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Critical concave-convex problems in Carnot
groups

Mattia Galeotti and Eugenio Vecchi

Abstract. We consider a model Dirichlet problem with concave-convex
and critical nonlinearity settled in Carnot groups. Our aim is to prove
the existence of two positive solutions in the spirit of a famous result by
Ambrosetti, Brezis and Cerami. To this aim we use a variational Perron
method combined with proper estimates of a family of functions which are
minimizers of the relevant Sobolev inequality. Due to the lack of boundary
regularity, we also have to be careful while proving that the first solution
found is a local minimizer in the proper topology.
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1. Introduction

Let G be a Carnot group and let {2 C G be an open, bounded and connected
set with Lipschitz boundary 0. Let ¢ € (0,1), let 2, := 5—?2 be the critical
Sobolev exponent related to the Sobolev inequality in G, and let A > 0. We
consider the following Dirichlet boundary value problem

—Agu = Au? + w2~ in Q,
u >0 in Q, (Py)
u=0 on Jf).
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We stress that —Ag denotes here the sub-laplacian on G which is a
second-order differential operator with non-negative characteristic form that
can be explicitly expressed as a sum of squares of vector fields satisfying the
Hoérmander condition, see e.g. [28]. We refer to Section 2 for more details,
including the Folland-Stein Sobolev spaces we will work with.

We immediately state the main result of this paper. In what follows, we
refer to Definition 2.1 for the precise definition of weak solution of (Py).

Theorem 1.1. Let Q C G be an open, bounded and connected set with Lipschitz
boundary 09, and let q € (0,1). Then, there exists A > 0 such that

A) problem (Py) does not admit weak solutions for every A > A;
B) problem (Py) admits at least one weak solution for every A € (0,A];
C) problem (Py) admits at least two weak solutions for every 0 < A < A.

The above theorem is the natural generalization to Carnot groups of
classical results of [4]. We refer e.g. to [8,11,17,20] for further generalizations.

The interest in studying existence of positive solutions to critical problems
in the Carnot group setting, is in the geometric significance of the purely
critical problem in the model case of the Heisenberg group. Indeed, when A = 0
and Q = H", the problem (P,) becomes the famous CR-Yamabe problem
studied by Jerison and Lee [31-33]. The problem we are interested in is settled
on bounded domains, where tipycally one can prove non-existence of positive
solutions, at least in star-shaped domains, by appealing suitable versions of the
Pohozaev identity. Because of this, the seminal paper by Brezis and Nirenberg
[15] showed that adding a perturbative term, linear in [15], but subsequently
extended to much more general perturbations, may allow to prove the existence
of one or more positive solutions. A crucial tool in the argument performed in
[15] is provided by the use of the Aubin-Talenti functions, whose analogue in
H" made its appearance in [32]. This was a key ingredient which gave rise to
a prolific study of critical problems in H", see e.g. [18,19,22,25,38-40,44].

As long as one needs explicit knowledge of proper replacements of the
Aubin-Talenti functions, the only other sub-Riemannian structure where they
are known is that of groups of Iwasawa type, see [26,27]. As far as we know,
there are no other structures, nor Sobolev inequalities with p # 2, for which the
minimizers are explicitly known. On the other hand, since the best constant
in the Sobolev inequality is achieved in all Carnot groups (see [26]), it has
been proved to be enough to know the asymptotic behaviour at infinity of the
minimizers. This is now known for p # 2 as well, see [36], and it paved the way
for a series of existence, multiplicity or non-existence of positive solutions for
critical problems a la Brézis-Nirenberg in G: we refer e.g. to [9,13,34,35,37].

Let us now briefly describe the proof of Theorem 1.1:

e in Theorem 3.3 we prove the existence of a first solution by means of a
variational Perron method which transfers the approach of Struwe [42]
to the Carnot group setting. In particular, setting

A :=sup{X > 0: (P)) admits a weak solution},
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we show first that 0 < A < 400, and this immediately provides a thresh-
old for the non-existence of weak solutions. Once this is done, we use the
unique solution of the purely sublinear problem (2.21) as a weak subsolu-
tion and we construct a weak supersolution for fixed A by using the weak
solution for a bigger \';

e we show that for A € (0, A) the first solution obtained as described before
is a local minimizer in the natural topology associated with problem (P ),
see Lemma 3.4. We stress here that in [4] the authors made use of a famous
result by Brezis and Nirenberg [16] which does not have an analog in the
Carnot group setting. This is due to the fact that C1® regularity up to
the boundary is still a delicate issue at the so called characteristic points:
the first obstructions have been observed by Jerison [29,30], but this is
still an active field of research, see e.g. [2,6,7]. For this reason we follow
here a more variational approach based on a paper by Alama [3], already
used in a different setting in [1];

e we prove the existence of a second solution following an argument origi-
nally due to Tarantello [43]: this combines the Ekeland variational prin-
ciple [21] with the fine asymptotic expansions proved in [34].

We stress that the multiplicity result obtained in Theorem 1.1 can be
easily extended to cover the convex-case of a Sobolev sub-critical nonlinearity.

The paper is organized as follows: in Section 2 we recall the basic facts on
Carnot groups and we set the variational functional setting necessary for the
study of (P,). We also recall the basic result regarding the purely sublinear
problems, like existence and uniqueness of a positive solution and a comparison
principle resembling the classical one. In Section 3 we prove the existence of a
first solution as described before, while the existence of a second solution (for
A € (0,A)) is postponed to the final Section 4.

2. Preliminaries

In this section we collect all the relevant notations, definitions and preliminar-
ies needed in the rest of the paper.

2.1. Carnot groups

A Carnot group G = (R o) of step k is a connected, simply connected Lie
group whose finite dimensional Lie algebra g of left-invariant (w.r.t. ¢) vector
fields admits a stratification of step k, namely there exist k linear subspaces
g1, ..., 8k such that

g=0®.. Dok, (91,0 =gi+1, e #{0},  gi={0} foralli>k
In particular, this implies that Carnot groups are a special instance of graded
groups.

We call g; the horizontal layer. We denote by Xi,...,Xxn a basis of
left-invariant vector fields of g such that the following holds:

e Xi,...,X,,, isanorthonormal basis of g; w.r.t. the scalar product (-, -)g,;
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o forevery 1 <i <k, Xpn, ,+1,...,Xm,; is a basis of of g;;
e mog=0and n; :=m; —m;_1; =dimg; for every 1 <i < k;
e my+...+myp =N.

We define the homogeneous dimension of G as

k
Q = Z’L R
i=1

The left translations 7 : G — G provides a family of automorphisms of G, and
are defined as follows

Th(g) :=hog, foragiven h €G, (2.1)
The anisotropic dilations dy : G — G of G are instead defined as
0ng) = A\"g1,...,\gn), for every A >0, (2.2)
where a; = ¢ if m;—1 < j < m;. We notice that Q = a1 + ... + ap.

Given a smooth horizontal vector field V = v1 X1 + ... + v, Xy, We
define its horizontal divergence as

divgV = Xqv1 + ... + Xy Uy - (2.3)

Moreover, given a smooth enough scalar-valued function v : G — R, we can
define the horizontal gradient of u as

Veu:= (Xyu,..., Xm,u), (2.4)
and the sub-Laplacian of u as
Agu = divg(Veu) = Xju+ ...+ X u, (2.5)

The Lebesgue measure £V coincides with the Haar measure of G and
hence is left-invariant and satisfies the following scaling property:

LY (0\(E)) = \9LN(E)  for every measurable set E C G. (2.6)

Every integral in this manuscript has to be understood with respect to the
Haar measure, unless otherwise stated.

Every Carnot group can be endowed with several homogeneous norms.
A homogeneous (quasi)norm p : G — R is a non-negative function further
satisfying the following properties:
e p(g) =0 if and only if g = 0;
e p(0x(g9)) = Ap(g) for every g € G and for every A > 0;
e p(hog) < C(p(h) + p(g)) for every g, h € G and for some constant C' > 1.

By a famous result of Folland [23], there exists a homogeneous norm |- |g on G
and a positive constant C'p > 0, depending only on @), such that the function

Cq
Ln(g) == W,

is a fundamental solution of —Ag with pole at h € G. Moreover, homogeneous
norms can be used to define distances as follows:

dy(g,h) == p(h™" o g).

with Q > 3, (2.7)
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We stress that there are other possible choices of distances (i.e. the so called
CC-distance and many others) which are all equivalent. Finally, we will denote
by
B.(g0) = {9 € G: de(9,90) = |95 ' © gle <7},
the open ball of radius » > 0 and center gg € G.
We refer e.g. to [12] for a comprehensive introduction to the subject.

2.2. The functional setting

Let O C G be an open set. For every f € C§°(O) there exists a positive
constant Cg > 0 depending only on the homogeneous dimension ) such that
the following Sobolev inequality holds true

171224 0, < CllI VeIl (23)

where
2Q
25 = —— 2.9
Q Q-2 (2.9)
denotes the (sub-elliptic) critical Sobolev exponent. Thanks to (2.8),
IIVe flllz2(q) provides a norm on the space C§°(Q2). We define the Folland-
Stein space S§(0O) as the completion of C§°(O) w.r.t. the above norm, and we

set

lullsy o) = IIVeulll2(0)  for every u € S5(O).
We explicitly observe that, owing to (2.8), we have
S3(0) = {u € L*2(0) : Xju € L*(0) for all 1 <i < my}, (2.10)

where Xju, ..., X, u are meant in the sense of distributions.
We now remind a couple of basic properties of S§(O) when O is an open
and bounded set, see e.g. to [24].

e S}(O) is endowed with a structure of real Hilbert space by the inner
product

<’U,, U>S(%((9) - /O<VGU7VGU>91 (U,’U € Sé(@)),

whose associated norm is precisely [| - || s1(0)-
e S5(0) is continuously embedded into LP(O) for every 1 < p < 2§. Fur-
thermore, this embedding turns out to be compact when 1 < p < 27,

We refer e.g. to [24] for more details.

We are now ready to properly set the definition of weak sub/supersolution
of (P)\)

Definition 2.1. Let Q@ C G be an open, bounded and connected set. We say
that a function u € S}(Q) is a weak subsolution (resp. supersolution) of (P)
if it satisfies the following properties:

(i) w>01in Q.
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(ii) For every 0 < ¢ € C3°(Q), it holds that

| (Feu.Veily, < Gesp. >) |

Q
Finally, we say that u € S}(f2) is a weak solution of (P,) if it is both a
weak subsolution and a weak supersolution of (P ) without the non-negativity
condition on ¢.

()\uq + u%) 0. (2.11)

Let us close this section recalling a few results on the Sobolev inequality
(2.8).

Lemma 2.2. The best Sobolev constant in (2.8) (with O = G) is achieved by a
positive function T € S§(G), and it is characterized as follows
196 l2ace)

11
resi@ 1172 ¢,

Sg = (2.12)

Up to a constant, T € S§(G) is also a weak solution to
—Agu=1u*2"" inG. (2.13)
Moreover, the following holds:
e there exists a positive constant My > 0 such that
T(g9) < My min{l, |g|é_Q}7 for every g € G, (2.14)
e there exists a positive constant My > 0 such that
|B1(0)]
(1+|gle)@—2’
Proof. The fact that the best Sobolev constant in (2.8) (with O = G) is

achieved has been proved in [27]. We refer to [13, Theorem 3.4] for a proof of
(2.14) and to [34, Lemma 3.2] for a proof of (2.15). O

T(g) > Mo for every g € G. (2.15)

As it is well known from the seminal paper [15], a major role in finding
solutions to critical problems is played by a suitable localized version of the
family of minimizers of (2.8). To be more precise, let T' € S§(G) be a minimizer
of (2.12). For every ¢ > 0 define the rescaled function

T.(g) == e®~ 92T (81(9)) - (2.16)

Let further be R > 0 such that Br(0) C 2 and let ¢ € C§°(BRr(0)) be a cut-off
function such that 0 < ¢ <1 and ¢ =1 in Bg/3(0). Finally, define the family
of functions

Us(9) = ¢(9)Te(9), 9€G. (2.17)
Now, we have the following

Lemma 2.3. Let T. and U, be as above. The following holds:

i) Due to scaling invariance,

2% 2
IVeTllza = 1Tl 2, o =587 (2.18)
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ii) The function U, satisfies the following estimates as € — 0
V6Tl ) = S5+ 0(=%~2) (2.19)

Q/2 Q
I 6||LQ(G) S¢’" +0(E%). (2.20)

Proof. We refer to [34, Lemma 3.3] for a proof of both (2.19) and (2.20). O

2.3. Auxiliary sublinear problem

A major role in what follows will be played by the weak solution of the following
problem
—Agu =Au? in Q,
u>0  in (2.21)
u=0 on 012,

where ¢ € (0,1) and A > 0. We say that u € S}(Q) is a weak solution of (2.21)
analogously to Definition 2.1. In this context, we have the following

Theorem 2.4. Let Q C G be a bounded open set. Moreover, let g € (0,1) and
A > 0. Then, there exists a unique weak solution uA € SHO)NL>=(Q) to (2.21).
Moreover, uy is a global minimizer in the SO( -topology of the functional

=5 [ 1veu - =2 [ (222)

Finally, we also have that Jy(uy) < 0.

The above result is actually a particular case of [10, Theorem 1.1, Propo-
sition 5.1], where Brezis-Oswald-type results have been proved for more general
Hormander operators.

We now state an ad hoc comparison principle for weak super and sub-
solutions of the model purely sublinear problem (2.21). This can be seen as
a particulr instance, in the Carnot group setting, of [4, Lemma 3.3], which in
turn was inspired by [14]. We refer to [41] for more general result whose proofs
rely on the validity of suitable Picone-type inequalities.

Lemma 2.5. Let A >0, g € (0,1) and v,w € S§(Q) weakly satisfy
—Agv < \? in Q,

v>0 inQ, (2.23)
v=20 on 082,
and
—Agw > \w? in Q,
w>0 inQ, (2.24)
w=0 on of.

Then w > v in €.

Proof. We closely follow [4, Proof of Lemma 3.3]. We choose first a smooth
function 8 € C*°(R) satisfying the following properties

e d(t)=0fort <0and 0(t) =1 for t > 1;
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e 0 is non-decreasing on R;

and we define (for every € > 0)
t

0.(t) =0 (5) € S3(9Q).

We further consider the variational formulation of both (2.23) and (2.24),
namely

| Ve Taply 21 [ ute 0<pesi@) (2.25)
Q Q
and
/(ng,VG<p>gl > /\/ vip 0< e SHR). (2.26)
Q Q

We then test (2.25) with 0. (v — w)v and (2.26) with 6.(v — w)w. Finally, we
subtract the latter to the former, getting

/Q (Wit =07 1) 0. (v — w)vw

:/(ng,VG(v—w»glv@;(v—w)—/(VGv,Vg(v—w»glw@;(v—w)
Q Q

< /Q (Vev, Ve (v — w))g, (v — )8! (6 — w)

- / (Vov, Ve (e (v — w)))g, = / (~Agv) %e(v - w),
Q Q

(2.27)
where

Y () ::/O s0L(s) ds.

By construction of 6., it follows that 0 < ~.(t) < ¢ for every ¢t € R. Therefore,
exploiting both (2.27), (2.23) and Holder inequality, we find that

/ (wqfl — vqfl) 0:(v —w)vw < )\6/ v <O vz 2 @) e (2.28)
Q Q

By letting ¢ — 0T, we find that

/ (wqfl — vqfl) vw <0,
{v>w}

from which, recalling that ¢ € (0,1), we conclude that |[{v > w}| = 0. This
closes the proof. O

We now state an extension to the Carnot group setting of [42, Theorem
2.4]. We omit the proof recalling that it is a simplified version of [9, Lemma
3.4] where the considered functional was not differentiable i n S§(€2).

Lemma 2.6. Let u,u € S}(Q) be a weak subsolution and a weak supersolution,
respectively, of problem (Py). We assume that

a) u(g) <u(g) for a.e.g € Q;
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b) for every open set O € Q2 there exists C = C(O,u) > 0 such that
u>C a.e.in O.
Then, there exists a weak solution u € SE(Q) of (Py) such that
u(g) < u(g) <a(g) for a.e. g € Q.

3. Proof of Theorem 1.1 - Part A) and part B)

The goal of this Section is to prove the existence of a positive weak solution
to (P). To begin with, we define

A :=sup{\ > 0: (P)) admits a weak solution}. (3.1)

Our task now is pretty standard and it consists in the following steps:
I) prove that 0 < A < +o0;
IT) prove that problem (P,) admits a weak solution for every 0 < A < A.

We split the proof of I) in two lemmas.
Lemma 3.1. Let A as defined in (3.1). Then A > 0.

Proof. We will show that there exists a sufficiently small A > 0 such that (Py)
has a solution. To this aim, we will use Lemma 2.6 exhibiting both a super and
a subsolution. Looking for a supersolution, we consider the following auxiliary
torsion problem

V =0 on 09, (32)

whose unique solution is provided by Lax-Milgram Theorem. Moreover, by a
classical Stampacchia iteration method, it holds that V' € L*(Q). Observe
further that for any positive constant C, the function C - 2P — x, with p > 1,
has negative value for z > 0 sufficiently small. Therefore, for every C,C’ € R™
there exists A* > 0 such that for every A < \*,

IJmyeRT: X-C"-mi+C-mf —m, <0.

We fix A < A* and set C' = [[V|[[].< ), €' = V|7 (q)- We define @y 1= m\V,
which weakly verifies

{—A(;,VZ 1in Q,

—Agu1 = my > )\ﬂlll + ﬂ]l) in Q
>0 in
=0 on 012,

therefore it is a weak supersolution of (P)).

Regarding the weak subsolution to (P)), we choose the unique solution
uy to (2.21). We can now conclude the proof by appealing Lemma 2.6. Indeed,
by Lemma 2.5 with w = u; and v = u,, we get that u; > wu,, which is
condition a) of Lemma 2.6. Regarding b) of Lemma 2.6 it is enough to recall
[9, Corollary 2.3]. This closes the proof. O

Lemma 3.2. Let A as defined in (3.1). Then, A < +oo.
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Proof. We consider the first eigenfunction e; of the operator —Ag with respect
to the first Dirichlet eigenvalue pq. In particular, the following characterization
holds:

= min {|[Voull3zo) : u e S3(2) and |jull3zq) =1}

Knowing that [le1|/2 =1, e; > 0 a.e. in Q and |||Vge1|||3. = w1, we have that
any solution u to (P)) for some A must verify

/(VGu,V@el> :,ul/ uey :/)\uqel—i—upel.
Q Q Q

As g € (0,1) and p > 1, for A* sufficiently big, we have
AN z? 4+ 2P > ur Vo € R,
Therefore we must have A < A* and this proves A < A* < +o0. g

Combining Lemma 3.1 with Lemma 3.2 we get I). Let us now turn our
attention to the proof of II). Firstly, let us define the functional I naturally
associated to (Py):

A 1 "
Veul|? /uq“f—*/ ul>?, uwe SHQ). (3.3
=5 J Vel = o [t =g [ j@). (33)

Theorem 3.3. Problem (P)) admits at least one weak solution uy € S§(2) for
every A € (0, A].

Proof. As for the proof of Lemma 3.1, we find either a weak subsolution and
a weak supersolution and then apply Lemma 2.6.

As long as the weak subsolution is concerned, we can take the unique
solution u, of (2.21).

Let us now look for a weak supersolution. In doing this we profit of
the very definition of A, which guarantess the existence of A € (A, A) such
that (Py) (witht A = ') admits a weak solution uy.. Clearly, this is a weak
supersolution of (Py).

By Lemma 2.5, with w = uy, and v = w,, it follows that

wx(g) <ux(g), fora.e ge. (3.4)

We now set @ = uy and u = w), and we apply Lemma 2.6: this immedi-
ately yields that problem (P)) admits a weak solution uy for every A € (0, A).
Moreover, recalling the definition of I in (3.3), such a solution satisfies that

In(uy) = min{u € SF(Q) : wx <u <un} < I(wy).
In particular, by Theorem 2.4 we have
I)\(u,\) < I,\(w,\) < J,\(w,\) < 0. (3.5)

It remains to consider the case A = A. The proof is rather standard and pretty
similar to that of [9, Lemma 3.5]. We report it here for the sake of completeness.
To begin with, we choose a monotone increasing sequence {\;}xr C (0,A) such
that A\, — A as k — +o00. Now, for each k € N, we set

Uk ‘= Uy, € 56(9)7
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where uy,, is the weak solution of problem (Py) (with A = A) constructed as
above by means of Lemma 2.6. Thanks to (3.5), for every k > 1 we have

I 2 k q+177/ 2% _ '
A (Uk) /|VGU| Jr1/Q|Uk\ 2% Q|Uk\ <0 (3.6)

Moreover, by using ¢ = uy in (2.11), and recalling that uy solves (P)) (with

A= Ag), we get
|V<Guk| - )\k/ a1 / w? =0, (3.7)
Q Q

Combining (3.6) with (3.7), we notice that the sequence {ug}y is bounded
in S} (2). Therefore, we can find a function
UA € Sé (Q),

such that (up to a subsequence and as k — +00)

a) up — up weakly in S§(Q) and strongly in LP(Q) for 1 < p < 2§;

b) up — up a.e.in .
We now observe that, being {Ag}x increasing, it follows that Ay > A; for every
k > 1. Moreover, arguing as above yields that uy, > wy,, and thus

upx >0 a.e.in Q.

Moreover, since uy solves problem (P)) (with A = \g), we have

A<vGuk7vG@>gl f)\k/ﬂu%pf/ﬂuiQ_l(p:O for every ¢ € S5 ().

Therefore, passing to the limit as & — 400 in the above identity, and by
dominated convergence, we get that u, satisfies

/<VguA,VG€0>gl - A/ ugp — / “3\6_180 =0 for every ¢ € S;(9),
Q Q Q

which shows that u, is actually a weak solution of problem (Py) (with A = A).
This closes the proof. O

Before tackling the problem of a second solution, we focus on the behav-
ior of the functional I around wy. In particular we will show that the first
solution u, is actually a local minimum in the S} (£2)-topology. As recalled in
the Introduction, in the Euclidean case this is performed exploiting a famous
result by Brezis and Nirenberg [16]. In our case we have to follow a different
approach due to the lack of boundary regularity of the solution. In particular,
we adapt the strategy used in [1] which in turn is inspired by a work of Alama.

Lemma 3.4. For A\ € (0,A), if uy is the solution presented in Theorem 3.3,
then uy is a local minimum for Iy in the Si(Q)-topology, meaning that there
exists 1o > 0 such that for any u € S§(Q),

In(uy) < In(u)  for all u € S5(Q) with |ju — uxl|si(0) < To-
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Proof. In the following of this proof, we denote by @ the solution of (Py) (with
A = )) for some value A such that A < A < A.

Let’s suppose by contradiction that there exists a sequence {v,} in S} (2)
verifying that v, — ux|lsi) — 0 and Ix(vn) < Ix(uy) for each n. We also
introduce two ausiliary functions,

wy, = (Vp, — W)+,
Uy, := max (0, min(v,, )),
and the sets
T, ={x €Q: up(x) =v,(x)},
Sy, := supp(wy,) N Q.
We want to prove that
li n| = 0. .
Lim Sl =0 (3.8)

Consider the two sets,
E(n,0):={z e Q: v,(z)
F(n,d):={ze€Q: v,(x)

By construction, S, C E,(n,d) U F(n,0) for each n and each § > 0. We are

going to show that for any € > 0 and a suitable choice of § > 0 and n € N, we

have both |E(n,0)|,|F(n,d)| < 5.

(1) We start from E(n,d). By definition of the sequence vy, we have ||v, —
ux|r2() — 0. Therefore if we fix § and e there exists ng such that for

(x) > ux(z) + 6},

>u
> u(z), and u(z) < uy(z) + 0}

any n > no, ‘5275 > ||vp, — uy||L2. As a consequence,

5%e 2 2 2
— > [ |o,—ur|" > |v, — up|® > 6% - |E(n,d)|.
2 Q E(n,5)

This implies that |F(n,d)| < § for any § and any n > ng.
(2) Let’s consider F(n,?). If,
F():={z € Q: u(z) <uy(z)+ 6}
F={xecQ: ulx) <ux(z)l},

~N = (1 = (1

() (2]

el m m—+00 m

Therefore, for a suitable mo we get that [F(6)| < 5 for any § < m%) and
a fortiori |F(n,8)| < £ for any n because F(n,d) C F(9).

then by construction

0:|F|:

This proves (3.8). Let’s now consider the function

o
A u®
h = g+1 +
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and observe that by definition 2 = T}, U S,, because u,, < v,. We develop the
evaluations,

1
(0n) = g lonly ey = | on)

1 1
+)12 -2 _ _
> S0t g + 3 lon P — [ A / o)

(because u,, =@ and v,, = w, + T on Sy,)

1 1
=~ |vt% o ey — | hun) — | (h(w, +7) — h(T
2HUnHSO(Q)+2HUn ||SO(Q) /Q (un) /S (h(wn + ) (w))

1 1, _
= Lu(un) + 5 (0 123 0) — lunly o)) + 5007 1250y

_ / (h(wn + ) — h(T)).
Sn

Here as v;” = wu,, + w,y,, using that I)(u,) > I\(uy) because u, € M for any
n, and that @ is a supersolution of (P)), we get

1 1, _
Ix(vn) > In(ux) + 5”“%”%3(9) + (Un, Wn)s1(0) + 5”% H?gg,(sz)

- / (h(wn +T) — h(m)
Sn

1 1 (3.9)
> In(ur) + §||wn||?s~3(n) + 5”“5”%5(9)
— / (h(wn +7) — h(T) — Na%w, — ﬂ%‘lwm) )
Sn
Let’s use the notation
1
_ r+1 _ & r+1 r
fr(@y) = —7@+y) 1Y zy".
As w, >0 and w > 0, simply by Taylor expasion we have
0 < folwn,u) < %w?ﬂq‘l. (3.10)
Mooreover, by [41, Theorem 3.4], we have
—q—1,2 — wrQL 2
A LU < Q(—Au)g < lwnllsy ) (3.11)
and combining the last two equations, we get
M fowna) < T w2aet < L, |12 (3.12)
9 q ny — 2 Q n = 2 n Sé (Q) .
By similar reasoning and using Sobolev inequality, we obtain
[ Fortwn ) < 1) [y (313)
Q
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As h(w, + 1) = fq(wyn,T) + fgb_l('wn,ﬂ), by combining the last results with
(3.9), we obtain

1 1, _
I (0n) < I(ua) + S w3y ) (1 = 0 = o(1) + 3 107 sy

As I\(v,) < Ix(uy) by hypothesis, and ¢ < 1, then for n sufficiently big
we must have v, = 0, but this imply v,, > 0 and therefore v,, € M, thus
contradicting I (v,) < Ix(uy). This completes the proof. O

4. Proof of Theorem 1.1 - Part C)

The aim of this section is to prove that the problem (P,) actually admits a
second solution for every A € (0, A). We briefly recall that, thanks to Theorem
3.3 and Lemma 3.4, we have that

e for every A € (0, A], the problem (P)) admits a solution denoted by wy;
o for every A € (0,A), uy is a local minimum for I in the Si-topology, i.e.
there exists rg > 0 such that for any u € S§(€),

In(uy) < In(u)  for all u € S§(Q) with |ju — uxllsz () < ro-

We now adapt to our setting the strategy used in [43]. Firstly, we are
going to consider two cases:

(1) for every r € (0,79),

Hu_ukl‘sé(g):r
(2) there exists r € (0,rp) such that
inf I)\(’LL) >I)\(U)\).

‘|U—u>\|‘sé(n):7'

We treat separately the two cases in the following sub-sections.

4.1. First case
We introduce the space
Hy :={u € S}(Q): u>uy ae. in Q}. (4.1)

By the standing assumptions in (1), there exists {uy}r C Hy such that

1) [uk —uallsaq) =1 for every k > 1;

ii) as k — +oo we have I (ug) — Ix(uy).
We also introduce the space

Xa={ueHy:r—7<|u—uxlgiq <7r+7},

where 7 > 0 is taken sufficiently small to have r — 7 > 0 and r + 7 < 7.
The set X becomes a complete metric space once endowed with the distance
associated to the norm || - [|g1(q)-
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We can now proceed very similarly to [9], by applying the Ekeland’s
Variational Principle and therefore obtaining a sequence {wg}r C X, such
that

1

i) In(wr) < In(ug) < In(un) + =L

i) [lwg — ukllspo) < (4.2)

1
k?
1

||w — u||Sé(Q) for every u € Xj.
By boundedness of {wy} in S§(£2), there exists wy € S§(£2) such that the
following are true (up to a sub-sequence),
i) wy, — wy weakly in Sg(Q);
ii) wg — wy strongly in L" () for every 1 < r < 25; (4.3)
iii) wx — w)y pointwise a.e.in .

First we show that the limit function w) is a solution to (P). This is the
content of the following

Lemma 4.1. The function wy is a weak solution of (P).

Proof. Given w € H), we consider ¢ sufficiently small that wi+e(w—wy) € X,
for each 0 < € < gg. For k sufficiently big such an g always exists because,
indeed

1
r =1 < lluk = uallsyo) = lwr = wkllsyo) < llww = urllsy @)

1
< fluw — uallsy) + llwe — ukllsy) <7+ T

By setting u = wy, + e(w — wy,) in (4.2) we get

I)\(’wk +5(w — wk)) — I)\('wk)
e

1
> % [w — w52 0)-

Letting ¢ — 0T, we get
1
= 7 o —willsy) < /QWGW, Ve (w — wi))g,

—/wzéfl(w—wk)—)\/wg(w—wk) for every w € Hy. (4.4)
Q Q

For any ¢ € S}(2) and € > 0 we introduce the functions
Pre =W +ep—uy and @ i=wy+EP —uy.
We further set w := wy, + ¢ + (¢r.e)— € Hy, then, by (4.4),

1
— 1 leo+ (Pue)- s < [ (Vown, Volew + (pne)- Do

- [uf e+ o) = [ ulleo+ (ra)-) (49)
Q Q
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From (4.3),
(Spéﬁk)— - (805)— a.e. in €2, as k — +oo.
Moreover, we have

2% —1 25 —1 *
ka (‘Pk@)— = ka (UA —E&p — wk) : 1{u,\fs<p7wk} < (UA + 5|@|)2Q'

Therefore, by Dominated Convergence we get

lim (/Qw,ﬁél(wﬂ«pk,g))+A/Qw,3(w+(<pk,a))>

k—-400
:/wi‘*:’_l(ew(soe)_)ﬂ/wi(ew(%)_)
Q Q

For the other term, similarly to [5, Lemma 3.4] we have

(4.6)

/(Vka’VG(sﬁk,e)—Hl < / (Vewz, Va(pe)-)g, +0(1) as k — +o0
Q Q

and because v, — vy weakly in S§(Q), we obtain

/Q (Vewn, Vo(ep+ (9re) )er < / (Vows, Ve(ep+ (pe))er +o(1) as k — +oo.
(4.7)

As |Jwgllsiq) is uniformly bounded w.r.t. k, we have the same for
H(‘pkﬁ)f”sé(g). Therefore we can pass to the limit as K — +oo in (4.5), and
by recalling (4.6) and (4.7) we obtain

*

/ (Vaws, Ve (ep+(0:)-))g, > / w3 e+ () ) A / wi (ep+(pe)-).
Q Q Q

(4.8)
Finally, we can conlude as in [9, Lemma 4.1], getting
2 —1
[ Feun Vel -2 [ uto- [ 20 (49)
Q Q Q
and by the arbitrariness of ¢ € S§(Q) we conclude that wy is a weak solution
of (P)\) ]
The following technical Lemma closely follows [9, Lemma 4.2].
Lemma 4.2. If wy is as above, then |[wx — ux|[g1(q) =7
Proof. We notice first that it is enough to prove that
wy, — wy strongly in S§(Q) as k — +oo. (4.10)

Indeed, by using that [Jug — ux[/g1(q) = r for any k, we get
r—llwr — ukllspo) < llwe —urllsa) <7+ [lwe — ukllsi(a)-

Combining the latter with both the strong convergence in S§(£2) and (4.2)-ii),
implies

[wx — UA||S§(Q) =T
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Let us now proceed with the proof of (4.10). In view of (4.3), and arguing as
in the proof of [9, Lemma 4.3], it follows that

|lwi, — w,\||Lq+1(Q) —0 ask— +o0o, (4.11)
27 2% 27

okl () = a3, ) + el +o(d), (412)

Hwngg(Q) = Hw/\H%g)(Q) + [Jwe — w/\||255(9) +o(1). (4.13)

In particular, from (4.11) we get
/ wit = / wi™ +o(1), ask — +oo. (4.14)
Q Q
Therefore, choosing w = wy € Hy in (4.4), we obtain

= gy = = [ (Ve Velun = we, + [ (Vews, Vo(ws — we,
Q Q

IN

1 _
ymu—wm%myy/w?Qlmm—wn+A/¥¢wm—wn
Q Q

+/(VGmeG(wA—wk)>gl
Q

/ wiQil(w,\ —wg) + )\/ witt — )\/ wiwx + o(1)
Q o Q

H ||2Q* H H2Q* / 251
= |[|{Wr — W =+ ||lw — w w
k Al ox ,1( ) A 2:9,1( ) 0 k A

+)\/wg+1—)\/w2wx+o(1)
Q Q

. Q*Q
= ||{W — W * +o(1 ask—>+oo.
H k )‘” 2Q—1( ) ( )

(4.15)
To proceed further, we choose w = 2wy, € Hy, yielding
2¢ 1 1
||wk||?95(9) - HwkH;jzg(Q) - A/ﬁ“’? > _EHU’I@H%;(Q) = o(1). (4.16)
Since wy is actually a solution of (Py), we get
2 _ 222 _ 1—v
Hw)\HSé(Q) ||w)\||L222(Q) /\/ka >0(1) as k — +oo. (4.17)
Now, combining (4.16) with (4.17) yields
gt
||wg — wA||§é(Q) > |lwk, —wyr|| % +o0(l) as k — +oo. (4.18)

L*Q(Q)

Assuming without loss of generality that Iy(uy) < In(wy), from (4.2) and
(4.11)-(4.13) we obtain

In(wp —wy) = Ix(wy) — In(wyx) +o(1)
< In(uyn) — In(wy) + % +o(1)
=o(l) as k — +oo,
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which, together with (4.11), gives

1
el o gl —wali, = Bt 2y [ e <o)
(4.19)
From (4.18) and (4.19) we finally conclude
. . Q . . 2 _
Jim [ )\HL % () = Jimflwr —willsy@) =0,
proving (4.10). This closes the proof. ([l

Combining Lemma 4.1 with Lemma 4.2 yields the existence of a second
solution wy to (P) for every A € (0,A) in the case that for every r € (0,79),

inf I)\(U)ZI)\(UA).
HU*UAHS(%(Q):T
4.2. Second case

As before, we consider the space H introduced in (4.1) and C([0, 1], Hy) the
space of continuous curves endowed with the following distance,

d(n.) = maxx [n(t) =/ O)llsyco (420)

Moreover, we consider the following subspace
77(0) = Ux,
Lyi=qneC([0,1], Hy) : [In(1) —uallsy) > 715 ¢ - (4.21)
In(n(1)) < In(ua)

We first show that I'y # @ and then we provide an estimate of the minimax
level

b= inf max Ix(n(t))-

Once this is done, we will apply once again the Ekeland’s variational principle.
We consider the family of functions U, defined at (2.17). For any a € G, we
take

Usalg) :=Us(a™ o g) = p(a o g)T(a™ 0 g).

We recall that {T.} is a family of functions defined in (2.16) such that Ty = T
is a minimizer of the Sobolev Inequality (2.8).

Lemma 4.3. There exists g > 0, a €  and Ry > 1 such that
I)\(’U,)\ + RUE,a) < I)\(U)\) Ve € (0,60), VR > Ro, (422)

1
In(ux + tRoUs. o) < In(uy) + asg/z vt € [0,1], Ve € (0,e0),  (4.23)

where Sg 1is the best Sobolev constant defined as in (2.12).
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Proof. Following the computations already developed in [9],

1 1
IN(u+tRU.q) = §/Q|VGU|2*2T/Q| uf?e *m/| o+
Q

+tR (/ <vGuaVGU5,a>g1 - / UzéilU&a — )\/qu&-,a)
Q Q

(©)

]. * * *
- </|u+tRU€,a|2Q —/ |u|20> +tR / uw?e U, ,
25 Q Q

(A)

A
- </ |u 4+ tRU, |7t —/ |u|q+1) + AtR / wllU, 4
q+1 \Jg Q Q

(A2)
t2 R2
+ / Vol
2 Ja

(B)

Taking the limit for e — 0T, we start by estimating (A2). We observe that

* * 4
tRu*e™'U. , = ((u + s)QQ)

s=tRU; o

Therefore, by strict convexity the term (A2) must be negative.

For the other terms, we take analogous estimates to the ones developed
in [9]. In particular, (C) is null by definition of weak solution with U, , as test
function, while the other terms have been estimated in [9, Lemma 4.3]. We
resume,

(C) =0,
AtQZQRQZz C12% 1 Q-2
(A)_—i‘k RQ K€2 +0( 2>7
24
BtZ 2 _
(B) = 2R +o(s¥) ,
for suitable positive constants A, B, K. In particular,
=170 22
= IV TllZz(c),

and both can be estimated with the Sobolev constant as done in Lemma 2.3.
Moreover, K is a constant depending on a with the property that

/ WU = Kel@212 4 o(c(@-2)/2),
Q

To conclude the proof of the lemma we follow the approach of [43]. We
1

slightly change the notation by posing s := tR and S := (%) Q7% and, we
introduce N
Bs? As%

25 —1 n

— — s QT K e™
2 2%
Q

fe(s) =
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As (A2) is negative, we have

In(u+tRU.,) < f-(tR) + o <g % ) . (4.24)
With the same calculations developed in [9] we get
25
1 1 B 2Q72 * —2 —2
I(u+tRU: 4) < In(u) + (—*> : 5 R (- —ko(&QT)7
2 2Q Azzz—2
1
and this allows to conclude because % — % = é and —2— = Sg. This closes
=
420
the proof. ' O

We notice that by Lemma 4.3, Iy # @ and moreover I'y is a complete
metric space endowed with the distance (4.20). This follows simply by the fact
that

N(t) :==ux +tRoU., € T forall e € (0,e9), (4.25)
eventually enlarging Rg. We now proceed by showing that problem (P)) do
actually admit a second solution.

Theorem 4.4. For 0 < A < A, if there exists r € (0,r¢) such that
inf IA(U) >I,\(u>\)7

[lu—ux ”Sé(Q):r

then there exists a solution vy to (P)) such that vy Z uy.

Proof. We start by considering the Generalized Directional Derivative intro-
duced in [5],
1 h -1 h
I(w;v) :=  limsup Awhpv) = D(w+ )
||h]]—0t, p—0t 14

Some basic properties of this object are proved in [9, Appendix]. In the case

of object,
If\)(w;v):/<va,vGU>gl —)\/qu—/w%*lu
Q (9] (9]

We recall the functional

@) i= max 1((1).

and its minimax level

by := inf ®(n).
0 nlenlu ()

By Ekeland’s Variational Principle, there exists a sequence {n;}r € I'x such
that

1 1
() <lo+ o and () < (1) + L d(, 7).
We now recall the result of [9, Lemma A.2]. For every k € N, we define

Ag = {t €(0,1): Lm(t) = max MW(S»}'
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Then, for every k there exists ¢, € Ay such that for vy := ng (L),

max(1, ||w — vk ||)
k

I (vp;w —vg) > — for every w € H,. (4.26)

Resuming what we just presented,

o I)\(vr) — Ly as k — +o0,
e there exists C' > 0 such that Yw € Hj,

C
[ (Voo Ve(w-ve - [ o=~ [ o2 =) = =L 1+ fulye)
Q Q Q
(4.27)

By choosing w = 2vy, we get

C
el 5 gy = I kIIL %@ *Allvkll‘iﬁl (@) =~ max(L, lvellsy(e))-  (4.28)

By (4.28), and recalling (3.3), it follows that

1 2 )\ q+1 QQ
5“%“55(9) - ﬁ”vﬂ Lat+i(Q) H kHL 20 (@)

1 2 27 1 C
T (Hkasé(Q) = lloell 5, @ )\|\Uk||‘f§+1(g) + 7 max(L, lorllsy o) | < In(ve).

As said above, I\ (vg) — £y for k — 400, and therefore we obtain

11 , 11
lo+o(1) > (2 - 22}) loellisy ) — A <q+1 - 22)) [[v kHLq+1(Q) (4.29)

Suppose vy, is unbouded in S§ (). As %—i > 0, then up to a subsequence
we have [l s1(q) — +00, contradicting (4.29). Therefore vy, is bounded and
(4.26) with w = 2vy, implies

25 C
lonlyen =2 [ o = [0 2 F0+ 2ol @30)

Now, we can proceed following almost verbatim [9]. Arguing as in the
proofs of Lemmas 4.1 and 4.2, we can prove both that vy weakly converges
(up to a subsequence) to a weak solution vy of (P)) and that

2
lor — ol ) — llor — A”LQQ(Q) =o(1) ask — +oo. (4.31)

It only remains to show that vy # wy, i.e. that we truly found a second
solution of (Py). To this aim, we notice first that for any n € Ty,

[7(0) — UAHS%,(Q) =0 and |[n(1) - U,\Hsg(sz) > T,

therefore there exists ¢, € [0, 1] such that [|n(t,;) — u|s1(q) = r1. Since we are
dealing with (2), we have

to = inf @(n) > f Iy(1(ty)) > inf Ii(u) > In(ux), (4.32)
A A

H'U‘*uk ”sé (Q):"'l
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where the last infimimum is taken among the u € H) such that [[u—ux|[s3(q) =
r1. On the other hand if we consider 7 defined in (4.25), then by (4.23) we get,

fo < B(7) = max (i) < Tua) + 5

Combining (4.32) with (4.33) we find

5272, (4.33)

1
Q

We further stress that, since vy — vy weakly in SE(2), then the equalities
(4.11)-(4.13) still hold true. Therefore, by (4.34) and recalling that Iy (vg) —
£y, we get (for k sufficiently large), that there exists a positive number §y such
that

In(uy) < Lo < In(uy) + =S3/2. (4.34)

26

L2 (Q)

1 2 2 1 20
§(||Uk|\sg,(g) = lloallgs o)) — %(HWHL%(Q)) +o(1)
= In(vk) — Ix(un) 4 o(1)

=Ly — Ix(ux) +o(1)

1 ) 1
ok = oallgy) — %Ilvk — v,

(4.35)

1
< 555/2 — b0,

and the last term is positive. From (4.31), (4.34) and (4.35), closely follow-
ing [43, Proposition 3.1], we get that vy, — vy strongly in S§(€2). This, also
considering both (4.30) and (4.29), gives

In(ux) <o = lim Ti(vi) = Ix(va);
thus implying that uy # vy. This closes the proof. O

Gathering all the results established so far, we can finally provide the
Proof of Theorem 1.1. Let A be as in (3.1), that is,
A :=sup{\ > 0: (P)) admits a weak solution}.

From its very definition, this shows that (P)) does not admit any weak solution
for A > A, which is assertion A). Moreover, combining Lemma 3.1 with Lemma
3.2, we immediately have that A € (0,+00). Regarding the existence part,
Theorem 3.3 proves that there exists at least one weak solution uy of (Py)
(with A = A), which is assertion B). As for assertion C), from Lemmas 4.1, 4.2
and Theorem 4.4, we got that a second solution always exists when 0 < A < A.
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