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A B S T R A C T   

This study aimed to numerically investigate the viscous dissipation effect on forced convection in rhombic 
microchannels for gases in a slip flow regime. The numerical analysis was carried out by assuming a 2D steady- 
state flow. The solution of governing equations was obtained by adopting the finite element method and 
assuming that the fluid is Newtonian, with constant thermophysical properties, and in a fully developed laminar 
flow regime. The solution of the momentum equation is obtained by considering a first-order boundary condi-
tion, while the solution of the energy balance equation is obtained by assuming a constant wall heat flux (H2 
boundary condition) and taking into account the wall temperature jump. The validation of the numerical model 
was carried out using the data available in the scientific literature. The numerical outcomes obtained for several 
values of the acute angle of the rhombus, the Knudsen number (i.e., rarefaction effects), and the Brinkman 
number (i.e., viscous dissipation effects) reveal that viscous forces play an opposite role with respect to rare-
faction and significantly affect the convective heat transfer coefficient, especially for low Knudsen numbers and 
for high values of the acute angle. In particular, it was observed that Nu is significantly affected by the Brinkman 
number for acute angles higher than 50◦.   

Introduction 

The dynamics of fluids and their interaction with solid surfaces in 
microsystems are very different from those in large systems. When the 
characteristic length of the system becomes very small, the effects (e.g., 
thermal creep, rarefaction, compressibility, viscous heating) that in 
macrosystems can be considered negligible may be important. 

In particular, when the gases through the microchannel are charac-
terized by pressure below the atmospheric value (e.g., in vacuum tech-
nology and gas chromatography), the continuum hypothesis is no longer 
valid because of a layering phenomenon in the near-wall region [1]. 

Moreover, the viscous heating effects may be very significant, even 
for low-viscosity fluids or low-velocity flows, when the characteristic 
length of the system becomes very small and/or the temperature dif-
ference is very small. 

The impact of rarefaction and viscous dissipation has been investi-
gated in microchannels with circular, rectangular, trapezoidal and 
elliptical cross-sections [2–10]. In particular, Tunc and Bayazitoglu 
studied the impact of viscous dissipation in circular microchannels by 
finding that for Brinkman number equal to 0.01 the Nusselt number 

could reduce up to 8 %. van Rij et al. [8], who investigated the effect of 
viscous heating on convective heat transfer in rectangular micro-
channels in the slip regime, found that for a Brinkman number equal to 
0.05, the Nusselt number could reduce up to 24 %. Kuddusi [9], who 
carried out the analysis of slip flow heat transfer in trapezoidal micro-
channels, including the impact of viscous dissipation, observed that for 
Brinkman number equal to 0.005, the maximum decrease in the Nusselt 
number was 2 %. A higher reduction in the Nusselt number was found by 
Vocale et al. [10], who presented a numerical analysis of the impact of 
rarefaction and viscous dissipation effects in elliptical microchannels. 
They concluded that the Nusselt number could be overestimated by up 
to 59 % by neglecting the effects of viscous heating. 

Moreover, many researchers have investigated heat transfer and 
fluid flow in microchannels characterized by noncircular cross-sections 
by presenting approximate or analytical solutions for simple geometries 
[13–17]. 

Recently, Mukherjee et al. [18] analyzed the influence of viscous 
heating on the performance of microchannels featuring circular, 
semi-circular, triangular, rectangular, and square cross-sections by 
considering power-law fluids. They found that for the Brinkman number 
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equal to 0.1, the maximum reduction in the Nusselt number was about 
19 %. 

More recently, Loh et al. [19] studied the impact of viscous dissi-
pation on the convective heat transfer coefficient in nanofluids flowing 
in parallel-plate microchannels. The maximum rate of change in the 
Nusselt number was about 17 %. 

However, other geometries need attention because of improvements 
in the microfabrication technique or the combination of simple geom-
etries. Among these, rhombic microchannels can be found. They can be 
fabricated using a novel process [11], or can be obtained from triangular 
microchannels or from the etching of rectangular microchannels [12]. 

Shams et al. [20] investigated the performance of rhombic micro-
channels. The numerical outcomes revealed that the Nusselt numbers 
were considerably influenced by the aspect ratio and the Knudsen 
number. 

Saha et al. [12] recently numerically investigated laminar water 
flows in rhombic microchannels by considering two different thermal 
boundary conditions. Their numerical outcomes highlighted that the 
influence of the acute angle on the convective heat transfer coefficient is 
significant for acute angles greater than 10◦. 

More recently, Vocale and Morini [21] numerically investigated the 
influence of rarefaction in rhombic microchannels. Their findings 
revealed that both the rarefaction degree and the acute angle strongly 
affected the heat transfer mechanism. 

From the literature review, it is evident that further investigations 
are needed to properly characterize the performance of rhombic 
microchannels. In particular, the analysis carried out in other cross- 
section geometries highlighted that another effect that may signifi-
cantly affect the thermal performance of microchannels is viscous 
heating. Therefore, this paper deepened the knowledge of scaling effects 
by presenting a numerical investigation of the influence of rarefaction 
and viscous dissipation in microchannels with rhombic cross-sections. 
The fully developed forced convection problem for Newtonian fluid 
with constant properties was investigated under uniform wall heat flux 
boundary conditions. The numerical analysis was carried out by 
considering the slip flow regime because most of the microsystems that 
use gases as working fluids, such as microvalves and micropumps, work 
within the slip flow regime [22]. The available scientific literature was 
used to validate the numerical model. 

The main goal of this analysis is to contribute to the performance 
assessment of new cross-section geometries, with the aim of finding the 
geometries that enhance the thermal performance of microchannels 
[23]. To tackle this challenge, a renewed focus on the analysis of the 
rhombic cross-section is required. 

The novelty of this study is the investigation of the effects of viscous 
heating, which causes an increase in the fluid temperature at the wall, 
resulting in an increase in the temperature gradient. The role of the 
temperature gradient can be crucial from a practical point of view. In 

particular, there are some practical applications in which the tempera-
ture gradient must be controlled to avoid the wall temperature reaching 
the critical value [24]. On the other hand, there are practical applica-
tions in which temperature gradients are useful. Among these, Knudsen 
pumps can be found. In this kind of micropump, the gas flow is induced 
by the wall temperature gradient [25]. Therefore, the results presented 
here can be useful for designers and technicians involved in the sizing of 
microscale heat transfer devices for electronic cooling systems or of 
Knudsen pumps. 

Numerical model 

Modeling equations and boundary conditions 

The analysis was carried out by considering Newtonian gas with 
constant properties in fully developed laminar flow-forced convection 
flowing in a rhombic microchannel (Fig. 1). Under these hypotheses, the 
momentum and energy balance equations can be written as follows: 

μ
(

∂2u
∂2x

+
∂2u
∂2y

)

=
∂p
∂z

(1)  

ϱcpu
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∂z
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∂2T
∂2y

)

+ Φ (2)  

where μ, ρ λ and cp the fluid viscosity, density, thermal conductivity, and 
specific heat at constant pressure, respectively; u is the fluid velocity, ∂p/ 
∂z the pressure gradient along the axial direction; and T is the fluid 
temperature. 

The last term on the right-hand side of Eq. (2) represents the viscous 
dissipation function that, for incompressible fluids with constant ther-
mophysical properties in the fully developed region, can be expressed as: 
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[(

∂u
∂x

)2

+

(
∂u
∂y

)2
]

(3) 

By scaling the coordinates by the hydraulic diameter Dh, the fluid 

velocity by the average velocity W, the pressure gradient by − D2
h

μW
∂p
∂z and 

the temperature by λT
qDh

, where q represents the wall heat flux, the 
following dimensionless governing equations can be obtained: 
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where A* is the dimensionless rhombus area (A* = A/Dh
2), P* is the 

dimensionless rhombus perimeter (P*=P/Dh), Φ* the dimensionless 
viscous dissipation function, and Br is the Brinkman number, which is 
the ratio of viscous heating to fluid conduction [26]: 

Br =
μW2

qDh
(6)  

The momentum balance equation in the non-dimensional form was 
solved by including the slip velocity at the wall because in the present 
analysis, the slip regime is assumed [1]: 

u∗ − u∗
w =

2 − σv

σv
Kn

(
∂u∗

∂n∗

)

w
(7)  

where σv represents the momentum accommodation coefficient and Kn 
is the Knudsen number, which is defined as the ratio of the mean free 
path over a characteristic length (i.e., the hydraulic diameter in the 
present analysis). 

Fig. 1. Investigated geometry.  
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The solution of the thermal energy equation was obtained by 
assuming that the heat flux at the wall was constant and uniform (the H2 
boundary condition): 
(

∂T∗

∂n∗

)

w
= − 1 (8)  

where n* is the dimensionless versor normal to the wall. 
According to the slip flow model, to evaluate the dimensionless wall 

temperature, the temperature jump was accounted for as follows: 

T∗
w = T∗ +

2 − σT

σT

2k
k + 1

Kn
Pr

(9)  

where σT indicates the thermal accommodation coefficient, k indicates 
the specific heat ratio, and Pr indicates the Prandtl number. Eq. (9) 
emphasizes that, with a constant heat flux along the microchannel 
perimeter, the temperature difference between the solid wall and the gas 
becomes a constant value, which depends on the Knudsen and Prandtl 
numbers, the thermal accommodation factor (σT) and the gas specific 
heat ratio (k). 

The convective heat transfer coefficient was assessed by evaluating 
the average Nusselt number: 

Nu =
hDh

λ
=

1
T∗

w − T∗
b

(10)  

where h represents the convective heat transfer coefficient, T∗
w and T*b 

are the dimensionless average wall temperature and the dimensionless 
fluid bulk temperature, respectively. 

The dimensionless governing equations were solved by using the 
partial differential equations interface included in COMSOL®. Second- 

order elements were used for both fluid velocity and temperature 
because this scheme works well for low flow velocities [27]. As a 
convergence criterion, a relative tolerance equal to 1e–06 was imposed. 

Mesh independence analysis and model validation 

The accuracy of the numerical results was ensured by checking the 
effects of the number of mesh elements. For the purpose of the present 
analysis, for each generated mesh, the relative error of the average 
Nusselt number was assessed: 

εNu =

⃒
⃒
⃒
⃒
Nuactual mesh − Nufinest mesh

Nufinest mesh

⃒
⃒
⃒
⃒ (11)  

where Nufinestmesh indicates the average Nusselt number evaluated using 
a reference mesh characterized by an average skewness quality higher 
than 0.95. 

In Fig. 2, the results of the mesh independence analysis are presented 
for the lowest and highest values of the acute angle and for two values of 
the Knudsen number: Kn = 0 (which corresponds to the no-slip flow) and 
Kn = 0.1 (which corresponds to the upper limit of the slip flow regime). 
To highlight the sensitivity of the solution to the Brinkman number, two 
extreme values of Br are considered in Fig. 2 (Br = 0.01 and Br = 0.1). 

It can be observed that a mesh generated with at least 1000 elements 
guarantees mesh-independent results. Similar conclusions can be drawn 
by analyzing the results of the mesh independence study for other values 
of the acute angle. 

This indicates that this mesh refinement for each acute angle is suf-
ficiently accurate; consequently, all of the numerical results presented in 
the next section are obtained at this resolution. 

The model accuracy is assessed by means of the available scientific 

Fig. 2. Relative error on average Nusselt number: (a) φ = 10◦, Br = 0.01; (b) φ = 90◦, Br = 0.01; (c) φ = 10◦, Br = 0.1; and d) φ = 90◦, Br = 0.1.  
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literature. 
More specifically, for φ = 90◦, the numerical results presented by van 

Rij et al. [8] are assumed to validate the numerical procedure adopted in 
the present study by considering both rarefaction and viscous dissipa-
tion. The maximum disagreement between the present results and the 
data presented in [8] is about 1 %, as shown in Table 1. 

On the other hand, for values of the acute angle lower than 90◦ the 
only benchmark that can be found in the literature is represented by the 
data reported by Shah and London [28] where neither rarefaction nor 
viscous dissipation are considered. The disagreement between the re-
sults presented here and the data presented in [28] is lower than 1 %, 
with the exception of the rhombus with φ = 10◦, as shown in Table 2. 

Results and discussion 

The numerical results presented here were obtained by considering 
Knudsen and Brinkman numbers ranging between 0 and 0.1 and by 
varying the acute angle of the rhombus in the range of 10◦ to 90◦, 
keeping the hydraulic diameter constant. Moreover, nitrogen was 
assumed to be the working gas, and the momentum and thermal ac-
commodation coefficients were assumed to be equal to 1 [1]. 

In Fig. 3, the contours of the non-dimensional fluid temperature are 
presented for φ = 60◦ as a function of the Knudsen and Brinkman 
numbers. As expected, the dimensionless fluid temperature increased 
with an increasing Brinkman number because of viscous heating. On the 

Table 1 
Assessment of model accuracy for φ = 90◦ and Br = 0.05 using the numerical 
data obtained by van Rij et al. [8].  

Kn Nu Nu [8] Difference  

0 2.647 2.644 0.14 %  
0.04 2.644 2.621 0.9 %  
0.08 2.429 2.403 1.07 %   

Table 2 
Assessment of model accuracy for Kn = 0 and Br = 0 using the numerical values 
obtained by Shah and London [28].  

φ Nu Nu [28] Difference 

10 0.068 0.070 − 2.41 % 
20 0.277 0.279 − 0.75 % 
30 0.624 0.624 0.06 % 
40 1.090 1.090 0.04 % 
50 1.630 1.620 0.64 % 
60 2.177 2.160 0.79 % 
70 2.651 2.640 0.40 % 
80 2.973 2.970 0.10 % 
90 3.087 3.090 − 0.08 %  

Fig. 3. Dimensionless temperature contours for φ = 60◦: a) Kn = 0.02, Br = 0.01; b) Kn = 0.02, Br = 0.1; c) Kn = 0.1, Br = 0.01; d) Kn = 0.1, Br = 0.1.  

Fig. 4. Viscous dissipation effect on the dimensionless fluid temperature along the perimeter of the rhombus for φ = 60◦: a) Br = 0.01; b) Br = 0.1.  
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other hand, by comparing Fig. 3a) with Fig. 3c) and Fig. 3b) with 
Fig. 3d), it can be observed that the rarefaction dampens the effect of the 
viscous forces. This finding can be explained by considering that the 
velocity gradients decrease with an increasing Knudsen number because 
of the increase in the slip at the wall. 

To highlight the effect of viscous dissipation on the fluid behavior, in 
Fig. 4 the dimensionless fluid temperature along the perimeter of the 
rhombus is presented for φ = 60◦. It can be observed that the non- 
dimensional fluid temperature presents strong variation along the 
microchannel perimeter; this trend can be explained by remembering 

Fig. 5. Comparison between different channel shapes: a) Br = 0.005; b) Br = 0.05.  

Fig. 6. Viscous dissipation effect on the average Nusselt number: a) φ = 10◦ and φ = 20◦; b) φ = 30◦, φ = 40◦, and φ = 50◦; c) φ = 60◦ and φ = 70◦; d) φ = 80◦ and φ 
= 90◦. 
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that the present analysis was carried out by considering the H2 
boundary condition [28]. The fluid temperature variation at the walls 
results in large thermal stresses in the walls; therefore, it is important to 
monitor temperature differences. 

The maximum values of the fluid temperature trend along the 
perimeter occurred at acute angles. If the Brinkman number increases, 
the maximum value of the fluid temperature tends to increase, but if the 
rarefaction effects are significant, the temperature increase is reduced. 
This fact confirms that the rarefaction effect tends to contrast with the 
viscous dissipation effects. 

The increase of fluid temperature at the wall caused by viscous 
dissipation results in an increase in the temperature gradient and 
consequently in a decrease of the Nusselt number. This effect is marked 
in Fig. 5, where the trends of Nu are presented for several combinations 
of the main parameters affecting fluid behavior. In particular, the Nus-
selt number decreases as the Brinkman number increases for each value 
of the acute angle of the rhombus and for each value of the Knudsen 
number. This result is in agreement with the observations of van Rij et al. 
[8], Kuddusi [9], and Vocale et al. [10], who investigated the role of 
viscous dissipation in rectangular, trapezoidal, and elliptical micro-
channels, respectively. To highlight the influence of channel shape, a 
comparison between the performance of different microchannels in 
terms of the average Nusselt number was performed. In particular, the 
ratio between the average Nusselt number for other geometries and the 
Nusselt number for circular microchannels was evaluated (i.e., because 
the circular cross-section guarantees the best thermal performance, it 

was chosen as reference). 
In Fig. 5, the comparison between the different cross-section geom-

etries (i.e. rectangular [8], trapezoidal [9], elliptic [10] and rhombic) is 
presented for some referenced cases. It can be observed that because of 
the presence of corners, the thermal performance of both rectangular 
and rhombic cross-sections are lower than elliptic ones, with the 
exception of the elliptic microchannels characterized by low values of 
the aspect ratio that present performance similar to the rhombic 
cross-section. It can also be observed that the Nusselt number ratio in-
creases with increasing Knudsen number; this effect can be explained by 
considering that as the rarefaction degree increases, the slip velocity at 
the wall increases. Therefore, the influence of the corners becomes less 
pronounced. 

With the regards to the rhombic microchannels, it was also observed 
that the reduction in the average Nusselt number became less pro-
nounced as the Knudsen number increased. This effect was due to the 
reduction of the velocity gradients with an increasing Knudsen number 
linked to the increase in the slip at the wall. On the other hand, the 
reduction in the average Nusselt number becomes more marked as the 
value of the acute angle increases. This effect is due to the increase of the 
Poiseuille number and the dimensionless area with decreasing acute 
angle of the rhombus [20]. Morini et al. [29] demonstrated that the ratio 
of the temperature gradient caused by wall heat flux to the temperature 
gradient caused by viscous dissipation is proportional to the Brinkman 
number, the dimensionless area, and the Poiseuille number. 

However, the trend of Nu may vary significantly depending on the 

Fig. 7. Average Nusselt number as a function of the Brinkman number: a) φ = 10◦; b) φ = 50◦; c) φ = 70◦; d) φ = 90◦.  
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value of the acute angle of the rhombus and the Brinkman number, as 
shown in Fig. 6. In particular, for φ = 10◦ and φ = 20◦ (Fig. 6a), the 
average Nusselt number increases with an increasing Knudsen number 
for both values of the Brinkman number. Moreover, pure heat conduc-
tion is more effective than convective heat transfer because the average 
Nusselt number is lower than 1. Similar trends were also observed in 
elliptical microchannels [10]. 

On the other hand, for φ = 30◦, different trends of the average 
Nusselt number were observed; in particular, the variation of the Nu is 
non-monotonic with the presence of a peak for Br = 0.01, while Nu in-
creases with increasing Knudsen number for Br = 0.1. Fig. 6b shows a 
non-monotonic variation in the average Nusselt number as a function of 
the Knudsen number for φ = 40◦ and φ = 50◦ for both Brinkman 
numbers. 

Figs. 6c and d show a decreasing trend in the average Nusselt number 
with an increasing Knudsen number for φ ranging between 60◦ and 90◦

only for Br = 0.01, while for Br = 0.1, the presence of a peak in the Nu 
trends can be observed. 

By analyzing the data reported in Fig. 6 it is possible to observe that 
the influence of the viscous dissipation on the average Nusselt number 
increases with increasing acute angle. This effect is more evident in 
Fig. 7, where the trend of Nu as a function of the Brinkman number is 
presented for four values of the acute angle. In particular, it can be 
observed that Nu is significantly affected by the Brinkman number for 
acute angles higher than 50◦. 

With the aim to help the designers, the maximum and minimum 
reduction in the average Nusselt number is reported in Table 3 for each 
value of the acute angle considered in this study. As discussed previ-
ously, the maximum reduction in the Nusselt number is observed for 
continuum flow (i.e., Kn = 0). 

Conclusion 

In this work, a numerical investigation of the viscous heating effect 
on the thermal performance of laminar gaseous flows in a slip regime 
through rhombus microchannels is presented. The solution of the 
dimensionless momentum and energy equations have been obtained by 
using the PDI interface included in Comsol®, including the slip velocity 
and the temperature jump at the wall. The model validation was carried 
out using the available scientific literature. 

The main results of the numerical investigation presented here can 
be summarized as follows:  

• Viscous dissipation effects lead to a decrease in the average Nusselt 
number; the reduction depends on the values of the acute angle of the 
rhombus and the Knudsen number.  

• For rhombic microchannels characterized by low values of the acute 
angle (φ ≤ 30◦) the viscous dissipation is able to reduce the value of 
the average Nusselt number up to 8 % with respect to the case of 
negligible viscous dissipation (Br = 0), while for squared micro-
channels (φ = 90◦), the average Nusselt number may be reduced up 
to 25 %.  

• The maximum decrease in the average Nusselt number occurs for 
continuum flow because rarefaction effects tend to reduce the value 
of the velocity gradients and, as a consequence, dampen the effect 
linked to the viscous dissipation of the convective heat transfer. 

It is possible to conclude that in the presence of rarefaction effects in 
microchannels, the role played by viscous dissipation on the convective 
heat transfer is strongly reduced when compared with the case of con-
tinuum flow. 
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