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 A B S T R A C T

This paper introduces a novel domain-based regularization approach for estimating landslide 
thickness from surface velocity data. Such quantity is crucial for accurately assessing landslides 
behavior, potential impact, and associated risks. Here, we formulate the problem as an ill-
posed inverse problem and propose, for its solution, a multipenalty regularization approach 
based on the decomposition of the landslide domain in several regions with uniform magnitude 
of the horizontal velocity. We extend the Balancing Principle to accommodate non-constant 
balancing parameters across decomposed regions. Our Domain-based Majorization-Minimization 
algorithm converges to solutions that satisfy this extended principle, demonstrating superior 
performance compared to traditional methods. Through rigorous testing on both synthetic and 
real-world landslide data, we show that strategic domain decomposition based on velocity field 
homogeneity enhances estimation accuracy. Our findings reveal that while excessive subdivi-
sion is counterproductive, identifying appropriate velocity-based macro-regions yields optimal 
results. This methodology provides more reliable thickness estimates crucial for landslide risk 
assessment and monitoring.

1. Introduction

Landslides represent significant natural hazards that can cause substantial damage to infrastructure and pose serious risks 
to human life. Understanding the failure surface geometry and volume of landslides is crucial for accurately assessing their 
behavior, potential impact, and associated risks [1,2]. Traditional methods for estimating landslide thickness often rely on simplified 
assumptions and may not adequately capture the complex dynamics of these geological phenomena [3–7]. This paper focuses on 
advanced techniques for landslide thickness estimation using remote sensing data through refined inverse modeling approaches. 
Under the assumption of constant density, mass conservation yields a transport equation where the vertical displacement rate is 
expressed in terms of the divergence of the surface velocity multiplied by the thickness. This relationship provides a mathematical 
foundation for inferring subsurface characteristics from observable surface movements [8].

Modern remote sensing methods such as InSAR (Interferometric Synthetic Aperture Radar) and LiDAR (Laser Imaging Detection 
and Ranging) have revolutionized landslide monitoring by enabling the acquisition of high-resolution data on vertical displacement 
rates and surface velocities [9,10]. These technologies provide spatially continuous measurements over large areas, making them 
particularly valuable for monitoring unstable slopes in remote or inaccessible terrains.
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However, the discretization of the continuous model leads to a linear inverse problem where the coefficient matrix is constructed 
using available information on the velocity field measured on a regular grid by remote sensing techniques. This process results in an 
ill-conditioned coefficient matrix whose elements are affected by noise due to measurement errors. Moreover, the right-hand side 
of the linear problem depends on noisy elevation changes, also measured at the same grid points. Hence, a regularization approach 
is necessary leading to a constrained variational problem that balances data fidelity with solution stability.

In [11], the authors proposed a preliminary regularization approach based on the Balancing Principle (BP) [12]. The mathe-
matical model employed in [11] is a linear Tikhonov-like constrained variational problem where the objective function contains a 
quadratic fit term that ensures fidelity to the observed data and a 𝐿2 regularization terms promoting stability. These two terms are 
weighted by a positive regularization parameter whose value is computed by using the BP. The results were encouraging, although 
not all available prior information was incorporated into the model.

In this paper, we propose a novel extension of the regularization approach proposed in [11] that takes into account the observed 
heterogeneities of the velocity field. Specifically, we propose to divide the landslide domain into several regions according to 
the homogeneity of the velocity field and use as many regularization terms as the number of regions. This approach leads to a 
multipenalty regularization strategy employing several 𝐿2-based regularization terms. The values of the corresponding regularization 
parameters are determined by using the BP. In [13], the Balancing Principle and the Uniform Penalty (UPEN) Principle have been 
analyzed in the framework of multipenalty regularization for identifying appropriate regularization parameters and solutions for 
linear inverse problems. In particular, the BP enforces balancing between the data fitting and the regularization terms, while the 
UPEN principle imposes a uniform (i.e. constant) contribution of all the regularization terms in the computed solution. Moreover, 
two Majorization-Minimization (MM) iterative schemes, UpenMM and GUpenMM, have been developed. The multipenalty approach 
proposed in this work differs from the strategy analyzed in [13] since it is based on dividing the landslide domain into sub-regions 
and uses a different regularization term within each region. A modification of the multipenalty approach proposed in [13] is 
developed to consider that the different regions have different sizes.

In this work, we extend the previously developed MM-like methods to domain-based regularization, and we propose the so-
called Domain-based MM (DMM) method. We prove that the sequence of the computed regularization parameters and approximated 
solutions converge to a point satisfying the balancing principle.

In the numerical experiments section, we evaluate the performance of DMM on synthetic and real landslide data. Our findings 
demonstrate that DMM yields enhanced results when suitable velocity-based macro-regions are identified.

1.1. Main contributions

The principal contributions of this paper are:

1. Development of a multipenalty regularization approach that accounts for velocity field heterogeneities in landslide modeling 
where the regularization parameters are automatically computed by using the BP.

2. Extension of the BP-based framework developed in [13] to regularization using multiple penalty terms which depend on a 
decomposition of the landslide domain.

3. Convergence analysis of the proposed DMM method.
4. Validation on both synthetic test cases and real-world landslide datasets.

1.2. Paper organization

The remainder of this paper is organized as follows. Section 2 presents the mathematical formulation of the mass conservation 
model and the resulting inverse problem. Section 3 details our proposed regularization approach, and Section 4 describes the iterative 
algorithm for parameter estimation. Section 5 presents numerical experiments and results on both synthetic and real-world landslide 
data. Finally, Section 6 concludes the paper with a discussion of findings and directions for future research.

2. Problem definition

The thickness of a landslide can be described by the function ℎ ∶ 𝛺 × R+ → R, where 𝛺 is a closed subset of R2. Assuming a 
constant density, the principle of mass conservation leads to the equation: 

𝜕ℎ
𝜕𝑡

= −∇ ⋅ (𝐯̄ℎ), (1)

where 𝐯̄ ∈ R2 represents the depth-averaged horizontal velocity of the landslide over the domain 𝛺 [8].
Surface velocities can be measured remotely, allowing for a simplification under the assumption that, for landslides that are thin 

relative to their length, the depth-averaged velocity 𝐯̄ can be approximated as 𝑓𝐮𝑠. Here, 𝐮𝑠 ∈ R2 represents the horizontal surface 
velocity vector (in ms−1), and 𝑓 ∈ (0, 1] is a factor dependent on the rheological properties of the landslide material. For landslides 
governed by a power-law rheology and assuming a slender flow approximation, the shear strain rate is proportional to the shear 
stress raised to a specific exponent [14]. In particular:

• 𝑓 = 1
2  corresponds to a linear vertical velocity profile,

• 𝑓 = 2  aligns with Newtonian viscous flow,
3
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• 2
3 < 𝑓 < 1 represents plug flow,

• 𝑓 = 1 describes a rigid sliding block.

Assuming that the basal surface remains stable over the observation period, the rate of change in landslide depth corresponds to the 
surface elevation change rate, with elevation denoted by 𝜁 [8]. Consequently, the depth evolution can be described by the following 
equation: 

𝜕𝜁
𝜕𝑡

= −∇ ⋅ (𝐮𝑠𝑓ℎ). (2)

In practical applications, both the elevation change rate 𝜕𝜁𝜕𝑡  and the surface velocity 𝐮𝑠 can be obtained through remote sensing 
techniques such as LiDAR and InSAR. These methods allow for ground surface imaging, even in vegetated areas (see [9,10] and 
references therein).

The continuous problem (2) can be discretized on a regular grid defined by points (𝑥𝑖, 𝑦𝑗 ), 𝑖 = 1,… , 𝑛𝑥, 𝑗 = 1,… , 𝑛𝑦. At these 
grid points, where both surface velocity measurements and elevation data are available, the discretization yields a linear system: 

𝐴𝐡𝐟 = 𝐛 (3)

where the unknowns have been ordered in the co-lexicographic (column-wise) ordering in the vector 𝐡𝐟 . The system involves a 
forward operator 𝐴 ∈ R𝑛×𝑛 (𝑛 = 𝑛𝑥𝑛𝑦) structured as a block tridiagonal matrix whose entries are functions of the measured surface 
velocity field 𝐮𝑠 = (𝑢𝑥, 𝑢𝑦). The right-hand side vector 𝐛 ∈ R𝑛 incorporates the observed elevation changes 𝜁𝑡 = 𝜕𝜁

𝜕𝑡 . A critical aspect is 
that the presence of measurement noise in the velocity data renders 𝐴 severely ill-conditioned, leading to significant  computational 
challenges. The complete discretization procedure follows [11] and is reported in Appendix  A.

3. Multipenalty regularization

Let the domain 𝛺 be partitioned into 𝑝 > 1 disjoint subsets:

𝛺 =
𝑝
⋃

𝑖=1
𝛺𝑖 with

𝑝
⋂

𝑖=1
𝛺𝑖 = ∅

and let 𝑖 be the index set containing the indices of the grid points in 𝛺𝑖, 𝑖 = 1.… , 𝑝.
To address the instabilities arising from velocity measurement noise and inhomogeneities, we propose the following multipenalty 

regularization model: 

min
𝐡𝐟≥0

{‖𝐴𝐡𝐟 − 𝐛‖22 +
𝑝
∑

𝑖=1
𝜆𝑖𝜓𝑖(𝐡𝐟 )} (4)

where the regularization term is a weighted sum of 𝑝 regularization functions 𝜓𝑖(𝐡𝐟 ) defined as follows: 
𝜓𝑖(𝐡𝐟 ) =

∑

𝑗∈𝑖

(𝐿𝐡𝐟 )2𝑗 + 𝜖, 𝑖 = 1,… , 𝑝 (5)

with 𝐿 ∈ R𝑛×𝑛 the Laplace operator defined on 𝛺, and 𝜖 > 0 a small positive parameter. Such parameter is used to guarantee that 
𝜓𝑖(𝐡𝐟 ) > 0 and ensure the well posedness of (4) [13]. To keep notation simple, we omit the subscript 𝐟 in 𝐡𝐟 . We propose to use 
the Balancing Principle [15] to simultaneously compute a regularized solution and the corresponding regularization parameters 𝜆𝑖, 
𝑖 = 1,… , 𝑝. The BP suggests to compute the regularized inverted thickness 𝐡 and the corresponding regularization parameters 𝜆𝑖, 
𝑖 = 1,… , 𝑝, as the solution of the nonlinear system 

⎧

⎪

⎨

⎪

⎩

𝐡𝝀 =argmin
𝐡≥0

{

‖𝐴𝐡 − 𝐛‖2 + 𝝀𝑇𝝍(𝐡)
}

;

𝜆𝑖 =
‖𝐴𝐡𝝀 − 𝐛‖2

𝛾𝑖𝜓𝑖(𝐡𝝀)
, 𝑖 = 1,… , 𝑝;

(6)

where 𝝀 ∈ R𝑝 and 𝝍(𝐡) ∈ R𝑝 are respectively the vectors of the penalty parameters and penalty functions:
𝝀 = (𝜆1, 𝜆2,… , 𝜆𝑝)𝑇 , 𝝍(𝐡) = (𝜓1(𝐡),… , 𝜓𝑝(𝐡))𝑇 , 𝑖 = 1,… , 𝑝.

It is evident that the BP selects the penalty parameters 𝜆𝑖 and the regularized solution 𝐡𝝀 such that the data fitting term ‖𝐴𝐡𝝀 − 𝐛‖2
and the penalty terms 𝜓𝑖(𝐡𝝀) are balanced up to a non constant factor 𝛾𝑖, 𝑖 = 1,… , 𝑝. For this reason, we will refer to the parameters 
𝛾𝑖 as balancing parameters. The BP has been successfully used in various applications such as image restoration [16], the inversion 
of Nuclear Magnetic Resonance relaxation data [13,17], and the reconstruction of Fast-Field-Cycling Nuclear Magnetic Resonance 
Dispersion Curves [18]. In such applications, constant values for the balancing parameters 𝛾𝑖 were considered, i.e:

𝛾𝑖 = 𝛾 > 0 for all 𝑖 = 1,… , 𝑝

and, by using the UPEN principle [13], the value 𝛾 = 𝑝 was determined ensuring that the total penalty contribution 𝝀𝑇𝝍(𝐡) matches 
the data fidelity term 𝜙(𝐡) ≡ ‖𝐴𝐡−𝐛‖2 and all the regularization terms are equal to a constant value. In point-wise regularization [13], 
the UPEN principle gives 𝛾 = 𝑛, i.e., the balancing parameter 𝛾 is chosen equal to the problem size. To take into account the fact that 
3 
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the different regions 𝛺𝑖 are characterized by a different number of pixels 𝑛𝑖, in this work, we propose the choice of the non-constant 
balancing parameters such that the value 𝛾𝑖 is equal to the relative size of the region 𝛺𝑖 and the total penalty term in 𝝀𝑇𝝍(𝐡) matches 
the data fidelity term 𝜙(𝐡).

We remark that the proposed multi-penalty regularization approach based on a decomposition of the solution domain is highly 
general. For the specific application under consideration, it is reasonable to use both a data fidelity term 𝜙(𝐡) and a regularization 
function 𝝍(𝐡) based on the 𝐿2-norm. However, the proposed algorithm only requires the functions 𝜙 and 𝝍 to be continuous, with 
𝜙 ≥ 0 and 𝝍 > 0, without assuming differentiability.

Proposition 3.1.  Let (𝐡̂, 𝜆̂𝑖) satisfy (6) with 𝛾𝑖 > 0 defined as follows: 
𝛾𝑖 =

𝑛
𝑛𝑖
, 𝑖 = 1,… , 𝑝 (7)

where 𝑛𝑖 is the number of grid points in 𝛺𝑖, i.e: 𝑛𝑖 = #𝐼𝑖, 𝑖 = 1,… , 𝑝. Then 𝝀̂𝑇𝝍(𝐡̂) = 𝜙(𝐡̂).

Proof.  By substituting the values for 𝛾𝑖, we have

𝝀̂𝑇𝝍(𝐡̂) =
𝑝
∑

𝑖=1
𝜆̂𝑖𝜓𝑖(𝐡̂) =

𝑝
∑

𝑖=1

𝑛𝑖
𝑛
𝜙(𝐡̂)
𝜓𝑖(𝐡̂)

𝜓𝑖(𝐡̂) = 𝜙(𝐡̂) 1
𝑛

𝑝
∑

𝑖=1
𝑛𝑖 = 𝜙(𝐡̂). □

This result ensures that the total penalty contribution 𝝀̂𝑇𝜓(𝐡̂) matches the fit term 𝜙(𝐡̂), enforcing a balance between regulariza-
tion and data fidelity.

Following [13,15,19], we define the value function as 
𝐹 (𝝀) = min

𝐡≥0
{𝜙(𝐡) + 𝝀𝑇𝝍(𝐡)}. (8)

In [15,19], it is proved that 𝐹 (𝝀) is a concave and differentiable function whose derivatives, with respect to 𝜆𝑗 , are given by: 
𝜕𝐹 (𝝀)
𝜕𝜆𝑗

= 𝜓𝑗 (𝐡𝝀), 𝑗 = 1,… , 𝑝 (9)

where

𝐡𝝀 = argmin
𝐡≥0

{𝜙(𝐡) + 𝝀𝑇𝝍(𝐡)}.

Let 𝜸 ∈ R𝑝 be the vector of components 𝛾𝑖, 𝑖 = 1,… , 𝑝, and consider the function 𝛷𝜸 (𝝀) defined as 

𝛷𝜸 (𝝀) ≡
𝐹 (𝝀)1+

∑𝑝
𝑖=1

1
𝛾𝑖

∏𝑝
𝑖=1 𝜆

1
𝛾𝑖
𝑖

, (10)

from (7) it follows

1 +
𝑝
∑

𝑖=1

1
𝛾𝑖

= 2

and 

𝛷𝜸 (𝝀) =
𝐹 (𝝀)2

∏𝑝
𝑖=1 𝜆

𝑛𝑖
𝑛
𝑖

. (11)

 The following theorem presents the variational characterization of the Balancing Principle (6), extending the result shown 
in [13,15,20] for the case of 𝑝 = 2 to the case 𝑝 ≫ 2 and parameters 𝛾𝑖 as in (7). 

Theorem 3.1.  The function 𝛷𝜸 (𝝀) ∶ R𝑝 → R is continuous, differentiable and the vector 𝝀∗ ∈ R𝑝 with components 

𝜆∗𝑗 =
𝜙(𝐡𝝀∗ )
𝑛
𝑛𝑗
𝜓𝑗 (𝐡𝝀∗ )

, 𝑗 = 1,… , 𝑝 (12)

with

𝐡𝝀∗ = argmin
𝐡≥0

{𝜙(𝐡) + 𝝀∗𝑇𝝍(𝐡)}

is a critical point of 𝛷𝜸 with 𝜸 the vector with elements 𝛾𝑖 = 𝑛
𝑛𝑖
, 𝑖 = 1,… , 𝑝.

Proof.  Continuity and differentiability of 𝛷𝛾 (𝝀) follow from continuity and differentiability of the value function 𝐹 (𝝀), proven 
in [19] (cfr. Lemma 2.1 and Theorem 2.2). Since 𝐹  is differentiable, the critical point 𝝀∗ is defined by 

𝜕𝛷𝜸(𝝀∗)
= 0, 𝑗 = 1,… , 𝑝. (13)
𝜕𝜆𝑗

4 
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Computing the derivatives:

𝜕𝛷𝛾 (𝝀)
𝜕𝜆𝑗

=
2𝐹 (𝝀) ⋅ 𝜕𝐹 (𝝀)𝜕𝜆𝑗

(

∏𝑝
𝑖=1 𝜆

𝑛𝑖
𝑛
𝑖

)

− 𝐹 2(𝝀)
(

∏𝑝
𝑖=1,𝑖≠𝑗 𝜆

𝑛𝑖
𝑛
𝑖

)

⋅
𝑛𝑗
𝑛 ⋅ 𝜆

𝑛𝑗
𝑛 −1
𝑗

(

∏𝑝
𝑖=1 𝜆

𝑛𝑖
𝑛
𝑖

)2

=
𝐹 (𝝀)

(

∏𝑝
𝑖=1 𝜆

𝑛𝑖
𝑛
𝑖

)

[

2
𝜕𝐹 (𝝀)
𝜕𝜆𝑗

−
𝑛𝑗
𝑛
𝐹 (𝝀)
𝜆𝑗

]

and substituting the expression (9), we obtain that the derivatives are null when the parameters 𝝀𝑗 satisfy the following equations: 

2 𝑛
𝑛𝑗
𝜆𝑗 ⋅ 𝜓𝑗 (𝐡𝝀) − 𝐹 (𝝀) = 0, 𝑗 = 1,… , 𝑝. (14)

Substituting the expression for 𝐹 (𝝀) into (14), we obtain the following linear system: 

2 𝑛
𝑛𝑖
𝜆𝑗 ⋅ 𝜓𝑗 (𝐡𝝀) −

𝑝
∑

𝑖=1
𝜆𝑖𝜓𝑖(𝐡𝝀) = 𝜙(𝐡𝝀), 𝑗 = 1,… , 𝑝 (15)

which can be written in matrix form as 
(

𝐷 − 𝟏𝝍(𝐡𝝀)𝑇
)

𝝀 = 𝜙(𝐡𝝀)𝟏 (16)

where 𝐷 is the diagonal matrix of order 𝑝 with non-zero elements
𝐷𝓁,𝓁 = (2 𝑛

𝑛𝓁
)𝜓𝓁(𝐡𝝀), 𝓁 = 1,… , 𝑝

and 𝟏 ∈ R𝑝 is a column vector with elements equal to one. We observe that (16) has a matrix which is the sum of the diagonal 𝐷
and the rank-one update −𝟏𝝍(𝐡𝝀)𝑇 . Applying the Shermann-Morrison formula [21] we obtain (see details in Appendix  B):

𝝀 =
𝜙(𝐡𝝀)
𝑛

⎛

⎜

⎜

⎜

⎝

𝑛1
𝜓1(𝐡𝝀)
⋮
𝑛𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎠

where each element of 𝝀 can be written as in (12)

𝜆𝑗 =
𝜙(𝐡𝝀)
𝑛
𝑛𝑗
𝜓𝑗 (𝐡𝝀)

, 𝑗 = 1,… , 𝑝. □

4. Domain-based regularization algorithm

In this section, we develop a suitable iterative algorithm that converges to the solution (𝐡∗,𝝀∗) of (6). Following the approach 
developed in [13], we solve the minimization problem

min
𝝀
𝛷𝜸 (𝝀)

using a majorization-minimization (MM) approach [22].
We first observe that the coercivity of 𝛷𝜸 can be demonstrated using a proof similar to the one used in Theorem 3.1 in [13]. 

Then we introduce the following surrogate function for 𝛷𝜸 (𝝀): 

𝑄(𝝀,𝝀′) =
(

𝜙(𝐡𝝀′ ) + 𝝀𝑇𝝍(𝐡𝝀′ )
)2

∏𝑝
𝑖=1 𝜆

𝑛𝑖
𝑛
𝑖

(17)

where 
𝐡𝝀′ = argmin

𝐡≥0
{𝜙(𝐡) + (𝝀′)𝑇𝝍(𝐡)}. (18)

Given an initial guess 𝝀(0) ≥ 0, at each iteration 𝑘 ∈ N of a MM method, the following two steps are performed.
(i) Majorization Step. A surrogate function 𝑄(𝝀,𝝀(𝑘)) is constructed which satisfies the majorization conditions 

𝑄(𝝀(𝑘),𝝀(𝑘)) = 𝛷𝜸 (𝝀(𝑘)),
𝑄(𝝀,𝝀(𝑘)) ≥ 𝛷𝜸 (𝝀), for each 𝝀. (19)

(ii) Minimization step. The successive iterate 𝝀(𝑘+1) is obtained by minimizing the surrogate function 𝑄(𝝀,𝝀(𝑘)) with respect to 𝝀, 
i.e:

𝝀(𝑘+1) = argmin 𝑄(𝝀,𝝀(𝑘)).

𝝀

5 
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Following the majorization step, an MM algorithm produces a sequence of iterates {𝝀(𝑘)}𝑘∈N where the objective function decreases 
monotonically:

𝛷𝜸 (𝝀(𝑘+1)) ≤ 𝑄(𝝀(𝑘+1),𝝀(𝑘)) ≤ 𝑄(𝝀(𝑘),𝝀(𝑘)) = 𝛷𝜸 (𝝀(𝑘)).

With minimal assumptions we can demonstrate that at least one MM subsequence {𝝀(𝑘)}𝑘∈N converges to a stationary point of 𝛷𝛾
(for details, see [13] and references therein).

Finally, we can prove that the regularization parameters (12) define a local minimum to the surrogate function. 

Theorem 4.1.  The vector 𝝀∗ with components:

𝜆∗𝑖 =
𝜙(𝐡′)
𝑛
𝑛𝑖
𝜓𝑖(𝐡′)

, 𝑖 = 1,… , 𝑝

is a local minimum for the surrogate function 𝑄(𝝀,𝝀′) with respect to its first argument.

Proof.  We show that 𝝀∗ satisfies the second order sufficient conditions for the surrogate function (17). We have 
𝜕𝑄(𝝀,𝝀′)
𝜕𝜆𝑗

=

(

𝜙(𝐡′) + 𝝀𝑇𝝍(𝐡′)
)

∏𝑝
𝑖=1 𝜆

𝑛𝑖
𝑛
𝑖

⋅
(

2𝜓𝑗 (𝐡′) −
𝑛𝑗
𝑛

1
𝜆𝑗

(

𝜙(𝐡′) + 𝝀𝑇𝝍(𝐡′)
)

)

(20)

where 𝐡′ denotes 𝐡𝝀′ . Evaluating in 𝝀 = 𝝀∗ we have 𝜙(𝐡′) + (𝝀∗)𝑇𝝍(𝐡′) = 2𝜙(𝐡′) and 
(

2𝜓𝑗 (𝐡′) −
𝑛𝑗
𝑛

1
𝜆𝑗

(

𝜙(𝐡′) + (𝝀∗)𝑇𝝍(𝐡′)
)

)

= 2𝜓𝑗 (𝐡′) −�
𝑛𝑗

▷𝑛
▷𝑛

�𝑛𝑗

𝜓𝑗 (𝐡′)

��𝜙(𝐡′)
2��𝜙(𝐡′) = 0. (21)

Thus, 𝝀∗ is a critical point, and the result is proved if we show that the Hessian matrix of 𝑄 at (𝝀∗,𝝀′) is positive definite. By 
combining (20) and (21), we obtain

∇2𝑄(𝝀∗,𝝀′) = 2
∏𝑝

𝑖=1(𝜆
∗
𝑖 )
𝑛𝑖
𝑛

𝐻,

where 𝐻 is the symmetric matrix with elements:

𝐻𝑗,𝓁 =

⎧

⎪

⎨

⎪

⎩

− 𝜓𝑗 (𝐡′)𝜓𝓁(𝐡′), 𝑗 ≠ 𝓁;
(

2 𝑛
𝑛𝓁

− 1
)

𝜓𝓁(𝐡′)2, 𝑗 = 𝓁.

Observing that:

𝐻𝓁,𝓁 =
(

2 𝑛
𝑛𝓁

− 2 + 2 − 1
)

𝜓𝓁(𝐡′)2 = 𝜓𝓁(𝐡′)2 + 2
(

𝑛 − 𝑛𝓁
𝑛𝓁

)

𝜓𝓁(𝐡′)2

we can write 𝐻 = 𝐷 + 𝐻̃ where 𝐷 is the positive diagonal matrix with elements

𝐷𝓁,𝓁 = 2
(

𝑛 − 𝑛𝓁
𝑛𝓁

)

𝜓𝓁(𝐡′)2

and 𝐻̃ is the symmetric matrix with elements:

𝐻̃𝑗,𝓁 =

{

− 𝜓𝑗 (𝐡′)𝜓𝓁(𝐡′), 𝑗 ≠ 𝓁;

𝜓𝓁(𝐡′)2, 𝑗 = 𝓁.

Moreover, 𝐻̃ is positive definite since it has a unique Cholesky factorization, as proven in ([13] Theorem 3.4). Therefore, 𝝀∗ is a 
local minimum for 𝑄(𝝀,𝝀′). □

In the 𝑘th iteration of our MM algorithm, the majorization step involves constructing the surrogate function 𝑄(𝝀,𝝀(𝑘)) by solving 
a constrained quadratic optimization problem (18) with 𝝀′ = 𝝀(𝑘). When the feasible region consists of the nonnegative orthant, 
this optimization can be efficiently computed using a gradient projection-type method [23]. In particular, we employ the Gradient 
Projection (GP) method where the step size is determined using the Barzilai–Borwein rules [24,25] and the Armijo linesearch is 
used to ensure convergence. According to Theorem  4.1, the minimization step results in: 

𝜆(𝑘+1)𝑖 =
𝜙(𝐡𝝀(𝑘) )
𝑛
𝑛𝑖
𝜓𝑖(𝐡𝝀(𝑘) )

, 𝑖 = 1,… , 𝑝. (22)

We note that the regularization parameter vector 𝝀(𝑘+1) produced through (22) maintains nonnegativity. Additionally, the assumption 
𝜓𝑖(𝐡) > 𝜖, 𝑖 = 1,… , 𝑝, ensures we avoid division by zero.

In Algorithm 1 we report the steps of the Domain-based Regularization (DMM) algorithm implementing (18), (22).
6 
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Algorithm 1 DMM Algorithm for Landslide Thickness Estimation
  Input
 𝜆𝑠𝑡𝑎𝑟𝑡 > 0 : starting guess for the regularization parameter
 𝐴 : Forward operator matrix
 𝐛 : Right-hand side vector (elevation change data)
 𝑝 : Number of subdomains 𝛺𝑖
 𝑛 : number of grid points in 𝛺
 𝑛𝑖, 𝑖 = 1,… , 𝑝 : number of grid points in 𝛺𝑖
 Tol : Tolerance for convergence
 𝑘max : Maximum DMM iterations
 𝜖 : Threshold value in (5)
  Output
 𝐡∗ : Estimated landslide thickness
 𝝀∗ : Optimal regularization parameter
1: // Initialization 
2: Compute initial guess 𝐡(0) using early-stopped GP on min

𝐡≥0
‖𝐴𝐡 − 𝐛‖2

3: Set 𝜆(0)𝑖 = 𝜆𝑠𝑡𝑎𝑟𝑡, 𝑖 = 1,… , 𝑝 {Initial regularization parameter} 
4: 𝑘 = 0 {Iteration counter} 
5: repeat 
6: 𝑘 = 𝑘 + 1

7: // Solve regularized minimization problem using GP method with starting guess 𝐡(𝑘−1)

8: 𝐡(𝑘) = argmin
𝐡≥0

{‖𝐴𝐡 − 𝐛‖2 + (𝝀(𝑘−1))𝑇𝝍(𝐡)}

9: // Update regularization parameter 

10: 𝜆(𝑘)𝑖 =
‖𝐴𝐡(𝑘) − 𝐛‖2
𝑛
𝑛𝑖
𝜓𝑖(𝐡(𝑘))

, 𝑖 = 1,… , 𝑝

11: until ‖𝝀
(𝑘) − 𝝀(𝑘−1)‖
‖𝝀(𝑘)‖

≤ Tol OR 𝑘 ≥ 𝑘max

12: return 𝐡∗ = 𝐡(𝑘), 𝝀∗ = 𝝀(𝑘)

5. Numerical tests

In this section, we present some tests conducted on Algorithm 1. We first examine its performance on a synthetic test problem, 
followed by an application to data of a real landslide.

All experiments were conducted using MATLAB R2023a on an AMD Ryzen 7 5800h processor with 16 GB of RAM. The tolerance 
for convergence is Tol = 10−3, the maximum number of iterations is 200 and the threshold parameter in (5) is 𝜖 = 10−4. In the current 
experiments we set 𝜆𝑠𝑡𝑎𝑟𝑡 = 10−2. The initial guess 𝐡(0) has been determined by early stopping GP when the relative distance between 
two successive iterates falls below 10−1. The GP method, used for the computation of the iterate 𝐡(𝑘), has been arrested when the 
relative distance between two iterates becomes less than the tolerance 𝑇 𝑜𝑙gp = 10−7 or after 𝑘gp = 4 ⋅ 105 iterations. We highlight 
that an accurate solution of the minimization subproblem is crucial to ensure the convergence of the DMM algorithm.

5.1. Results on synthetic data

For these tests, we used artificially generated ground-truth data for landslide thickness 𝐡∗, and surface velocities (𝑣∗𝑥, 𝑣∗𝑦) as 
described in [11]. Fig.  1(left) represents the artificial landslide over a domain of 160 × 200 m2. The modulus of the surface velocity 
at the points (𝑥𝑖, 𝑦𝑗 ) is defined as:

|𝑉 ∗
𝑖,𝑗 | ≡

√

(𝑣∗𝑥)
2
𝑖,𝑗 + (𝑣∗𝑦)

2
𝑖,𝑗

and it is represented in Fig.  1(right).
Gaussian noise was added to the elevation data to simulate realistic conditions, yielding noisy r.h.s. 𝐛 = 𝐴𝐡∗ + 𝜎𝐰, with ‖𝐰‖ = 1

and noise level 𝜎.
To determine the regions 𝛺𝑖, we utilize information from the known velocity field (𝑣𝑥, 𝑣𝑦). Specifically, we define domains where 

these values exhibit homogeneous behavior. Let 𝑉𝑚𝑖𝑛, 𝑉𝑚𝑎𝑥 be defined as:

𝑉 = min
{√

𝑣2 (𝑥 , 𝑦 ) + 𝑣2(𝑥 , 𝑦 )
}

min 𝑖,𝑗 𝑥 𝑖 𝑗 𝑦 𝑖 𝑗

7 
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Fig. 1. Left: ground truth thickness. Right: modulus of the horizontal surface velocity.

𝑉max = max
𝑖,𝑗

{√

𝑣2𝑥(𝑥𝑖, 𝑦𝑗 ) + 𝑣2𝑦(𝑥𝑖, 𝑦𝑗 )
}

We then define a vector of thresholds 𝝉 = (𝜏1, 𝜏2,… , 𝜏𝑝−1, 𝜏𝑝)𝑇  with 𝑉min ≤ 𝜏1 < .. < 𝜏𝑝 = 𝑉max and form subdomains 𝛺𝑖 ⊂ 𝛺 as 
follows:

𝛺1 =
{

(𝑥𝑖, 𝑦𝑗 ) ∈ 𝛺 s.t. 
√

𝑣2𝑥(𝑥𝑖, 𝑦𝑗 ) + 𝑣2𝑦(𝑥𝑖, 𝑦𝑗 ) ≤ 𝜏1
}

, (23)

𝛺𝑘 =
{

(𝑥𝑖, 𝑦𝑗 ) ∈ 𝛺 s.t. 𝜏𝑘−1 <
√

𝑣2𝑥(𝑥𝑖, 𝑦𝑗 ) + 𝑣2𝑦(𝑥𝑖, 𝑦𝑗 ) ≤ 𝜏𝑘
}

, 𝑘 = 2,… , 𝑝. (24)

Table  1 reports the results obtained for noise levels 𝜎 = 10−1, 10−2, 10−3 for several values of 𝑝. Column three contains the relative 
error computed at the final iteration of the DMM algorithm; columns four, five, and six contain the number of DMM iterations, the 
number of GP iterations, and the computation time in seconds, respectively. From data in Table  1, we observe that the decomposition 
of the domain can effectively improve the quality of the estimated thickness and reduce the computational cost. In all cases, the 
error decreases to a minimum value as the number of decompositions increases up to an optimal value 𝑝∗ (in bold in Table  1), then it 
starts to grow. Therefore, it is not helpful to use too large a value of 𝑝. Moreover, we observe that, for high noise, the computational 
cost decreases as 𝑝 increases, and in the other cases, it remains comparable.

The decompositions obtained according to (23), (24) are represented in Fig.  2 for the optimal values 𝑝∗ = 14, 7, 8. In 
correspondence to the optimal values 𝑝∗, we report in Fig.  3 the computed thickness 𝐡 on the left and the error on the right panel 
for 𝜎 = 10−1, 10−2, 10−3, respectively.

The computed values of the regularization parameters for 𝑝 = 1,… , 4 are reported in Table  2. We observe how the decomposition 
of the domain based on the velocity magnitude significantly affects the values of the regularization parameters.

5.2. Results on real landslide data

In this section, we present some results obtained from the data of the Fels landslide, a large, extremely slowly moving landslide 
located in central Alaska (US) and described in [11,26,27]. Superficial velocity data are obtained using satellite-mounted Synthetic 
Aperture Radar (SAR), which processes microwave signals to create images of the Earth’s surface. Such data are smoothed by 
applying a denoising filter on the velocity field. The filter employed is a robust locally weighted regression smoothing filter 
(‘‘rloess’’) implemented in the MATLAB function smoothdata, using a 19 × 19 moving window. This approach effectively removes 
measurement noise while preserving the underlying velocity patterns [28].

In Fig.  4, we present the elevation change data and the corresponding horizontal velocity magnitude distribution of the Fels 
landslide area. The discretization grid is a 1 m resolution rectangle of size 2750 m × 2050 m.

Based on the velocity magnitude representation (Fig.  4 right panel), we tried to identify regions with roughly homogeneous 
values. We separated the area with higher velocity values, resulting in two distinct regions (Fig.  5, left), and we also considered a 
more refined segmentation, with two additional regions with intermediate velocity values (Fig.  5, right). This partitioning process 
was performed ‘‘manually’’ by visually interpreting the velocity patterns. The computational results are summarized in Table  3 for 
different values of 𝑝 (1, 2, and 4). The second column displays the Mean Squared Error: 

MSE =
‖𝐴𝐡 − 𝐛‖2

𝑛
.

The third column presents the final regularization parameter value (𝝀), which vary in dimension according to 𝑝. The fourth and 
fifth columns report the number of iterations required by the DMM algorithm and the GP method, respectively. The final column 
shows the computation time in seconds, with 𝑝 = 4 being the most efficient (1506 s).
8 
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Table 1
DMM results on synthetic data. Starting guess 𝜆0 = 10−2.
 𝜎 𝑝 Rel. Error DMM iter GP iter Time(s) 
 

10−1

1 1.171 ⋅ 10−1 12 6712 3.17  
 2 1.221 ⋅ 10−1 55 6488 2.97  
 3 7.6.4 ⋅ 10−2 55 4637 2.33  
 4 5.824 ⋅ 10−2 36 3855 1.99  
 5 5.033 ⋅ 10−2 57 3823 2.10  
 6 4.409 ⋅ 10−2 40 3436 1.97  
 7 4.041 ⋅ 10−2 48 3237 1.93  
 8 3.836 ⋅ 10−2 34 3229 1.84  
 9 3.674 ⋅ 10−2 59 3150 1.94  
 10 3.673 ⋅ 10−2 27 3006 1.85  
 11 3.526 ⋅ 10−2 25 2867 1.77  
 12 3.469 ⋅ 10−2 14 2636 1.63  
 13 3.383 ⋅ 10−2 12 2596 1.67  
 14 𝟑.𝟑𝟔𝟏 ⋅ 𝟏𝟎−𝟐 17 2712 1.80  
 15 3.372 ⋅ 10−2 15 2528 1.73  
 16 3.376 ⋅ 10−2 35 2717 1.90  
 

10−2

1 1.354 ⋅ 10−2 2 1127 0.95  
 2 1.349 ⋅ 10−2 2 1353 0.84  
 3 1.349 ⋅ 10−2 2 1353 0.91  
 4 1.335 ⋅ 10−2 10 1962 1.20  
 5 1.295 ⋅ 10−2 9 1817 1.22  
 6 1.267 ⋅ 10−2 8 1882 1.25  
 7 𝟏.𝟐𝟓𝟐 ⋅ 𝟏𝟎−𝟐 7 1886 1.26  
 8 1.290 ⋅ 10−2 11 2150 1.37  
 9 2.484 ⋅ 10−2 72 4623 2.63  
 

10−3

1 1.067 ⋅ 10−2 3 1408 1.05  
 2 1.050 ⋅ 10−2 3 1469 0.87  
 3 1.034 ⋅ 10−2 3 1525 0.95  
 4 1.028 ⋅ 10−2 3 1516 1.02  
 5 1.022 ⋅ 10−2 3 1483 1.04  
 6 1.016 ⋅ 10−2 3 1489 1.02  
 7 1.013 ⋅ 10−2 3 1499 1.10  
 8 𝟕.𝟓𝟗𝟓 ⋅ 𝟏𝟎−𝟑 5 1890 1.29  
 9 1.030 ⋅ 10−2 3 1501 1.12  
 10 1.038 ⋅ 10−2 3 1482 1.10  

Table 2
Values of the regularization parameters 𝜆𝑗 , 𝑗 = 1,… , 𝑝.
 𝑝 𝜎 Final 𝜆  
 10−1 6.698 ⋅ 10  
 1 10−2 1.060 ⋅ 10−2  
 10−3 2.396 ⋅ 10−3  
 10−1 [2.776 ⋅ 104 , 6.826]  
 2 10−2 [9.844 ⋅ 10−3 , 1.182 ⋅ 10−2]  
 10−3 [1.866 ⋅ 10−3 , 3.125 ⋅ 10−3]  
 10−1 [4.378 ⋅ 104 , 3.441, 3.202 ⋅ 10]  
 3 10−2 [9.280 ⋅ 10−3 , 1.051 ⋅ 10−2 , 1.360 ⋅ 10−2]  
 10−3 [1.460 ⋅ 10−3 , 2.666 ⋅ 10−3 , 3.564 ⋅ 10−3]  
 10−1 [3.083 ⋅ 104 , 3.368, 2.875, 1.372 ⋅ 102]  
 4 10−2 [1.259 ⋅ 10−2 , 2.394 ⋅ 10−2 , 8.161 ⋅ 10−3 , 8.001 ⋅ 10−1] 
 10−3 [1.143 ⋅ 10−3 , 3.760 ⋅ 10−3 , 1.312 ⋅ 10−3 , 9.034 ⋅ 10−2] 

To qualitatively evaluate the landslide thickness computed by Algorithm 1, we compare the reconstructions obtained through a 
relatively simple and widely used technique such as the Vector Inclination Method (VIM) [4,29]. The VIM reconstruction inherently 
exhibits uncertainties and some degree of subjectivity. However, based on the geological characterization and interpretation 
described in previous studies [26,30], VIM results are considered geologically consistent.

A map of the basal surface elevation was derived by subtracting the computed landslide thickness from the ground elevation map. 
Subsequently, three representative profiles were extracted along the direction of the maximum slope, positioned at approximately 
equal intervals across the horizontal width of the study area. Fig.  6 shows the morphology of the basal surface inferred with 
Algorithm 1 and the VIM method. The horizontal axis represents the distance from the upper part of the slide. The vertical axis 
holds the value of the surface elevation (black), the elevation of the basal surface inferred with VIM (yellow), and Algorithm 1 with 
𝑝 = 1(red), 𝑝 = 2(green) and 𝑝 = 4(blue).
9 



L. Borgatti et al. Journal of Computational and Applied Mathematics 476 (2026) 117073 
Fig. 2. Optimal domain decomposition corresponding to 𝑝∗ = 14 for 𝜎 = 10−1 (top-left), 𝑝∗ = 7 for 𝜎 = 10−2 (top-right), and 𝑝∗ = 8 for 𝜎 = 10−3

(bottom).

Table 3
Performance comparison of the DMM algorithm for different values of 𝑝, showing Mean Squared Error (MSE), final 
regularization parameters (𝜆), iteration counts, and computational efficiency.
 𝑝 MSE Final 𝜆 DMM iter GP iter Time (s) 
 1 2.162 2.679 ⋅ 102 11 6463 2654  
 2 1.235

(

3.749 ⋅ 102

8.939 ⋅ 10

)

9 5930 2506  

 4 1.249

⎛

⎜

⎜

⎜

⎜

⎝

5.682 ⋅ 102

3.903
4.337

1.394 ⋅ 10

⎞

⎟

⎟

⎟

⎟

⎠

9 3693 1506  

Compared to the results reported in [11], we observe that applying the denoising filter to the velocity data enhanced the 
consistency with the VIM reconstruction. Our analysis reveals superior agreement between the two methodologies when using 𝑝 = 4, 
while the case where 𝑝 = 1 consistently underestimates the landslide depth across the study area.

Considering the subdivision into domains, a significant reduction in computational cost is achieved. Moreover, regarding the 
quality of the results, the reconstruction with 𝑝 = 2, 4 is either comparable to that obtained with 𝑝 = 1 or better. Therefore, 
subdividing into domains is advantageous both in terms of efficiency and effectiveness.

6. Conclusion

In this work, we proposed a regularization approach based on domain decomposition into patches of uniform velocity values.
From a theoretical perspective, this required an extension of the Balancing Principle to the case of non-constant balancing 

parameters 𝛾𝑖, which were evaluated taking into account the number of elements in each subdomain. We extended the variational 
characterization of the Balancing Principle and proposed the new iterative algorithm DMM that converges to the solution of the 
variational problem.
10 
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Fig. 3. Optimal inverted thickness (left) and error surface (right) for 𝜎 = 10−1 and 𝑝∗ = 4 (first row), 𝜎 = 10−2 and 𝑝∗ = 7 (second row), and 
𝜎 = 10−3 and 𝑝∗ = 8 (third row).

Tests on synthetic data revealed that the strategy of domain subdivision improves the results quality without increasing the 
computational cost. However, splitting into a too large number of small-area regions does not improve the quality of results; 
therefore, in such context, a point-wise regularization is inappropriate.

For real data, it is advantageous to identify suitable macro-areas based on the velocity magnitude. We also observed the benefit 
of applying denoising filters to the observed data.

Future work will focus on an appropriate variational characterization that includes this denoising aspect and on identifying 
criteria that allow automatic domain subdivision.
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Fig. 4. Fels landslide dataset visualization: (Left) Digital elevation; (Right) Magnitude of horizontal surface velocity field.

Fig. 5. Decomposition corresponding to 𝑝 = 2 (left) and 𝑝 = 4 (right).

Fig. 6. Surface elevation (black). Elevation of the basal surface inferred with VIM (yellow). Algorithm 1 with 𝑝 = 1(red), 𝑝 = 2(green) and 
𝑝 = 4(blue).
12 
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Appendix A. Finite difference discretization

The continuous depth evolution model (2) can be expressed in terms of the horizontal velocity components 𝑢𝑥 and 𝑢𝑦 of 𝐮𝑠 as: 
𝜕(ℎ𝑓 𝑢𝑥)
𝜕𝑥

+
𝜕(ℎ𝑓 𝑢𝑦)
𝜕𝑦

= −𝜁𝑡. (A.1)

with ℎ𝑓 = 𝑓ℎ. To discretize this equation, we consider a rectangular domain  ⊂ R2 with a uniform Cartesian grid. The grid has 
spacing 𝛿 in both coordinates and points defined as: 

(𝑥𝑖, 𝑦𝑗 ), 𝑖 = 1,… , 𝑛𝑥, 𝑗 = 1,… , 𝑛𝑦. (A.2)

Applying the Leibniz product rule to Eq.  (A.1), we obtain its discrete form at each grid point (𝑖, 𝑗):

(
𝜕ℎ𝑓
𝜕𝑥

)𝑖𝑗 (𝑢𝑥)𝑖𝑗 + (
𝜕𝑢𝑥
𝜕𝑥

)𝑖𝑗 (ℎ𝑓 )𝑖𝑗 + (
𝜕ℎ𝑓
𝜕𝑦

)𝑖𝑗 (𝑢𝑦)𝑖𝑗 + (
𝜕𝑢𝑦
𝜕𝑦

)𝑖𝑗 (ℎ𝑓 )𝑖𝑗 = −(𝜁𝑡)𝑖,𝑗 ,

𝑖 = 1,… , 𝑛𝑥, 𝑗 = 1,… , 𝑛𝑦. (A.3)

Using central finite differences to approximate the first-order partial derivatives, the discrete system becomes:
⎡

⎢

⎢

⎢

⎣

− (𝑢𝑥)𝑖,𝑗 (ℎ𝑓 )𝑖−1,𝑗 + (𝑢𝑦)𝑖,𝑗 (ℎ𝑓 )𝑖,𝑗+1+

+
(

(𝑢𝑥)𝑖+1,𝑗 − (𝑢𝑥)𝑖−1,𝑗 + (𝑢𝑦)𝑖,𝑗+1 − (𝑢𝑦)𝑖,𝑗−1
)

(ℎ𝑓 )𝑖,𝑗+

− (𝑢𝑦)𝑖,𝑗 (ℎ𝑓 )𝑖,𝑗−1 + (𝑢𝑥)𝑖,𝑗 (ℎ𝑓 )𝑖+1,𝑗

⎤

⎥

⎥

⎥

⎦

= −2𝛿(𝜁𝑡)𝑖,𝑗 ,

𝑖 = 1,… , 𝑛𝑥, 𝑗 = 1,… , 𝑛𝑦. (A.4)

The discretized system can be assembled into the matrix Eq. (3) by applying co-lexicographic ordering to the unknowns and 
implementing zero-padding boundary conditions.

Appendix B. Proof of Theorem  3.1 (details of Shermann Morrison inverse matrix)

Given 𝐴 ∈ R𝑝×𝑝 nonsingular and two vectors 𝑤, 𝑣 ∈ R𝑝, such that 1 +𝑤𝑇𝐴−1𝑣 ≠ 0, the Shermann Morrison formula gives

(𝐴 +𝑤𝑣𝑇 )−1 = 𝐴−1 − 𝐴−1𝑤𝑣𝑇𝐴−1

1 +𝑤𝑇𝐴−1𝑣
.

Since 𝐷 is non singular because 𝜓𝑖(𝐡𝝀) > 0 for all 𝑖, we set 𝐴 ≡ 𝐷 and

𝑤 = 𝟏, 𝑣 = −𝝍(𝐡𝝀).

Computing 1 +𝑤𝑇𝐴−1𝑣 we obtain

1 +𝑤𝑇𝐴−1𝑣 = 1 − 𝟏𝑇𝐷−1𝝍(𝐡𝝀) = 1 − 1
2𝑛

𝑝
∑

𝓁=1
𝑛𝓁
𝜓𝓁(𝐡𝝀)
𝜓𝓁(𝐡𝝀)

= 1
2
.

Using the Shermann Morrison formula we obtain:
(

𝐷 − 𝟏𝝍(𝐡𝝀)𝑇
)−1 = 𝐷−1 +

𝐷−1𝟏𝝍(𝐡𝝀)𝑇𝐷−1

1 − 𝝍(𝐡𝝀)𝑇𝐷−1𝟏
,

where

𝐷−1 = 1
2𝑛

⎛

⎜

⎜

⎜

⎜

⎜

𝑛1
𝜓1(𝐡𝐡𝝀 )

0 𝑛2
𝜓2(𝐡𝐡𝝀 )

0 0 ⋱
0 ⋯ 0 𝑛𝑝

⎞

⎟

⎟

⎟

⎟

⎟

.

⎝ 𝜓𝑝(𝐡𝐡𝝀 ) ⎠

13 
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Then we have:

𝐷−1𝟏 = 1
2𝑛

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑛1
𝜓1(𝐡𝝀)
𝑛2

𝜓2(𝐡𝝀)

⋮
𝑛𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, 𝐷−1𝝍(𝝀) = − 1
2𝑛

⎛

⎜

⎜

⎜

⎜

⎝

𝑛1
𝑛2
⋮
𝑛𝑝

⎞

⎟

⎟

⎟

⎟

⎠

,

 and 𝐷−1𝟏𝝍(𝐡𝝀)𝑇𝐷−1 = 1
4𝑛2

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛21
𝜓1(𝐡𝝀)

𝑛1𝑛2
𝜓1(𝐡𝝀)

⋯
𝑛1𝑛𝑝
𝜓1(𝐡𝝀)

𝑛1𝑛2
𝜓2(𝐡𝝀)

𝑛22
𝜓2(𝐡𝝀)

⋯
𝑛2𝑛𝑝
𝜓2(𝐡𝝀)

⋮ ⋮ ⋱ ⋮

𝑛1𝑛𝑝
𝜓𝑝(𝐡𝝀)

𝑛2𝑛𝑝
𝜓𝑝(𝐡𝝀)

⋯
𝑛2𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Hence
(

𝐷 − 𝟏𝝍(𝐡𝝀)𝑇
)−1 =

1
2𝑛

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑛1
𝜓1(𝐡𝝀)
0 𝑛2

𝜓2(𝐡𝝀)
0 0 ⋱
0 ⋯ 0 𝑛𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+ 1
2𝑛2

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛21
𝜓1(𝐡𝝀)

𝑛1𝑛2
𝜓1(𝐡𝝀)

⋯
𝑛1𝑛𝑝
𝜓1(𝝀)

𝑛1𝑛2
𝜓2(𝐡𝝀)

𝑛22
𝜓2(𝐡𝝀)

⋯
𝑛2𝑛𝑝
𝜓2(𝐡𝝀)

⋮ ⋮ ⋱ ⋮

𝑛1𝑛𝑝
𝜓𝑝(𝐡𝝀)

𝑛2𝑛𝑝
𝜓𝑝(𝐡𝝀)

⋯
𝑛2𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Substituting in the linear system (16), we obtain: 
𝝀 =𝜙(𝐡𝝀)

(

𝐷 − 𝟏𝝍(𝐡𝝀)𝑇
)−1 𝟏

=𝜙(𝐡𝝀)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
2𝑛

⎛

⎜

⎜

⎜

⎝

𝑛1
𝜓1(𝐡𝝀)
⋮
𝑛𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎠

+ 1
2𝑛2

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛21
𝜓1(𝐡𝝀)

𝑛1𝑛2
𝜓1(𝐡𝝀)

⋯
𝑛1𝑛𝑝
𝜓1(𝐡𝝀)

𝑛1𝑛2
𝜓2(𝐡𝝀)

𝑛22
𝜓2(𝐡𝝀)

⋯
𝑛2𝑛𝑝
𝜓2(𝐡𝝀)

⋮ ⋮ ⋱ ⋮
𝑛1𝑛𝑝
𝜓𝑝(𝐡𝝀)

𝑛2𝑛𝑝
𝜓𝑝(𝐡𝝀)

⋯
𝑛2𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝟏

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=𝜙(𝐡𝝀)
⎛

⎜

⎜

⎜

⎝

1
2𝑛

⎛

⎜

⎜

⎜

⎝

𝑛1
𝜓1(𝐡𝝀)
⋮
𝑛𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎠

+����∑𝑝
𝓁=1 𝑛𝓁

2𝑛▷2

⎛

⎜

⎜

⎜

⎝

𝑛1
𝜓1(𝐡𝝀)
⋮
𝑛𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

=
𝜙(𝐡𝝀)
𝑛

⎛

⎜

⎜

⎜

⎝

𝑛1
𝜓1(𝐡𝝀)
⋮
𝑛𝑝

𝜓𝑝(𝐡𝝀)

⎞

⎟

⎟

⎟

⎠

.

Data availability

Data will be made available on request.
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