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We discuss the usefulness and theoretical consistency of different entropy variables used
in the literature to describe isocurvature perturbations in multifield inflationary models
with a generic curved field space. We clarify which is the proper entropy variable to be
used to match the evolution of isocurvature modes during inflation to the one after the
reheating epoch in order to compare with observational constraints. In particular, we find
that commonly used variables, as the relative entropy perturbation or the one associated
to the decomposition in tangent and normal perturbations with respect to the inflationary
trajectory, even if more useful to perform numerical studies, can lead to results which are
wrong by several orders of magnitude, or even to apparent destabilisation effects which are
unphysical for cases with light kinetically coupled spectator fields.
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1 Introduction

The development of cosmic inflation [1-4] to solve some of the issues of the standard
Big Bang theory and as a mechanism to generate the primordial perturbations observed
in the Cosmic Microwave Background (CMB) has been one of the most striking results
of cosmology during the last decades [5, 6]. In its simplest implementation, i.e. in single
field models, inflation can in principle account for all observations. Specific single field
models have been increasingly constrained over the years: some of the simplest models
such as inflation with a power-law potential [7] are now strongly disfavoured and - in
general - models featuring concave potentials are favoured with respect to those with convex
potentials [6].

However, it is reasonable to expect that the single field description of inflation is valid
only approximately as in principle there may be many fields that couple to the inflaton
and be dynamical during inflation. For instance, UV complete theories like string theory
give rise, upon compactification, to hundreds of complex scalar fields in the low-energy 4D
theory whose dynamics can be crucial during inflation. Moreover, as typical of supergravity
models, the resulting field space is curved. Notice that, in a gravitational context, theories
with a curved field space and non-trivial kinetic interactions are not just a feature of string
theory but generically arise in non-minimally coupled multifield effective models, upon
moving to Einstein frame [8-11].

Some of these scalars might acquire a very large mass and decouple completely from
the inflationary dynamics. However several of them are expected to remain light and to
play an important role during inflation. A primary example are axion-like fields which are
naturally light since they enjoy a shift symmetry which is broken only at non-perturbative
level. Again, a typical string compactification is characterised by hundreds of them, leading
to the so-called string axiverse [12—15]. Therefore in string models, and more generally in
non-minimally coupled effective theories, it is very natural to have light kinetically coupled
fields during inflation, that in principle cannot be decoupled from the inflationary dynamics.
It becomes then crucial to study the effect of these isocurvature modes on the inflationary
dynamics, to understand if they can modify or even spoil inflation, depending on their
observational signatures.

The choice of entropy variables to describe the effect of isocurvature modes in multifield
models of inflation is clearly fundamental. Several variables have been proposed so far in
the literature, with different pros and cons. In this paper we will discuss the usefulness and
theoretical consistency of each of these entropy variables, clarifying which is the one more
suitable to perform a proper matching between the inflationary and the post-inflationary
evolution of isocurvature perturbations. This matching is crucial to make contact with data
since CMB observations place constraints on the primordial isocurvature fraction only at
the time of CMB decoupling. Let us summarise our analysis:

e Planck measurements constrain the primordial isocurvature fraction parameter de-
fined as Biso(k) = Ps,, (k)/[Pc(k) + Ps,, (k)], where ¢ is the standard curvature
perturbation on uniform-density hypersurfaces, while S, is the relative entropy per-
turbation between photons and a different species denoted with n which can be cold



dark matter, baryons or neutrinos. The upper bound on this fraction goes from about
1% to 10% depending on the species involves and the momentum scale [6].1

e The correct entropy variable to be studied during inflation seems therefore S;;, where
now i and j are indices denoting different fields (or combinations thereof) of the
underlying multifield models. The evolution of S;; during inflation should be matched
with the post-inflationary history of our universe, leading to S,,, once a proper
understanding of the model-dependent reheating epoch is developed [16, 17]. This
involves the knowledge of how photons, cold dark matter, baryons and neutrinos
are produced from the decay of the different microscopic degrees of freedom. This
study has been recently carried out in flat field spaces [18] but the extension of this
formalism to curved systems is still missing.

e There are some particular cases where however the relative entropy variable S;; be-
comes ill-defined since it would apparently diverge. This might occur in general
in multifield models where the kinetic energy of some scalar fields vanishes [19]
as in situations with a curved field space and light spectator fields [20, 21] since

Sij ~ (%j — %) — 00 due to p; — 0 (where p; is the energy density of the i-th

scalar field, dp; is its perturbation and p; = dp;/dt).

e We will show that this divergence is unphysical since no geometrical destabilisation
[22] of the background trajectory is induced by the spurious growing isocurvature
perturbations. In fact, we will argue that in this case a better entropy variable
which should be used is S'ij o p;ip;Si; which remains well-behaved and decreases
with respect to standard adiabatic perturbations. In these ‘pathological’ cases it is
therefore the evolution of S'ij, and not the one of S;;, which should be studied during
inflation. Matching with the beginning of radiation dominance will then lead to S’m
which can be safely translated into S, to compare with observational data since .S,

is a well-defined quantity with no divergence.

e Another entropy variable which is sometimes used is the total entropy defined in
terms of the non-adiabatic pressure perturbation 6 P,,q as S = (H / P) 0P,aq. This

quantity, even if used in some cases [23, 24], contains both intrinsic and relative
entropy contributions, and so it is not the right one to be used to compare with
observational bounds on Sig.

e The non-adiabatic perturbation ¢s, introduced for the first time in [25] and then used
extensively in many studies (see for example [26, 27]), corresponds instead to fluc-
tuations which are orthogonal to the classical background trajectory. The entropy
variable ds is very useful to picture clearly the decomposition of an arbitrary per-
turbation into adiabatic (tangent) and entropy (normal) components, and it allows
for an easier numerical integration of the field equations. However it is not the right
variable to compare with observations since it can lead to results which are wrong
by several orders of magnitude since ds is proportional to total entropy [23, 24, 28|.
Moreover, in a curved field space, the use of ds can lead to apparent destabilisation

!This is just an example of the isocurvature variable that can be constrained by observations.



effects which are unphysical. This effect can be seen in the behaviour of the effective
mass-squared mgﬂ of isocurvature perturbations ds which receives different contri-
butions from derivatives of the scalar potential, the curvature of the field space and
the turning rate of the background trajectory. Depending on the form of the kinetic
coupling and the underlying scalar potential, there are 3 general situations:

1. Multifield models featuring a geometrical destabilisation [22] induced by the
negative curvature of the field space that causes a tachyonic effective mass [29]
which however turns into mgﬁr > ( once the system settles down in the classical
background trajectory [20, 30]. In this case both S;; and ds would decay since
the isocurvature modes are heavy (even if S;; is the right variable to study to
get to the final prediction for S, after reheating).

2. Multifield models with a non-vanishing turning rate [31] characterised by m?%; ~
0 due to cancellation between different contributions even if the background
field can be heavy (i.e. the eigenvalues of the Hessian of the scalar potential
are non-zero). In this case isocurvature modes are constant on super-horizon
scales and act as a source for curvature perturbations. Thus i, is expected to
be negligible in this class of models which can qualitatively be well-described
both in terms of S;; and ds, even if one should focus on S;; to pin down the
exact prediction for Sig.

3. Multifield models typical of string compactifications where the inflaton is a
Kéhler modulus [32-40] and ultra-light axions play the role of spectator fields.
In the case of Fibre Inflation [33], as shown in [21], when using the entropy vari-
able ds, the effective mass of these isocurvature modes would become tachyonic
due to the negative contribution coming from the curvature of the underlying
field space, i.e. mgﬁ < 0. This might signal an exponential growth of isocurva-
ture modes leading the system to a regime where perturbation theory breaks
down. However the background trajectory of these multifield models turns out
to be fully stable [21]. The absence of any instability seems therefore to be a
paradox. This is resolved by noticing that the variable ds is ill-defined in this
case since the divergence arises from the behaviour of the vector normal to the
background trajectory which is used to decompose an arbitrary perturbation to
define ds. In fact, when using the relative entropy variable S'ij, we will find that
in this case non-adiabatic perturbations decay on super-horizon scales, in full
agreement with the absence of any destabilisation of the background trajectory.

e As we will show for the general case of a curved field space, the different entropy
variables, S, S;j, S’ij and Js, are all gauge invariant at linear order in perturbation
theory. Thus the apparent instability for cases with light kinetically coupled spectator
fields where both S;; and ds diverge, is not due to the use of a non-physical variable
which is not gauge invariant, but it is simply due to the fact that in these particular
cases those variables become ill-defined.

This paper is organised as follows. In Sec. 2 we discuss different variables used in
the literature to describe entropy perturbations in multifield inflationary models, stressing



which is the right variable to consider to perform a proper matching between inflation
and the reheating epoch. In Sec. 3 we show how some entropy variables can become
ill-defined in models with kinetically coupled spectator fields which are lighter than the
inflaton. Focusing on a simple 2-field system with a Starobinsky-like inflationary potential,
we investigate the origin of the spurious instability and we then show that, using the
appropriate entropy variable, the isocurvature power spectrum turns out to be negligible.
We draw our conclusions in Sec. 4 and we leave some technical details to the appendices.
In particular, in App. A we first present the general framework of perturbation theory
for a curved field space (focusing on the spatially flat gauge), and we then prove gauge
invariance of all entropy variables. App. B provides instead the details of the single field
limit of density perturbations for our illustrative 2-field model.

2 Entropy variables in multifield inflation

In this section we clarify the relations between the various definitions of entropy that
can be found in the literature, in an effort to understand how the entropy perturbations
generated during multifield inflation are then transferred to the primordial plasma in the
radiation phase.

2.1 Entropy perturbations during inflation

Let us start with the multifield Lagrangian of a generic non-linear sigma model which
can be written as:

L 1 i i j i
\/ﬁ = 5 Gij(d’ )aMb auqu - V(QZ) ) ) (2-1)
where G;j(¢") denotes the field space metric. As already mentioned, this class of mod-
els naturally arises in the framework of beyond the Standard Model theories as string

compactifications, supergravity and non-minimally coupled multifield effective theories.

To make contact with the entropy S, let us recall that for a generic fluid the pressure
P is a function of S and the energy density p: P = P(p,S). Pressure perturbations can
therefore be decomposed into an adiabatic and a non-adiabatic part, according to:

oP oP
0P =" sp+ | 08, 2.2
5o ls’? T 551, (2:2)
The adiabatic pressure perturbation is 0P,q = ¢2dp, with a speed of sound ¢2 = P/p.
The non-adiabatic pressure perturbation, denoted 0P, ,q, is formally given by 6P,.q =
(P / S ) 45, and is in practice computed by subtracting the adiabatic from the total pressure

perturbation:
O0Ppaq = 0P —0P.g. (2.3)

Total entropy

The total entropy perturbation can be defined in terms of the non-adiabatic pressure
perturbation §P,,q as:

H H
S = > 6Ppad = 5 (6P — c2op) . (2.4)



During inflation, when scalar fields dominate the energy content of the Universe, one may

write the total entropy of the system in terms of ¢ and d¢’ and their derivatives. In the

case of multifield inflation in a generic curved field space (2.4) becomes (setting M, = 1):
H

BH i + 20V

0Phad , (2.5)

where in the spatially flat gauge dP,.q is given by:

Vig'op;d 2 Vgt
3H2  3H ¢,,¢m

0Pnaq = —2Vid9' + 0i00" + 50'0'0:Gigb¢" + Vidg'| . (2.6)

In App. A we have shown that the variable S is gauge invariant not just for canonical
fields but also for the case of a curved field space.

Intrinsic entropy

For a given fluid ¢ one can define the intrinsic entropy perturbation Sint; as [41]:

Sinti = ;I (6P — 25ps) (27)

so that the total intrinsic entropy perturbation of a system with multiple components is:

Sint = Z Sint,i - (2.8)

Notice that Siyt; = 0 for fluids for which P; = P;(p;) and that Siy is also a gauge invariant
quantity (see again App. A).

Relative entropy
One can also define the relative entropy perturbation as:
Srel =5 Sint . (29)

Noting that P = ), 6P; and that dp = >, dp; and making use of (2.4), (2.7) and (2.8)
one may write [41]:

H ) )
Srel = — Y& (p;0pi — pidp;)
Pp I

1 s (2 2

- i (2 =) S, 2.10
GpP%:PzPJ( i g) ij ( )
where in the last line we have introduced the standard definition of entropy perturbation

between two fluids: 5 5
Sy =3(G—C)=—3H (,"’ - {0J> : (2.11)

Pi Pj

as is commonly found in the context of hot Big Bang cosmology, and have defined the
individual fluid speed of sound as c? = P;/p;. Notice that, since the curvature perturbation



on uniform p; hypersurfaces, ; = =W — Hdp;/p; is a gauge invariant quantity (see App. A
for the definition of ¥, the scalar spatial perturbation to the metric tensor, and a proof of
gauge invariance for scalar non-linear sigma models), \S;; is automatically gauge invariant,
even in the presence of energy transfer between the fluids [41, 42].

It is worth pointing out that S;; becomes ill-defined when p; — 0 in multifield models
with vanishing kinetic energy for some scalar fields [19] as it occurs in classes of string
inflationary models with ultra-light axions [20, 21]. In this case we consider an ‘improved’
relative entropy variable Sl-j defined as:

- 1 .. &
i = “opp’ (F=¢) Sy = Sa=) S (212)
i

Clearly S‘ij remains finite even if p; — 0.

Entropy field

In order to introduce an alternative description of adiabatic and entropy perturbations,
it is convenient to define the tangent and normal vectors to the inflationary trajectory.
Focusing for simplicity on a 2-dimensional field space, these are given in terms of the
background velocities as [26, 27]:

i sn(t) i

i
q.i and N = . D,T*, (2.13)
%o VG DTV DTk
with ¢g = 1/ Gij ¢ ¢ and DT = Ti—i-f‘é W17 &%, where I is the field space metric connection
and sy (t) = 41 accounts for the relative orientation between the normal direction and 7%,
These two projectors are orthogonal to each other and have unit norm with respect to the

scalar product defined with the metric G;;. In the context of inflationary physics, adiabatic
and entropy perturbations can be characterised in terms of the quantities:

S0 =T"6¢; and  &s= N'6e;, (2.14)

T =

where o is the so-called ‘adiabatic field’, while s is the ‘entropy field’ [25] (see App. A for
details of gauge invariance at linear order for ds). These can be related to the adiabatic
and isocurvature perturbations as (in the spatially flat gauge) [26]:

1 ~
=———0d0 and S=——2ds, 2.15
¢ vV 2e vV 2€ ( )
. 2
where 2¢ = (gzbo /H ) . Notice that the entropy direction ds can be directly related to the

total entropy on super-horizon scales as [25]:
2V; 2VN &
SN sg= 2N G (2.16)
3¢5 3poH

Moreover, as shown in App. A, in a 2-field system with a diagonal field space metric with

Gy = G, for i = 1,2, §s takes the simple expression:

0s = /G1Gy <¢;¢2
0

) so'?, (2.17)



where §¢!2 is a gauge invariant quantity called ‘generalised entropy’ in [25] and defined as:
St 9¢?

[
Finding and solving the evolution equation for §s not only gives an intuitive picture of the
entropy perturbations but is also a more robust manner of numerically computing entropy

Spl? = (2.18)

perturbations than subtracting from the total pressure perturbation its adiabatic compo-
nent, as in (2.3) [25, 43]. For these reasons it has become the preferred way of describing
entropy perturbations during multifield inflation. However, as already mentioned in Sec.
1, s becomes ill-defined in cases where the effective mass of isocurvature perturbations
would become tachyonic since it would signal a destabilisation effect which is unphysical
given that the background evolution remains stable [20, 21]. As we will see in Sec. 3, in
this case the proper entropy variable to be used is S’U

= = (0P — ?6p)

dt \ a3
05 — 5
Vae P

minimal scalars ./

Figure 1. Summary of various entropy perturbation variables found in the literature and relations
between them. The relations contained within the dashed rectangle hold only for ‘minimal scalars’,
i.e. scalar fields with sum-separable potentials and canonical kinetic terms.

Minimal scalars

For minimally coupled scalars with canonical kinetic terms and sum-separable poten-
tials, which we will call ‘minimal scalars’, one can show that the relative entropy pertur-
bation takes the form: o
1 Vyo¢'¢?

S Sia, 2.19
302 3Hoo + 2V (2.19)

rel



where V3 = T%V; and Vy = N'V; are respectively the projections of the scalar potential
along the directions tangent and orthogonal to the background trajectory defined in (2.13).
Using the notation of [44], the relative entropy variable S can, in turn, be expressed as:

12
Sp = EL <5¢’ ) : (2.20)

where §¢'? is the generalised entropy introduced in (2.18). In the simple case of a potential
of the form V = Im}(¢')? + 3m3(¢?)?, in the slow-roll approximation (2.20) reduces to
S12 ~ —3HJ¢'2, which using (2.17) with G; = G5 = 1 gives:

Pl
302

S~ — Sia, (2.21)
showing that in this particular case S becomes proportional to Si. Let us stress that in

the general case S is proportional only to the total entropy perturbation, as in (2.16), and
not to the relative entropy perturbation.

The relations between the different definitions of entropy perturbations discussed above
are summarised pictorially in Fig. 1. We stress in particular which of them can be used
only in case of flat field space without kinetic coupling.

2.2 Entropy perturbations after inflation

After inflation and the subsequent reheating phase, the Universe is expected to enter a
radiation dominated epoch where photons, baryons, cold dark matter and neutrinos make
up the primordial plasma. Neglecting velocity isocurvature perturbations, the presence
of entropy perturbations at this stage leads to a difference in the number density pertur-
bations, dn;/n;, between the various species. Taking photons 7 as a reference, we can
thus have different non-vanishing relative entropies S, where n can be cold dark matter,
baryons or neutrinos. These are the quantities that are constrained by CMB data.

In fact, the study of cosmological perturbations generated during inflation boils down
to the study of CMB anisotropies that can be characterised by their power spectra:

(2m)*0(k + q) Prs(k) = (I(k)J(q)), (2.22)

where I and J can denote the curvature ( = ), (; or any post-inflationary isocurvature
perturbation S,,. Observational constraints can then be formulated in terms of the ‘pri-

mordial isocurvature fraction’:2

P, (k)
- Pe(k)+ Ps, (k)’

Biso(k) (2.24)

2We are not interested in this paper on the other parameter that is constrained by Planck observations,
namely the ‘correlation fraction’:

Pr;y

S By Py 172

€ (-1,1), (2.23)

which is taken to be scale-independent in Planck analyses [6].
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where Ps, (k) = Ps,,s,, (k) and P:(k) = Pc(k). In general this quantity is not scale
invariant, so that Planck constraints are placed at three different reference scales, with the
observational upper bound on fis, going from about 1% to 10% depending on the species
involves [6]. Given our illustrative purposes though, we adopt the assumption of [45] and
take the spectral index for all the spectra to be zero, so that the primordial isocurvature
fraction turns out to be scale-independent. Let us also stress that the constraint on [is
comes indirectly: once we have the primordial power spectra Pr; at the start of the radi-
ation dominated era (that implies that we have consistently transferred all perturbations
from the inflationary to the post-inflationary era) we need to evolve them using Einstein
and Boltzmann equations till the release of the CMB, and then translate them into ob-
servable quantities. Only then we are able to place constraints on Sis, by means of CMB
constraints.

After this discussion of observational constraints, it is clear that we should use the rela-
tive entropy variable S;; defined in (2.11) to transfer the entropy mode from the inflationary
scalar field system to the primordial plasma that gets formed after reheating and consists
of fluids only. In fact, S;; has already been used in several previous works [16, 17, 46].
In general, in order to make contact between the inflationary and the reheating phase,
one needs to have a complete model where the couplings of the inflationary scalars to the
various species are known, so that S;; can be evolved up to radiation domination.

Notice instead that we would obtain a result which could be wrong by several orders
of magnitude if we used the total entropy S given by (2.5) [23, 24] since S contains both
intrinsic and relative contributions. Similar considerations would apply to the entropy
perturbation S orthogonal to the background trajectory given in (2.15) since (2.16) shows
that S is proportional to S. Moreover, as we will discuss in more detail in Sec. 3, in some
specific models [19-21] the use of (2.15) can lead to an unphysical instability of the entropy
perturbations due to the spurious divergence of the normal projector N*. In these cases,
however, also the relative entropy S;; itself becomes an inappropriate variable since the
curvature ¢ turns out to be ill-defined. One has therefore to use the ‘improved’ relative
entropy variable S’ij given in (2.12) which remains finite during inflation and can be safely
matched to the post-inflationary epoch, leading to S’nv for different species denoted by
n. In order to compare with observational constraints on fBis,, one has then to infer Sy,
from S’m using again (2.12). Notice that there is no apparent divergence in the radiation
dominated era since S, is a well-defined quantity.

3 Spurious instability from light kinetically coupled fields

In this section we shall discuss in depth cases where S;; and S become ill-defined.
In the case of kinetically coupled light scalars, the authors of [20, 21] found that the
isocurvature perturbation S grows rapidly on super-horizon scales despite the fact that the
background trajectory is essentially single field and stable. We will now show that this
apparent paradox is caused by the use of wrong entropy variables.

11



3.1 Evolution of isocurvature perturbations

Before analysing a particular toy-model, let us briefly review how to describe the evo-
lution of isocurvature perturbations in generic multifield models with a curved field space.
We will first consider the ‘field space basis’ where scalar perturbations are parametrised
as 6¢', and then the ‘kinematic basis’ where the perturbations are decomposed in modes
tangent and orthogonal to the background trajectory.

Field space basis
The gauge invariant scalar perturbations defined as Q' = §¢' + Ug' /H follow [47]:
D}Q'+3HDQ' —a *V?Q' + C';Q =0, (3.1)
where C]i- is given by:
Ci=V,;V— §® Ry, TFT" + 2¢ ¢y ' H (T'V; + T;V') + 26(3 — €) H*T'T; . (3.2)

In order to analyse the stability of these perturbations it is useful to expand the covariant
derivatives, thereby recasting the Mukhanov-Sasaki (MS) equation into the following form:

O 4+ O (2F;‘.k¢’f n 3H5;1) —a2VPQ 4 (M), Q0 =0, (3.3)
where the mass-squared matrix looks like:
(M?), = Ch+ (Tiy p + ThT7) 650" + T, (d&’“ + 3H<;'s’f) . (3.4)
Making use of the background equations of motion and recalling that:
Rljpe = P;’E,k - ;ké + FZmF?} —Thm [ (3.5)
the mass-squared matrix can be simplified to:

(M?)'; = V" + T4y ;0"6" + 2e o5 ' H (T°V; + T;V') + 26(3 — ) H*T'T; . (3.6)
Should there be an instability, at least one of the eigenvalues of M? would be large and
negative in order to overcome the friction term in (3.3) and to drive the growth of the
perturbations on super-horizon scales.

Kinematic basis

As already mentioned in Sec. 2.1 regarding the entropy field s, in multifield setups it is

often useful to work in the kinematic basis rather than in the field space one. One projects

the field space perturbations @’ onto the kinematic basis by using the vielbeins el-I :

Q' =eliQ’, (3.7)
allowing to write (3.3) in this new basis as [26]:

D2Q! + 3HD,QT — a2 V2Q! +C1;Q7 =0, (3.8)

12



where C1; = e{ e?}C} and the new covariant derivative is defined as D,Q! = Q! + YJI Q7
with YJI = el;Die’ ;. In order to analyse the stability of this set of coupled oscillators it is
useful, as before, to expand the covariant derivatives and to write the MS equation as:

QT + (3H, +2v1 )Q7 — a2 V2Q! + (1))@ =0, (3.9)
where we defined the mass-squared matrix of the perturbations in the kinematic basis as:
(12)  =CT + Y +3HY T+ YIRYE,. (3.10)

In a simple 2-field case one may choose:
el =ep=T" and ey =ely = N', (3.11)

where 7% and N°* are the tangent and normal vectors to the background trajectory intro-
duced in (2.13). The background dynamics implies:

D,T"=—Hn N* and  D,N'=Hn T, (3.12)
where n, = V;N'/(H ngO) is the turning rate of the trajectory. These relations yield:
YIp=Y¥y=0 and YTn=-YVp=Hp, . (3.13)

One can then show that:

(Mz)TT = Vrr + 46¢EIHVT +2¢(3 — €)H? — (Hny)?, (3.14)
N .

(%) y = Van + G5 R— (Hno)?, (3.15)
T -

(1?)" y = Ve + 2edg "HVy + H?n (3 — e — €1) (3.16)

where R is the Ricci scalar of the field space and £, = —n, /(Hny).

3.2 A 2-field model with an apparent instability

In order to illustrate our claims in the simplest possible terms, in what follows we shall
focus on a 2-field system, (¢!, ¢?), where the metric and the scalar potential look like:

(10 an _ 1,2
Gij <0f2(¢1)> d V=Vig,o%). (3.17)

It can be shown that the field space described by (2.1) with (3.17) exhibits a non-vanishing
scalar curvature that takes the form:

__oJu
R=-277, (3.18)

where f; = 0y f. The equations of motion become:

O¢' + g T, 8,47 0,¢% + GIV; =0, (3.19)
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where (¢! = ﬁﬁﬂ (\/| 9| g“”@,,qﬁi) and F;k are Christoffel symbols which describe the
g
metric connection of the field space.

These models may give rise to non-geodesic motion in field space with a curved trajec-
tory. Considering homogeneous fields ¢* = ¢‘(¢) in an expanding Universe with /|g| = a3,
the equations of motion can be written as:

711 = a3 (ffl(q§2)2 . Vl) . de=—adVa, (3.20)
where 7; are the conjugate momenta (m; = 0L/ 8(1)1) given by:
o =ag!, o =a’f24?. (3.21)

The background dynamics of the system is determined by (3.20), (3.21) and the Friedmann
equation:

1 Lo
3H? = §G,-j¢w +V. (3.22)

In order to understand the effects of the kinetic coupling on the inflationary dynamics
we need to analyse both the background trajectory and cosmological perturbations. To
provide some quantitative results, let us assume for concreteness that the potential for the
inflaton ¢! is of the Starobinsky form [1] and the spectator field ¢? is equipped with a
quadratic potential:

2 2
_ /2
V(gh¢?) = A! (1 Ve ) + 5 (67, (3.23)
where we will assume my < m; = % ]/\\4—1 < H (reinstating appropriate factors of the

reduced Planck mass) with A* ~ 1.8 x 10710 M;,l in order to match observational bounds
on adiabatic perturbations. Moreover we shall consider an exponential kinetic coupling
(which is very natural in supergravity and string models) of the form:

f(0h) = e, (3.24)

so that the field space has a constant scalar curvature R = —2\2. The super-horizon
behaviour of the isocurvature modes depends on the geometry of the field space. In par-
ticular, considering the case of a massless spectator field, i.e. mg = 0, the mass associated
to the isocurvature perturbations ds given by (3.15) becomes [21]:

(1), = —AVi — 2)2eH?, (3.25)

where the first term comes from the field space metric connection (and it is of order /e),
while the second from the field space curvature (and it is of order €). Notice that in this
case 1 = 0. Therefore, if the field space shows an ~ (1) scalar curvature (as typical of
supergravity and string models), the sign of (42)Y during inflation is determined by the
relative sign between A and the first derivative of the inflationary potential. Given that
in Starobinsky inflation Vi > 0, (,uQ)NN < 0 for A > 0.3 It is important to stress that a

3Notice that the form of the inflationary potential is crucial to induce a tachyonic entropy perturbation

— kot

ds since a quintessence-like potential of the form V = Ve would not induce any negative eigenvalue

of the mass-squared matrix [21, 48, 49].

14



A=0 ‘ A=4/5 A=2/\3

Pz

Pz

0 10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60
N N N

Figure 2. Adiabatic and isocurvature power spectra (in terms of S) for the system described by
(3.23) and (3.24) with my = 0. Left: for A = 0 the isocurvature perturbations decay on super-
horizon scales. Centre: for A = 4/5 the mass of the isocurvature perturbations is tachyonic but the
isocurvature power spectrum still decays because of Hubble friction. Right: for A = 2/1/3 we have
tachyonic isocurvature modes that produce an exponential growth of S.

negative (,uQ)]NV is not sufficient to trigger the growth of the isocurvature perturbations by

itself, since (3.3) and (3.9) also feature a Hubble friction term.* We show some examples
related to different values of A in Fig. 2. These results suggest that, despite the fact that for
every value of A the system trajectory becomes effectively single field (as signalled by the
fact that n; = 0), there might be a growth of isocurvature perturbations triggered by slow-
roll suppressed contributions. This somewhat paradoxical state of affairs requires further
investigation. Given our interest in understanding the origin of the apparent isocurvature
growth, from now on we will focus on the case with A = 2//3.

In Sec. 3.3 we reveal the nature of this spurious instability first by uncovering the
origin of the growth of the isocurvature perturbations in the kinematic basis and then by
showing that the relative entropy perturbation between the two scalars is well-behaved and
vanishingly small during inflation.

3.3 Origin of the spurious instability

In this section we will analyse the eigenvalues of the mass-squared matrices of the
perturbations in the field space and in the kinematic basis, showing that the apparent
instability of the isocurvature perturbation S is a feature exclusively of the kinematic basis
triggered by (;ﬁ)% < 0. In fact, this instability disappears in the field space basis where the
mass-squared matrix has no negative eigenvalue, showing that S is not a physical quantity.
We will see that a well-behaved, i.e. both gauge invariant and finite, quantity is the relative
entropy perturbation Sq = Sy defined in (2.12).

4From a mathematical point of view, this situation is exactly what usually happens in single-field in-
flation, where a negative slow-roll sized squared-mass for the curvature perturbations does not lead to a
growth of these modes on super-horizon scales. In fact, a negative slow-roll suppressed squared-mass in the
Klein-Gordon equation can lead to an instability that is however only appreciable on time scales greater
than 3H/m?.
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e Field space basis

Restricting our attention to the model described by (3.23) and (3.24) and assuming
for simplicity mo = 0, one can show that, on-shell, the only non-vanishing entry of
the mass-squared matrix (3.6) is:

(M), = Vi1 + 4edy ' HV; + 2¢(3 — ) H?. (3.26)

As shown in App. B, (3.26) can be written in terms of the Hubble slow-roll parameters
e=—-H/H?> n=¢/(eH) and k = 11/(nH) as:

M2)!
(M%) 3n e _m’kn (3.27)

which matches exactly the mass of the @Q-perturbation obtained in the single field
formalism, so excluding the presence of any tachyonic instability in this basis.
¢ Kinematic basis

In the model under study, the relations (3.14)-(3.16) reduce asymptotically (i.e. when
the system relaxes to the background attractor solution) to:

(12)", = Vit +dedy ' H Vi + 2¢(3 — ) H?, (3.28)

(MQ)NN = J;l Vi+ eH?R = —\V; — 2)\%eH?, (3.29)
T

(1*)" y = 0. (3.30)

Notice that (,uQ)TT
same way in both bases and in a manner compatible with a single field analysis of the

= (M?)}, an indication that adiabatic perturbations behave the

model. However, as shown in Sec. 3.2, we can have a tachyonic orthogonal direction
if the metric connection or the field space curvature R give rise to sufficiently negative
contributions, signaling the presence of a potential instability.

Given that the difference between the kinematic and the field space basis is the mere
multiplication by the vielbein, as in (3.7), it is natural to conclude that the origin of the
apparent geometrical instability is the time evolution of the vielbein, a fact we will now
investigate in detail.

A growing projector

In order to pin down the origin of the apparent geometrical instability in the kinematic
basis, we consider the time evolution of the vector orthogonal to the background trajectory:

DiN' = Hn, T". (3.31)

In the cases under consideration the background trajectory is straight, implying that n, =
0, leading to:
N' = -T%¢ NF. (3.32)
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Furthermore in the attractor solution ¢2? = 0, implying:
N'=0 and N?=-T%¢'N2 (3.33)

The equation for N2 can be integrated to find N? = 1/f or equivalently Ny = f = e_)‘¢1,
showing that Ny grows during inflation as the inflaton ¢! rolls down towards the origin of
the potential from positive values. Notice that the normalisation of the orthogonal vector,
N'N; = 1, is preserved at all times.> On the other hand, N' = N; = 0, as can be easily
seen from (2.13) for ¢? = 0. Therefore, if we expand the definition (2.14) of the orthogonal
perturbation ds, we find that it involves only the N, component:

§s = N16o' + Nodpp? = Nodop? . (3.34)

As shown above, the perturbation 6¢? = Q2 (in the spatially flat gauge) has a vanishing
mass, and so it becomes constant on super-horizon scales. This can be easily seen from
(3.3) with ¢ = 2 and mgy ~ 0 which, focusing on super-horizon scales and working at first
order in the slow-roll approximation, becomes Q% + 3H(1— 2)\\/@6'22 ~Q?+3HQ?*=0
for ¢ < 1, whose solution is clearly a combination of a constant and a decaying mode.
Notice that §¢! = Q! is also constant on super-horizon scales since (3.3) with i = 1 would
become Q' + 3HQ! — %nHQQl ~ Q'+ 3HQ! = 0 for 17 < 1. On the other hand, as we
have just seen, Ny grows during inflation, signalling a potentially dangerous growth of ds.
This is the very origin of the apparent geometric instability observed in [20, 21].

However, as mentioned in Sec. 2.2, observational bounds on isocurvature perturbations
are given in terms of the post-inflationary relative entropy perturbation S, which, after
a proper understanding of the reheating epoch, should arise from the inflationary non-
adiabatic perturbation Sis defined in (2.11). Thus the observed growth in ds does not
rule these models out since the quantity to be considered to match observations is Sis.
However, in this particular case also Sio is ill-defined as the action of the spectator field
#? is (in the massless limit):

L

Vgl

which gives py = 3 2(¢")(4?)? that rapidly goes to zero during inflation. We therefore
conclude that Sis is singular. Notice that the same problem would arise for canonically

S 5 0 (067, (335)

normalised massless scalars (which however do not suffer from a growing Js).

3.4 Vanishing relative entropy perturbation

We now further clarify the spurious nature of the apparent geometric instability which
characterises this class of models by showing that the relative entropy St = Sia given by
(2.10) remains finite and vanishingly small during inflation. We argue that S, provides a
consistent definition of isocurvature perturbations that are independent of the (unstable)
vielbeins, in order to compute the scalar 2-point functions and to confront the model
predictions with observational constraints.

5This time evolution could also have been deduced from the normalisation of the orthogonal vector N*.
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Let us start the computation of S,q by noticing that the energy-momentum tensor
during inflation can be decomposed as:

T = TR LTI (3.36)

where the subscripts (1) and (2) refer to ¢' and ¢? respectively. Due to the kinetic coupling,
the individual T(‘;;' are not conserved since there is energy transfer between the fluids [41]:

VIR =T"  and VTl =-T", (3.37)

where T is the energy transfer function. Despite the fact that there is some freedom in
the definition of the two fluids, it is natural to write the energy and pressure of the two
fields as (see also App. A.2):

o= 5@+ V(oY) g = IR VR, (339
P= (@) V(). Py= SHOPEP V), (339)

where we decomposed the sum-separable potential in (3.23) as V(¢',¢?) = VD(g!) +
V®)(¢?). The energy transfer function takes the form:

TH (,01 + 3Hép1 + P1)> _ (ffl é%(¢2)2> _ (3.40)

The sound speeds of the two fluids defined in (3.38) and (3.39) are:

2V, 2V
A=lt———  G=lt— (3.41)
B3H¢ — [ f1(67) P*BH[f? + fhi9')
while the overall sound speed is given by:
2 Vi’
c§:1+—w.), (3.42)
3H ¢;¢7

In order to compute the relative entropy perturbation Sy, we need to use perturbation
theory at linear order. Given that S, is gauge invariant, we can compute it in any gauge.
For simplicity we shall use the spatially flat gauge where the perturbed Einstein equations
take the form presented in App. A. Energy and pressure perturbations read:

op1 = —@(¢")? + §'66" + Vidg', (3.43)
6P, = —®(¢")?2 + 916" — Vidg*, (3.44)
pp = 0Py = =B f*(¢?)° + f29*6¢% + (6°)2f [106" + Vaidg®, (3.45)

where Einstein equations imply that the lapse function (defined in App. A) is given by:

1

b —
2H

(q'sl&pl ¥ f2¢'525¢>2) . (3.46)
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In order to get some analytic results, let us focus again on the massless case with mg =0
(we will however show below also numerical results for the my # 0 case). In the 2-field
case, it is easy to see that the relative entropy perturbation (2.10) can also be written as:

H
Srel = B [(c? — ci) dp1 + (c% - cz) Sp2] - (3.47)

Before computing this expression, it is important to realise that the equation of motion for
¢? can be integrated exactly leading to:

(£6%) (V) = (£67) (0) e~ o G-dn"r00?, (3.48)

where we used the number of e-foldings N = f Hdt as time variable, q\ﬁz = d¢?/dN and
A¢t = ¢'(N)—¢1(0). Given that in Starobinsky inflation A¢! ~ \/gln (1 - %6_\/%51(0) ,
it is easy to see that during inflation the velocity of the canonical spectator field becomes
rapidly negligible since:

(f0%) = (f6*)(0) eV — 0. (3.49)
Using this crucial result, we can now evaluate the different contributions to Sye, The terms
involving the speeds of sound look like:

\ 1+ B! \
== (=)o) | 757 — | ~O((f6")°) =0, (3.50)
L(£92)7 — (1)
G- =01-¢), (3.51)
while the energy density perturbations can be expressed as:
Vi H1)3 AN 1 o s
b1 = H? <Hg - @) 56 + ¢16¢1] - SIPI() (3)206 (3.52)
0(13)-0
N 1 2 N N 1 N <
son = 1) [0 (B2 = ) 0t + 102 - Li(rd*Pae| ~ 07 0.
Finally the ratio H/P is finite and well-behaved since:
H 1

P 6eH?2 + 2Vpy/2¢ (3:53)

Thus these relations, when inserted in (3.47), imply that after a few e-foldings of inflation
the relative entropy perturbation becomes immediately negligible since Sy ~ O(f¢?) — 0.

We confirmed this analytic result by performing a numerical analysis of the evolution
of all entropy variables S, Sint, Srel, S12 and S for 3 different values of the parameter
a = mg/my = {1073,107°,0} which fixes the mass hierarchy between ¢? and ¢'.% The

5Notice that for ma < m1 the stochastic growth of the quantum fluctuations of the light spectator field
could induce a second stage of inflation or could be an additional source of isocurvature perturbations [50].
The displacement of ¢2 due to quantum diffusion can be easily estimated to be of order a ' Hy/1 — e—a*N
which in our case turns out however to be negligible since the Hubble scale during inflation H is very
suppressed with respect to M,: H ~ 1075 M,. In fact, a quantum kick of order M, can be achieved only
for & < 107° and a huge number of efoldings N > 10'°.
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Figure 3. Time evolution of all entropy perturbation variables for modes exiting the horizon 60
e-foldings before the end of inflation in the system described by (3.23) and (3 24) for different values
of a = mso/my. The initial conditions are ¢! = 5.7, ¢2 = 0.5, qﬁl =0 and ¢2 = 0.1. Left: adiabatic
and isocurvature power spectra using the entropy variable S which decays only for a = 1073.
Centre: spurious growth of isocurvature perturbations using the relative entropy perturbation Si,.
Right: isocurvature power spectrum in terms of the total (.5), the intrinsic (Sin) and the relative
(Sre1) entropy perturbation which is decreasing and subdominant on super-horizon scales.

outcome is presented in Fig. 3 for modes exiting the horizon N = 60 e-foldings before the
end of inflation. Notice that the isocurvature power spectrum computed using S grows
not just for o = 0 but also for o = 107°, while it decays for o = 1073 even it features a
slight climb back up between 50 and 60 e-foldings. This implies that the perturbation §s
orthogonal to the background trajectory is a bad variable not just in the mo = 0 case but
also more in general for spectator fields lighter than the inflaton. This is true, above all,
also for the relative entropy perturbation Si2 which clearly diverges for all values of a since
the energy density ps becomes in practice constant during inflation. On the other hand, the
‘improved’ relative entropy perturbation Sjo = Sy gives rise to a decaying non-adiabatic
power spectrum.

We therefore conclude that the apparent geometrical instability of models with light
kinetically coupled spectator fields is unphysical and this class of models, upon exit from
inflation, gives rise to a radiation phase where perturbations of the gravitational potential
are set by the inflationary curvature perturbations and where there are no isocurvature
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perturbations, just like in single field inflationary models.

Let us close this section by outlining the post-inflationary evolution of this class of
models following [51] which analysed reheating for a string inflationary scenario charac-
terised by a potential similar to (3.23) and a kinetic coupling of the form (3.24). Both
¢! and ¢? are gravitationally coupled to Standard Model gauge bosons with Planck-
suppressed interactions of the form A(Z—;F“”FW which induce a decay width scaling as
Lyiom ~ m?/Mg, i = 1,2. Moreover, due to the kinetic coupling (3.24), ¢! can decay
into ¢2 with F¢1_>¢2¢2 ~ (mg/m1)4 ]._‘(z)l_)SM if mg # 0 or F¢1_,¢2¢2 ~ F¢1—>SM if ¢o is
massless. Clearly, when m; > mg # 0, as for « = 107° and a = 1073, the branching
ratio associated to the decay of ¢! into ¢? is chirality suppressed. Hence, after the end
of inflation a thermal bath gets formed from the decay of ¢! into Standard Model gauge
boson with reheating temperature Tpn1 ~ /Ty smMp ~ 100 GeV. When H becomes
of order maq, ¢? starts oscillating around its minimum and behaves as matter. It therefore
quickly comes to dominate the energy density of the Universe and gives rise to a second
reheating epoch at lower energies characterised by a temperature Ty, 2 ~ \/m
which is of order Ty 2 ~ 10° GeV for a = 1073 and Ty 2 ~ 100 GeV for o = 107°. Both of
these reheating temperatures are well above the BBN temperature Tgpn ~ 5 MeV, showing
how this class of models can yield a viable post-inflationary history. On the other hand,
when ms = a = 0, ¢? behaves as an additional component of dark radiation which would
increase the number of effective neutrino-like species Neg. Due to the tight constraints on
Negr, and the fact that in this case T'yi_, 4242 ~ T'y1_,9m, one should carefully derive the
exact numerical coefficients of the couplings of ¢' to ¢? and to Standard Model fields to
make sure that no dark radiation overproduction is induced by the inflaton decay. For a
detailed analysis of this delicate issue see [51] which derived the model-building conditions
to satisfy this observational requirement.

4 Conclusions

Effective field theories characterised by multiple scalar fields and a Riemannian field
manifold are a ubiquitous feature of gravitational theories with non-minimal couplings, su-
pergravity models and string theory compactifications. One of their primary applications
is early Universe cosmology where the dynamics of the scalar field system drives cosmic
inflation. In a multifield framework the study of cosmological perturbations deserves how-
ever careful attention. In particular, non-adiabatic fluctuations can potentially rule these
models out by giving rise to isocurvature perturbations whose amplitude exceeds observa-
tional constraints. Various entropy variables have been proposed so far in the literature,
with different pros and cons.

In this paper we clarified which of these entropy perturbation variables should be used
to match observations, in particular for the subtle case of non-linear sigma models. We first
reviewed all the ways to describe non-adiabatic modes: (i) the total entropy perturbation
S which can be decomposed in an intrinsic contribution Si, and a relative one Syq; (i7) the
relative entropy perturbation between two fluids \S;; defined as the difference between the
corresponding curvature perturbations, S;; = (; — (j; (#4i) the fluctuation ds of the entropy
field corresponding to fluctuations orthogonal to the background inflationary trajectory in
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field space. This last variable, despite being very useful to perform an efficient numerical
integration of the field equations during inflation, is not the right one to match data which
are instead expressed in terms of S;;. Similar considerations apply to the total entropy
perturbation S since it is proportional to Js.

We therefore argued that the right variable to be studied is \S;; which should be evolved
from the inflationary epoch to the post-inflationary era until CMB decoupling where ob-
servations are performed. This process clearly requires a detailed understanding of the
reheating epoch and how the fluctuations of the microscopic degrees of freedom get trans-
ferred to density and pressure perturbations of the different fluids (photons, baryons, cold
dark matter and neutrinos) which characterise the post-inflationary history of our Universe.

We noticed that the use of S or ds instead of S;; in general can yield results which are
wrong even by several orders of magnitude. Moreover, in the case of kinetically coupled
light spectator fields which can arise naturally in string inflation, the mass of s fluctuations
can become tachyonic, signalling the emergence of a potentially dangerous destabilisation
effect due to the growth of these isocurvature modes. In this situation, the relative entropy
perturbation S;; becomes also pathological since it blows up due to the fact that during
inflation the energy density of the spectator fields very quickly goes to zero.

In a simple 2-field model with a Starobinsky-like inflationary potential and a light
spectator field, we showed that the growth of these non-adiabatic modes is unphysical and
the associated destabilisation effect is spurious since it is caused just by the use of entropy
variables which in this case become ill-defined. In fact, s increases after horizon-exit
just because the vector normal to the background trajectory diverges, while no anomalous
growth of isocurvature fluctuations is seen when considering scalar fluctuations in the
original field basis. We therefore defined a so-called improved entropy perturbation S'ij
associated to the relative entropy perturbation S, which remains always well-behaved
and decays during inflation, showing that the dynamics of this class of models becomes
effectively single field, with no production of isocurvature fluctuations. In order to perform
a detailed matching with observations, one should therefore study the evolution of Sij
during inflation and the subsequent reheating epoch, translating at the end its value into
the standard relative entropy perturbation .S, between photons and a generic n species
since this quantity is now finite and it is the one used to express the isocurvature fraction
Biso constrained by data.

Let us finally stress that all entropy variables described in this paper are gauge invari-
ant, even in the generic case of a curved field space. Hence in principle they are all good
candidates to describe physical quantities. However well-defined physical quantities should
be not just gauge invariant but also finite. The failure to satisfy this last requirement is
the reason why ds and \S;; are not the proper entropy variables to be used to confront ob-
servations, as emerges clearly in the case of light kinetically coupled spectator fields which
is characterised by unphysical instabilities. As already pointed out, the spurious nature
of this apparent destabilisation effect manifests itself in the basis-dependence of the time
evolution of isocurvature perturbations which diverge in the kinematic basis whereas decay
in the field space one. In fact, we have overcome this problem for cases where p; — 0 by
defining an improved relative entropy variable S'ij which remains finite in the field space
basis. More general situations with more complicated spurious singularities might in prin-

22



ciple require the use of an even different relative entropy variable. A more sophisticated
analysis of the proper physical variable that should be used to describe entropy pertur-
bations in multifield models should therefore be basis-independent, i.e. invariant under
field reparametrisations. In this way, one would have the definition of a physical entropy
variable which is covariant under field reparametrisation, i.e. which is the same, and finite,
in any field basis. This investigation is however beyond the scope of our paper, and so we
leave it for future work.
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A Perturbation theory and gauge invariance in curved field space

A.1 General framework in spatially flat gauge

Let us start by considering the most generic perturbed line element:
ds? = —(1 + 2®)dt* + 2aB;dtdz’ + a® [(1 — 2W)6;; + Eyj] da'da? . (A1)
Combining metric perturbations with scalar field perturbations:
ot = ¢t + 507, (A.2)
we can compute the perturbed Einstein equations as:
0G), =0T, . (A.3)

Considering a curved field space, we list the resulting equations below. The (0,0) compo-
nent of (A.3) gives:

<6H8t — 2?@“) U 2%%3 n (6H2 —hadt) ® — %a,m-E,m-
PV + 3G ap0s” + L3P Cap 0 = 0. (A.4)
From the (7,0) component we get:
20;0 + 2HO;® + %ajE‘ij — G 4pdi6p® = 0. (A.5)
The spatial (i,j) components with i # j give rise to:

aiaj\I/ — 82-6j¢)+a2 <82tt + ;H@t — ;f;) Eij —i—% (&kE]k + 8]]{,‘E’Ll€) —a ((% + 2H> 82']'3 =0,
(A.6)
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while if ¢ = j we find:

Dsi 2 Ois i L
<68tt — 2@—3 + 18H8t> U+ - (0y + 2H) O B + <20L2 +6HO, + 6H? + 12% + 3¢A¢A> )

1 0kiEi
2 a?

+3 (VA5¢A - 5¢A¢BGAB - QBAGZBBGAB,CMC) =0. (A7)

In what follows we use the spatially flat gauge, £ = ¥ = 0, that is a very convenient
setup for computing inflationary perturbations. After two spatial integrations and fixing
arbitrary integration functions of time to zero, the component (7, j) with i # j reduces to:

®+2aB+aB =0. (A.8)
After one spatial integration, the (0,7) component becomes:
1.
H® = §¢A5¢A. (A.9)

Finally the (0,0) component is given by:
a\? H . . 1.,-
60 <a> +2— Bii = ®9a9" — $400" — 56"9P00Gapdd” — Vade?, (A.10)

and, making use of the previous equations, becomes:

a &% ;1 iBiC A5 oA
0iB=— || ==¢a—3Hdps — = — 0™ — dad . A1l
0,0,B = 51 [<2H¢A 3Hpa — 5GBcad”¢" = Va | 66" = 9400 (A.11)
Working in the spatially flat gauge, the gauge invariant MS variables coincide with field
perturbations:

(;.SA
H
and the Klein-Gordon equation for perturbations is given by:

QA =09 + =0 = 5| (A.12)

DDQP = a20:0,Q" + BHDQP + [REpd© 9P + GPHVipa

Ly B 'B) | B 4 A
= _ = Al
= (6aVP + Vad?) +dad® (3-S5 ) | Q1 =0, (A.13)
where DtQA = QA + FéCQBéC, Viba=Via— FEAVB are covariant derivatives and RgAD
is the Riemann tensor of the field space. This is the well-known gauge invariant equation
for field perturbations [47].

A.2 Gauge invariance of entropy variables

In this appendix we prove the gauge invariance, at first order in cosmological perturba-
tion theory, of all different entropy variables mentioned in the main text. We shall consider
an N-dimensional non-linear sigma model described by the Lagrangian (2.1) in the simple
case where the metric is diagonal, i.e. G;;(¢*) = G;(¢*)é;;, with a generic potential which
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we arbitrarily decompose as V(¢F) = 3, V) (¢F). Similarly to the spacetime metric, we
split the fields in background and fluctuation components as ¢'(z#) = ¢'(z%) + 6¢°(xH).

The background evolution in a FLRW spacetime is given by:
> o] -2
G(z)qbl + BHG(Z)Q# + G(i)’jgé’giﬂ - QGj’iqb] + V; - O, (A14)

where we adopt the convention that contracted (upper and lower) indices are summed,
unless an index is written inside round brackets, i.e. contraction of ¢ with (¢) implies no
sum. Let us define the background density and pressure components of the system as:

1 -2 i 1 -2 i
pi=5Gme + v and  P= SGwd - v, (A.15)

which sum up to the total quantities p = Y, p; and P = ). P;. Using the equations of
motion (A.14) one finds:

pi = 5G9 +Gydidi + V0

-2 1 S | ©2 e D) (i
= “3HG¢" — JCa, 0 + 3G 0d ¢ + V¢ Vi, (A.16)
which trivially verifies the background relation:
»)
p=> pi=-3HG¢" =—3H(p+P), (A.17)
and: o
b= —2vii. (A.18)

J
The density and pressure fluctuations can instead be written in terms of the scalar and
spacetime metric fluctuations as:

-2 1 -2 S i
Opi = ~®Co" + SGiy 0 007 + Gpyd'odt +VVse/ (A.19)
0P = op;i —2V6¢ . (A.20)
Let us now consider a gauge transformation induced by a change of reference frame
xt — zH 4 €. At linear order in the fluctuations e* and d¢' we obtain:
o b, 8 =6 — i, Do d—, U U4+ HE, (A.21)

where ® and ¥ are the two metric scalar fluctuations introduced in (A.1). The induced
change in the density fluctuations goes as follows:

0pi = =(@ = )G pd + 5G 0" (08" — ¢e) + G(y¢' (56" — ¢1é — ¢ie”) + Vi (6¢7 — i)
= (5pz' — 60,0'1-, (A.22)

where we used again the equations of motion (A.14). Similarly, it can be easily seen that
the pressure fluctuations transform at linear order as:

6P — 6P — P (A.23)

With these relations at hands, it is now straightforward to show the gauge invariance
(at first order) of all different entropy variables introduced in Sec. 2.

25



Total entropy

The total entropy perturbation (2.4) can also be expressed as

S=H (ﬂj - 5,”) : (A.24)
P )
and using (A.22) and (A.23) we find:
S—>H<5.P—60—5.p+€0>25. (A.25)
P p

Intrinsic entropy

The intrinsic entropy perturbation for a given fluid 7 given by (2.7) is also clearly gauge
invariant since it can be rewritten as:

<5H - (sz) — I{E (5R - 60 - % + 60) = Sint,i . (A26)

P,
Sint,i =H= .
P; Pi P\ P Pi

P

Thus also the total intrinsic entropy perturbation Sine = ), Sint,s of a system with several
components turns out to be gauge invariant.

Relative entropy

Given that the relative entropy perturbation S is the difference between two gauge
invariant quantities, S and Sjy¢, it definitely turns out to be gauge invariant. In particular,
each of the N(]\gfl)
since it is defined as S;; = 3(¢; — (5) in terms of N distinct gauge invariant curvature
perturbations (using (A.21) and (A.22)):

relative entropy perturbations S;; introduced in (2.11) is gauge invariant

Q:f\li—H%%—\I'—HGO—H%JrHEO:Cr (A.27)
Pi Pi

Entropy field

The fluctuation of the entropy field §s = N%6¢; is defined in (2.14) in terms of the
vector normal to the background trajectory N = D;T"/||D;T|| which, according to (2.13),
can in turn be derived from the covariant derivative of the tangent vector given by:

i1 12 Gy £
DT = oo (Vidd — Gyoi60) - (A.28)

From these expressions it can be easily checked that GijTiN J =0, as expected from the
orthogonality condition. Focusing for simplicity on the 2-field case we find:

. Q§2 Gt 1 : .
DT = (—gb'l 521) Eg (Vlc;Qqa? - V2G1d>1) (A.29)

and:

(A.30)
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It is now easy to obtain the following expression for §s:

) . (A31)

¢51¢52> (W 0
%o

6s = GijN'0¢) = GIN'6¢* + GoN?3¢* = \/G1Go < . pral
which using (A.21) shows clearly that this entropy variable is gauge invariant:

o . )
05 = \/G1G2 <¢;f2> (ifl — - 552 + €O> =Js. (A.32)

B Single field limit of density perturbations

In single field inflation, the dynamics of the scalar perturbations is determined by the
(Fourier space) MS equation:

"
' + (kQ—ZZ)u:O, (B.1)
where the canonically normalised scalar perturbation is defined as u = a(), primes denote
derivatives with respect to conformal time, and z = v/2ea. In order to make contact with
the multifield results described in the main text, it is useful to rewrite the single field MS
equation using cosmic time and () instead of u:

.. . kZ Z// 9 a

Q+3HQ + E_Q+H —i—a Q=0, (B.2)
prompting the definition:

2" a
méz—ﬁ—i—f—[z—ka, (B.3)

which using the exact relation:

2" 3 € 2 K

Z:(aH)2<2—6+277—277+Z+772>, (B.4)

and the definitions of the Hubble slow-roll parameters, can be recast as:

i I IR (B.5)

In order to relate (M?)!, to the above result it is necessary to translate between the
potential slow-roll parameters:

1(V'°
5 <V> and W= (B.6)

and the Hubble slow-roll parameters. Using the background equations of motion one may
show that:

%

i . (B.7)
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Taking the time derivative of the background Klein-Gordon equation and using the defini-
tions of the potential and Hubble slow-roll parameters one also can show that:

3(2¢ — 1) — 22 + Sen — 2(n + 2k)

= ) B.8
nv T, (B.8)

Notice that these results are exact and involve no slow-roll expansion, depending only on
the definitions of the various slow-roll parameters. Using these results we can show that
(3.26) reduces to (B.5):

H
(M)', = Viy + 455 Vi + 2¢(3 — ) H?
! ®o
= Vi —deH? (3= e+ 1) +2¢(3 - ) (B.9)

2

3n en n° Ky
R Al [t AT A
( 5 T2 T4 T2 )

where we have eliminated derivatives of V in favour of the corresponding slow-roll param-

eters and in the first and second steps we have used (B.7) and (B.8) respectively.
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