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Abstract

Let D C C" be a bounded, strongly pseudoconvex domain whose boundary 5D
satisfies the minimal regularity condition of class C2. A 2017 result of Lanzani & Stein
[17] states that the Cauchy—Szegé projection 8., defined with respect to a bounded,
positive continuous multiple w of induced Lebesgue measure, maps L?(bD, w) to
L?(bD, w) continuously for any 1 < p < oo. Here we show that S, satisfies explicit
quantitative bounds in L”(bD, Q2,), for any 1 < p < oo and for any €2, in the
maximal class of A,-measures, that is for Q, = v,0 where ¥, is a Muckenhoupt
A -weight and o is the induced Lebesgue measure (with w’s as above being a sub-
class). Earlier results rely upon an asymptotic expansion and subsequent pointwise
estimates of the Cauchy—Szegd kernel, but these are unavailable in our setting of
minimal regularity of bD; at the same time, more recent techniques that allow to
handle domains with minimal regularity [17] are not applicable to A ,-measures. It
turns out that the method of quantitative extrapolation is an appropriate replacement
for the missing tools. To finish, we identify a class of holomorphic Hardy spaces
defined with respect to A ,-measures for which a meaningful notion of Cauchy-Szeg6
projection can be defined when p = 2.
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1 Introduction

Given a domain D € C" with rectifiable boundary and a reference measure 1 on bD
(the boundary of D), the Cauchy-Szegd projection S, is the (unique) orthogonal pro-
jection of the Hilbert space L>(bD, i) onto the holomorphic Hardy space H>(bD, ).
The L?(bD, 1)- regularity problem for S,,, that is, the study of the boundedness of
Sy on LP(bD, u) with p # 2, is a deep problem in harmonic analysis whose solution
is highly dependent on the analytic and geometric properties of D and of the reference
measure u; see e.g., [12, 14, 17, 20, 25, 31].

In this paper we present a new approach to the LP-regularity problem for the
Cauchy—Szeg? projection 8, defined with respect to w = A ¢ (any) bounded, positive
continuous multiple of the induced Lebesgue measure o associated to a strongly
pseudoconvex domain D € C", with n > 2, that satisfies the minimal regularity
condition of class C2. As an application, we obtain the quantitative bound

ot 517}

3-m
18w gllLrvp.2,) S [£2514, Iglrp.2,), 1 <p <oo, (1.1
for any w € {Ao}, as above and for any €2, in the class of Muckenhoupt measures
Ap(bD), where [€2)]4, stands for the A ,-character of €, while the implicit constant
depends solely on p, w and D; see Theorem 1.1 for the precise statement. We point
out that the power 3 can be sharpened as 2 + § for any § > 0. However, it can not be
reduced to 2 due to the structure of minimal smoothness of the domain. By contrast,
the norm bounds obtained in the reference result [17]:

180 gllLrvp.wy < C(D,®, p)llgllLrp,wy, 1 <p <00 e {Ac}, asabove,
(1.2)
and its recent improvement for w := o, [31, Theorem 1.1]:

186 gllLrp.2,) < C(D,[Qpla)lgllLrep.2,, 1 <p<oo, K€ AybD)
(1.3)
are unspecified functions of the stated variables.

As is well known, the A ,-measures are the maximal (doubling) measure-theoretic
framework for a great variety of singular integral operators. Any positive, continuous
multiple of o is, of course, a member of A,(bD) for any 1 < p < oo, but the class
{A,(bD)}, far encompasses the family {A o} 4. The classical methods for §,, rely on
the asymptotic expansion of the Cauchy—Szeg6 kernel, see e.g., the foundational works
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[3, 22] and [25], however this expansion is not available if D is non-smooth (below
the class C3). What’s more, the Cauchy—Szeg6 projection 8., may not be Calderén—
Zygmund, see [20], thus none of (1.1)—(1.3) can follow by a direct application of the
Calderén—Zygmund theory. The proof of (1.2) given in [17] starts with the comparison
of 8,, with the members of an ad-hoc family {C} of non-orthogonal projections (the
so-called Cauchy-Leray integrals):

Ce=8uo0 [l —(Cl—C)] in L*bD,w), 0<e<e(D), (1.4)

where the upper-script T denotes the adjoint in L2(bD, w). The operators {C¢}¢ are
bounded on L?(bD, w), 1 < p < oo, by an application of the 7 (1) theorem. Further-
more, an elementary, Hilbert space-theoretic observation yields the factorization

So=Cco[I—(Cl—C)]™" in L’bD,w), 0<ec<eD), (15)

along with its refinement

80 = (ee+swo((92§)*—9z§)> o[I—(€)"=€2)] " in L*®D, w), 0 < € < e(D).

(1.6)
For the latter, the Cauchy—Leray integral C¢ is decomposed as the sum C, = C + R
where the principal term €} (bounded, by another application of the 7'(1) theorem)
enjoys the cancellation

1D = CLLr@D, w—Lr D, < €2 C(p, D,w), 1 < p <00, 0 <€ <eD).

1.7
By contrast, the remainder R} has L” — L? norm that may blow up as € — 0 but is
weakly smoothing in the sense that

R? and (IR‘Z)T are bounded : L' (bD, w) — L®(bD, w) forany 0 < e < (D).
(1.8)
Combining (1.7) and (1.8) with the bounded inclusions

L*(bD,w) < LP(bD,w) < L'bD,w), 1<p<2, (1.9)

one concludes that there is € = €(p) such that the right hand side of (1.6), and
therefore S, extends to a bounded operator on L”(bD, w) for any w € {Ao}p
whenever 1 < p < 2; the proof for the full p-range then follows by duality.

Implementing this argument to all A,-measures presents conceptual difficulties:
for instance, there are no analogs of (1.8) nor of (1.9) that are valid with €2, in place
of @ because A ,-measures may change with p. In [31, Lemma 3.3] it is shown that
(1.7) is still valid for p = 2 if one replaces the measure w in the L2(bD)-space
with an A-measure; the conclusion (1.3) then follows by Rubio de Francia’s original
extrapolation theorem [27].
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104 Page4of28 X.T.Duong et al.

Here we obtain a new cancellation in L”(bD, 2),) where the dependence of the
norm-bound on the A ,-character of the measure is completely explicit, namely

‘ , max{1, 517}
1€ — € llirwp. @p)—Lr6D. 2y S EI/Z[Q[)]AP U 1< p<oo (1.10)

where the implied constant depends on p, D and w but is independent of €2, and of
€; see Proposition 3.2 for the precise statement. Combining (1.10) with the reverse
Holder inequality for A>(bD) we obtain

186l 226D, 20)— L2(bD.2) S [Q22]a, forany Q) € A2(bD) andany w € {Ao}a.

(1.11)
The conclusion (1.1) then follows by quantitative extrapolation [6, Theorem 9.5.3],
which serves as an appropriate replacement for (1.8) and (1.9). Incidentally, we are
not aware of other applications of extrapolation to several complex variables; yet
quantitative extrapolation seems to provide an especially well-suited approach to the
analysis of orthogonal projections onto spaces of holomorphic functions! because
orthogonal projections are naturally bounded, with minimal norm, on the Hilbert
space where they are defined; thus there is always a baseline choice of €2 for which
(1.11) holds trivially (that is, with [€22]4, = 1). We anticipate that this approach will
give new insight into other settings where this kind of L”-regularity problems are
unsolved, such as the strongly C-linearly convex domains of class C!! ([16]) and the
C1® model domains of [18].

Can the Cauchy—Szegd projection be defined for measures other than w € {A o}p?
Orthogonal projections are highly dependent upon the choice of reference mea-
sure for the Hilbert space where they are defined: it is therefore natural to seek
the maximal measure-theoretic framework for which the notion of Cauchy—-Szegd
projection is meaningful. The A ,-measures are an obvious choice in view of their
historical relevance to the theory of singular integral operators. It turns out that in
this context the Cauchy—Szegd projection is meaningful only if it is defined with
respect to Ax-measures that is, for p = 2: one may define 8q, which is bounded:
L2(bD, Qy) — L*(bD, Q) for any 2, € A,(bD) with the minimal operator norm:
I8, |l = 1; on the other hand there appears to be no well-posed notion of “Sg p” if
p # 2.The LP(bD, 2,)-regularity problem for 8¢, , while meaningful, is, at present,
unanswered for p # 2.

1.1 Statement of the main results

We let o denote induced Lebesgue measure for D and we henceforth refer to the
family

{Aoipn={w:=Aoc, A C(bD), 0 <c(D,A) < A(w) <C(D,A) < oo forany w € bD}

! The Cauchy-Szeg6 and Bergman projections being two prime examples.
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as the Leray Levi-like measures. This is because the Leray Levi measure A, which
plays a distinguished role in the analysis [17] of the Cauchy-Leray integrals {C.}¢
and of their truncations {C} }, is a member of this family on account of the identity

di(w) = A(w)do (w), w e bD, (1.12)

where A € C (D) satisfies the required bounds 0 < €(D) < A(w) < C(D) < oo for
any w € bD as a consequence of the strong pseudoconvexity and C2-regularity and
boundedness of D. Hence we may equivalently express any Leray Levi-like measure
w as

w = QA (1.13)

for some ¢ € C(bD) such that 0 < m(D) < p(w) < M(D) < oo for any w € bD.
We refer to Section 2 for the precise definitions and to [26, Lemma VII.3.9] for the
proof of (1.12) and a discussion of the geometric significance of A.

For any Leray Levi-like measure w, the holomorphic Hardy space H>(bD, ) is
defined exactly as in the classical setting of H>(bD, o), simply by replacing o with
w, see e.g., [19, (1.1) and (1.2)]. In particular Hz(bD, w) is a closed subspace of
L2(bD, ) and we let S,, denote the (unique) orthogonal projection of L2(bD, w)
onto H2(bD, ).

Our goal is to understand the behavior of 8, on L?(bD, 2),) where {2} is any
A p-measure that is,

Q,=¢p0 (1.14)

where the density ¢, is a Muckenhoupt A ,-weight. The precise definition is given in
Section 2; here we just note that the Leray Levi-like measures are strictly contained
in the class {2}, in the sense that each @ € {Ac}, is an A,-measure for every
1 < p < co. We may now state our main result.

Theorem 1.1 Let D C C", n > 2, be a bounded, strongly pseudoconvex domain of
class C?; let w be any Leray Levi-like measure for bD and let S, be the Cauchy—Szegd
projection associated to w. We have that

180l 20,00 L2(D.020) S [Q213, forany @ € Ay(bD), (1.15)

where the implied constant depends solely on D and w.

As before, the power 3 can be sharpened as 2 + § for any § > 0. However, it can
not be reduced to 2 due to the structure of minimal smoothness of the domain. The
L?-estimate (1.1) follows from (1.15) by standard techniques, see [6, Theorem 9.5.3].

As mentioned earlier, extending the notion of Cauchy—Szeg6 projection to the realm
of A ,-measures requires, first of all, a meaningful notion of holomorphic Hardy space
for such measures, but this does not immediately arise from the classical theory [29];
here we adopt the approach of [19, (1.1)] and give the following

Definition 1.2 Suppose 1 < p < oo and let 2, be an A,-measure. We define
HP(bD, 2,) to be the space of functions F that are holomorphic in D with
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N(F) € L?(bD, Qp), and set

IFllarwp.2,) = INF)llLrop.e,)- (1.16)
Here N(F) denotes the non-tangential maximal function of F, that is

MEF)E) = sup |F(2)l, & ebD,

z€la(§)

where Ty (€) = {z € D : [(z— &) - Ve| < (1 +@)8e(2), |z — &[> < ade(z)}, with
Vg = the (complex conjugate of) the outer unit normal vector to § € bD, and 8¢ (z) =
the minimum between the (Euclidean) distance of z to » D and the distance of z to the
tangent space at &.

For the class of domains under consideration it is known that if €, is Leray Levi-like,
such definition agrees with the classical formulation [19, (1.2)]; see also [29].

Proposition 1.3 Let D C C", n > 2, be a bounded, strongly pseudoconvex domain
of class C?. Then, for any 1 < p < oo and any Ap-measure 2, we have that
HP (D, Q) is aclosed subspace of LP (bD, Q). More precisely, suppose that { Fy,},,
is a sequence of holomorphic functions in D such that |N(F,) — fleren.o, —
0 as n — oo. Then, there is an F holomorphic in D such that N(F)(w) =
fw) Qp—ae we bD.

The proof relies on the following observation, which is of independent interest: for any
1 < p < ooandany A ,-measure 2, with density v/, there is po = po(2,) € (1, p)
such that

HP(bD, Qp) C H(bD, o) with |Fllgrwp.o) < Ca,.plFllurep.g,),
(1.17)

where
P—PQ

Ca,p = ( / Yy (w) T da(w))”” .
bD

On the other hand in the context of A,-measures the notion of Hilbert space is
meaningful only in relation to A>-measures (that is for p = 2). Hence Cauchy—Szegé
projections can be associated only to such measures: on account of Proposition 1.3,
for any A>-measure €2 there exists a unique, orthogonal projection:

8q, : L>(bD, Q) — H*(bD, 2,)
which is naturally bounded on L?(bD, Q,) with minimal norm ISq, Il = 1.
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1.2 Further results

The proof of Theorem 1.1 also requires quantitative results for the Cauchy Leray
integrals {C.}¢ that extend the scope of the earlier works [17] and [2] from Leray
Levi-like measures, to A ,-measures: these are stated in Theorem 3.1 and Proposition
3.2.

1.3 Organization of this paper.

In Section 2 we recall the necessary background and give the proof of Proposition 1.3.
All the quantitative results pertaining to the Cauchy—Leray integral are collected in
Section 3. Theorem 1.1 is proved in Section 4.

2 Preliminaries and proof of Proposition 1.3

In this section we introduce notations and recall certain results from [2, 17] that
will be used throughout this paper. We will henceforth assume that D c C" is a
bounded, strongly pseudoconvex domain of class C 2. that is, there is peC 2((C”, R)
which is strictly plurisubharmonic and such that D = {z € C" : p(z) < 0} and
bD = {w € C" : p(w) = 0} with Vp(w) # 0 for all w € bD. (We refer to such p as
a defining function for D; see e.g., [26] for the basic properties of defining functions.
Here we assume that one such p has been fixed once and for all.) We will throughout
make use of the following abbreviated notations:

T, = ITllLr@wp,dwy—LrwD,dwy> and [ Tlpq = NTLr»D,dpw)—L1bD,dw)

where the operator 7" and the measure p will be clear from context.
e The Levi polynomial and its variants. Define

_ L Pow)
Lo(w, z) = (dp(w), w — z) — 2% W(w, —z;)(wr — z4),

where dp(w) = (zﬁTp.(w)’ e aan,,(w)) and we have used the notation (n,¢) =

27:1 ni¢i forn = (m,....,m),¢ = (&1, ...,8) € C". The strict plurisubhar-
monicity of p implies that

2Re Lo(w, 2) > —p(2) + clw — z|?,

for some ¢ > 0, whenever w € bD and z € D is sufficiently close to w. We next
define

go(w, 2) == xLo+ (1 — )|w—z? 2.1)
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104 Page8o0f28 X.T.Duong et al.

where x = x(w, z) is a C*°-smooth cutoff function with x = 1 when |w — z| < ¢/2
and x = 0if |[w — z| > c¢. Then for ¢ chosen sufficiently small (and then kept fixed
throughout), we have that

Re go(w, 2) > c(—p(2) + |w — z|%) (2.2)

for z in D and w in bD, with ¢ a positive constant; we will refer to go(w, z) as the
modified Levi polynomial. Note that go(w, z) is polynomial in the variable z, whereas
in the variable w it has no smoothness beyond mere continuity. To amend for this
lack of regularity, for each € > 0 one considers a variant g, defined as follows. Let
{r;k(w)} be an n x n-matrix of C! functions such that

82
sup M—1:6-,((141)’ <e, 1<j,k<n.
webp 1w jdwg 7

Set

Ce 1= sup A&AMIE (2.3)
webD,1<j,k<n

For the convenience of our statement and proof, we may choose those {‘l,';k (w)} such
that

ce <e L. (2.4)

~

where the implicit constant is independent of €. We also set
l €
Le(w,2) = (Bp(w), w —2) = = > T w)w; —2))(wi = 20),
ok

and define
ge(w,2) = xLe + (1 — )lw—z*, z,weC"

Now g is of class C 1'in the variable w, and
lgo(w, 2) — ge(w, 2)| < elw—z>, webD,zeD.
We assume that € is sufficiently small (relative to the constant ¢ in (2.2)), and this

gives that ~
Igo(w, )| = |ge(w, 2)| = Clgo(w. 2)|, w,ze€bD (2.5)

where the constants C and C are independent of €; see [17, Section 2.1].
e The Leray—Levi measure for bD. Let j* denote the pullback under the inclusion

j:bD — C".
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Then the linear functional

1

5= Griy

/f(w)j*(apA(éap)"_l)(w) =: /f(w)dk(W) (2.6)
bD bD

where f € C(bD), defines a measure A with positive density given by

dr(w) = J*@p A (33p)" N (w).

Qi)

We point out that the definition of A depends upon the choice of defining function for
D, which here has been fixed once and for all; hence we refer to A as “the” Leray—Levi
measure.

e A space of homogeneous type. Consider the function

d(w, 2) = |go(w, 2)I¥, w,z € bD. @.7)
It is known [17, (2.14)] that
lw—zl S dw,2) S lw—z|"? w,zebD
and from this it follows that the space of Holder-type functions [17, (3.5)]:
I f(w) — f(@)] < A(w, z)* forsome0 <a <1 andforallw,z € bD  (2.8)

isdense in L?(bD, w), 1 < p < oo for any Leray Levi-like measure (we note that
since b D is bounded, the space of Holder-type functions contains the space of smooth
functions in & D with compact support).

It follows from (2.5) that

Ca(w,2)* < |ge(w, 2)| < Ca(w,2)%, w,z €bD (2.9)

for any e sufficiently small. It is shown in [17, Proposition 3] that d(w, z) is a quasi-
distance: there exist constants Ag > 0 and Cg > 1 such that for all w, z, 7’ € bD,

1) d(w,z) =0 iff w=z;
2) Ay'd(z, w) < d(w, 2) < Agd(z, w); (2.10)
3) d(w,z) < Ca(d(w, 2) +d(Z, 2)).

Letting B, (w) denote the boundary balls determined via the quasi-distance d,
B.(w) :={zebD: d(z,w) <r}, wherew € bD, (2.1D)
we have that
2n

c'r" < o(Br(w)) <cor™, 0<r <1, (2.12)

w
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104  Page 10 of 28 X.T.Duong et al.

for some ¢, > 1, see [17, p. 139]. It follows that the triples {b D, d, w}, for any Leray
Levi-like measure w, are spaces of homogeneous type, where the measures w have the
doubling property:

Lemma 2.1 The Leray Levi-like measures w on b D are doubling, i.e., there is a positive
constant C,, such that for allw € bD and 0 < r <1,

0 < w(Bar(w)) = Cow(Br(w)) < 0.

Furthermore, there exist constants €, € (0, 1) and C,, > 0 such that

d(w, z) \
o (B, (w)\B,(z)) + w(B,(2)\B(w)) < Cy ( " )

forall w, z € bD such that d(w, z) <r < 1.
Proof The proof is an immediate consequence of (2.12). O

We note that the above lemma is fundamental in the proof of the L? boundedness
throughout this paper, as we use the framework of Calderén—Zygmund theory in the
context of spaces of homogeneous type.

We also recall the sharp maximal function on the space of homogeneous type
{bD, d, w}. For a locally integrable function f € LlloC (bD), the sharp maximal func-
tion f* is defined by

FH(x) = sup !

— d , 2.13
Baxww)/g'f(” faldo(y) 2.13)

where the supremum is taken over all balls B C bD containing x, and

1

fB:iw(B)

/ F(y)do(y)
B

is the average of f over B.
A fundamental result of Fefferman—Stein states that for 1 < p < oo,

#
I flerwp.wy S N lerapwy S IMflLrep.w),

where M f denotes the Hardy-Littlewood maximal function.

o A family of Cauchy-like integrals. In[17, Sections 3 and 4] an ad-hoc family {C,}¢
of Cauchy—Fantappie integrals is introduced (each determined by the aforementioned
denominators g, (w, z)) whose corresponding boundary operators {C, } play a crucial
role in the analysis of L?(bD, A)-regularity of the Cauchy—Szeg6 projection. We
henceforth refer to {C. }¢ as the Cauchy-Leray integrals; we record here a few relevant
points for later reference.
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[1.] Each C, admits a primary decomposition in terms of an “essential part” GE and

[ii.

]

a “remainder” R, which are used in the proof of the L?(bD, w)-regularity
of C.. However, at this stage the magnitude of the parameter € plays no role
(this is because of the “uniform” estimates (2.9)) and we temporarily drop
reference to € and simply write C in lieu of C¢; C(w, z) for C¢(w, z), etc..
Thus

C=C+R, (2.14)
with a corresponding decomposition for the integration kernels:
Cw,2) = C¥w,2) + R(w, 2). (2.15)

The “essential” kernel C*(w, z) satisfies standard size and smoothness condi-
tions that ensure the boundedness of €7 in L2(bD, w) by a T (1)-theorem
for the space of homogeneous type {bD, d, w}. On the other hand, the
“remainder” kernel R(w, z) satisfies improved size and smoothness condi-
tions granting that the corresponding operator R is bounded in L2(bD, w) by
elementary considerations; see [17, Section 4].

One then turns to the Cauchy-Szegd projection, for which L?(bD, w)-
regularity is trivial but L? (bD, w)-regularity, for p # 2, is not. It is in this
stage that the size of € in the definition of the Cauchy-type boundary operators
of item [1.] is relevant. It turns out that each G, admits a further, “finer”
decomposition into (another) “essential” part and (another) “reminder”, which
are obtained by truncating the integration kernel C, (w, z) by a smooth cutoff
function x}(w, z) that equals 1 when d(w, z) < s = s(€). One has:

Ce=C+ R (2.16)
where
IEH =€, Se'?m, (2.17)
forany 1 < p < oo, where M, = P 7 + p. Here and henceforth, the
p—

upper-script “+” denotes adjoint in L>(bD, w) (hence (Gi)Jf is the adjoint of
€ in L%(bD, w)); see [17, Proposition 18]. Furthermore R¢ and (9%@)4r are
controlled by d(w, )~ 2t and therefore are easily seen to be bounded

RS, (RO L' BD, w) - L¥(bD, w), (2.18)

see [17, (5.2) and comments thereafter].

e Muckenhoupt weights on bD. Let p € (1, 00). A non-negative locally integrable
function v is called an A, (bD, o )-weight, if

(V1,000 = supl)s (017} < oo,
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1
where the supremum is taken over all balls Binb D, and (¢)p := W / ¢(z)do (z).
o

B
Moreover, r is called an A1 (bD, o)-weight if [V']a,D,0) = Inf{C > 0 : (Y)p <
Cy¥(x),Vx € B,Vballs Be bD} < c0.
Similarly, one can define the A, (bD, A)-weight for 1 < p < oo.
As before, the identity (1.12) grants that

Ap(bD,o) =Ap(bD,2) with [Y]a,eD.0) X [V]a,0D.5)

thus we will henceforth simply write A, (bD) and []4 »(bD)- At times it will be more
convenient to work with A, (bD, 1), and in this case we will refer to its members as
A -like weights.

Proof of Proposition 1.3 To streamline notations, we write  for Q,, and ¥ for ¥,
where 1/, is the density function of 2. It is clear that H”(bD, €2) is a subspace of
L?(bD, 2), where the density function ¥ of Q1isin A,.

Our first claim is that for every F € H? (bD, 2), the non-tangential (also known
as admissible) limit F?(w) exists Q-a.e. w € bD. In fact, note that for ¥ € Ay,
there exists 1 < p; < p such that v isin A,. Set po = p/p1. Then it is clear that
1 < po < p.Let P = p/po and P’ be the conjugate of P, whichis P’ = p/(p — po).
So we get 1/;1_P, =P/ (P=P0) ¢ Ap = Ap/(p—po)-

Hence, for F € HP(bD, Q2),

Py P %
2o _Po p
IE N 5rowp,2) = </bD IMEYW) Py (w) 7 Yr(w) 7 dk(w)> '

pP—po

1
< ( / W(F)(w)W(w)dx(w))p( / www?’oduw)>
bD bD

p—pro

_
= ||Fllur®p, o) (Iﬂ P=ro (bD)) "

Since y —Po/(P=po) ¢ Ap/(p—py) and bD is compact, we have that I/f_/’l_i(;’o(bD) is
finite.

Hence, we see that H? (bD, Q) C HP(bD, )). Thus F has admissible limit F?
for A—a.e. z € bD ([29, Theorem 10]), and hence F has admissible limit F b for Q-a.e.
z € bD since the measure 2 (with the density function ¥: dQ2(z) = ¥ (z)dA(z)) is
absolutely continuous. So the boundary function F? exists.

Next, from the definition of the non-tangential maximal function NV(F), we have
that

|FP(2)] < M(F)(z) for Q —ae.z€bD.

Thus, F? € LP(bD, ). Also note that with similar methods as in [29], see also [9]
for a more precise argument, one can show that

N(F)(z) < M(F?)(z) forQ—a.e.z € bD,
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where M (F?) is the Hardy-Littlewood maximal function on the boundary bD. Since
the maximal function is bounded on L”(bD, 2), we obtain that

\Fllarep.o) = IN)llren.g) S IMF) een.g) < CIYIa IIF Ieen.g)-
Suppose now that { F},} is a sequence in H” (bD, 2) and f € L?(bD, 2) such that
IN(F2) = fllLrwp.e) — 0.

Then, it is clear that

pP=Po

INCED = Fllmen s < INGD = flirena (v 78 GD) ™ = 0.

Since HP9(D, A) is a proper subspace of LP9(bD, 1), then in particular {F,}, is in
HP(D, ) and f isin LP°(bD, A), we see that there is an F holomorphic in D such
that

Fb(w) = f(w) A—a.e.we€ bD.

Again, this implies that
Fb(w) = f(w) Q—ae we bD.

Moreover, invoking the weighted boundedness of the Hardy—Littlewood maximal
function, we see that

IN()Irvp.2) S I fleep,o)-

The proof of Proposition 1.3 is complete. O

3 Quantitative estimates for the Cauchy-Leray integral

As before, in the proofs of all statements in this section we adopt the shorthand €2 for
Q,, and ¥ for ¥).

Theorem3.1 Let D C C", n > 2, be a bounded, strongly pseudoconvex domain
of class C2. Then the Cauchy-type integral Ce¢ is bounded on LP(bD, Q2,) for any
0<e<e(D),anyl < p < ooandany Ap-measure Q2 p, with

max{l,plj}
ICllLrwp.2)>LrD.2,) S Ce- [2p]4, , 3.1

where the implied constant depends on p and D, but is independent of € or 2, and
Ce IS the constant in (2.3).

It follows that for any Aj-measure 27, the L2(bD, Q»)-adjoint C‘f? is also bounded
on L?(bD, 22,) with same bound.
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Proof To begin with, we first recall that the Cauchy integral operator C, can be split
into the essential part and remainder, that is, C. = ei + Re. Denote by CE (w, z) and
R (w, 7) the kernels of GE and R, respectively.

Recall from [17, (4.9), (4.18) and (4.19)] that Cg(w, z) is a standard Calderén—
Zygmund kernel, i.e. there exists a positive constant .A; such that for every w, z € bD
with w # z,

Ciw, )| < Al =
a) |Ce(w, )| < ld(w,z)2n /
b) |CE(w, 2) — CEw', 2)] < ce -m%, it d(w, 2) = cd(w, w');
/
¢) ICEw, 2) — CEw, )] < AI%, if d(w, 2) > ¢d(z, )
(3.2)

for an appropriate constant ¢ > 0, where d(z, w) is a quasi-distance suitably adapted
to bD, and c. is the constant in (2.3). Hence, the L? (b D) boundedness (1 < p < 00)
of GE follows from a version of the 7 (1) Theorem. Moreover, from [17, (4.9)] we also
get that there exists a positive constant A, such that for every w, z € bD with w # z,

ICE(w, 2)| > Ay (3.3)

d(w, 2)*

However, the kernel R.(w, z) of R, satisfies a size condition and a smoothness con-
dition for only one of the variables as follows: there exists a positive constant Cg
(independent of €) such that for every w, z € bD with w # z,

1
d) |Re(w, <Crp——=—;
) [Re(w, 2)| < Rd(w,z)z”_l

, 3.4
¢) |Re(w.2) — Re(w, )| < Cr-222)_ " if q(w, 2) > crd(z. 7).
d(w, z)

Since the kernel of G is a standard Calder6n—Zygmund kernel on bD x bD,
according to [10] (see also [15]), we can obtain that (?E is bounded on L?(bD, 2)
with

1 max{l,ﬁ}
ICLrbp.@)—>LrbD.Q) S Ce AV, , (3.5)

where ¢, and A; are as in (3.2). Thus, it suffices to show that R, is bounded on
L?(bD, 2) with the appropriate quantitative estimate.

To see this, we claim that for every f € LP(bD, ),z € bD, there exists a
q € (1, p) such that

1/
@ @] 5 (Marm@) . (3.6)
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where F* is the sharp maximal function of F as recalled in (2.13) Section 2, and the
implied constant depends on p, D and cg.

We now show this claim. Since »D is bounded, there exists C > 0 such that for
any B,(z) C bD wehaver < C.Forany 7 € bD, letus fix aball B, = B,(z9) C bD
containing Z, and let z be any point of B,. Now take jo = [log, %J + 1. Since d is
a quasi-distance, there exists ip € VAR independent of z, r, such that d(w, z) > cgr
whenever w € bD \ B,i,, where cg is in (3.4). We then write

Re(f)(@) = Re(fxop0B, )@+ Re(fx60\8,, ) (@) = 1(2) + 1 (2).

For the term I, by using Holder’s inequality and the fact that R, is bounded on
L1(bD, X)), 1 < g < 0o, we have

1

q

1
A(By)

3.(By) / [Re (f x6008,,,) [ d2(2)

B,

/Il(z) —Ip,ld\(z) <2
B,

1

q
< 1
A(By)

/ | f(2)]9dAr(z)
bDﬂBz,‘Or
< (M(f19@)7,
where

1
IBr = )»(Br) /I(Z))L(Z)
Br

Toestimate /1, observe thatifio > jo,thenbD\ B,iy, = Pand |11 (z)—1I(zo)| = 0.
If ip < jo, then we have

|11 (z) — 11 (z0)] = |Re (fxop\B, )(@) — Re (beD\BZ,'Or)(ZO)|

/ [Re(w, 2) — Re(w, 20)|1f (w)ld(w)

bD\B

IA

200,
1
< d(z, zo) / WV(U))W}»(U))

bD\B;,
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ETN

1
- q
/ a(w. 207" Lf (w)|?dA(w)

D\BZiO r

Since b D is bounded, we can obtain

1 Jo 1
_— qdr < _ qdr
/ S PO = 3 / T )
bD\B,,, J=10 9)r <d(w,z0) <20+ r

Jo 1
<Y G / | (w)|dA(w)

J=to d(w,z0)<2/*1r
Jo 1
S — Lf (w)|?dr(w)
Z A(Byj+1,) /
J=l0 B2j+lr

S JoM (I f1D@).

Similarly, we have

1 Jo |
- < o <.
/ d(w,zo)zndk(w) ~ Z A(Byj+1,) / drw) 5 Jo.

i
bD\BZiOr J=10 Byj41,

1
Thus, we get that |11 (z) — I (z0)| < rjo (M(]f19)(2))¢ . Therefore,

1 2
MBr)B/UI(z)—HB, (2 < A(Br)B/\qu)—H(zonduz)

r r

1

Srio (M(fID@)

c L
<r (10g2 <r> + 1) (M1 f19) @)
1

< (MAfID@)7,
where the last inequality comes from the fact that r log, (g) is uniformly bounded.
Combining the estimates on I and /I, we see that the claim (3.6) holds.
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We now prove that R, is bounded on L?(bD, 2). In fact, for f € LP(bD, Q2)

IR N pop.2) < C<Q(bD)(fRe(f)hD)p + ||9%e<f>#||ip(w,9)) (3.7)
< C(QBDYRF 1) + 1 (MAFID)T I cy)
x{

-max{l, 17}
SQBDYR(Hp)” + W1y, T U b -

where the second inequality follows from (3.6) and the last inequality follows from

the fact that the Hardy-Littlewood function is bounded on L? (b D, 2). We point out
that

QD) Re(fon)” ST rpp.)- (3.8)

In fact, by Holder’s inequality and that R, is bounded on L4 (bD, 1), 1 < g < oo, we
have

=S

1
A T / R (F)()|7dn()
bD

1
s20D) (1o / £ @] 1dr )
bD

<@eD) inf (M(f1H@)

P
s [ (marm@)’aee
bD

p-max{l, 517}
SRy, U en.0)-

Therefore, (3.8) holds, which, together with (3.7), implies that R¢ is bounded on
LP(bD, 2) with the correct quantitative bounds. This, together with (3.5), gives that
(3.1) holds. The proof of Theorem 3.1 is complete. O

We now turn to the proof of the new cancellation (1.10).

Proposition 3.2 For any fixed 0 < € < €(D) as in [17], there exists s = s(€) > 0

such that )
N max{l,—}
IE€H" = ClliLrep.o)—rrep.e, S €211, 7 (3.9)

foranyl < p < oo and for any A ,-measure, 2, where the implied constant depends
on D and p but is independent of 2, and of €. As before, here (GZ)T denotes the adjoint
in L2(bD, w).
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Remark 3.3 We point out that the term ¢!/ can be improved to €% for any fixed small
8 > 0, according to [17, Remark D] via choosing 8 there arbitrarily close to 1.

Proof Proof of Proposition 3.2
Recall from [17, (5.7)], that CZ is given by

CL(@) = Ce(f(xs(2))(2), z€bD,

where x;(w, z) is the cutoff function given by xs(w, 2) = Xs,w (2) Xs.z(w) with

Im(dp(w), w—2z) |w—z]
+i .
cs? cs?

is,w(z) =X (

Here x is a non-negative C _smooth function on C such that x(u + iv) = 1 if
lu+iv| <1/2, x(u+iv) =0if |u +iv| > 1, and furthermore |V (u + iv)| < 1.
Then we also have the essential part and the remainder of €, which are given by

CE(f)(2) = C2(f(xs(,2))(2), z€bD,

and hence we have €5 = CHS 4+ RPS . where RE® is the remainder. Further,

where (Gi)* is the adjoint of € with respect to L2(bD, ).
To prove (3.9), we note that ((?i)T = go’l((?i)*(p, where ¢ is the density function
of w satisfying (1.13). Thus, (€))7 — €5 = (C)* — € — ¢~ ![g, (€%)*], which gives

1E€DT — € llirep.2,)—LroD.2,)

< IEH* = Cillrwpp.2,—Lren.2y) + 107 e, € N Lrvp.2p—Lro6D.2))-
Thus, we claim that

max{1

1
, s57)
1€ = ClliLepp.y—Lrop.e, <€ Wy, "~ Mp,D,w)  (3.10)
and that

_ max(1, 517}
lo~ o, €D NLrep,2)—Lrene,) <€ Wl 7 M(p,D,w). (.11
We first prove (3.10). To begin with, we write €5 — (€)™ = A$ + B, where

AS = eﬁ,s _ (ej,s)* and .Bz — :Rg,s _ (:Rgv)*
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Let A (w, z) be the kernel of A. Then, from [17, (5.10) and (5.9)], we see that

1) |AS(w, <e—d _ foranys < €);
) [AZ(w, )| S aw. )" ys <s(e)

d(w, w/ 1/2
2) |AS(w, ) — AS(w', 2)| < V22w w)

for any s < s(€);
a(w, 2) 2172 y s < s(e)

for d(w, z) > cd(w, w’) with an appropriate constant ¢ > 0. Moreover, 2) is true for
w and z interchanged, that is,

1/2
12 Az 2) /

3) 1A (w,2) = AL(w, )| S €/ —5 5,
€ € d(w,z)2”+1/2

for any s < s(€).

From the kernel estimates, we see that ¢~/ ZA“;, s < s(€), is a standard Calderén—
Zygmund operator on bD x bD, according to [10] (see also [15]), we can obtain that
e~ 1/2AS is bounded on L” (bD, Q,) with

—1/2 g max{l,ﬁ}
le™ " AcllLrp.Q,)—»Lrop.g, < [Vly, M(p, D, w),

where the constant M (p, D, w) depends only on p, D and w. Hence, we obtain that

s 12 max{1, 17}
IMAellLr@p.2))~LrwD.2y) < €71V, M(p,D,w) foranys < s(e).
(3.12)

Thus, it suffices to consider B¢. Note that now the kernel R} (w, z) of fRE’S is given
by
Ri(w,2) = Re(w, 2) xs(w, 2),
where R¢ (w, z) is the kernel of R, satisfying (3.4). Thus, it is easy to see that R} (w, z)
satisfies the following size estimate

xs(w, 2)

4 IR (w, D) <ce——.
| € | fd(w’Z)Zn—l

where the constant ¢, is large, depending on €. For the regularity estimate of R} (w, z)
on z, we get that for d(w, z) > cpd(z, 7)),

IR (w, 2) — RS (w, 2)]

< |Re(w, 2) — Re(w, 2|+ xs(w, 2) + [Re(w, 2| - | xs(w, 2) — xs(w, 2|
/

-z d(z, 2')

<Gt s (w, 2) = xs(w, 21,
“dw, ¥ ' ’

) E—
& “Qw, >

where the last inequality follows from (3.4). Note that from the definition of x,(w, z),
we get that | x; (w, z) — xs(w, z)| vanishes unless d(w, z) ~ d(w, ') ~ s. Moreover,
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under this condition, we further have

d(z,7)
d(w, z)’

Ixs(w, 2) — xs(w, 2| <

Combining these estimates, we obtain that

d(z, 2) xs(w, 2)

5) |Ré(w, z) — RE(w, )| < ¢ ,
) IR (w,2) — R (w, 2)| < ce a0, )

if d(w, z) > cpd(z, 2).
We now consider the operator T = s‘lfRE’s. Then we claim that

- max{l,)%}
ITHllrep.gy < Cl¥ls, " Mp, Do) flLrep.e,.- (3.13)

To prove (3.13), following the proof of Theorem 3.1, we first show that for every
feLP(bD,Q,),z e bD,there exists ag € (1, p) such that

~ O\ Y
(Tt @) sa(marme) (3.14)

where F*# is the sharp maximal function of F as recalled in (2.13) in Section 2.

We now show (3.14). Since bD is bounded, there exists C > 0 such that for any
B,(z) C bD we have r < C. For any z € bD, let us fix a ball B, = B,(z9) C bD
containing z, and let z be any point of B,. Since d is a quasi-distance, there exists
ip € ZT, independent of z, r, such that d(w, z) > cgr whenever w € bD \ Byi,,
where cg is in (3.4). We then write

T()@) =T (fxeons,, )@ + (fxep\B,, )@ = 1)+ 1 (z).

200, 200,

For the term 7, by using Holder’s inequality we have

1
A(Br)

1
/ 1@ =I5 ldA@) <2 | 7 / |T(f xvpns,, ) @|1dr(2)
B, B,

1

q

_ 1

Sl san / @A)
bDﬂBZiOr

<E (MA@,

where the second inequality follows from the boundedness in [17, (4.22)] since the
kernel of T satisfies the conditions in [17, (4.22)].
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To estimate /1, by using condition 5), we have

111(2) = 11 (z0)| = |T(f x60\By,, ) @) = T (f x60\By,, ) (20)]|

/ Ce A(z, 20) xs(w, 20)
s d(w, z0)™

IA

| f (w)|dA(w)
bD\BziOr
ce dA(z,z0)

s d(w, z0)>"
(bD\B,jj, )NBy

=<

|f (w)ldA(w),

where B := B, (z0) and the last inequality follows from the property of the function
Xxs(w, zo). Thus, we see that if 2'0r > s, then the last term is zero. So we just need to
consider 207 < s. In this case, we have

Ce 1
— < — -
[11(z) — 1 (z0)| < " d(z, zo) / d(w’ZO)ZnIf(w)Id)»(w)
B.V\Bzi()r
£

Ce ¥

< -

s / d(w, zo)?" dnw)
B‘S\BZ’Or

1
- q
/ a(w. 207" Lf (w)?dA(w)

B\ B2i0 r

We take jo = |log, %J + 1. Continuing the estimate:

1 Jo I
- q - q
/ d(w,zo)2n|f(w)| dr(w) < Z / d(w,zo)2"|f(w)| dr(w)

Bs\B =0 2)r<d(w,z0) <20t r

JO 1
=2 G [ rwraw

d(w,z9)<2/t1r

200,

Jo

1
S B q
~ = A(Byj+1,) / | f(w)|?dr(w)

BZjJrlr

S JoM (I f1D@).
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Similarly, we have

1 Jo 1
—_— < - <
/ d(w,zo)Z"d'\(w) <2 A(Byj+1,) / dr(w) 3 Jo-

—
Bs\B,jig, J=10 Byj+1,

1
Thus, we get that |I1(z) — I (z0)| < ce5jo (M (] f]9)(2))4 . Therefore,

2

1
Br)/|11(z)—11(zO)|dA(z)
Br

/\(Br)/|H(Z)_HB" dr(z) <
Br

A(
_r 1
S Ce}jO (M f19) (@)

2 (togy (2) +1) (Marn@)?

N

N

< (MUFIDHE)T .

where the last inequality comes from the fact that A (logz(%) + 1) is uniformly
bounded for A € (0, 1].

Combining the estimates on / and /I, we see that the claim (3.14) holds. We now
prove that T is bounded on L”(bD, 2,,). In fact, for f € LP(bD, )

1T .2 S (ReGDYTD0)” + 1T 10 5.5, (3.15)

< (2,6D)T 0y + 1 (MAFID) T 10,

=< Q,OD)YT(fsp)”

. _pmax{l,-1;}
+AW,

M(p, D, w)||f||€p(bD,sz,,)’

where the second inequality follows from (3.14) and the last inequality follows from the
fact that the Hardy-Littlewood function is bounded on L?”(bD, 2) with the constant
M (p, D, ) depending only on p, D and w. We point out that

1
ax{l, 5

~ -, }
Qp(bDY(T(flep)” = ce[Qp]Zp " M(p, D,w)llfllip(bp,g,,)- (3.16)
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In fact, by Holder’s inequality and the fact that 7 is bounded on L4 (b D, 1) for all
1 < g < oo (from [17, (4.22)]), we have

L
q

1
QpODYT(fpp)’ < Qp(bD) m/ﬁ(f)(z)ﬁdk(z)
bD

14
q

~ 1
SeL®D) | sons / |f @] dr@)
bD

<Q,(D) inf (M(Iflq)(z)) ’

sa | (M0719@) " a2,
bD

1
p-max{l, ﬁ}

< Ef[Qp]A,, M(p, D, w)||f||1£p(hp,szp)-

Therefore, (3.16) holds, which, together with (3.15), implies that the claim (3.13)
holds.
As a consequence, we obtain that for every 1 < p < oo,

.5 max{1, 7Ly}
1R Pl o op.g, =5 - T - R4, M, D, f .o, (317)
,L
By using the fact that 2, “isin A » When @, isin A, (p’is the conjugate index of

p), and by using duahty, we obtain that

max{1, = 1}

H( ) (f)HLP(bDQ y = <s-: CG . [Q ] M(p7 D’w)”f”Lp(bD,Q,,)' (318)

Hence, we have

max{1,

1BEO | rppa,) <5 -G 24, 7 M(p. D, o) flLrp.a,.  (3.19)

Since € is a fixed small positive constant, we see that

5 Cerell?

if s is sufficiently small. Thus, we obtain that

12 max{l,p%l}
H3 (f)HLI’(bD Q < € [QP]AP M(pa D7 w)”f”Lp(bD,Qp)‘ (320)

p) ™~

Combining the estimates of (3.12) and (3.20), we obtain that the claim (3.10) holds.
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We now prove (3.11). To begin with, following [17, Section 6.2], we consider a
partition of C" into disjoint cubes of side-length y, given by C" = U, _;2n Q,’;. Then
we revert to our domain D. For a fixed y > 0, we write 1; for the characteristic
function of Q,}: N bD. Then we consider 14 (z)(C))*(1; f)(z). we note that if z is not
in the support of f, then

Le(@(€)* (1 /(@) = Lk(2) /bD Cel(z, w)xs(w, 2) f(w)1;(w)dr(w).  (3.21)

Thus, by choosing s small enough and y = cs, where c is a fixed positive constant, we
see that 1x(z)(C)*(1; f)(z) vanishes if Q’; and Q,’: do not touch (the cubes Q’; and

QZ touch if Qiy N Q7Z). Next, following the proof in [17, Section 6.3], and combining
our result Theorem 3.1 we see that

11k@)* (1 NHliLrep.e, S €lCillLron.p)—Lrop.eplfllLren.e,)

max{1

1
sf}
< €l2ply, U M(p, D, o)l fllLrwp.2,)-

As a consequence, by using [17, Lemma 24], we obtain that our claim (3.11) holds.
The proof of Proposition 3.2 is complete. O

4 Proofs of Theorem 1.1
We start with (1.6) and thus for any € > 0 we write
808 =Ce(TH'g + 840 (R —RY) o (T) ™ 'g =: Acg + Beg,

where
Th:= (1 (P e§)>h.

We fix €2, arbitrarily. To streamline the notations, we write M (D, w) for M (2, D, w)
as in (3.9), see Proposition 3.2. We now choose € = €(£22) such that

I _an !
1 < e []a,M(D,w) < > 4.1
where 1, is the density of €2,. Thus, Proposition 3.2 grants
syt s\ J 1 .
(@) =€) gll2pp.ay < Z”g”LZ(bD,Qz)’ J=0,1,2,....
Hence for € = €(£27) as in (4.1) we have that
1T " ell2wp.0, < 2lgll20p.2:): 4.2)
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and by Theorem 3.1 (for p = 2) we conclude that

12egll2pp.y) < C1(D, ) - ce - [Q2]4, 181l 26D .02y)-

Combining the estimate of ¢, in (2.4) and the choice of € in (4.1), we obtain that

I1Aegll 2Dy S [Q21%, gl 200.00)- 4.3)

We point out that from Remark 3.3, the term ¢!/ can be improved to €° for any

small § > 0. Hence, the term [522]134 5 in (4.3) could be improved to [522]1%;2”S for any
small § > 0.

We next proceed to bound the norm of B, g; to this end we recall that the reverse
Holder inequality for 25 = y»dA ([6, Theorem 9.2.2])

_L
y+I1

1 1
D) / @) drz) | < C()
bD

A(bD)

/ V2(2)dA(z) 4.4)
bD

is true for for some y = y(22) > 0.
Recall that by keeping track of the constants (see [6, (9.2.6) and (9.2.7)]), we have
that

sup y(§22) <1
QreAr

and that there exists a positive constant C» such that

sup C(£27) < C% < 00.
QreAr

Hence, we obtain that
+1 1
Y
1

/ vy 7 (2) dA(2) <C}— / V2 (2)dA(2). (4.5)
bD A(bD)7! bD

Recall that, for Leray Levi-like measures we have dw(z) = ¢(z) d1(z), where
0<my, <¢(z) <M, <oo forany z € bD.
Hence, using the shorthand
Beg =8u,H, H:=(R)'—Rh, h:=(T) g
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we have

4

__Y_
1Begll 2o <M’ / 180 HI(2) 9(2) 7 42(2) din(2)
bD

. . +1 . . .
Holder’s inequality for g := L, where y = y(£2») is as in (4.4), now gives that
14

G
_# 2(y+1D)
1Begllr2(op,0) < M 8u(H)|™ 7 (2)do(2)
bD
1
2(1+y)
1
/ w2+y (z) dr(2)
bD
Comparing the above with (4.5) we obtain
1
Y 2
I1Begllz2pp,00) < Mo’ Coll8w(H)lLr (bD.w) ———— / V2(2)dA2) | .
A(bD)TT)
bD
2(1
where p = M We also note that
14

18w (D IlLrvD.w) < C(w, D)IH | Lr1D.w)

by the L? (bD, w)-regularity of 8, [17], since H is shorthand for ((R$)" —R$)h, and
each of (RY) and (fRi)T takes L' (bD, w) to L (bD, w) (again by [17]). Hence, we
further obtain that

1
180 (ED) | LrpD.w) < C(w, D)2 (BD)? |l L1 b, o)
1
2

= C(o, D)Q[J(bD);Ma)”h”LZ(bD,Qz)( /W{l(Z)d)»(Z)>
bD

Noting that h := (ﬁ)’lg and choosing € = €(£2) as in (4.1), we then have that

1Al 2,0, < 218l 20p,2,) bY (42).

Combining all the pieces we obtain

I

1 Y
Q,(bD)\2 \ 71 1
L > ) (214,18l 20D, 0,)-

A(bD)

IBegllz2bp,0y) = 2C2 Clw, D)YM,, (Wtwl(
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Hence the desired bound for || Begll 125 p. ) holds true because

1 v
- M 2 y+1§C3(a),D)<Oo forany 0 < y < oo.
@ MbD)

The proof of Theorem 1.1 is complete once we recall that [€22]4, > 1. O
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