a solution of a special fully nonlocal equation.

Proposition 6.14. Let a € (% 1) and f > 0. Then g, is a solution of

{(a, - G)qy(t,%) = =540 %) x>0 6.88)

50, x) = fllogl x> 0.

Proof. First notice that g4(0, x) = ug(0, x) = e#11°¢®)I. By Propositions 6.10, 6.12 and 6.13 we know that (9, — G)*g,(t, x) is well-defined
for all #,x > 0 and for fixed x > 0 the function (9, — G)*¢,(-, x) is Laplace transformable for 1 > ﬂN(ﬂ~ + 1), where /7 = max { B, % } Now
we show that

+o0
/ (3, — GYqy(t, x) dit = 151 PI1oE) (6.89)
0

for 4 > %(i + B+ 1)). This is done exactly as in Proposition 6.9, the only difference being the bound we prove to use Fubini’s
theorem in (6.55). Precisely, recall that f;(x) = e/11°€®l and set

log2 (x)

u(t,x)=-e"

£300
and notice that, by (6.70) and (6.73)

5 u(w, y)>.
V2w

|G = 2y, )| < ((ﬂ(ﬂ + D420 f) +

Hence, we have

+o0 +oo +oo s
/ / / / T“_ls_“_le_i(”'w)‘(G - Dug(w, y)‘pGBM(T, yvix)dwdydtds
0 0 0 0

oo poo s p+D)
5/ / / B+ D +20e 7 ool e (e, x) dw dr ds
0 0 0

(o) (s N
+ / / / Lr“_ls_”_le_”l(ﬂ'w) Pu(w,x)dwdrds =: I, + I,. (6.90)
o Jo Jo \2zw

Concerning I, we have, by Item (5) of Lemma 6.3

®  roo rs —(A—iﬁw(ﬁ+l))(f+w)
2 a—1 —a—1
1, SZ(ﬂ(ﬂ+1)+2/1)/ / / e %7 s dwdrds
0 0 0

o _( 4 BB+D o _( B0,
_wenrof g R G 1l / G ) S

24-BF+1) |Jo 0
_ 4B+ D +24r0 — a)F(a)
24— ﬂ(ﬂ +1)
For I,, we first need to evaluate P,u(w, x). We have
T s
0 ¥ 2rr

t_logw TR 10?() _log?() | log(y)log(x)
= \/;_ce‘ﬁ‘ 2 / e‘T—7+7+ﬂI10g(y)l 1 dy.
0

\Vy32rr

Now let z = log(y) to achieve

2 +o0 2
_ X _L_log (x) zZ _ +log(x) +
Pru(w, X) = — e 8 2t e 2w 21 T ﬂlz\ dz.
\/ 2rt —co

Define

H(r,w) = (i + %)_1 (6.91)
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so that
2

P Z(X) +0o0 __z log(x) _ 1 1
prg(w’x):,lme—r%/ ., ey (-1 )+ la dz
T - A\ 27H(r,w)
2 = x
_ @) e ke [eﬁ\B(H(r,w»H(%—%)B(H(r,w))]
T
/ ool L(Felos 1V, ~
_ XH(T’w)e’T%ez(m i 2) H(r,w)q’<_<ﬂ+ log(x) l>\/;>
T T 2
ool L(F1os 1V pun ~
oo HE W) | lgw S (fe +2)H(r,u>¢<_<ﬁ_10g(x)+l>\/;>
T T 2
:_log?) 1) w
_ /)CH(T,w)e—g—2(:§+w)+A1H(r,w)+(ﬂ—§)mlog(x)q)(_Az\/;>
T
r log(x) ~ 1 )
+y XH(:, W) =5 xerw) +BlH("“’)_(ﬁ+i)# log(X)‘D(_Bz‘/;),

where
71 B ~ log(x) 1
A= 4+--2 A, = L
=7 t%573 2 T 2
71 F log(x) 1
B=—+-+L B, = -
=5 t5t3 2=/ T 2

and we used Lemma 6.2. Furthermore, we have

1l N( 7= L) 2 o0
P.u(w,x) = /me 8 2(r+w)+A1H(T’“>+(ﬂ 2)r+w 100(X)¢<_A2\/;)
z log(x) S(ml) w
+2p /2 (x+ )e—§—20(1+w)+B]H(T,w)—(ﬂ+E)mlog(x)q><_B2\/;)
(T w
s

_r_log2) ~
< +B1H(1,w)+(ﬁ+l)|log(x)|
V27(T + w)
log?(x)

e 8 2rtw)
where we used B; > A, and HLW < 1. Now recall that the function r € Rt — 4/re”" 2 € R* admits as maximum point r,

2rw

B

= log (),

so that
5+ B w41 Togto)

Prﬁ(ws x) < ﬂ | log_] (x)|e

B
V2w V2rze

Next, we observe that 2H(z, w) is the harmonic mean of = and w, hence, we can use the fact that the harmonic mean is smaller than

or equal to the arithmetic mean to write

H(r,w) < T2
4
and thus we get
ﬂ ~
Pu(w,x) < 4 [Tog™ ! (x)le (rwrk(F+1 ) ogeol
2rw 2re

Now we can go back to I, to get

~ 400 pto0 ps (=B )
b |10g_1(x)|e(ﬁ+l)‘log(x)l/ / /Tailsfafle (A 4)(T+u)dwdrds
2me 0 0 0
By

e D jiog el ( / g (1 - g(‘#)ﬁ) ds> < / e dr>
1 0 0

( bl T) V 2re
AT = o))
( - % ) \V2me
Once we have (6.89), we know that for all x > 0 there exists Z,, ¢ R* such that |Z,| = 0 and for all € R* \Z, we have

- (6.92)

« t
(0 = G)'qp(t, x) = m%(os x).

Analogously to what we did in Proposition 6.9, we need to prove that T, = @. First, notice that a simple application of the dominated
convergence theorem to (6.74), justified by (6.70), shows that g, is continuous. Furthermore, arguing exactly as in Proposition 6.9,
by means of the estimates (6.78) and (6.87), one can show that if 1, | #, then (9, — G)*q,(t,, x) = (9, — G)*q4(t, x). This shows, with
the same argument as in Proposition 6.9, that 7, = @ for all x > 0 and then qp is solution of (6.88). O

I <

og™" (el F+1)1oecol
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Now we want to use the auxiliary function qp to show that (6.35) has a unique solution. To do this, we need also the following lower
bound.

Proposition 6.15. Leta € (0,1) and § > 0. Then there exists a non-increasing function C; : R* — R with C;(1) > 0 for all t > 0 and such
that

qﬁ(,’ x) > Cﬁ(,)eﬂll«)g(x)l.

Proof. First of all, let us observe that if x > 1 then log(x) > 0 and we have
JI0a)) p=1)

o=+ 3) Vi) 2 (< (5= ) VE),
If instead x € (0, 1], then log(x) < 0 and
p-1)

=ro(-(r-3)V)
Hence, in general, we have

(5 1))

uﬁ(ﬂ x) > eﬁlog(x)+

up(t,x) > ¢ P10E

Bllog()|+

ug(t,x) = e

Next, by (6.74), we get

1 1 emlogun;@r s< %
B6=1) 1 sl =57 B6=1)
> ofllogx)l s (_( __) )—> Bllog(ol+ 281 (_( _1) ) (l
ap(t.x) 2 e re(=(0- )V ) Tora—a 2 To(=(p-5)Vi) e300
eﬁ|lng<x>|q>(_(ﬂ_ %)\/;) p>1,

that ends the proof. O

Now we shall show that the solutions of the fully nonlocal Black-Scholes equation belonging to COJOC(ROJf) are unique.
Proposition 6.16. Let a € (% 1) and f € C,. Then, the equation

0, - G)qst,x) = r(’l;;)q/-(o, x) x>0
qf((), x) = f(x) x>0 (6.93)
qr € Co,loc([R(J)r )

at most has one solution.

Proof. Since the equation is linear, it is sufficient to verify that if f =0 then the solution g, = 0. Fix T > 0 and recall that since
qr € COJOC([R(*)') then

|‘If(” x)| < CTeﬂrllog(X)\.

For simplicity, set C; = C and fy := f,. Now, for any A > 1 and § > f,, consider the function

C -
wp(t,x; A) 1= D el ﬂ)ll"g(’q)lqﬁ(t, X).

Notice that w;(0, x; A) > 0 = q,(0,x) for all x > 0. Next, by Proposition 6.15 we have that, for t € (0,T],

wyt,x; A) 2 SO o-pi1og 4oz > Celfo=PIogW)l+5l o]
C,()

If x ¢ [A~!, A] then |log(x)| > | log(A)| and we have
wy(t, x; A) > CePlED > g 1, x).
This shows that for all x ¢ [A~!, 4] and 1 € [0, T]
wy(t,x; A) +q,(t,x) <0 < wyt, x; A) — 71, x). (6.94)

We want to show that this inequality holds for all x > 0. To do this, assume by contradiction that there exists a point (7,,x,) €
[0,T] x R such that

wﬁ(t*, Xy A) — Qﬁ(t*a x,) <0.

It must hold x, € [A~!, A]. Furthermore, since all the involved functions are continuous, we can assume without loss of generality
that

Wetes X33 A) = qpty, X)) = min » (wp(t,x; A) — q£(1, X)).
(t.%)€[0,TIX[A~ A]
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First of all, notice that for all x € R*
Wete, X3 A) — qp(t4, x,) <0 <wg(0,x; A) — q7(0, x).

Moreover, using (6.94) for x ¢ [A~!, A] and the definition of (¢, x,), if x € [A~!, A], we get
Wyl X3 A) = G (T, X50) S wp(t, X3 A) = q (1, x)

for all r € [0,T] and x > 0. By Proposition 3.1 we must have
—a

=0 — G Wy, A) = g (. N 1) + m

However, by Proposition 6.14 we know that, up to a multiplicative constant, w(-, -; A) solves (6.88), while g, solves (6.93), hence

wﬂ(O, x,;A)>0.

—a

(0, = G)*(wp(, 5 A) = g (- Nxes 1) + ﬁ

wy(0,x,;A4) =0,
which is a contradiction. Thus, we find
wﬁ(t,x;A) - qf(t, x)>0, Vx>0, t€[0,T]
With a similar argument one can prove that
wp(t,x;A) + qf(t, x) <0, Vx>0, t€[0,T]
and then, since (6.94) holds for all x > 0 and ¢ € [0, T], we have

= € -pllog
lq; (@, x)| < wpt, x; A) = me o=Plog®lg (1, x)

taking the limit as A — co we get that |g,(7,x)| = 0 for all x > 0 and 7 € [0, T]. Since T > 0 is arbitrary, we end the proof. [
6.3. Proof of Theorem 6.2

Before proving the main theorem of the section, we must state the last preliminary result whose proof is in Appendix D.

Proposition 6.17. Let ¢(4) = A* for some a € (0, 1). Then, on f € CF*(R x R™*) the generator A® of (B%,S) acts as follows:

A‘/’f(x,u)://(f(x+h,s+U)—f(x,u)—haxf(x,U)Il[_lyu(h))l(,'(dh;ds)dh,
R JR

where K is defined in (6.33).
Now we are finally ready to prove Theorem 6.2.

Proof of Theorem 6.2. We already know by (6.18) that ¢, (T —t, x,0) = q(t, x). Furthermore, by Proposition 6.9 we know that the
function q solves (6.35) and by Proposition 6.16 that it is actually the unique solution. We only need to prove (6.34). To do this,
denote by (Q,)» the transition semigroup of (X, (t), y(¢)) and observe that

~(x,0)

0, (6. X (0, 7() = Op_u(X(0), y1) =B~ [(X(T) = K), | X(), 7(1)]
T—v—y(T)

= E®O[* D37 —K), | X0, 7] = Qr_,87.o(Xe(0), 7(1) = Op_ g7 ,(l0g(X (1)), 7(1)),

where
T—v—w

grotnw) =@ —K),.

By Proposition 6.17 and [18, Theorem 4.1], we have, for w > 0

Q,8(x, w) = g(x, w + N, (x; RY X[w + 1, 00)) + Qrrw—r8X + ¥, 00K, (d7,dYy),

R X[w,w+1)
In our case, this becomes
9, (1, x,w) = Qp_, g7 ,(log(x), w) = gr ,(log(x), w + T — NI, (x; RY x[w + T —t,0)) (6.95)
+ Qr_trw--81,0108(x) + y, 0K, (d7, d y). (6.96)

R X[w,w+T—t)
Now, we just have to evaluate the inner term. We have, setting for brevity X = log(x) + y+t—w+7t—vand7=T —t+w -1,

Qr_rrwe8r o (10g(x) + y,0) = B30 [(exp <Xe(?) - T‘%”’) - K) ]
.

[

= E&D [(exp (Xe(7) _zr _27(’)> - 1<> ] = E(;’O)[(X(T)e_% -K),]=q@%).
+
Substituting the latter expression into (6.95) we get (6.34). O
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Appendix A. A simple property of conditional expectations

Lemma A.1. Let X,Y, Z be three random variables with values respectively in Ey, Ey, E,. Assume that Z is independent of both X and
Y. Then, for any bounded measurable function F : Ex X E; — R

E[F(X,Z)| X,Y]=E[F(X, Z) | X]
Proof. First consider two sets By € £y and B, € £,. Then

E [ILBX(X)ILBZ(Z) | X,Y] =1, (X)E []IBZ(Z) | X.Y| =1, (0OE []IBZ(Z)]

=15, (X E [1,(2) | X| = E[15,0015,2) | X].

Now fix F € o(X,Y) and define forany BE £Ex ® €,

up(B)=E[1;E[15(X,2Z)| X,Y]]
and

veB)=E [1;E [15(X, 2) | X]].

Notice that on B = By X B, for some By € £y and B, € £, itholds up(By X B;) = vp(Bx X B). Since the sets of the form By X B,
constitute a z-system generating € y ® £ ,, this is enough to guarantee that y, = v,. Furthermore, since F € ¢(X,Y) is arbitrary, this
leads to

E[1p(X,2)| X,Y] =E[15(X,2) | X]

for all B € £y x €. Once this has been shown for indicator functions, a standard argument leads to the statement. [

Appendix B. Proof of Lemma 6.2

The proof is by direct calculation. Just notice that

+o0 1 +oo 2 oy ﬁ ﬁ_‘_ﬁ
/ AP (1, x — y)dy = / AP
- 2xt -

+o0 2 2 , 0 2 2
yo_oxt o xy yo o xt | xy
= ! / eA‘y+A2y_Z_?+Tdy+ ! /e_A‘y“zy_?‘E*'Tdy
2zt J0 -

= F(t,x; A + Ao) + F(t,—x; Ay — Ay)

where

1 +oo ; 2 %2 xy
F(t,x; ) = / NI dy.
\2rxt /0

We only need to evaluate F. To do this, notice that

2 2 2

y x xy (y — (At +x)) A(At +2x)
- X X

YTu T w YT 2 M)

hence

1 M2 TR g-(rea)?
F(t,x;A) = e 2 e 2 dy.
2xt 0
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y—(At+x)

Using the change of variables v = , we have

M2y [T M(i+2x)
F(t,x;A) = ! e 2 / e 2dv=¢" 2 <D<—M+x>.

Attx
2r v

Vi

This ends the proof. O

Appendix C. Proof of Lemma 6.3

We first recall that, by [51, Theorems 6.20 and 8.6], the equation

N )
{(),v(t, y) = anv(t, y), t>0, xeR 1)

v(0,y) = g»), xeER

admits a solution v, whenever g € C(R) satisfies |g(y)| < CelV! for suitable constants C, § > 0 and such a solution is unique among

functions v(z, y) satisfying, for all T > 0, |v(t,y)| < C; ¢©2¥ for some constants C;,C, > 0 and 7 € [0, T]. Furthermore, still by [51,
Theorem 8.6], we know that,

v (t,y) = BYV[g(B(1))]

Hence, for any 7 > 0 and ¢ € [0, T,

il
v (. )| < ECO[|g(B@)]] < CEO [fIEOI] <205

where we also used Lemma 6.2. Now consider the equation

{0,14(1, X)=Gu(t,x), t>0, x€R* ©2

u(0,x) = f(x) x € RY,

where f € C, and let # > 0 be such that f € Cy(p). Then if we set
g0)=¢1f(). xER

1
we do have |g(y)| < [f]ﬁe(mf)m and g € C(R), hence we can solve the heat Eq. (C.1), providing the unique solution v,(z,y) that
satisfies

2
lo, (1, )] < 2[f]ﬂe%<ﬁ+%) x+(ﬂ+%)\y|_

According to [51, Proposition 7.9], we know that
logx) _ 1
up(t,x)=e 2 " 8u,(1,log(x))

is a classical solution of (C.2). Hence, in particular, u, € C(ROJr xR*)n CY(R* xR*) and for all 7 > 0 it holds up(t,) € C%(R™"). More-
over, for x > 0 we get

| log(x)| PP+
lup(t.x)] e 2 [vy(t.log(x))] < 2[f et DNOEI+T5= (C.3)

hence u, € Cy,. To show uniqueness, notice that if we consider any other solution of (C.2) in C,, then we have, still by [51,

Proposition 7.9], that u;(t, x) = e’%+éu(t, e¥) satisfies (C.1) with

~ T (g.+l
|U;(t, x)| < Cres e(ﬁTJr2 )le
forall T > 0,¢€[0,T], x € R. By [51, Theorem 6.20], we know that v; =, hence u, = us.
Denote by (P;),,, the semigroup action on C, such that for all f € C,, the function u,(s, x) = P, f(x) is the unique solution of (6.32)
in Cg.
Notice that for the special initial data fp, 4 (x) = ePillog)l+h2loe) | that belongs to Co(|f;] + |,]), we have g(y) = e
hence, by Lemma 6.2, it holds

2
0yt 3) = BOD g By = o 1173 () rq’(“(m h -3 )Vi- é>

(-t )yt (-par b) s 1 y
p ettt (nned) cp(-(ﬂl-ﬁﬁz)m%)

(ﬁz* % )y+ﬁ1 Iyl ,
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As a consequence, we get, in such a case

oy BLHB)B +5=1) 1 log(x)
P fg p,(0) = P logl)t 2 t¢’<—(ﬁ1 +5 - 2 ) Vi- f/_
t

e B1=B2)(By~hr+1) log(x
+ ¢~ P1=h)loglx)+ 5 'd _(ﬁl - b+ %)\/;_;,_ 2(x) .
Vi

This shows Item (4).

log(x) t
Now we prove Item (1). Recall that for f € C it holds P, f(x) = egT_§ v, (t,1og(x)), where Vg satisfies (C.1) with g(y) = 3 fe).
As before, we also recall that

vg(t,y) = / §(2)p(t,z—y)dz = / 73 f(epit 2 — ydz,
R R

where

1 _e?
e

pit,z—y) =
2rt

is the heat kernel, as in (6.24). Hence,

log(x) _ ¢

Pf(x)=c¢ 2 % / 3 f(eF)p(t, z — log(x))dz.
R

Using the change of variables z = log(w), we achieve

log(w)
log(x) -2

t +o0
Pfx)=e 2 % / E—— Fw)p(t. og(w) - log(x)dw
0

+o00
= /0 S)pgpm(t, w; x)dw.

Since pgpm(?, -; x) is a probability density function, this also guarantees that P, is positivity preserving and sub-Markov. In particular,
if f € Cy(p), then |f| < fp0=" 13 and then

1
IBSGII < PASIC) < 1P fpo(x) < L]l 20+ 250 <I><—(ﬂ - D)Vi- &(")>
i

+Lppe R <_(ﬁ +3)Vis 10g(x>> <2 fpe T IR,
2 Vi

t

that shows Item (5).
To prove Item (2) observe that

< (2log(w) — 2log(x) + 1) >
Xp| —

Paem(t, w; x) =
wy\2x 81

and then

2log(w) —2log(x) + ¢ (2log(w) — 2log(x) + t)2
0, Pgem(t, w; x) = exp| — .

2txw\/ 2z 8t

Fix 0 < a < b and let x € [a, b]. Let also # > 0 be such that f € Cy(p) and set M = max{|log(a)|,|log(b)|}. Then we have

|21og(w) — 2 log(x) + ¢|

| f )0y pgem(, w; x)| < [fp

- 2
exp (ﬂllog(w)|_ (2 log(w) 82110g(x)+t) >

2txw\/ 2«

log?(w) log?(w)
2at\/_g,(log(w)) exp <— log(w) — 6 ) exp (— 1 )

p— 2 —
exp < Sl log)] - (w))exp< log*(0) + 2 log()(2 log(x) r>>’

<

4t
where
72
8,(2) = 2|z| +2M +t)e” 3.

First, notice that g, € C(R), g;(z) >0 for all z € R and lim__,, , g,(z) = 0. Hence, there exists M, () = max_cp g(z). Next, consider the

2
parabolar € R —;—t + pr € R and we notice that its vertex, which is its maximum, lies in the point (4p¢,24%¢). Similarly, the vertex
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2 —
of the parabola r e R — —% + [2eD & R Jjes in the point (210g(x) -1,

(2log(x)—1?
2t 4t

), which is its maximum. Finally, consider the
2
parabola r € R —% —r € R and notice that its vertex, that is its maximum, lies in the point (-8¢, 47). Hence, if we set
[f1aM (1) 21 —1)?
C, = e exp (2(f* +2)t) max exp <m>
2at\V2x x€la,b] 4t

we get

log*(w)
| f ()0, pom(t, w; x)| < Cyexp| — 30 >

where the right-hand side is integrable and independent of x. Hence, by dominated convergence,

+o0
0P f(x)= [ (W), pgem(t, w; x) dw.
0

To prove the bound, we argue as follows: first we notice that

+oo
0P/ ()] < / | ()0, Pt w; )] duw
0

+00 —_
1 [210g(0) = 2log0) +1] (m log(w)] —
2tx\/ 2z J0 w

_ 2
(2log(w) E?tlog(x)+t) >dw

2log(w)—2log(x)+t

Next, we apply the change of variables z = , obtaining

Ul [+
x\2x /-

[f1g ¢ /+°° < z2>
! 5 -=\d
\/_exp (ﬁ| og(x)| +ﬂ2> A zexp | iz 5 ) dz

2x\/ 2%

e , /+w ( zz)
= 1 I _ _Z\a
\/_exp(ﬁIOg(X)Hﬂz) - pvhew (pviz- 5 ) az

2x\/ 2%

[£1,8V $oo 2
+ ﬁ—\/_exp (ﬂllog(x)|+ﬂ%)/0 exp <ﬂ\/;z— Z?>dz.

2x\/2x

[0y P f ()]

I\

|z| exp <ﬁ

t 22
1+ 1 — ===
z\/-+ og(x) ‘ >dz

IA

2/, :
1= exp (Bllog(x)| + AL )1, + I).
= o )

x\ 2z«

Concerning I, it is easy to check that I; = 1. For I,, we rewrite it as

2,2
L= \/glE((’*O) [eﬂ\ﬁlB“)'] = ZneﬂTth(—ﬁ\/;).

Hence we get

2171 ez 22
0P, f Gl < —L exp ( Bllog(o) +ﬂ1)<1 +V2res m(—ﬂxﬁ)) <4Uf1exp <(ﬁ+ Dllog()| + 53 + ”—’)
x\/ﬁ 2 2 2

that proves Item (2).
Finally, we prove Item (3). Let f as required, in particular with f € Cy(f), d,.f € Co(f") and Gf € Cy(5”. Recall that

+o0

0P f(x) = f (W) 0xpgpm(t, w; x) dw. (C4)
0

We want to prove a similar property for the second derivative. To do this, first notice that

-8t + (21 21 % — 4121 21 t 21 21 1?
aiPGBM(t’ wix) = (=87 + (2log(w) 0g(x) +1) (2log(w) 0g(x) + 1)) exp (_( og(w) 0g(x) +1) > (C.5)
812w/ 2nx? 8t
By a similar argument as the one adopted in Item (2), we obtain, for fixed x € [a,b], 0 <a < b, and 1 > 0,
log® (w)

|/ (x)0;p(1, x; x)| < C, exp <— > (C.6)

for some constant C, depending on ¢, a, b, # and [f];. Again, by dominated convergence, we have
+o0
P f(x) = [T 02paem(ts w; x) dw. (€7
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Next, notice that

2 2
%aﬁpGBM(r, w;x) = a2, ("’7 Pepm(t w; x)>. (C.8)
Hence we get
+o0 wz
GP f(x) = f(w) 0ﬁ,<7pGBM(I, w; x)) dw. (C.9)
0

Now we want to integrate by parts. To do this, we first notice that, again with the same exact argument, we have

log?
< Cexp <— Oiz(tw)>

for some constant C depending on #,x, § and [f],. Hence, in particular,

w?
2

Pcem(t, w; x)>

f(W)3w<

w?

S(w) aw( 2 Peem(, w; X))‘ =0

2
fw) oy, <w7PGBM(” w; x)) =

m

li lim
w—0 w—+00

and then, integrating by parts in (C.9),

+o0 2
GP,f(x) = — / 0o f (W) (3w<w7pGBM(t, w; x)> dw. (C.10)
0
To integrate by parts a second time, we notice again that
2 log?(w)
w?|0wf(w)pGBM(t, w; x)| < Cexp (— g32’ (c.11)

for some constant C depending on #,x, §’ and [0, f]4 . Thus, again
. bU2 . w2

lim =~ |0 f () popm(t, w3 )| = lim 7|‘3wf(w) poem(t, wix)| =0

and then, integrating by parts in (C.10),
+00
GPf(x) = —/ Gf(w)pgpm(t, w; x) dw = PG f(x), (C.12)
0

where the integral on the right-hand side is finite since Gf € C,. O
Appendix D. Proof of Proposition 6.17

Let us consider the process (B(t), z(t)), where B(t) is a Brownian motion such that P& (B(0) = x) = 1 and P& (z(t) =t + v) = 1.
Notice that (B?, S) is obtained from (B, 7) by means of subordination. Furthermore, the semigroup (T of (B(2),7(1)) is given by

+00
Tif(x,0) = Fut+o)pt.x = )dy,Vf € CRXRY).

—oo

where p is given by (6.24). By Phillips’ Theorem, we know that at least on C*(R X R*) the generator A% of (B4, 0) is given by
o e 1
A% f(x,0) = T /0 (Tof (e, 0) = f(x, 0™ ™ di

B a +oo +oo g
= m/o /m (fG 1 +0) = f(x,0)plt, x =y~ " dydt

a
I'(l—a)

+oo +o0
/ / (f(x + h,t +v) = f(x, 0)p(t, )y~ dhdt,
0 -0

where we applied the change of variables x — y = . Now notice that by symmetry

1
/ o, f(x,v)p(t, hydh =0
-1
hence we can rewrite
+o0 +o0
A? f(x,v) = ﬁ / / (f(x+ ht +0) = f(x,0) = hd, f(x, 0L _y 1, (R)p(t, )™~ dh dt. (D.1)
- 0 —0

Now let us first show that the integral is absolutely convergent. Indeed, we have
+o0 +oo
/ / |f(x+ Byt +0) — £(x,0) — R, f(x, 0)|p(t, )™~ dh dt
0 -0

+00 +00
s/ / |f(x+ h,t+0)— f(x+ h,0)|pt, )~ dhdt
0 —00
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+00 +oo
+/ / |f(x+h,v)— f(x,0) — hd, f(x, U)Il[_l’”(h)|p(t,h)t_l_“ dhdt
0 —oo
=: 1, +1,.

As for I, we split the integral in two parts:
1 +o00
I =/ / |f(x+h,t+v)—f(x+h,v)|p(z,h)t"‘”dhdz
0 —o0
+oo +o0
+/ / |f(x+h,t+v)—f(x+h,U)|p(t,h)I_l_"dhdt=: I + 1.
1 —o0

Since f € C®(RxR*) and [*> p(t, h)dh = 1 we have

max, yer xr+ [0,/ (x, V)|

l-—«a

I < 10,/ (x, u>|/ o di =

(x, u)e[R xR*

while

too max rRxr+ | f(x,0)]
I,<2 max _|f(x, v)l/ - gy = WERX .
(X,U)ERXR+ 1 a

To handle I,, we first change the order of the integral, defining

+oo
ORE / p(t ™' de = Cyn] 2
0
for some normalizing constant C, > 0. Then we split the integral in two parts:
12:/ |f(x+h,U)—f(x,U)lj(h)dhdt+/ [f(x+ h,v) = f(x,v) = ho, f(x,v)|j(h)dhdt = I5+ I.
h¢[-1,1] hel-1,1]

For I5, we have

4max, ep xr*

+oo 12
Is <4 , h™"%*dh= s
5 < max +|f(x U)|/l 2

(x,0)ERXR

while to handle I, we observe that

max(x,u)e[R xR+ |a)2(f(x7 U)l
2(1 —a)

1
Ig < max +|0ff(x,u)|/ W'~ dp =
0

(x,0)ERXR
Now we want to find an alternative way of writing (D.1). To do this, we define the following family of measures on R:
—1—

~ +oo at~1-
Ae BR)- K(A h) = A 1,0)p(t, /’l)m dt.

We can then define a further measure on R? by setting for any 4, 4, € B(R)
+00 .
K(A; X Ay) = / ILAl (hK(A,, h)dh.
—00
On the other hand, notice that (D.1) can be rewritten as
+oo +o0 at™ 1-a
A‘f’f(x v) = / / / (= (f(x+h,s+ v) = f(x,0) = ho, f(x, o)Ly 1 (A)p(, h)é,(ds)dtdh.
However, observe that for any A € B(R) it holds

—l—a

- 400 +oo +o0
K(A,h) = /0 1,@p(, h)F(l o dt =[) 6,(A)p(t, h) F(l dt / / 1,(s)p(t, h) o % 6,(ds)dt.

By a standard measure theory argument we can conclude that
+oo
A? f(x,0) = / /(f(x +h,s+0)— f(x,0) = ho f(x,0)1_; 1(W)K(ds; h)dh
—0 R

://(f(x+h,s+v)—f(x,u)—haxf(x,v)ll[_lylj(h))IC(dh;ds)dh,
R JR

where the latter follows by definition of the measure K. [
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