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Abstract

Closure conversion is a program transformation at work in com-
pilers for functional languages to turn inner functions into global
ones, by building closures pairing the transformed functions with
the environment of their free variables. Abstract machines rely on
similar and yet different concepts of closures and environments. We
study the relationship between the two approaches. We adopt a
simple A-calculus with tuples as source language and study ab-
stract machines for both the source language and the target of
closure conversion. Moreover, we focus on the simple case of flat
closures/environments (no sharing of environments). We provide
three contributions. Firstly, a new simple proof technique for the
correctness of closure conversion, inspired by abstract machines.
Secondly, we show how the closure invariants of the target lan-
guage allow us to design a new way of handling environments in
abstract machines, not suffering the shortcomings of other styles.

Thirdly, we study the machines from the point of view of time
complexity. We show that closure conversion decreases various
dynamic costs while increasing the size of the initial code. Despite
these changes, the overall complexity of the machines before and
after closure conversion turns out to be the same.
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1 Introduction

A feature of functional languages, as well as of the A-calculi on
which they are based, is the possibility of defining inner functions,
that is, functions defined inside the definition of other functions.
The tricky point is that inner functions can also use the external
variables of their enveloping functions. For instance, the Church nu-
meral 3 := Ax.Ay.x(x(xy)) contains the inner function Ay.x(x(xy))
that uses the externally defined variable x.

The result of functional programs can be a function. In particular,
it can be the instantiation of an inner function. For instance, the
result of applying 3 above to a value v is the instantiated function
Ay.v(v(vy), as one can easily see by doing one f-reduction step.

Closure Conversion. In practice, however, compiled functional
programs do not follow f-reduction literally, nor do they produce
the code of the instantiated function itself, because the potential
duplications of the substitution process would be too costly. The
idea is to decompose f-reduction in smaller, micro steps, delaying
substitution as much as possible, and computing representations of
instantiated functions called closures. A closure, roughly, is the pair
of the defined inner function (that is, before instantiation) plus the
tuple of instantiations for its free variables, called its environment.

This is achieved via a program transformation called closure
conversion, that re-structures the code turning beforehand all in-
ner functions into closures. At compile time, closures pair inner
functions with initial environments that simply contain the free
variables of the functions. Execution shall then dynamically fill up
the environments with the actual instantiations.

Compilation and Abstract Machines. Abstract machines are often
seen as a technique alternative to compilation and related to the
interpretation of programming languages. This is because abstract
machines tend to be developed for the source language, before the
pipeline of transformations and optimizations of the compiler.

A first aim of our paper is to take a step toward closing the gap
between compilation and abstract machines, by studying how trans-
formations used by compilers—here closure conversion—induce
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invariants exploitable for the design of machines working at further
stages of the compilation pipeline, while still being abstract.

Same Terminology, Different Concepts. Similarly to compilation,
abstract machines do not follow f-reduction literally, nor do they
produce the code of instantiated functions. In particular, some ab-
stract machines use data structures called again closures and envi-
ronments. These notions, however, are similar and yet different.

In closure conversion, an inner function with free variables is
transformed at compile time into a closed function paired with the
environment of its free variables. The environment is in general
open (it is closed by some enveloping converted function, yet locally
it is open), and shall be filled/closed only during execution, which
provides the instantiations. The aim is to hoist the closed function
up to global scope while its environment stays at the call site.

In abstract machines, every piece of code receives an environ-
ment, not just functions, and environments and closures have a
mutually recursive structure. Additionally, environments are built
dynamically, during execution, not in advance, and they are always
closed: the pair of a piece of code and its environment is called
a closure because they read back (or decode) to a closed A-term.
Moreover, there is no hoisting of code.

A second aim of this paper is to establish and clarify the rela-
tionship between these two approaches. To disambiguate, we keep
closures for the pairs (closed function, possibly open environment)
of closure conversion and use m-closures for the pairs (code, closed
environment) used in abstract machines; we further disambiguate
calling bags the environments of closures, while the environments
of m-closures keep their usual names. With respect to this terminol-
ogy, we study closure conversion for m-closures. One of the outcomes
of closure conversion turns out to be the elimination of m-closures.

Complexity of Abstract Machines. Finally, a last influence on our
study comes from the recent development by Accattoli and co-
authors of both a complexity-based theory of abstract machines
[2-4, 6, 9, 12, 13, 20] and time and space reasonable cost models
for the A-calculus [7, 8, 10]. Such a line of work has developed fine
analyses of tools and techniques for abstract machines, studying
how different kinds of environments and forms of sharing impact
on the cost of execution of abstract machines. The third aim of the
paper is to understand how tuples and closure conversions affect
environments, forms of sharing, and the cost of execution.

To avoid misunderstandings, our aim is not the study of opti-
mized/shared notions of (compiler) closures, their efficient repre-
sentations, their minimization, or the trade-off between access time
and allocation time—in fact, we adopt the basic form of flat closure
conversion that we apply to all functions for all their free variables.

Flat Environments. Different data structures for (m-)closures and
bags/environments and various closure conversion algorithms can
be used. The design space, in particular, is due to chains of nested
functions—say, f is nested inside g, in turn, nested inside h—where
two consecutive nested functions, f and g, can both use variables,
say x, of h. Therefore, one might want the closures for f and g to
share the environment entry for x. Perhaps surprisingly, sharing
bags between closures can easily break safety for space of closure
conversion, i.e. might not preserve the space required by the source
program, if parts of shared environments survive the lifespan of
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Figure 1: A-Calculi and abstract machines in the paper.

the associated closures. The simplest approach is using flat bags
(and flat closure conversion), where no sharing between bags is
used; with flat bags, there are two distinct but identical entries for
x in the bags of f and g. Flat bags are safe for space [31, 35, 36].

Machine environments can also either be shared or flat (i.e. with
no sharing between environments). The distinction, however, is not
often made since it does not show up in the abstract specification
of the machine, but only when one concretely implements it or
studies the complexity of the overhead of the machine (since the two
techniques have different costs). For a meaningful comparison with
flat closure conversion, for source programs we adopt an abstract
machine meant to be implemented using flat environments.

Our aim is to understand how closure conversion compares
asymptotically with m-closures of abstract machines, in particular
with respect to one of the key parameters for time analyses, the size
of the initial term. Flat environments are chosen for their simplicity
and their safeness for space. More elaborated forms are future work.

Our Setting. We decompose closure conversion in two phases,
first going from a source calculus Asoy to an intermediate one Ajn¢,
and then to a target calculus At5-. We provide each of the three
calculi with its own abstract machine. Our setting is summed up in
Fig. 1, where TAM stands for tupled abstract machine.

Our source A-calculus Asqy is the simplest possible setting accom-
modating closure conversion, that is, Plotkin’s effect-free call-by-
value A-calculus extended with tuples, because tuples are needed to
define the conversion. Our setting is untyped, because it is how ab-
stract machines are usually studied, and for the sake of minimality.

The first transformation - : Asoy — Ajnt, dubbed wrapping,
replaces abstractions Ax.t (where X is a sequence of variables) with
the dedicated construct of abstract closures Ax.t := [Ay.Ax.t| Y]
where 7 is the sequence of free variables of Ax.t, and ¥ is the tuple
of these same variables, forming the initial bag of the closure.

Roughly, the second transformation Ajnt — Atar, deemed name
elimination, turns the abstraction Ay of many variables into the
abstraction of a single variable representing the bag/environment.
It is similar to a translation from named variables to de Bruijn
indices. In fact, name elimination is only outlined in the paper, the
details are given in [5], because they are mostly routine.

The target calculus Atar is not the low-level target language of
a compiler. It is indeed still high-level, because we study only flat
closure conversion, not the whole compilation pipeline. We do not
model the hoisting of closed functions up to global scope; it is an
easy aspect of closure conversion and is usually avoided in its study.

We give three contributions, shaping the paper into three parts.

Contribution 1: A Simple Proof of Correctness. The correctness of
closure conversion is often showed by endowing both the source
and the target calculus of the transformation with big-step opera-
tional semantics and establishing a logical relation between the two
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[16, 28, 31, 37]. The reason is that adopting a small-step semantics
does not seem to work: closure conversion does not commute with
meta-level substitution (that is, the substitution of converted terms
is not the conversion of the substituted terms), and thus it does not
map f-steps from the source to the target calculus.

Bowman and Ahmed [18] are to our knowledge the only ones
adopting a small-step semantics. They neatly get around the non-
commutation issue by noticing that the substitution of converted
terms is n-equivalent to the conversion of the substituted terms. Our
proof technique looks at the same issue in a different way, inspired
by correctness proofs for abstract machines and independently of
n-equivalence (which we do not consider for our calculi, for the
sake of minimality). It might be of interest for languages where
n-equivalence is not sound (e.g. because of observable effects, as in
OCaml, or when 5-equivalence does not preserve typability, like in
languages with mutability and the value restriction), since in these
cases Bowman and Ahmed’s proof might not scale up.

Contribution 2: New Kinds of Machine Environments. According
to Fernandez and Siafakas [23], there are two kinds of abstract
machines, those using many (shared or flat) local environments,
which are defined by mutual induction with m-closures, and those
using a single (necessarily flat) global environment or heap and no
m-closures. Each kind has pros and cons, there is no absolute better
style of machine environments; see also Accattoli and Barras [4].

For our machine for the source calculus Agq, the Source TAM,
we adopt flat local environments and m-closures, so as to allow us to
compare closures (with flat bags) and m-closures. The contribution
here is that the invariants enforced by flat closure conversion (more
precisely, by wrapping) enable a new management of environments,
what we dub stackable environments and plug into the Int TAM, our
machine for the intermediate calculus A ,¢. Stackable environments
have the pros of both global and local environments, and none of
their cons, as explained in Sect. 8. They are called stackable because
the current one can be put on hold—on the stack—when entering a
closed function with its new environment, and re-activated when
the evaluation of the function is over. But be careful: their stackabil-
ity is not necessarily an advantage, it is just the way they work; the
advantage is the lack of the cons of local and global environments.

Moving to the target calculus Atar enables a further tweak of
environments, adopted by the Target TAM: environments—which
usually are maps associating variables to values—become tuples of
values, with no association to variables. This is enabled by name
elimination, which turns variables into indices referring to the tuple,
in a way reminiscent of de Bruijn indices.

Contribution 3: Time Complexity. We study how tuples and flat
closure conversion impact the forms of sharing and the time com-
plexity of the machines. Our analyses produce four insights:

(1) Tuples raise the overhead: we give a theoretical analysis of
the cost of adding tuples to the pure A-calculus, which, to
our knowledge, does not appear anywhere in the literature.
We show why tuples require their own form of sharing and
that the creation of tuples at runtime is unavoidable. This is
done by adapting size exploding families from the study of
reasonable time cost models for the A-calculus [1]. Moreover,
tuples raise the dependency on the size |¢| of the initial code ¢
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Figure 2: The untyped pure call-by-value calculus A¢p,

of the overhead of the machine. Namely, let the height hg(t)
be the maximum number of bound variables of ¢ in the scope
of which a sub-term of t is contained: the dependency for
flat environments raises from O (hg(t)) to O(|t| - hg(t)).

(2) Name elimination brings a logarithmic speed-up: with vari-
able names, flat environments have at best O(log(hg(t)))
access time, while de Bruijn indices (or our name elimina-
tion) enable O(1) access time—this is true both before and
after closure conversion. Before conversion, however, the
improvement does not lower the overall asymptotic over-
head of the machine with respect to the size of the initial
term, which is dominated by the other flat environment op-
erations. After closure conversion, instead, it does lower the
overall dependency of the machine from O (|¢€¢| - hg(t°%))
to O(|t€]), where t°€ is t after closure conversion.

(3) Amortized constant cost of transitions: in any abstract ma-
chine, independently of their implementation, the number
of transitions of an execution and the cost of some single
transitions depend on the size of the initial term. This is
related to the higher-order nature of A-calculi. Closure con-
version impacts on the cost of single transitions (but not
on their number): their amortized cost becomes constant.
The insight is that the non-constant cost of transitions in
ordinary abstract machines is related to inner functions.
Dynamically faster, statically bigger, overall the same: the
previous two points show that closure conversion decreases
the dependency of machines on the size of the initial term
during execution. The dynamic improvement however is
counter-balanced by the fact that |t¢| is possibly bigger
than |t|, namely [t°¢| € O(|t| - hg(t)). Therefore, the overall
complexity is O([t| - hg(t)) also after closure conversion.

—
N
=

OCaml Code and Proofs. As additional material on GitHub [33],
we provide an OCaml implementation of the Target TAM, the ma-
chine for closure converted terms, described in [5, Appendix K].

All proofs are in [5], the long version of this paper.

2 Preliminaries: 1.y, a Call-by-Value A-Calculus

In Fig. 2 we present Acpy, a variant of Plotkin’s call-by-value A-
calculus [32] with its S-reduction by value —g , adopting two
specific choices. Firstly, the only values are A-abstractions. Exclud-
ing variables from values differs from [32] but is common in the
machine-oriented literature. It does not change the result of evalu-
ation while inducing a faster substitution process, see [14].
Secondly, we adopt a small-step operational semantics, defined
via evaluation contexts. Evaluation contexts C are special terms
with exactly one occurrence of the hole constant (-). We write C(t)
for the term obtained from the evaluation context C by replacing its
hole with the term t (possibly capturing some free variables of t).
The small-step rule of f,-reduction is weak, that is, it does not
evaluate abstraction bodies (indeed, the production Ax.C is absent



PPDP ’25, September 10-11, 2025, Rende, Italy

AX.t T

TERMS tu,s == x | tu | mit | Ax1, .o xpt 120 (f1,.480) n >0

VALUES 0,0 == AX.t| 0
Ev.Crxs C,C’ u= (:)|tC| Co | mC | (t1,.t, Cov1,.,0p) kKh >0

(£.C0)
- — N IR I—au { }
. _ _ tPatu o

(X)) g, t{x=T}if x|l = |7 Clt) =g Clu) ac{fo,m

T g 0 if1<i<||7

—sou = =g, U —x

Figure 3: The source calculus Asq, extending A.p,, with tuples.

in the definition of evaluation context C in Fig. 2), as it is common
in functional programming languages, and deterministic, namely
proceeding from right to left (as forced by the production Co)!.
We identify terms up to a-renaming; t{x«u} stands for metalevel
capture-avoiding substitution of u for the free occurrences of x in t.
The lemma below rests on the closed hypothesis and will be
used as a design check for the calculi in the next sections. It is an
untyped instantiation of Wright and Felleisen’s uniform evaluation
property [41]. The term “harmony” is borrowed from [11].

LEMMA 2.1 (Achy HARMONY). Ift € Acpy is closed, then eithert is
a value ort =g, u for some closed u € Acpy-

Notations. We set some notations for both calculi and machines.
Let — be a reduction relation. An evaluation sequence e: t —* u
is a possibly empty finite sequence of —-steps from ¢t to u, the
length of which is noted |e| (we also write e: ¢ Sk uifle| = k). If
moreover —, C —, then |e|, is the number of a-steps in e.

3 Part 1: The Source Calculus A,

In this section, we extend Acp, with tuples, which are needed to
define closure conversion, obtaining Asqy, our source calculus.

Terms. The source calculus Asoy defined in Fig. 3 adopts n-ary tu-
ples T = (t1,. ., tn), together with projections 7; on the i element?.
Abstractions are now on sequences of variables X = x1, .., x,. With a
slight abuse, we also compact (t1, .., tn)) into (), and write (%, u,5))
(note that replacing sequences with tuples changes the meaning:
(% u5) and ( Tou, s") are different terms, and we shall need both
notations). Both tuples and sequences of variables can be empty,
that is, A.t and () are terms of Asoy. Values now are abstractions and
tuples of values—tuples of arbitrary terms are not values in general.

Notations and Conventions about Tuples and Sequences. We as-
sume that in every sequence x all elements are distinct and, for
brevity, we abuse notations and consider sequences of variables also
as the sets of their elements, writing x; € X, or fv(¢) =x,orx U7.
Weset|| 7| :=nif T = (t1, . -, tn) and call it the length of the tuple T
(so, [[()|l = 0), and similarly for ||x||. Moreover, if X = x1,. ., X, and
T = (v1,..,0n) we then set t{x< 7} = t{x1<01,.,xp<0n} (the
simultaneous substitution). We write X#y when x and y have no ele-
ment in common, and fv(t) C x#y when moreover fv(t) C (xU7).

Small-Step Operational Semantics. The f,-rule can fire only if
the argument is a tuple of values of the right length, and sim-
ilarly for the z-rule. For instance, (Ax.x)(Ay.yy) +p, Ay.yy,

The right-to-left order (adopted also in [24, 26]) induces a more natural presentation
of the machines, but all our results could be restated using the left-to-right order.
2We do not define projections as tuple-unpacking abstractions because it would turn
7-steps into f-steps and so blur the cost analysis (that counts § but not 7-steps).
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Figure 4: The intermediate calculus A;p¢.

because one needs a unary tuple around the argument, that is,
(Ax.x)(Ay.yy) —p, Ay.yy. Note that evaluation contexts now en-
ter projections and tuples, proceeding right-to-left. As it shall be
the case for all calculi in this paper, the operational semantics —soy
of Asoy is deterministic: if t —goy uand t —goy sthenu =sand ¢
is not a value. The proof is a routine induction (see [5, Appendix
Al).

Clashes. In an untyped setting, there might be terms with clashes,
that is, irreducible badly formed configurations such as z;(Ax.t).
To exclude clashes without having to have types, we adopt a notion
of clash-freeness, which would be ensured by any type system.

Definition 3.1 (Clashes, clash-free terms). A term t is a clash if it

has shape C(u) where u has one of the following forms:

e Clashing projection: u = m;v and if v=7 then | 7| < i;

e Clashing abstraction: u = (Ax.s)v and if v = T

then ||x|| # [ 7"ll;

e Clashing tuple:u = T's.
A term t is clash-free when, co-inductively, t is not a clash and if
t —sou u then u is clash-free.

Note that clashes are normal forms. All the calculi and machines
of the paper shall come with their notion of clash and clash-freeness,
which shall be taken into account in statements and proofs but the
definitions of which shall be omitted (they are in [5]).

LEMMA 3.2 (Asoy HARMONY). Ift € Aoy is closed and clash-free,
then either t is a value ort —soy u for some closed and clash-free u.

4 Part 1: the Intermediate Calculus A;,; and the
Wrapping Transformation

In this section, we define the intermediate calculus A, and the
wrapping translation from Agoy to Aint. We discuss why the natural
first attempt to show the correctness of the translation does not
work, and solve the issue via a reverse translation from At to Asey.

Terms of Adint. In Aint, defined in Fig. 4, abstractions Ax.t are re-
placed by closures [Ay.Ax.t|b], which are compactly noted [y; x.t|b].
The bag b of a closure can be of two forms Z and ¥, giving variable
closures [y; x.t| 2] and evaluated closures [g; x.t| 0], which are both
values. In a closure [[y; x.t|b], y and x verify y#x (i.e. no elements
in common), and scope over the body t of the closure; y and X do
not scope over b. The idea is that fv(Ax.t) C 7, so that Ay.Ax.t is
closed. The elements of b are meant to replace the variables 7 in ¢.

The rationale behind At is understood by looking at the trans-
lation from Asoy to Ajnt in Fig. 5. Basically, every abstraction is
closed and paired with the bag of its free variables. Evaluated clo-
sures [y;X.t| 7] are not in the image of the translation, unless
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WRAPPING TRANSLATION Agoy — Aint

X=X tu =tu
Mx.t = [g;xt|y] iffv(dxt) =7
(1, tn) = (t1, . tn) 7t = it

UNWRAPPING (REVERSE) TRANSLATION Ajnt — Asou

[x] = x [tu] := [t] [u] .
Mz:xt 7] = Ax.[1] 7%t 7]1 = Ax.[t1{7o]}
[t ta)1 = (811, Tta1) [7it] = mi[t]

Figure 5: The translations -: Asoy — Ain¢ (wrapping) and
['1: Aint = Asou (unwrapping).

fv(Ax.t) = 0, which gives the closure [;x.¢|()] that is both a vari-
able and an evaluated closure. Evaluated closures are generated by
the reduction rules, discussed after defining well-formedness.

Definition 4.1. A closure [y; x.t|b] is well-formed if fv(t) C y#x,
16l = |[y]l and if b is a variable bag then b = (y]). Terms ¢ € Ajnt and
evaluation contexts C € Ajn¢ are well-formed if all their closures
are well-formed, and prime if moreover they are variable closures.

Operational Semantics. The intermediate variant —;g of the
By-rule involves a well-formed evaluated closure [[y; x.t|o1] and an
argument 03 of the same length as X, and amounts to substitute the
bag 01 on j and the argument 93 on X. Substitution t{y; Xx<01; 02}
is defined as expected (see [5, Appendix B]) by performing {y+o7}
and {x«<03} simultaneously and requires that fv(t) C g#x. Well-
formed terms are stable by substitution, when defined, and the
reduct of =4 is a (well-formed) term of Ajnt because (by well-
formedness) closures close their bodies, so the closing substitution
generated by the step turns variable bags into value bags. Tuple
projection is as in Asoy. Note that evaluation contexts do not enter
closures. See [5, Appendix B] for the definition of clash(-freeness)
for Aint. A term t € Ajn¢ is good if it is well-formed and clash-free.

The intermediate calculus Ajpn¢ is deterministic (if ¢ —in¢ ¥ and
t —int s then u = s and ¢ is not a value) and harmonic.

LEMMA 4.2 (HARMONY OF Ajnt). Lett € Ajnt be closed and good.
Then either t is a value ort —int u for some closed good u € Aint.

Translation From Source to Intermediate, or Wrapping. The wrap-
ping translation - from Asoy to Ajpn¢ takes a (possibly open) term
t € Asoy and returns a term ¢ € Ajpn¢, and it is defined in Fig. 5. As
already mentioned, it turns abstractions into closures by closing
them and pairing them with the bag of their free variables. It is
extended to evaluation contexts C as expected, setting (-) := (-).

LEMMA 4.3 (PROPERTIES OF THE TRANSLATION Asoy — Aint)-
(1) Values: ifv € Asoy then v is a value of Aint.

(2) Terms: if t € Asoy thent € Aint is well-formed and prime.
(3) Contexts: if C € Asoy then C is an evaluation context of Aint.

Problem: Wrapping and Substitution Do not Commute. As source
values and contexts are translated to their intermediate analogous,
one may think that the translation preserves reduction steps: if
t —sou u then t — ¢ u. But this is false, because the translation
does not commute with substitution, as also discussed in [18, 38].
Indeed, in general t{x«v} # t{x«<uv}: take t := Ay.yx and a closed
value v, we get the terms below, where [x; y.yx|(v)] # [; y.yo|()].
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[ y-yx] (2]
Ly-yel(1
The point being that t{x«ov} is closed and so its wrapping is different
from first wrapping ¢, which is instead open, and then closing the
wrapped term ¢ using {x«<u}. Not only t{x«<v} # t{x<uv}, they are
not even related by —jn¢, or by the equational theory generated
by —int (but they can be shown to be contextually equivalent).
The issue is that the translation targets prime terms
(Lemma 4.3.2) but — ;¢ creates evaluated closures (which are
not in the image of translation), i.e., the reduct of a prime term
(of Aint) may not be prime. Take t := Ay.yx again: (Ax.t) (o)) —sou
H{x<o} = Ay.yo and (Ax.t) (o) = [;x.[x; y.yx|(x)]]1()] (2] is prime,
but (Ax.t)(v) —int-reduces to the non-prime [x;y.yx|(v)] =
tH{xeo} # t{xo}.

t{x<v} [ y-yx|(x)] {x+o}
H{x<v} = M

Reverse Translation. The literature usually overcomes this prob-
lem by switching to a different approach, adopting a big-step seman-
tics and a logical relation proof technique. One of our contributions
is to show a direct solution, as done also by Bowman and Ahmed
[18], but in a different way. The idea comes from the correctness of
abstract machines, which is proved by projecting the machine on
the calculus, rather than the calculus on the machine. Therefore,
we define a reverse unwrapping translation from Ajpn¢ to Asoy and
show that it smoothly preserves reduction steps.

The unwrapping translation [t] of a well formed term ¢ € Ajn¢
to Asoy is defined in Fig. 5. It amounts to substitute the bag b for
the sequence y of variables of a closure [y;x.t|b]. In contrast with
wrapping, now unwrapping and substitution commute.

PROPOSITION 4.4 (COMMUTATION OF SUBSTITUTION AND THE
REVERSE TRANSLATION). If£,07,03 € Aint and fv(t) C x#y, then
[t{x;g<01;02}] = [t1{x o1 Hy[oz2]}.

Strong Bisimulation. From the commutation property (Prop. 4.4),
it easily follows that the reverse translation projects and reflects
rewrite steps and—if terms are closed—also normal forms. As a con-
sequence, it is a termination-preserving strong bisimulation, possi-
bly the strongest form of correctness for a program transformation.

THEOREM 4.5 (SOURCE-INTERMEDIATE TERMINATION-PRESERVING
STRONG BISIMULATION). Lett € Ajn¢ be closed and well-formed.
(1) Projection: fora € {fy, 7}, ift —iq u then [t] —4 [u].
(2) Halt: t is —int-normal if and only if [t] is —sou-normal.
(3) Reflection: for a € {fy, 7}, if [t] —4 u then there exists
S € Aint such thatt —i, s and [s] = u.
(4) Inverse: if u is a source term then [u] = u.

Projection can be extended to sequences of steps. The reflection
and inverse properties ensure that reflections of consecutive steps
from the source can be composed, bypassing the problem with
the wrapping translation, see the corollary below. Its proof only
depends on the abstract properties of our notion of bisimulation,
thus similar corollaries hold for all bisimulations in this paper.

COROLLARY 4.6 (PRESERVATION OF REDUCTION STEPS). Ift —X_ u

then there exists s € Aint such that t _)];ht sand[s] =u.

Proor. By induction on k. If k = 0 then ¢t = u; taking s = ¢,
the inverse property gives [s| = [t] = t = u. For k > 0, one has
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PROJECTED VARS pp’ = mw | mis
TERMS b, s,7 == p | mt | T | tu | [t6]nm
BaGs bb' ==p|u
VALUES 0,0 = [t|b]lam | T

EvaL CONTEXTS C,C' == ()| tC|CT | mC| (tC2)
NAME ELIMINATION TRANSLATION Ajnt — Atar

I E:

yi X o= TTiW (]tl,“, tnD = q t y,x,“} th y,xD
ot P = e Ewee] * = [¢*"6 "]
Xi bx = ;s tw = v

NAMING (REVERSE) TRANSLATION Atar — Aint

W % = Y (tu) T = It o Ml =
TS|z = X (t1, - tu) i 8 5 -l 2
(ﬂ'it) y!.x. = ik yj. |It|b]]n)m % = ﬂz;w_ tE,Vvl b y’}]]

with z#w fresh, ||z|| = n,

wll=m

Figure 6: The target calculus A¢5r, and the translations Aj,¢ —
Atar (name elimination) and Atar — Ajnt (naming).

t =Kl w —sou u. By ih,t —>]1.‘n_t1 s’ with [s"] =/, s0 [s"] —=sou
u; by reflection s’ — it s for some s such that [s] = u. o

About the proof of the various points of Theorem 4.5, the closed
hypothesis is used for the left-to-right direction of the halt property,
which in turn is used to prove the reflection property. Projection is
used instead in the right-to-left direction of the halt property. The
inverse property is straightforward.

5 Part 1: Outline of the Target Calculus A, and
of Name Elimination

In this section, we quickly outline the target calculus Atar and the
translation from Ajnt to Atar, dubbed name elimination, which,
when composed with the wrapping translation of Section 4, pro-
vides the closure conversion transformation. The unsurprising details
(definitions, statements, and proofs) are given in [5, Appendix C].
The ideas behind A¢ar and name elimination, defined in Fig. 6, are:

e Variable binders: replacing the sequences 7 and x of ab-
stracted variables in closures [y; x.t|b] with the special vari-
ables w and s (short for wrapped and source), standing for
the tuples 97 and 07 meant to be substituted on 3 and x;

o Variable occurrences: replacing every occurrence of a variable
y; or x; in t with the projected variables miw or n;s, which
are two special compound terms as w and s cannot appear
without being paired with a projection.

We use p (for projected variable) to refer to either m;w or 7js. The
transformation is similar to switching to de Bruijn indices, except
that—because of the already wrapped setting—the index simply
refers to the composite binder of the closure, rather than to the
nested binders above the variable occurrence. It also slightly differs
from standard closure conversion: the latter would eliminate the y
names but usually not the x ones. We eliminate both, as the total
elimination of names shall induce a logarithmic speed-up for the
abstract machine associated with A¢4r, see Sect. 12.

The terminology name elimination refers to the fact that, after
this transformation, a term uses only two variables, w and s. As all
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closures would then have shape [w; s.t|b], we simplify the notation
and just write [[¢|b], with the implicit assumption that every closure
now binds w and s in ¢. To define a reverse translation from A¢ar
to Ajnt dubbed naming in Fig. 6, closures [t|b]n,m are annotated
with two natural numbers n, m € N, which record the length of the
replaced sequences of variables 7 and x. To simplify the notation,
however, we shall omit these annotations when not relevant. The
body of a closure [t|b] is t, and—as in Ajn¢—closures are either
variable closures, if b = p, or evaluated closures, if b = ¥". A term
t € Atar is closed if 7w and ;s do not occur out of closure bodies.

Name elimination is parametric in two lists 7 and x of abstracted
variables, which intuitively are those of the closest enclosing clo-
sure being translated. In particular the two parametric lists change
when the translation crosses the boundary of a closure in the

= y.x . . .
[z; w.t|b] clause in Fig. 6. On closed terms, the translation

is meant to be applied with empty parameter lists (as ¢ “).
Reduction —tar := =g, U >ty is defined in [5, Appendix C].

Results. We prove that name elimination, its reverse naming
translation (from Atar to Ajnt), and the composed naming-unwrap-
ping reverse translation (from Atar to Asoy) are termination-preser-
ving strong bisimulations as in Theorem 4.5. The technical develop-
ment is rather smooth and follows the structure of Section 4 without
the subtleties related to the commutation with substitution.

More precisely, in [5, Appendix C], we show that the name
elimination translation is a termination-preserving strong bisimula-
tion between Ajn¢ and Atar. The two obtained strong bisimulation
theorems—namely Theorem 4.5 and the latter concerning name
elimination—do not compose, because the first one uses the reverse
translation from Ajn¢ to Asoy, while the second one uses the direct
translation from Ajnt to Atar. To solve the issue, we use the reverse
translation from Atar to Ajnt dubbed naming in Fig. 6.

Unsurprisingly, naming is a termination-preserved strong bisim-
ulation from the target calculus Atar to the intermediate one Ajn¢.

THEOREM 5.1 (TARGET-INTERMEDIATE TERMINATION-PRESERVING
STRONG BISIMULATION). Lett € Atar be closed.

(1) Projection: fora € {fy, 7}, ift >tq u then |t e —ia U] -

(2) Halt: t is —+tar-normal (resp. a value, resp. a clash) if and only
ifft e is —tar-normal (resp. a value, resp. a clash).

(3) Reflection: for a € {fy, 7}, if [ ¢ e "ia U then there exists
§ € Atar such thatt —q s and[s]_ = u.

(4) Inverse: letu € Aint, if fv(u) C y#x then| u §x =q U.

B

The following theorem states that the reverse transformation
[[£ . | of closure conversion (obtained by composing naming and
unwrapping) is a termination-preserving strong bisimulation. It
is our final correctness result for closure conversion. The proof is
obtained by simply composing the two bisimulations results for
unwrapping (Theorem 4.5) and naming (Theorem 5.1).

THEOREM 5.2 (TARGET-SOURCE TERMINATION-PRESERVING
STRONG BISIMULATION). Lett € Atar be closed.
(1) Projection: fora€{fy, n}, ift >tqu then [|t €’E'| —q [l E’E].

(2) Halt: t is —+tar-normal if and only if [[£_ 1 is —sou-normal.
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(3) Reflection: fora € {fo, 7}, if [[£]_ .1 —a u then there exists
S € Atar such thatt —¢q s and [|'S 66] =u.

(4) Inverse: ifu € Asoy then [ u 8¢ 1=u.
€,€

6 Part 2 Preliminaries: Abstract Machines

This section starts the second part of the paper. Here, we introduce
the terminology and the form of implementation theorem that we
adopt for our abstract machines, along the lines of Accattoli and
co-authors [2, 6, 13], here adapted to handle clashes.

Abstract Machines Glossary. An abstract machine for a strategy
(i.e. a deterministic reduction) — st of a calculus A, is a quadruple
M = (States,~,-°, ) where (States,~) is a deterministic labeled
transition system with transitions ~» partitioned into principal
transitions ~py, corresponding to the steps of the strategy and
labeled with the labels of the rewrite rules in A, (here variants
of S, and 7 steps), and overhead transitions ~,p,, that take care
of the various tasks of the machine (searching, substituting, and
a-renaming), together with two functions:

e Initialization -°: A, — States turns A.,-terms into states;
e Read-back -: States — A4 turns states into A, -terms
and satisfies the constraint t° = ¢ for every A.,;-term ¢.

A state q € States is composed by the active term t, and some
data structures. A state q is initial for t if t° = q. A state is final if
no transitions apply; final states are partitioned into successful and
clash states. A run r is a possibly empty sequence of transitions.
For runs, we use notations such as |r| as for evaluation sequences
(Sect. 2). An initial run (from t) is a run from an initial state t°. A
state q is reachable if it is the target state of an initial run.

Abstract machines manipulate pre-terms, that is, terms without
implicit a-renaming, even if for simplicity we keep calling them
terms. In that setting, we write ¢ in a state g for a fresh renaming
of t, i.e. t* is a-equivalent to ¢ but all of its bound variables are
fresh (with respect to those in ¢ and in the other components of g).

Implementation Theorem, Abstractly. We now define when a ma-
chine implements the strategy — st of a calculus 7., abstracting
and generalizing the setting of the previous sections.

Definition 6.1 (Machine implementation). A machine M =
(States,~,-°, ) implements the strategy —str of a calculus A4
when given a t € A, the following holds:

(1) Runs to evaluations: for any M-run r : t° ~* q there ex-
ists a —str-evaluation e : t —3, . ¢. Additionally, if g is a
successful state then g is a clash-free —s¢r-normal form.

(2) Evaluations to runs: for every —str-evaluation e : t —7%,

there exists aM-run r : t° ~* g such that ¢ = u. Additionally,

if u is a clash-free —s¢r-normal form then there exists a

successful state ¢’ such that g ~7, ¢’

u

3) Principal matching: in both previous points the number |e
p g p p 1
of steps with label [ in the evaluation e is exactly the number
|r|; of principal [ transitions in r, i.e. |e|; = |r];.

Next, we give sufficient conditions that a machine and a (deter-
ministic) strategy have to satisfy in order for the former to imple-
ment the latter, what we call an implementation system.
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M-CLOSURES LocaL Envs STACKS
¢ u=(t,E) Eu=¢|[x<c]:E’ Su=¢|ec:S|oc:S
M-Cros. | Stack | TRANS. M-Cros. STACK
tu E S| ~sea u ‘ E o(t,E): S
Axt | E| oc:S | ~>sea, c o(Ax.t,E) : S
Ax.t | E| ec:S ~g, t ‘ [x<c] : E S
x E S| ~sub E(x) S

Figure 7: The local abstract machine (LAM) for Acpy .

Definition 6.2 (Implementation system). A machine M = (States,
~,-°,-) and a strategy —str form an implementation system if:

(1) Owverhead transparency: q ~,p, q' implies g = ¢’;

(2) Principal projection: g ~py ¢ implies g Sstr ¢ and the
two have the same label; B -

(3) Overhead termination: ~ .}, terminates;

(4) Halt: M successful states read back to clash-free —s¢--normal
forms, and clash states to clashes of A.,;.

Via a simple lemma for the evaluation to runs part (in [5, Appen-
dix D]), we obtain the following abstract implementation theorem.

THEOREM 6.3 (SUFFICIENT CONDITION FOR IMPLEMENTATIONS).
LetM be a machine and —str be a strategy forming an implementa-
tion system. Then, M implements — st (in the sense of Definition 6.1).

Local Environments. We overview one the two main forms of
environments for abstract machines, the local one (as opposed to
global), for the archetypal call-by-value calculus Acpy of Sect. 2, to
compare it later with the Source TAM for Asoy. The terminology
local/global is due to [23], and the two techniques are analyzed e.g.
(for call-by-name and call-by-need) in [4] but they are folklore.

The local abstract machine (LAM), a machine with local envi-
ronments for Acpy, is defined in Fig. 7. It is a right-to-left variant
of the CEK machine [22]. It uses a stack to search for f,-redexes,
filling it with entries that encode an evaluation context of Acpy. The
substitutions triggered by the encountered f,-redexes are delayed
and stored in environments. There is one principal transition ~ g ,
of label 8, and three overhead transitions ~geq, , ~~sea,, and ~s,p
realizing the search for f,-redexes and substitution. Contrary to
the global approach, the LAM has many environments E, paired
with terms so as to form m-closures c. In fact, a local environment
E is itself a list of pairs of variables and m-closures: m-closures and
environments are defined by mutual induction. A state is a triple
(t, E, S) where (t, E) is the m-closure of an active term ¢ and a local
environment E, and S is a stack. Initial states have shape (¢, €, €).

M-Closures are called in this way because when evaluating a
closed term an invariant ensures that fv(¢) C dom(E) for any m-
closure (t, E) in a reachable state (including the active one), where
the domain dom(E) of an environment E is the set of variables on
which it has a substitution. The use of m-closures allows one to
avoid a-renaming (and copying code) in transition ~,p, at the
price of using many environments, thus using space anyway. The
duplication of E in transition ~»geq, is where different implemen-
tation approaches (shared vs flat) play a main role. With shared
environments (whose simplest implementation is as linked lists),
the duplication only duplicates the pointer to the environment, not
the whole environment. With flat environments (whose simplest
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implementation is as arrays), duplication is an actual duplication
of the array; we shall further discuss the duplication of flat envi-
ronments when discussing the complexity of abstract machines.

7 Part 2: the Source TAM for A,

Here we present a machine with local environments, the source
tupled abstract machine (Source TAM) for the source calculus Asoy.
We adopt local rather than global environments to have m-closures,
to then show that wrapping removes their need, in the next section.
The Source TAM is defined in Fig. 8. M-Closures carry a flag
© € {o, o}, where o stands for non-(completely)-evaluated and e for
evaluated. In Asqy, values have a tree structure, the leaves of which
are abstractions. The evaluated m-closures oc of the Source TAM
have a similar tree structure, plus local environments. A state is a
couple (eoc | S), where oc is a m-closure and S is a stack. The active
m-closure is also flagged, naturally inducing a partition of transi-
tions in two blocks. Stack entries are flagged m-closures, 7; and
partially evaluated tuples ((t, |, oc), E) (t are non-evaluated terms).
The initialization of t is the initial state t° := (o(t,€) | €). Suc-
cessful states are (ec | €), i.e., an evaluated m-closure and an empty
stack. Clash and clash-free states are defined in [5, Appendix E].

Transitions. The union of all the transitions of the Source TAM is
noted ~~gay. The principal transitions are ~4 6o and ~ 4, of label
Py and 7, all the other transitions are overhead ones. If x = x1, .., x,
and eC = (ecy, .., ocy,), we set [Xx<eol] := [x1<ecy]..[x,<ocy]; this
notation is used in transition ~+, 4 . In presence of tuples, there are
additional overhead transitions. If the active m-closure is:

o o(m;t, E) then ~>cgeq, triggers the evaluation of t and the
projection m; goes on the stack (to trigger transition ~er);
o o(AxX.t, E) then ~»cgeq, flips the flag to e (weak evaluation);
e o((]), E) then ~ogeq, changes the flag to e, discarding E;
® o((.., tn)), E) then ~soeq, evaluates its elements right-to-left,
adding a partially evaluated tuple to the stack ((.., |), E).
o oc then the behavior depends on the first element of the stack.
If it is a partially evaluated tuple ((.., £, ],..)), E) then ~>qseq,
swaps ec and the next element ¢ in the tuple (duplicating E),
similarly to ~> ¢seq, . If the tuple on the stack is ((l, . ., E) then
~~esea; Plugs oc on | forming a new evaluated m-closure.
The name of transitions ~~eseq, and ~>egeq, stresses that they do
the dual job of ~oseq, and ~>oseq, —such a duality shall be exploited
in the complexity analysis of Sect. 11. Transition ~>eseq, has no
dual (it is not named ~egeq, because it is not the dual of ~cgeq,).

Invariant and Read Back. Here is an invariant of the Source TAM.

LEMMA 7.1 (M-CLOSURE INVARIANT). Let q be a Source TAM reach-
able state and oc = o(t, E) be a m-closure or ((. ., t,.., |, oc|),E) be a
stack entry in q. Then fv(t) C dom(E).

The read-back - of the Source TAM to Asqy is defined in Fig. 8.
M-Closures and states read back to terms, stacks read back to eval-
uation contexts. In the read back of partially evaluated m-closures
((t. 1, #¢), E) on the stack, E spreads on the non-evaluated terms
(the m-closures in ec have their own environments on their leaves).

LEMMA 7.2 (READ-BACK PROPERTIES).

(1) ec is a value of Asoy for every oc of the Source TAM.
(2) S is an evaluation context of Asoy for any Source TAM stack S.
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Implementation Theorem. According to the recipe in Sect. 6, we
now prove the properties inducing the implementation theorem.
The read-back to evaluation contexts (Lemma 7.2) is used for prin-
cipal projection. The m-closure invariant (Lemma 7.1) is used in the
proof of the halt property, to prove that the machine is never stuck
on the left-hand side of a ~,,;, transition (see [5, Appendix E]).
Overhead termination is proved via a measure, developed in Sect. 11,
which gives a bound on the number of overhead transitions.

THEOREM 7.3. The Source TAM and Asoy form an implementation
system (as in Def. 6.2), hence the Source TAM implements —soy.

8 Part 2: the Int TAM for ;¢

Here we present the intermediate tupled abstract machine (Int TAM)
for the intermediate calculus Ajp¢. Its feature is a new way of han-
dling environments, resting on the strong properties of Ain¢.

The Int TAM is defined in Fig. 9. The flags will be explained after
an overview of the new aspects of the machine. Mostly, the Int TAM
behaves as the Source TAM by just having removed the structure of
m-closures. The principal transitions are ~»4g, and ~ ey, of label
Py and 7, all the other transitions are overhead. There are two new
aspects: transition ~ g, that evaluates variable bags and the use
of stackable environments rather than local environments and m-
closures. The machine is akin to those with global environments,
except that no a-renaming is needed, as in the local approach.

Evaluating Bags. In the Int TAM, abstractions Ax.t are replaced
by non-evaluated prime closures o[y; X.t|(y)]. The new transition
~osub, (replacing ~oseq;) substitutes on all variables in 7 in one
shot, producing the evaluated closure o[y;x.t|E(y)] where E(y) =
(E(y1), .- E(yn)) if Yy = y1,. ., yn, and E is the (global) environment.

Stackable Environments. Transitions ~4g and the new ~eseq,
encapsulate a second new aspect, stackable environments. Indeed:

o Closure bodies and environments: when the machine encoun-
ters the analogous of a — ;g -redex [y;X.t[o7] 02, the new
entries [« 07| [X+< 03] of the environment created by tran-
sition ~+4, in the machine are all that is needed to evaluate
t, because the free variables of ¢ are all among 3 and X. Thus,
the environment E that is active before firing the redex is use-
less to evaluate t, and can be removed after transition ~, By

o Stackability: E is not garbage collected but pushed on the new
activation stack, along with the ordinary stack S (now called
constructor stack) which holds non-evaluated terms with
variables in dom(E). This is still done by transition ~,g, .

e Popping: when the body ¢ of the closure has been evalu-
ated, the focus is on a value v and the constructor stack
is empty. The activation stack has the pair (S, E) that was
active before firing the f,-redex. The machine throws away
the current environment E’ := [y«e01][x+®03], since J
and x have no occurrences out of t, and reactivates the
pair (S,E), to keep evaluating terms in S. This is done
by the new transition ~eseq; -

Flags. The Int TAM evaluates (well-formed) terms of A;,¢ deco-
rated (only on top) with a flag © € {o, e}: ot denotes that t has not
been evaluated yet, while ot denotes that ¢ has been evaluated. The
results of evaluation are values, thus the e flag shall be associated to
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Figure 8: The source tupled abstract machine (Source TAM).
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Figure 9: The intermediate tupled abstract machine (Int TAM).

values only, and an invariant shall ensure that every evaluated value
ey in areachable state is closed. In ot, t has no flags, and non-flagged
sub-terms are implicitly considered as flagged with o. Every evalu-
ated value carries a o flag, so in v there are in general other o flags
(when it is a tuple or the bag of the closure). Moreover, evaluated clo-
sures shall have shape o[y; ?.otlo_zﬂ], that is, they have an additional
(redundant) o flag on their body (it shall be used in section Sect. 12
for the complexity analysis). The machine is started on prime terms
of Aint (because wrapped terms of Asoy are prime, Lemma 4.3), thus
all closures in an initial state have shape [y;x.¢|(y)]. In fact, all
non-evaluated closures o[y; x.t|b] in reachable states shall always
be prime (that is, such that b = (y)): we prove this invariant and
we avoid assuming the general shape of non-evaluated closures,
which would require additional and never used transitions.

The initialization t° of t € Ajnt is given by the initial state
(ot | €| € | €) where t is closed and prime. Successful states have
shape (ev | € | E | €). Clash states are defined in [5, Appendix F].

Invariants and Read Back. Here are the invariants of the Int TAM.

LEmMA 8.1 (INVARIANTS). Letq = (¢t | S | E | A) be a Int TAM
reachable state.

(1) Well-formedness: all closures in q are well-formed.

(2) Closed values: every value ev in q is closed.

(3) Closure: fv(t) U fv(S) C dom(E) and fv(S’) C dom(E’) for
every entry (S’, E) of the activation stack A.

The read back - is defined in Fig. 9. Flagged terms ot and states
q read back to terms of Ai,¢, the constructor and activation stacks
S and A read back to evaluation contexts of Ai,t. The read back
of A and g is based on a notion of meta-level environment-induced
(simultaneous) substitution og, defined in Fig. 9 and applied to terms
(as read back of flagged terms) and evaluation contexts (as read
back of stacks); meta-level substitutions are extended to evaluation
contexts as expected, the definition is in [5, Appendix F].

The implementation theorem is proved following the schema
used for the Source TAM, see [5, Appendix F]. Overhead trans-
parency for the additional transition ~>egeq, relies on the closed
values invariant (Lemma 8.1).
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FLAGGED TERMS e[ot|ed] = [t|e]
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Figure 10: The target tupled abstract machine (Target TAM):
changes with respect to the Int TAM.

LEMMA 8.2 (READ BACK PROPERTIES).

(1) Values: ®v is a value of Aint for every v of the Int TAM.
(2) Evaluation contexts: S and A are evaluation contexts of Ajnt
for every Int TAM constructor and activation stacks S and A.

THEOREM 8.3. The Int TAM and Aint form an implementation sys-
tem on prime terms (as in Def. 6.2), thus the Int TAM implements — i nt
on prime terms.

9 Part 2: the Target TAM for A,

Here we present the target tupled abstract machine (Target TAM)
for the target calculus Ai,¢, a minor variant of the Int TAM. Beyond
the elimination of variable names, its key feature is the use of tupled
environment, that is, a pair of tuples as data structures for environ-
ments, instead of a list of explicit substitution entries [x«ev].

The Target TAM is defined in Fig. 10, by giving the only ingredi-
ents of the Int TAM that are redefined for the Target TAM, leaving
everything else unchanged but for the fact that, when considering
the omitted transitions of the Int TAM as transitions of the Target
TAM, the symbol E for environment refers to the new notion of
environment adopted here (the omitted transitions do not touch
the environment). Here the closures [t|b]n,m of Atar are written
[t|b] (and are then decorated with flags as for the Int TAM) because
n and m play a role only for the reverse translation from A¢ar to
Aint studied in [5, Appendix C], while here they are irrelevant.

The elimination of names enables the use of a tupled (stackable)
environment: the environment is now a pair of tuples eoy; 8vs, where
o0, provides values for the wrapped projected variables 7;w, and
e, for the source ones 7;s, with no need to associate the values
of these tuples to variable names via entries of the form [x«ev]
(as it was the case for the Int TAM). The change is relevant, as the
data structure for environments changes from a map to a tuple,
removing the need (and the cost) of creating a map in transition
~4p, and inducing a logarithmic speed-up, as we shall see.

The look up into tupled environments is defined in Fig. 10 and is
the only new notion needed in the new transitions. The implemen-
tation theorem is proved following the same schema used for the
Source TAM and the Int TAM, the details are in [5, Appendix G].

THEOREM 9.1. The Target TAM and Atar form an implementa-
tion system on prime terms (as in Def. 6.2), thus the Target TAM
implements —+tar on prime terms.

Actual Implementation of the Target TAM. We provide an OCaml
implementation of the Target TAM on GitHub [33], described in
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[5, Appendix K]. The textual interface asks for a term of the source
calculus Asoy, which is translated to the target calculus Atar by
applying first wrapping and then name elimination, thus passing
through the intermediate calculus Ajn¢, as described above. The
obtained Atgr-term is then reduced by the Target TAM until a
normal form is reached, if any, and the final At5.--term is extracted.
The machine state is printed after every step, in ASCII art.

The implementation is not particularly optimized and it does
not have a graphical user interface. It is designed to stay as close as
possible to the definitions given in the paper, and to provide evi-
dence supporting the assumptions of the cost analysis of Sect. 12. In
particular, we use OCaml arrays for tuples, variables in abstractions,
and bags in closures, for achieving O(1) access times.

10 Part 3 Preliminaries: Sharing, Size Explosion,
and the Complexity of Abstract Machines

This section starts the third part of the paper, about the time com-
plexity analysis of abstract machines. Here, we quickly overview
the size explosion problem of the A-calculus as the theoretical mo-
tivation for the use of sharing in implementations, as well as the
structure of the study of the overhead of abstract machines.

Size Explosion. A well-known issue of the A-calculus is the exis-
tence of families of terms whose size grows exponentially with the
number of f-steps. They are usually built exploiting some variant
of the duplicator § := Ax.xx. We give an example in Acp, . Define:

SIZE EXPLOD. FAMILY EXPLODED RESULTS

to:=1

VARIANT OF &

7= Ax.Ay.yxx tnt1:=7mty | up:=1 upy1:= Ay.yupu,

PrOPOSITION 10.1 (S1zE EXPLOSION IN Acpy). Let n € N. Then
th —>Z, up, moreover |ty| = O(n), |luy| = Q(2"), and uy, is a value.

The proofis in [5, Appendix H]. Size explosion has been exten-
sively analyzed in the study of reasonable cost models—see [1] for
an introduction—because it suggests that the number n of —g,
steps is not a reasonable time measure for the execution of A-terms:
for size exploding families, indeed, it does not even account for the
time to write down the normal form, which is of size Q(2").

It is tempting to circumvent the problem by tweaking the calcu-
lus, with types, by changing the evaluation strategy, using CPS, and
so on. None of these tweaks works, size explosion can always be
adapted: it is an inherent feature of higher-order computations [1].

Sharing for Functions. A solution nonetheless exists: it amounts
to share sub-terms to avoid their blind duplication during evaluation.
For size explosion in Agpy, it is enough to add a simple form of
sub-term sharing by delaying meta-level substitution and avoiding
substituting under abstractions. For instance, evaluating the size
exploding term t, above in a variant of A.p, where sub-term sharing
is implemented via explicit substitutions, gives the following normal
form, of size linear (rather than exponential) in n:

Ayr.yixixy [x1<Ay2.yaxaxz] . .. [Xn—1<AYn-YnXnxn] [xn<1I].
The explosion re-appears if one unfolds that normal form to an
ordinary A-term, but it is now encapsulated in the unfolding.

Abstract machines of the previous sections have environments

to implement sub-term sharing and avoid the size explosion due to
Bo, giving hope for a time complexity lower than exponential.
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Parameters for the Time Complexity Analysis of Abstract Machines.
Given a strategy —str of a calculus A.,; and an abstract machine M
implementing — st (see Definition 6.1), the time complexity of M is
obtained by estimating the cost—when concretely implemented on
random access machines (RAMs)—of arun re : £; ~* q implement-
ing an arbitrary evaluation sequence e : tg —7, . t, (thus having
q = tp) as a function of two parameters:

(1) Code size: the size |ty| of the initial term ty;

(2) Number of —str-steps/f-steps: the number n of —str-steps
in e. If A.4; has other rules other than f/f,, the parameter
is often just the number of /B, steps, which is usually
considered the relevant time cost model.

Recipe for Time Complexity. The way the time complexity of an
abstract machine is established tends to follow the same schema:

(1) Number of overhead transitions: bounding the number of
overhead transitions as a function of |tg| and n (which by
the principal matching property of implementations—see
Definition 6.1—is enough to bound the length of r¢);

(2) Cost of single transitions: bounding the cost of single transi-
tions, which is typically constant or depends only on |#|;

(3) Total cost: inferring the total cost of a run r by multiplying
the number of steps of each kind of transition for their cost,
and summing all the obtained costs.

The key tool for such an analysis is the sub-term property, an
invariant of abstract machines stating that some of the terms in a
reachable state are sub-terms of the initial term. This allows one to
develop bounds with respect to the size |ty| of the initial term #.

Time Complexity of the LAM. The LAM verifies a sub-term invari-
ant, and its time complexity follows a well-known schema in the
literature, closely inspected by Accattoli and Barras [4] for call-by-
name and call-by-need, and that smoothly adapts to CbV. Consider
an evaluation e: g —7% t, in Acpy. About the first point of the

recipe, the bound on ovérhead transitions is O((n + 1) - |ty|), that
is, bilinear. Additionally, if one takes complete evaluations, that is,
for which t, = v is a value, then the bound lowers to O(n). Such an
independence from the initial term is due to the fact that whether a
term is a value can be checked in O(1) in Acpy, by simply checking
whether the top-most constructor is an abstraction.

For the second point of the recipe, the cost of single transi-
tions of the LAM depends on the data structures used for local
environments, as discussed by Accattoli and Barras [4]. With flat
environments, the cost of manipulating them is O(|ty]) (because
of the duplication of E in ~»4q, ), giving a total cost of O(n - [tg|)
for complete runs. With shared environments, the best structures
manipulate them in O(log |#y]), giving a total cost of O(n - log |to])
for complete runs. Thus, shared local environments are faster, but
they are optimized for time and inefficient with respect to space,
as they prevent some garbage collection to take place. Here, we
take as reference flat local environment, which induce the same
overall O(n - |ty]) overhead as global environments and enable a
better management of space (not discussed here, see [10] instead).

Notions of Flatness for Local Environment. Let us be precise on
a subtle point about local environments and their flatness. Local
environments are defined by mutual recursion with m-closures,
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and various notions of sharing and flatness are possible, as one can
share environments, or m-closures, both, or none of them. Sharing
both is essentially the same as sharing only environments.

Sharing m-closures rather than environments is what we above
called flat environments. For instance, if E = [x1<ec1] : [x2«<ecz] :
€ then ecq and ec; are shared so that the concrete representation
of Eis E = [x1<p1] : [x2¢<p2] : € where p; and p, are pointers to
ocy and ecy. Copying E then means copying [x1+p1] : [x2<p2] : €,
without recursively copying the structure of ec; and ec;.

The super flat environments obtained by removing sharing for
both environments and m-closures are studied in [10], where it is
shown that the overhead of abstract machines becomes exponential.
This is the reason why we do not consider them here.

No Sharing for Stackable Environments. An interesting aspect
of the new stackable environments is that they need no sharing.
Indeed, the Int TAM and the Target TAM never duplicate their
stackable environments. In particular, when they discard the current
environment E in transition ~~eseq;,, it can be collected.

De Bruijn Indices Do Not Change the Overhead. 1t is well-known
that, representing flat environments as arrays and variables with
de Bruijn indices, one can look-up environments in O(1) rather
than in O(log |to]), which is the best that one can do with (some
ordered domain of) names. However, the O(|ty|) cost of copying
flat environments in transition ~+seq, dominates, so that turning to
de Bruijn indices does not change the overall O(n - |t]) overhead.

Size Exploding Tuples. In Aoy, there is a new form of size ex-
plosion, due to tuples, requiring another form of sharing. To our
knowledge, the view provided here is novel. Set I := Az.z and:

EXPLODED RESULTS
ro:=1 ras1:= (rn.ra)

SIZE EXPLOD. FAMILY
s0:=1 spe1:=17(sn)

VARIANT OF &
7= Ax.(x, x|
PROPOSITION 10.2 (SIZE EXPLOSION OF TUPLES). Letn € N. Then
Sn —>Z rn, moreover |sp| = O(n), |ry| = Q(2"), and ry, is a value.
o

Sharing for Tuples. To avoid the size explosion of tuples, another
form of sharing is used. The idea is the same as for functions: forms
of size explosion are circumvented by forms of sharing designed to
limit the substitution process. The key point is that tuples should
never be copied, only pointers to them should be copied, thus repre-
senting r, above using linear (rather than exponential) space in n,
as follows (where the p; are pointers and [p;«v] are heap entries):

(p1 prDLr=(p2. p2)] - [Pn=(pn. pu)][pn<T]

The abstract machines of the previous sections have environ-
ments for sub-term sharing (needed for ;) but they do not explicitly
handle tuple sharing. The reason is practical: explicitly handling
tuple sharing would require a treatment of pointers and a heap
(i.e., a further global environment) and more technicalities. Our ma-
chines, however, are meant to be concretely implemented with tuple
sharing, as in our OCaml implementation of the Target TAM [33].

11 Part 3: Complexity of the Source TAM, or,
Tuples Raise the Overhead

Here, we develop the time complexity analysis of the Source TAM,
stressing the novelty of tuples (see [5, Appendix I] for proofs).
The Source TAM verifies the following sub-term invariant.
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SIZE OF Asoy TERMS
|x]:=1 At = e+ x| +1  |eul= e+ |ul+1
lmit] = 1t|+1 |t ... ta)| =0+ X |8l

OVERHEAD MEASURE FOR THE SOURCE TAM
CON. STACK ENTRIES Sep; |o¢|op, :=0  [o(£,E)|op == t]  |7ilop =0
[((ot1, ., otn, L, o), E)lop = n+ X1, Itilon
l€lon =0 ISen : Slon = |Senlon + ISlon
[(ec | S)lon = loclon + [Slon

Figure 11: Size | - | of Aso, terms and overhead measure | - |p.

STACKS
STATES

LEMMA 11.1 (SUB-TERM INVARIANT). Let q be a Source TAM reach-
able state from the initial state t°.
(1) u is a sub-term of t for every m-closure of shape o(u, E) or

((-»u,.. 1, 98),E) ingq.
(2) Ax.u is a sub-term of t for every m-closure ®(Ax.u, E) in q.

Tuples are Not Sub-Terms. Point 2 only concerns evaluated m-
closures containing abstractions, and not evaluated tuples. Consider
t = (AxAy. (e, gD (IN(S) —p, Ay.(Ly)(S) —p, (L6 in Asou
and note that (I, d)) is not a sub-term of ¢. The run of the Source
TAM on t produces a m-closure ((|oI, o8], E) for some E. The leaves
of the tree-structure of an evaluated tuple are abstractions (I and
¢ in the example), which are initial sub-terms, but they might be
arranged in ways that were not present in the initial term.

A consequence of this fact is that when the Source TAM starts
evaluating a non-empty tuple (.., t,) with transition ~oseq,, by
adding (.., ) to the stack, it has to allocate a new tuple on the heap
for (.., |) (which has a cost, discussed below). This never happens
in absence of tuples, that is, in the LAM of Fig. 7. More precisely,
the LAM does not copy any code, but it has to allocate new pointers
to local environments, when they are extended by ~ g .

Step 1 of the Recipe: Number of Transitions and Overhead Measure.
For establishing a bound on overhead transitions, we first factor
some of them (~eseq, ;) out by simply noticing that they are enabled
and thus bound by some others (~oseq, ;). Actually, the same is
true also for the principal transition ~ 4, bounded by ~>ogeq,. We
set~gp :=~2qU~p and |rlgp = |rlq + |r|p for every run r.

LEMMA 11.2 (TRANSITION MATCH). Let r be a Source TAM run.
Then |r|n,osea1,3 < |r|osea1,2,3-

For the other transitions, we use a measure ||, defined in Fig. 11
together with the size |t| of Asoy terms, which we use to derive a
bilinear bound on overhead/projection transitions (Prop. 11.4).

Let t° ~»}

LEMMA 11.3 (OVERHEAD MEASURE PROPERTIES). stam 94

a Source TAM run and g ~4 ¢'.
(1) ifa=epy then |q'|on < |qlon + ItI;
(2) ifa € {osub, osea;_s, eseag} then |q'|on < |qlon;
(3) ifa € {oseays, o} then |q'on = Iqlon-

PROPOSITION 11.4 (BILINEAR NUMBER OF TRANSITIONS). Lett €
Asou be closed. If r: t° ~>%.,, q then |r| € O((|r|ﬁv+l)'|t|).

Tuples Raise the Overhead. Prop. 11.4 shows that projection tran-
sitions are also bi-linear. In Section 10, we mentioned that, without
tuples, the bound improves to O(|r|g,) if one considers complete
runs (that is, runs ending on values). With tuples, there is no such
improvement. Indeed, even just checking that the initial term is ac-
tually a value o takes time O(|o|) with tuples: if v is a tree of tuples,
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the Source TAM has to visit the tree and check that all the leaves
are abstractions; in absence of tuples the check instead costs O(1).

Step 2 of the Recipe: Cost of Single Transitions. To obtain fine
bounds with respect to the initial term, we introduce the notions
of width and height of a term ¢, both bounded by the size |¢| of ¢.

Definition 11.5 (Width, height). The widthwd(t) € N of t € Asoy
is the maximum length of a tuple or of a sequence of variables in ¢.
The height hg(t) € N of t € Asoy is the maximum number of bound
variables of ¢ in the scope of which a sub-term of ¢ is contained.

As discussed after Lemma 11.1, ~>o5eq, has to allocate a new
tuple, thus its cost seems to depend on wd(t), and similarly for~ 44, .
However, the price related to tuples can be considered as absorbed
by the cost of search (by changing the multiplicative constant),
since the new tuple of ~~ ¢4, is then traversed, if the run is long
enough, and the one of ~,5 was traversed before the transition.
Therefore, if we consider complete runs (i.e. ending on final states),
~osea; and ~q B have amortized cost independent of wd(t).

Transitions eseaj, eseas, and eseag duplicate E, the length of
which is bounded by hg(t). With flat environments, this costs
O(hg(t)). Transition ~ g, has to look-up the environment, the
cost of which is O(hg(t)). De Bruijn indices or an ordered domain
of names might improve the cost of look-up, but at no overall advan-
tage, because of the dominating cost of duplicating environments
for eseaq, eseas, and eseag. All other transitions have constant cost,
assuming that accessing the i-th component of a tuple (needed for
~ey) takes constant time. The next proposition sums it up.

PROPOSITION 11.6 (COST OF SINGLE TRANSITIONS). Let r:
t° ~>3am g be a complete Source TAM run. A transition ~q of r
costs O(hg(t)) if a € {eseay, eseas, eseaq, osub}, and O(1) other-
wise.

Step 3 of the Recipe: Total Complexity. By simply multiplying
the number of single transitions (Proposition 11.4) for their cost
(Proposition 11.6), we obtain the complexity of the Source TAM.

THEOREM 11.7. Let t € Asoy be closed and r: t° ~3.,. q be a
complete Source TAM run. Then, r can be implemented on RAMs in
timeO((|r|ﬁu +1) - [t] - hg(t)).

If one flattens hg(t) as |¢|, the complexity of the Source TAM
is O((|r|ﬁu +1)- |t|2), that is, quadratic in [¢|, while in absence of
tuples—that is, for the LAM—it is linear in |¢|.

12 Part 3: Complexity of the Target TAM, or,
Closure Conversion Preserves the Overhead

In this section, we adapt the time complexity analysis of the Source
TAM to an analysis of the Target TAM (skipping the less efficient
Int TAM), and then connect source and target by considering the
impact of closure conversion on the given analysis.

The Target TAM has a sub-term invariant, expressed compactly
thanks to our flags. In particular the part about abstractions of
the sub-term invariant for the Source TAM (Lemma 11.1) is here
captured by having flagged the body of unevaluated closures with o.

LEMMA 12.1 (SUB-TERM INVARIANT). Let q be a Target TAM reach-
able state from the initial state t°. Then u is a sub-term of t for every
non-evaluated term ou in q.
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Step 1: Number of (Overhead) Transitions. The bound on the num-
ber of (overhead) transitions is obtained following the same reason-
ing used for the Source TAM. The new transition ~eseq, is part of
the transitions that are factored out, since each ~¢s¢q, transition is
enabled by a~ 4 transition, which adds an entry to the activation
stack. We also use an overhead measure (in [5, Appendix J]) which
is a direct adaptation to the Target TAM of the one given for the
Source TAM. Note indeed that the measure ignores environments,
which are the main difference between the two machines.

PROPOSITION 12.2 (BILINEAR NUMBER OF TRANSITIONS). Lett €
Atar be closed. If r: t° ~>% . q then|r| € O((|r|ﬁv +1) - [t]).

Step 2: Cost of Single Transitions. For all transitions of the Target
TAM but ~4p, >, ~osub,» aNd ~eseq, the cost is the same. For
~osub, the cost is now O(1) since tupled environments have O(1)
access time via indices (in the Int TAM its cost is instead O (hg(t))).

For the new transition ~»,,5., O(wd(t)) look-ups in the envi-
ronment are needed. Because of tupled environments, each look-up
costs O(1). Thus, the cost seems to depend on wd(t), but—reasoning
as for ~ef, and ~~ogeq, in Section 11—one can amortize it with the
cost of search in complete runs. That is, we shall consider ~ o,
to have constant cost. The new transition ~~eseq, has constant cost
as well. Summing up, we get one of the insights mentioned in the
introduction: the amortized cost of all single transitions is O(1).

ProPosITION 12.3 (COST OF SINGLE TRANSITIONS). Let
q be a complete Target TAM run. Every transition of r

o *
rit ~oray

costs O(1).

Step 3: Total Complexity. Multiplying the number of single transi-
tions (Prop. 12.2) for their cost (Prop. 12.3), we obtain the time com-
plexity of the Target TAM, which seem better than for the Source
TAM. After the theorem we discuss why it is not necessarily so.

THEOREM 12.4. Lett € Atar be closed and r: t° ~3,., q be a
complete Target TAM run. Then, r can be implemented on RAMs in
time O((|r|ﬁv +1) - [t]).

Factoring in the Size Growth of Wrapping. To complete the anal-
ysis, consider that the term ¢ € Atar on which the Target TAM is
run is meant to be the closure conversion (that is, wrapping + name
elimination) of a term u € Agoy. While name elimination does not
affect the size of terms, wrapping - does (proof in [5, Appendix J]).

LEMMA 12.5 (WRAPPING SIZE GROWTH BOUND).

(1) Ift € Asou then |t] € O(hg(t) - |t]).

(2) There are families of terms {tn}nen for which hg(t,) =
O(|tn]), so that |tn| € O(|tn|?).

Proor. Point 1: the size increment in ¢ is due to the bags in-
troduced by wrapping abstractions, and it is proportional to the
number of free variables in the body of the abstraction, bounded by
hg(t);so |t| € O(hg(t)-|t|). Point 2: take t := Ax1...Axp.X1x2 ... Xp
# AX1,.., Xp.X1X2 . .. Xn (note n abstractions in t,, not just 1). |

We can now instantiate the bounds for running the Target TAM
on the closure conversion of a Aso, term, obtained by substituting
the bounds in Lemma 12.5.2 in Theorem 12.4. We end up obtaining
the same complexity as for the Source TAM (Theorem 11.7), despite
the bound here being the outcome of a different reasoning.
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THEOREM 12.6. Let t € Asoy be closed and r: (& “)° ~%.. g

be a complete Target TAM run. Then, r can be implemented on RAMs
in timeO((|r|ﬂv +1) -t - hg(t)).

13 Related Work and Conclusions

Related work. The seminal work of Minamide et al. [28] uses
existential types to type closure conversion, and other works study
the effect of closure conversion on types, as well as conversion
towards typed target languages [16, 18, 29]. This line of work ex-
plores the use of types in compilation which can span the entire
compiler stack, from A-calculus to (typed) assembly [30].

Appel and co-authors have studied closure conversion, its effi-
cient variants, and its space safety [17, 31, 35, 36]. Unlike them, we
address a direct style A-calculus, without relying on a CPS. We are
however inspired by [31] in studying flat environments, also known
as flat closures. Optimizations of flat closures are studied in [25].

Closure conversion of only some abstractions, and of only some
of their free variables is studied by Wand and Steckler [39]. Closure
conversion has also been studied in relation to graphical languages
[34], non-strict languages [37], formalizations [19, 40], extended to
mutable state by Mates et al. [27] and to a type-preserving trans-
formation for dependent types by Bowman and Ahmed [18].

Many of the cited works study various aspects of the efficiency
of closure conversion. As said in the introduction, our concerns
here are orthogonal, as we are rather interested in the asymptotic
overhead of the machines with respect to flat closure conversion.

Sullivan et al. [38] study a call-by-push-value A-calculus where
converted and non-converted functions live together, considering
also an abstract machine. They do not study the complexity of the
machine, nor the new notions of environments studied here.

For abstract machines, we follow Accattoli and co-authors, see
for instance [2, 6, 13]. Another framework is [21].

Work orthogonal to our concerns is the derivation of abstract
machines using closure conversion as a step in the process, along
with CPS transformation and defunctionalization [15].

Conclusions. We study the relationship between closure conver-
sion and abstract machines in probably the simplest possible set-
ting, an extension with tuples of Plotkin’s untyped call-by-value A-
calculus, and with respect to the simple notion of flat environments.
Our starting point is to decompose closure conversion in two sub-
transformations, dubbed wrapping and name elimination, turning
the source calculus into a target calculus, via an intermediate one.

Each calculus is then paired with a variant of the tupled abstract
machine (TAM). The Source TAM has machine-closures and local
environments, while the Int TAM and the Target TAM have forms of
converted closures. Moreover, they exploit the invariants enforced
by the transformations, adopting new, better behaved forms of
environments, namely stackable and tupled environments.

We give proof of correctness—under the form of termination-
preserving strong bisimulations—for wrapping and name elimina-
tion, as well as implementation theorems for every machine with
respect to its associated calculus. In particular, the proof technique
for the correctness of closure conversion is new and simple.

Lastly, we study the time complexity of the abstract machines,
showing that flat closure conversion reshuffles the costs, lowering
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the dependency on the initial term, while at the same time increas-
ing the size of the initial term, ending up with the same complexity.
Various directions for future work are possible, e.g. extending the
source calculus with recursive let and pattern matching; or refining
the abstract machines by making explicit the sharing for tuples.
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