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Maximal regularity, analytic semigroups, and
dynamic and general Wentzell boundary conditions
with a diffusion term on the boundary

Gisele Ruiz Goldstein, Jerome Goldstein, Davide Guidetti, Silvia Romanelli

Abstract

We show maximal regularity results concerning parabolic systems with dynamic boundary condi-
tions and a diffusion theorem on the boundary in the framework of L spaces, 1 < p < co. Analyticity
results can be derived for the semigroups generated by suitable classes of uniformly elliptic operators
with general Wentzell boundary conditions having diffusion terms on the boundary.

1 Introduction

The main aim of this paper is the study of parabolic systems with dynamic boundary conditions in the
form

Dyu(t, z) = Au(t,z) + f(t, ), (t,x) € (0,T) x Q,

Diyult, ) = Lyu(t,) +vBu(t,) + h(t, ), t € (0,T)

(0, 7) = uo(z), veq, -
(yu)(0) = vo.

Here A is a linear, strongly elliptic, second order differential operator in the open bounded subset €2
of R, L is a second order strongly elliptic operator in 92, E is a first order differential operator and
is the trace operator in 9. A typical example of (1.1) is

Dyu(t,z) = a(x)Au(t,x) + f(t, 1), (t,xz) € (0,T) x Q,
Diu(t,x') — a(z')Arpu(t,«’') + b(x’)%(t,m’) —c(zu(t,z") = h(t,z'), (t,2') e (0,T)x 0, (1.2)
u(t, ) = up(z), (t,z) €

where we have indicated with App the Laplace-Beltrami operator in 0f2, with % the unit normal

derivative, pointing outside (2, and « and a are positively valued. Strictly connected with (1.1) and (1.2)
are, respectively,

Diu(t, z) = Au(t,z) + f(t, ), (t,z) € (0,T) x Q,
Au(t,x’) - Lfyu(t ) - ’YEu(tv ) = h(ta ')7 te (OaT)
(1.3)
u(0,x) = ug(x), z €,
(yu)(0) = .




and

Dyu(t,x) = a(x)Au(t, z) + f(t,x), (t,z) € (0,T) x Q,
a(2)Au(t, z') — a(x")Appu(t,a’) + b(a') 34 (t,2’) — c(a’)u(t,z’) = h(t, '), (t,2') € (0,T) x O,

u(t, z) = ug(w), (t,x) € Q
(1.4)
in the framework of LP spaces, both in € and in 9Q2. Here 2 is an open, bounded subset of R", with
suitably smooth boundary 92, @ and a are positively valued and App is the Laplace-Beltrami operator
in 092. We shall call boundary conditions in the form of (1.3) general Wentzell boundary conditions.

In our knowledge problems (1.2) and (1.4) seem to have been introduced and discussed (from the
physical point of view) in [18]. These systems contain a diffusion term of the boundary, given by a
strongly elliptic operator in 99 (for example, the Laplace-Beltrami operator). Similar systems without
this term were studied, in different functional settings, in [13], [6], [1], [9], [4], [14], [10], [12].

Systems in the form (1.1)-(1.2) seem to have been considered only recently. The first paper where a
problem in the form (1.2) is really studied seems to be [7]. In it, it was considered the system

Dyu(t,z) = Au(t,z) = V - (a(z)Vu)(t, x), (t,x) €[0,T] x Q,
Au(t,z") + B(x") Dy u(t, z') + y(2') — gAppu(t,z’) =0, (t,2') € [0,T] x 99, (1.5)
u(0, z) = uo(x), x € €,

with A strongly elliptic in divergence form, 3(z’) > 0 in 9Q, D, , conormal derivative, g € [0,00). It is
proved that, if 1 < p < oo, then the closure of a suitable realization of the problem in the space LP (€2 x 99Q)
(1 < p < o0) gives rise to an analytic semigroup (not strongly continuous if p = 00). The continuous
dependence on the coefficients had already been considered in [3]. The case of a non symmetric elliptic
operator has been recently discussed in [8].

In [23] the author considered the case of a domain € with merely Lipschitz boundary, with a strongly
elliptic operator A (independent of t). It was shown that a realisation of A with the general boundary
condition (Au)pq —YArpu + Dy, u+ fu = g in OS2 generates a strongly continuous compact semigroup
in C(Q).

In the paper [22] the authors treated (2.6) in the particular case A(t,z,D,) = Ay, f =0, h =0,
L(t) =1lApp with ! > 0 and B(t,2’, D,) = kD,,, where k may be negative (in contrast with the previously
quoted literature). They showed that, if the initial datum ug is in H'(2) and ugpo € H'(99), then
(2.6) has a unique solution u in C([0,00); H*(€2)) N C*((0,00); H*(2)) N C((0,00); H3(R)), with upq in
C([0,00); H'(9€)) N C*((0, 00); H'(992)) N C((0, 00); H* (L))

In [11] (1.1) and (1.2) are studied in the setting of spaces of Holder continuous functions. Results
of maximal regularity are proved. Here also the operator E may be essentially arbitrary in the class of
linear partial differential operators of order not exceeding one (apart some regularity of the coefficients).

Finally, we discuss some content of [4]. In this paper the authors prove maximal regularity results for
very general classes of mixed parabolic problems. Even systems in the form (1.1) are considered. In this
particular case, they find necessary and sufficient conditions in order that there exists a unique soluzione
(u,p), with p = ~u, with uw € WLP(0,T; LP(Q)) N LP(0, T; W2P(Q)), p € W2~ 2P(0,T; LP(9)) N
LP(0, T; W35 2(09)).

In the present paper we discuss (1.1) from several points of view. We begin (Section 2) by considering
the strongly elliptic problem depending on the complex parameter A

Ag—Lg=nh
in a compact smooth manifold I' (without boundary) and the corresponding parabolic problem
Dyo(t,z') = Lo(t,a’) + h(t,a'),

v(0,2") = vo(a’)



We find necessary and sufficient conditions on h and vy, in order that there exists a unique solution v in
WLP(0,T; LP(T')) N LP(0,T; W2P(T)) (p € (1,00)). These results are essentially well known, but we are
not aware of an exposition of them fitting our needs.

In Section 3 we prove a theorem of maximal regularity for (1.1), giving necessary and sufficient
conditions in order that there exists a unique solution u in WHP(0,T; LP(2)) N LP(0, T; W2P(1Q)), with
yu in WhP(0,T; LP(09)) N LP(0,T; W2P(0Q))(p € (1,00) \ {2}). So we prove a maximal regularity
result in a class of functions which is larger that the one considered in [4]. As in [11], F is essentially
an arbitrary linear partial differential operator of order not exceeding one. The argument of the proof is
quite simple: we begin by studying the case £ = 0 and employ the results of Section 2, together with
classical results for mixed parabolic problems with Dirichlet boundary conditions (see [16]). The general
case can be treated by a perturbation argument.

In Section 4 we show that, for any p in (1, 00), the unbounded operator G, defined as follows:

D(G,) = {(u,yu) : u € W2P(Q),yu € W>P(5Q)},

Gp(u,yu) := (Au, Lyu + yEu).

is the infinitesimal generator of an analytic semigroup in LP(Q2) x LP(0%).
Finally, in Section 5 we establish the following precise relation between problems (1.1) and (1.3). We
introduce the operator M, defined as follows:

D(M,,) = {(u,yu) : u € C*(Q),yAu — Lyu — yEu = 0},

My (u,vu) = (Au, vAu) = (Au, Lyu + vEu).

and show that, if the coefficients and the boundary of € are suitably regular, M, is closable in X, =
LP(2) x LP(9Q) and its closure coincides with G,. The closure of M, is precisely the main operator
studied in [7] and [8], as we explain more in detail in Section 5.

In conclusion of this introduction, we precise some notation. N will indicate the set pf positive
integers; BC(A) is the class of complex valued continuous and bounded functions with domain A; if
A CR", BUC(A) will be the class of complex valued uniformly continuous and bounded functions with
domain A.

Given the Banach spaces X, X1, X, with X; — X < Xj, and a € (0,1), we shall write X €
J*(Xo, X1) to indicate that there exists M positive, such that, for any x in Xj,

lzllx < Mlz|l3,*ll=]%, -

The symbol v will be employed to indicate the trace operator.

2 Elliptic problems depending on a parameter and parabolic
problems in a differentiable manifold.

We introduce the following assumptions:
(A1) T is a compact, smooth differentiable manifold of class C* and dimension m (m € N).

(A2) L is a second order, partial differential operator in I'. More precisely: for every local chart
(U, ®), with U open in T and ® C*— diffeomorphism between U and ®(U), with ®(U) open in R™, for
any v € C*("), if ' € U,

Lv(a) = Y laa(@)Dy(vo @) (2()); (2.6)

lo<2

we suppose, moreover, that, if |a| <2, lye € LS. (U), if |a| = 2, lo,e € C(U) and is real valued, for any

loc

a’ € U there exists v(z') > 0 such that, Vn € R™,

Z Lo,o (2" )™ > v(a")|n|.

|a]=2



We consider the elliptic system depending on the parameter A € C
Ag(2") — Lg(x') = h(2'), o' €T. (2.7)
We prove the following

Theorem 2.1. Suppose that (A1) and (A2) hold. Let p € (1,00). Then:
(1) there exists w in R such that, if X € C, Re(\) > w and h € LP(T), (2.7) has a unique solution g
in W2P(T'); moreover, there exists Co > 0 such that

IMllgllze ey + lgllwzs @y < Collhllze(r)-

(II) As a consequence, the operator L, : W?P(I') — LP(T'), L,u = Lu is the infinitesimal generator
of an analytic semigroup in LP(T).

Proof. We follow the argument in [11], proof of Theorem 2.1.

We take an arbitrary z° € I' and consider a local chart (U, ®) around z°, with U open subset of I and
¢ diffeomorphism between U and ®(U), open subset in R™. We introduce in ®(U) the strongly elliptic
operator Lf,

Liu(y) i= Lo @)(27' (), y € ®(U). (2.8)

By shrinking U (if necessary), we may assume that the coefficients of L* are in BC(®(U)) and are
extensible to elements [z in BUC(R™), in such a way that the operator which we continue to call
Lt = Z‘ al<2 lg (y)Dg is uniformly strongly elliptic in R™. Now we consider the problem

Xo(y) — Lio(y) = k(y), yE€R™, (2.9)

with k € LP(R™). Then, (see [17, Chapter 3.1.2]), there exists w(z?) € R, such that, if A € C and
Re()\) > w(2?), then (2.9) has a unique solution v in W?2P?(R™); moreover, there exists C(z") > 0 such
that

2
Z \)\|1_j/2||v||W1=p(Rm) < () ||k]l Lo @m)-
j=0

Now we fix U; open subset of U, with U; contained in U, 2° € U; and ¢ € C?(T"), with compact support
in U, ¢(x) = 1 for any 2 € U;. Given h € LP(T'), we indicate with k the trivial extension of (¢h) o d~1
to R™. If A is such that (2.9) is uniquely solvable for every k in LP(R™), we set

[S(x°, M)h](z) == d(z)v(®(z)), z€T, (2.10)

with v solving (2.9). We observe that
(a1) S(a%, \)h € WP(T);
(a2)

2
Y RIS @ Mhllwasy < CLE®)[IR] Loy
j=0

(a3) (A= L)S(2°, \)h = h in Uy;

(aq): if (2.7) is satisfied, for h € LP(T), by some g € W?P(T') and g vanishes outside U;, then
9= S(xoa )\)h,

in fact, the trivial extension of g o ®~1 solves (2.9), with k trivial extension of h o ®~1.

Now we fix, for every x € T', neighbourhoods U(x), U;(z) of = as before. As I"is compact, there exist
T1y..-4yIN in I such that I' = U;-Vlel(afj).

Let A € C. We show that, if g € W2P(T'), it solves (2.7) with h = 0 and Re()\) sufficiently large,
then g = 0. In fact, let (¢j)§\[:1 be a C?— partition of unity in T, with supp(¢;) C Ui(x;), for each
je€{l,...,N}. Observe that

(A= L)(¢;9) = |53 Llg,



where we have indicated with [¢;; L] the commutator ¢;L — L(¢;-), which is a differential operator of
order one. As (¢;g)(x) = 0 outside Ui (x;), we deduce from (), if Re(\) is sufficiently large,

b59 = S(xj, \)([¢5; Lg)-
So, from (as),
N N
llgllwre @) < Z 5gllwrwmy < CilA~2 Z (¢35 Llgl oy < Col A2l gllwrn(r)s
j=1 j=1

implying g = 0 if Re()) is sufficiently large.
Next, we show that, if |A| is large enough,then (2.7) is solvable for every h € LP(T"). This time we fix,
for each j € {1,...,N}, ¢; € C*(I), vanishing outside Uy (z;) and such that Zjvzl ¥j(x)* =1 for any z

in I'. We look for ¢ in the form
N
9= w;S(a;, \)(sh),
j=1

for some h € LP(T). Again observing that 1;S(x;, \)(1;h) vanishes outside U, () and that

(A = L)[b; S (5, \) (W;h)] = Y2h + [1hy; L[S (x5, N) (¥ 1)],

we deduce

N
(A= = Zﬁ’ya S(xj, N)(Pih )]

So, we have to choose h in such a way that

h+ Z s L[S (0, A) (450)] = (2.11)
This is uniquely possible if Re(A) is sufficiently large, because
N ~ ~
IIZ 5 L[S (25, A ()] [l ory < Co D 118 (s, N (@5h)]lwrary < CLIAT2 ([ Lo ry-
Jj=1

So, if C1|A|71/2 < 1, we deduce from (2.11)

12| Lery < 2)|Al Loy,

which, together with («s), implies (I).
(IT) follows from (I). Observe also that, as W2P?(T') is dense in LP(T'), the domain of L, is dense in
Lr(T).
O

Corollary 2.2. Suppose that (A1)-(A2) are satisfied. Let 1 < p < oo, € € RY, go € W2P(T'), T € R,
feC<(]0,T); L*(T")). Then the problem

u/(t) - L;Du(t) = f(t)’ te [O,T],

(2.12)
u(0) = go-
has a unique solution u in C*([0,T]; LP(T)) N C([0,T]; W2P(T')) and
t
u(t) = eFrug + / et=9)Le f(s5)ds, (2.13)
0

with (e'Fr);>¢ analytic semigroup generated by L.



9

The following ”maximal regularity” result holds also:

Proposition 2.3. Let p € (1,00). Consider the problem (2.12). Then the following conditions are neces-
sary and sufficient in order that there exists a unique solution u in WP (0,T; LP(T)) N LP(0,T; W2P(T)):
(a) | € LP(0,T; LP(T);
(b) go € W2~2/PP(T)
If (a)-(b) hold, this unique solution is given by (2.13).

Proof. (a) is obviously necessary. The necessity of (b) follows from the fact that
[0(0) 0 € WHP(0,T3 LP(T)) 1 LP(0, T; W2H(D)} = (L (D), W2P(T))y /. = W22P0(T)  (214)

(see [17], Chapter 2.2.1 and Theorem 3.2.3).

On the other hand, suppose that (a)-(b) hold. It is well known that the only possible solution of
(2.12) is (2.13). So the solution with the desired properties is, if it exists, unique. It is known that, if
v(t) = etfrug, v € WHP(0,T; LP(T)) N LP(0,T; W2P(I)) (see [17], Chapter 2.2.1). Assume that ug = 0.
In this case, we deduce, for any ¢ € [0,T], as WP(T') € JY/2(LP(T'); W2P(I)), if u is given by (2.13),

t
o lwescey < Co [ 6= ) 29 iryds
so that, by Young’s inequality,

llull e 0, 7;wr e (0yy < ChllfllLeco, 30 (1)) (2.15)

Suppose now that f € C¢([0,T]; LP(T")). Then u really solves (2.12) (by Corollary 2.2). We fix a local
chart (U, ®) and take ¢ € C?(I")), with support in U. Then, if

ug(t, ) == ¢(x)ult, z),
we get
Dy(ug)(t,x) — Lp(ug)(t,x) = d(2) f(t,2) + ([¢; LpJu)(t, ), (t,2) €[0,T] x T,
ug(0,2) =0, zel.

Setting
vt y) = ue(t, 2 (y), (t,y) €[0,T] x B(V),

and identifying v with its trivial extension to [0,T] x R™, we get
Dy(t,y) — Lo(t,y) = (@71 (y)) f(t, 27 (y)) + ([¢5 Lp]u)(t, 27 (y)),  (t,y) € [0,T] x R™,
v(0,y) =0, y eR™,

where we have employed again the operator L introduced in (2.8). From well known maximal regularity
results in R™ (which can be deduced, for example, from [15], Theorem 6.8), we obtain

lugllwreo,r;emy) + 1tgllLeo,mw2r(r))
< Cri(lvllwrwo,msme@®myy + 1Vl e 0,7:w20 (&7Y))
< Cao([| fllzeco, ey + llullromwiery))
< G| fllro.7:L0 (),
by (2.15). From this estimate, it follows immediately that

Hu||W1=P(O,T;LP(F)) + ||U||LP(O,T;W2J)(F)) < C||f||LP(O,T;LP(F))~
This implies the conclusion, taking a sequence (fx)ren in (say) C1([0,7]; LP(T)) and converging to f in
L?(0,T; LP(T)).
O



Example 2.4. We show an example of an operator fulfilling conditions (A1)-(A2). Let ' be a smooth
compact Riemannian manifold with dimension m and class C2. For every x in I, we indicate with T} (T")
the tangent space and with T, (I') 4+ T, (T") its complexification. The real scalar product (-,-), in T, (T")
can be extended in a natural way to a complex scalar product, which we continue to indicate with (-, "),
(for these elementary facts, see [19], Chapter 6.5). We shall indicate with T'(T") +¢T'(T") the disjoint union
of the spaces Ty (T") + iT,(I') (z € T'), which is naturally equipped with a structure of m—dimensional
complex vector bundle on T'.

If f:T — Cis of class C!, we indicate with Vf(x) the gradient of f in z, which belongs to
T.(T)+4T,(T). V is a first order differential operator, mapping smooth complex valued functions defined
in T" into sections of T(I") 4+ ¢T'(T"). We recall that V f(x) is the element of T, (T") 4 ¢T,(T") such that, for
every v € T, (T),

(V£(@), 0)a = o)
(see, for example, [2], Chapter V). Suppose that we fix a local chart (U, ®) in I". We indicate with %j
(1 <j <m) the field in U such that

af (z) = I(fod 1

—_— [}
oz, a9; (®(x)), =zel,

where we have indicated by ¥1, ...,y the standard coordinates in R™. Moreover, we set

(@) = (5 (@), jmj(x))w)lg,jgm.

It is easily seen that the matrix g(x) is symmetric and positive definite. We introduce also its inverse

G(z) = g(x)~",

again symmetric and positive definite. Then it is not difficult to check that, in local coordinates,

VIe) = 3D Gula) g (@) o) 2.16)

i=1 j=1
Now we assume that, for any « € T', B(z) is a linear operator from T,(T") into itself, Hermitian and
positive definite with respect to (-, ), that is, V&, n € T, (T),
(B(@)€,m)e = (& B(x)n)e
and, if v € T,,(T') \ {0},
(B(z)v,v); > 0.

We suppose also that B(z) depends smoothly on z. This is equivalent to prescribe that, for every local
chart (U, ®),h the following conditions are satisfied:

(a) for each ¢ € {1,...,m}, B(x)(a%l(z)) = Z;"’Zl Bij(x)%(z), with B;; € CY(U);

(b) if we set, for any  in U, B(z) := (B;;(2))1<i,j<m, the product B(x)g(z) is symmetric and positive
definite.

Observe that (a)-(b) imply that ,for any « in U, even G(x)B(z) is symmetric and positive definite.
In fact,

(G(x)B(2))" = B(2)" G(z) = G(2)(9(z)B(x)")G ()
= G(z)(B(z)g(x))" G(z) = G(2)B(z)g(2)G(z) = G(x)B(x).
Moreover, if £ € R™ \ {0},
(G(2)B(x)E) - £ = (B(x)g(x)G(x)€) - G(x)€ > 0.

We indicate by o the measure induced by the Riemannian metric in I" and by —div the adjoint
operator of V. So, if u: ' — C and v is a smooth vector field,

/F(Vu(x)w(x))zdoz —/Fu(x)mdo.



It is not difficult to check that, if (U, ¢) is the usual chart, and if p : ®(U) — R™T is such that, for every

measurable subset A of U
o= [ o)y
P(A)

for every smooth vector field X = ZZL:1 Xka%k in U, one has

. L0
div(X)(x) = ZT (po®)Xy)(x). (2.17)
k=1
We introduce now the operator
Lu(zx) := div(B(x)Vu) (2.18)

Observe that, if B(z) = I, () for any = in I', B is nothing but the Laplace-Beltrami operator. We show
that it satisfies the conditions (A1)-(A2). In fact, if f : U — C is sufficiently smooth and = € U, we have,
on account of (2.16),

B()Vf(z) = X%, 7ty Gig(2) gL (2) B(2) (55 (2)
= i i i G (@) 5L () Bu(w) g () = 070, 3001 (G (@) B(2))ji 5 (2) 52, (),

so that, by (2.18),

LI@) = 323 5l(p o )0 (Gla)Ble) e (o)
k=1j=1 J
or o o
Li@) =323 5l (GB)@ ) 2 o)
k=1j=1 j

The principal part of the operator is

S5 p(@@)(GB) () 222 (g,

p Oyr0y;

and the matrix p(®(z))(GB)(z) is symmetric and positive definite.
So L, defined in (2.18), satisfies the conditions (A1)-(A2).

3 Maximal regularity
Now we consider the following classical Cauchy-Dirichlet parabolic problem

Dyu(t,x) = Au(t,z) + f(t,z), (t,z) € (0,T) x £,
yu(t,-) = g(t,-), te(0,T), (3.1)

U(O,ZL’) = UO(x)v HS Qv
with the following conditions:

(B1) Q is an open, bounded subset of R™, lying on one side of its boundary T, which is a submanifold
of R™ of class C>. B

(B2) A = szzl aij(2) Dy, + Z] 105(x) Dy, + c(x), with aij,bj,c € C() (1 < i,j < n); the
functions a;; are real valued and there exists v € R such that szzl aij(2)&:& > v|€|?, for any z € Q,

&= (&,...,&,) €R™.
The following classical result holds (see [16], Theorem 9.1):



Theorem 3.1. Suppose that (B1)-(B2) hold. Letp € (1,00)\{2}. Then the following conditions are nec-
essary and sufficient, in order that (3.1) has a unique solution u in W1P(0,T; LP(Q))NLP(0,T; W2P(Q)):
() f € LP(0,T; LP(9);
(I) g € W11/ @p)p(0, T; LP(T)) N LP(0, T; W2=1/P2(T));
(ITT) ug € W2=2/PP(Q);
(IV) in case p > 3, yup = g(0).

Remark 3.2. Observe that, as u € LP(0,T; W2P(Q)), the second equation in (3.1) is assumed to be
satisfied only almost everywhere in (0, 7).
However, the identity (2.14) and the analogous identity obtained by replacing T with € imply that

WhP(0,T; LP(Q)) N LP(0, T; LP(Q)) € C([0,T); W2—2/7P(Q)),

WP (0,73 LP(T)) N LP(0, T; LP(T")) € C([0, T}; W2~ 2/P#(I)).
Ifp>3,2— % > %7 so that yu € C([0,T]; LP(T")) then the second equation in (3.1) can be assumed to
be satisfied for every ¢ € [0,7]. This explains the necessity of (IV) in this case. Observe also that, as
1-— ﬁ > %, (IT) implies that g € C([0,T}]; LP(T")).
Now we consider the problem
Dyu(t,z) = Au(t,z) + f(t,z), (t,z) € (0,T) x Q,
Dyvyu(t, ) = Lyu(t,-) + h(t,-), t€(0,T), (3.2)

u(0, ) = uo(x), x €,

with L as in (2.6).
We consider first the case p > %:

Proposition 3.3. Let p € (3,00). Consider problem (3.2). Suppose that (B1)-(B2) hold and L is as in
(2.6). Then the following conditions are necessary and sufficient in order that (3.2) has a unique solution
w in WYP(0,T; LP(Q)) N LP(0, T; W2P(Q)) with yu € WLP(0, T; LP(T')) N LP(0, T; W2P(T)):

(1) f € IP(0,T; 17(2));

(I1) h € LP(0, T LP(I');

(ITI) ug € W2=2/PP(Q), yug € W2=2/P:P(T).

Proof. (I)-(IT) are obviously necessary. The belonging of uy to W?2~2/P2(Q) follows from Theorem 3.1.
From what we have observed in Remark 77, if we set v := ~yu, the identity v(¢) = v[u(t)] can be intended
pointwise. We deduce that v(0) must coincide with yug. So from Proposition 2.3 we deduce the necessity
of (III).
On the other hand, suppose that (I)-(III) hold. We consider the system
Dv(t,) = Lo(t, ) + h(t,-), t€(0,T)
(3.3)

v(0,-) = yug.
Then, by Proposition 2.3, (3.3) has a unique solution v in W1 (0,T; LP(T')) N LP(0, T; W2P(T')). Now we
consider the solution u to

Duu(t,z) = Au(t,z) + f(t,z), (t,z) € (0,T) x £,
yu(t, ) = v(t,-), t e (0,7),
(0, 2) = up(x), x € Q,

By Theorem 3.1, such w is the unique solution to (3.2).



Now we consider the case p < 2. In this case, (3.2) is underdetermined. It is more convenient to

2
consider the problem

Dyu(t,z) = Au(t,z) + f(t,z), (t,z) € (0,T) x Q,
Dtryu(tv ) = L’yu(t, ) + h(ta ')a te (07 T)

u(0, ) = uo(x), x e,

(yu)(0) = vo.
The following result holds:

Proposition 3.4. Let p € (1,3). Consider problem (3.4). Suppose that (B1)-(B2) hold and L is as in
(2.6). Then the following conditions are necessary and sufficient in order that (3.4) has a unique solution
w in WHP(0,T; LP(Q)) N LP(0, T; W2P(Q)) with yu € WHP(0,T; LP(T')) N LP(0,T; W2P(T)):

(1) | € LP(0,T; LP(Q);

(II) h € L?(0,T; LP(1));

(ITI) ug € W2=2/PP(Q), vy € W22/P2(T).

Proof. The necessity of (I)-(III) follows immediately from Proposition 2.3 and Theorem 3.1. The proof
of the sufficiency is the same as in Proposition 3.3. O

Remark 3.5. As already observed in Remark 77, if v(t) = yu(t), the identity should be intended to be
satisfied only for almost every ¢. In our case v should be extensible to an element of C([0, T]; LP(T)), but
v(0) should not necessarily coincide with yug; by the way, as ug € W2~2/PP(Q) and 2 — % < % if p<3,
ug does not necessarily admit a trace on I'.

It is convenient to reformulate together the results of Propositions 3.3 and 3.4:

Proposition 3.6. Let p € (1,00) \ {2}. Consider problem (3.4). Suppose that (B1)-(B2) hold and L is
as in (2.6). Then the following conditions are necessary and sufficient in order that (3.4) has a unique
solution u in WHP(0,T; LP(Q)) N LP(0, T; W2P(Q2)) with yu € WHP(0,T;T) N LP(0,T; W2P(T)):

(1) f € LP(0, T; L7(Q);

(II) h € L?(0,T; L*(T));

(I1I) ug € W2=2/PP(Q), vy € W2=2/PP(T') and, in case p > 2, yuo = vo.

We proceed with some useful estimates.

Lemma 3.7. Consider problem (3.4). Suppose that (B1)-(B2) hold and L is as in (2.6). Let p € (1,00)\
{3}, Ty e R*, 0 < T < Ty. Suppose that f € LP(0,T;LP(Q)), h € LP(0,T; LP(T')), ug € W2~2/PP(Q),
vg € W2=2/P2(T) and, in case p > %, yug = vg. Then there exists C(Tp) in RT such that

[ DewllLeo,rice () + lulleo.rsw2 e () + 1 DevullLeo,rie o)) + el e o, rw2e ()

< C(TO)(Hf”LP(O,T;LP(Q)) + ||h||LP(0,T;LP(F)) + ||U0||W272/p~p(sz) + ||'U0||W2*2/Pvp(1‘))'

Proof. We set, for t € (0,Tp),
f(t, ) if te (0,T),

0 it tel[l,Ty),
ht,) if te(0,T),

0 if e (T, Ty),
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and consider the problem
D.U(t,z) = AU (t,x) + F(t,z), (t,z) € (0,Tp) x £,
Dt’YU(L) = LVU(tv) +H(t7)7 te (OaTO)

U(0,2) = uo(x), z €9,

(YU)(0) = wo.

By Proposition 3.6, (3.5) has a unique solution U in W1?(0, Tp; LP(Q)) N LP(0, To; W2P(Q)) with 4U €
WLP(0,Ty; LP(T')) N LP(0, To; W2P(T')), which is clearly an extension of u. We deduce

[ DeullLe 0,110 ) + lullzeo,mw2e @) + [1Deyullze o100 )y + Ivull e 0,0 w2 (r))
<Dl L0100 () + Ul Le 0, 105w2 2 () + DUl Lo 0,70:20(r)) + WU e (0,10:w202 (1))
< C(To)([|F | zeo,1Le () + IH | e 0,150 (1)) + lwollwz-2/000) + [[vollwz—2/00(r))
= C(To) (1 fllr 0,750 (2)) + 1Bl e 0,110 (1)) + W0 llwz—2/0.0 () + V0 llw2-2/p.0(r))-

O

Lemma 3.8. Suppose that the assumptions of Lemma 3.7 are fulfilled. Suppose that ug = 0 and let
0 €[0,2]. Then there exists C(Tp,0) > 0 such that

Hu||LP(0,T;W9~P(Q))

< C(To)T72(|| £l Lo (0,751 (2)) + 1Bl Lo 0,100 (1)) + V0 llwrz—2/mm(ry)-

Proof. Consider first the case # = 0. Then, as ug = 0, u = 1 * Dyu. It follows from Young’s inequality
and Lemma 3.7 that

lull o o,1;00(9)) < Tl Dewell Lo o,500(02))
< C(To)T([|flleo,1:Le () + 1Rl Loo,7:00 (r)) + lvollwz—2/0.0(r))-

In general, there exists C'(6) > such that, for any z € W2P(Q),

1-0/2 6/2
2llwosy < CON2 Lo 2110 y)-

As W%P(Q) coincides with the real interpolation space (LF(2), W?P())g/2, in case 6 # 1, with the
complex interpolation space (LP((2), Wz’p(Q))[%] in case 6 = 3 (see [21]), we deduce that

1 0/2 0/2
ull oo o n gy < COSy a5 > lul) [ o) dt) 7

1-6/2
< CO)lull o L Q))HUHLP 0,73 W20p (02)) "

So the conclusion follows from the case § = 0 and Lemma 3.7. O
Now we introduce an operator E of order not exceeding one, with coefficients in C'1(£2):

Eu(z) = 4

ej(x) Dy, u(x) + eo(x)u(x) (3.6)

n

and the following system:
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Dyu(t, z) = Au(t,z) + f(t, ), (t,z) € (0,T) x Q,
Dyyu(t,-) = Lyu(t, ) + vEu(t, ) + h(t,-), te€ (0,T)

U(O,l‘) = UO(I‘)7 x €€,

(yu)(0) = vo.
We show the following

Theorem 3.9. Let p € (1,00) \ {2}. Consider problem (3.7). Suppose that (B1)-(B2) hold, L is as
in (2.6) and E is as in (3.6) with coefficients in C1(Q). Then the following conditions are necessary
and sufficient in order that (3.7) has a unique solution u in WHP(0,T; LP(2)) N LP(0,T; W2P(Q)) with
yu € WHP(0,T; LP(T')) N LP(0, T; W2P(T)):

(1) f € IX(0,T; L7(9);

(IT) h € LP(0,T; LP(I"));

(III) ug € W2=2/PP(Q), vy € W2=2/PP(T') and, in case p > 2, yuo = vo.

Proof. The fact that (I)-(III) are necessary can be shown with the same arguments as in the proofs of
Propositions 3.3 and 3.4.
We show that they are also sufficient. We fix § € (1 + %,2). We observe that, by classical trace

theorems, u — yEu belongs to L(W??(Q), LP(T")). We take 7 € (0,T] and consider the system

Dyu(t, z) = Au(t,z) + f(t, ), (t,z) € (0,7) x £,
Dyyu(t, ) = Lyu(t, ) + yEU(¢,-) + h(t,-), te€ (0,7),
(3.8)
u(0, ) = up(z), x €,
(yu)(0) = vo.

with U € LP(0, 7; W9P(Q)). By Proposition 3.6, (3.8) has a unique solution u = S(U) in W1P(0, 75 L?(2))N
LP(0,7; W2P(Q)) with yu € WHP(0,7;T) N LP(0, 7; W2P(1)). If U; € LP(0, s WOP(QQ)) (j € {1,2}), we
set w; := S(U;). Then u; — ug solves the system

Di(uy — u2)(t, ) = A(ur — uo)(t, x), (t,z) € (0,7) x £,
Dyy(ur —u2)(t,) = Ly(ur —u2)(t,-) + vE(Ur — U2)(¢,-), t€(0,T),

(3.9)
(ul - u2>(07.’13) =0, z € Q,

Y(up —u2)(0) = 0.
We deduce from Lemma 3.8 the estimate

w1 = uallLe o, 7;wo.r ()
< (M) PP EU = Vo)l wr.rizery) < CUT)T 2T = Ual oo, riwon (o)-

So, if we choose 7 so small that C;(T)7'~%/2 < 1, S has a unique fixed point in L?(0, 7; W9?(Q)). We de-
duce that (3.8) has a unique solution u in W (0, 7; LP(Q))NLP (0, 7; W2P(Q)) with yu in WP(0, 7; LP(T))N
LP(0,7; W?P(T)). Observe that 7 can be chosen independently of f, h, ug, vo.

Now we show that, in case f =0, h =0, up = 0, vg = 0, the unique solution u in W1?(0,T; LP(Q)) N
LP(0,T; W2P(Q)) with yu in WHP(0,T; LP(T')) N LP(0,T; W2P(T')) is u = 0. This is true (by the unique-
ness of the fixed point for 5), if we replace T by 7 sufficiently small. Assume that there exists a nontrivial
solution u in (0,7). We set

o :=1inf{t € [0,T] : u(t,-) # 0}.
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As u € C([0,T); W?=2/PP(Q)) and u(0,-) = 0, o € [0,T) and u(o,-) = 0. Moreover, yu(t,-) = 0 for
almost every ¢ in [0,0). As yu € C([0,T]; W2=2/P2(T')) we deduce that (yu)(o,-) = 0. So, if 7 > 0, and
o+ 7 <T, w(t) :=u(o +t) solves the system

Dyw(t,z) = Aw(t, ), (t,x) € (0,7) x Q,

Dt’yw(t?.) - Lﬁyw(tv) +7Ew(t,)> te (OaT)a

w(0,z) =0, x € Q,

(yw)(0) = 0.

If 7 is sufficiently small, we deduce w(t,-) = 0 for any ¢ € [0, 7], so that u(t,-) =0 for any ¢ € [0,0 + 7],
in contradiction with the definition of o.

Finally, we show the existence of a global solution. We have already proved the existence of a solution
z in some interval [0, 7], independent of the data. Suppose that 7 < T. We extend the solution to
[0, (27) AT]. We have that z(r,-) € W2~2/PP(Q), (y2)(r) € W2=2/PP(T'). In case p > 2 we have also

V()] = (v2)(7).
So we consider the system

Dyw(t,z) = Aw(t,z) + f(1T +t,x), (t,z) € (0,7 A (T — 7)) x Q,

Dyyw(t, ) = Lyw(t, ) + yEw(t,-) + h(t +t,-), t€ (0, 7A (T — 1))
(3.10)
w(0,x) = z(T, x), x €,

(yw)(0) = (v2)(7).

(3.10) has a unique solution w in W1P(0,7 A (T — 7); LP(Q)) N LP(0,7 A (T — 7); W2P(Q)), with yw in
WP(0,7 A(T —7); LP(T)) N LP(0,7 A (T — 7); W2P(T)). If we set

2(t,+) it te(0,71],
u(t,-) =
wt—r,-) if te(r,7A(T-71),
it is easily seen that u € WLP(0, (27) A T; LP(Q)) N LP(0, (27) A T; W2P(Q)), with yu in WHP(0, (27) A
T; LP(T)) N LP(0, (27) AT; W2P(T')). and solves (3.7) , if we replace T with (27) AT. In case 27 < T, we

iterate the argument extending the solution to (37) A T. It is clear that in a finite number of steps we
reach the conclusion. O

Remark 3.10. It is easily seen that the conclusion of Theorem 3.9 still holds if we replace vE with an
arbitrary operator F which is bounded from W%?(Q) to LP(T), for some 6 in [0, 2).

4 Generation of an analytic semigroup

Now we prove a result of generation of an analytic semigroup.

Theorem 4.1. Suppose that the conditions (B1)-(B2) hold, L is as in (2.6) and E is as in (3.6), with
coefficients e; in C*(Q) (0 < j <n). Letp € (1,00). Consider the space X, := LP(Q) x LP(T') and define
the following operator G, acting on X,:

D(Gp) = {(u,yu) : w € W2P(Q),yu € W2P(I')}, W
4.1
Gp(u,yu) := (Au, Lyu + yEu).

Then G, is the infinitesimal generator of an analytic semigroup in X,.
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In the proof we shall employ the following

Lemma 4.2. For any p € [1,00] there exists a linear operator P : W*P(T') — W?2P(Q) such that yPg = g
for any g € W2P(T') and, for some C > 0, independent of g,

|Pgllze) < Cllgllzey, I1Pgllwzr) < Cllgllwzr -

Proof. Firstly, P can be constructed in the particular case Q = R*~! x RT, I' = R"~! x {0}, setting, for
g € W2P(I),

Pg(x’,xn) = g(.’)ﬂl,O)qf)(SUn),
with ¢ € C2([0,0)), ¢(t) = 1if 0 < ¢ < 1, ¢(t) = 0 if t > 2. The general case can be reduced to this
one, employing partitions of unity and changes of variable. O

Remark 4.3. It can be easily seen that P can be extended to a linear bounded operator from LP(I') to
L?P(Q), for any p in [1,00], and from C*(T") to C*(Q2) for any « in [0, 2].

Proof of Theorem 4.1. Let A € C, Re(A) > 0. We shall show that the problem

has a unique solution (u,yu) in D(G,) if |A| is sufficiently large. Moreover, there exists C' > 0, independent
of X and (f,h), such that

1, va)llx, < CIATHIC ), -
Observe that (4.2) is equivalent to

Nu(w) — Au(x) = f(z), z€Q,

(4.3)
Mu(z') — Lyu(z') — vEu(z') = h(z"), =’ €T.
We begin by considering the particular case F = 0, that is,
Au(x) — Au(z) = f(z), z€Q,
(4.4)
Mu(x') — Lyu(z') = h(z'), a €T.
By Theorem 2.1, there exists Ry positive such that, if |A\| > Ry, the equation
Mv(x') — Lv(z') = h(z"), o' €T
has a unique solution v in W?2P(T"). Moreover, for some C; positive, independent of \ and h,
(Aol ey + [[ollw2e @y < CLllAllLer).-
Now we consider the system
Au(z) — Au(z) = f(z), z€Q,
(4.5)

yu(z') =v(z’), 2’ €T.

By [20], Chapter 3.8, there exists R > R such that (4.5) has a unique solution u in W?2?(£2). Moreover,
for some Cy > 0 independent of X and f, for any V € W2P(Q) such that vV = v,

Allullzeqey + lullwasiy < Colf oy + IVilwes@ + NIV Izs@).
Choosing V = Pv, with P as in Lemma 4.2, we deduce
IMllullze @) + [[ullwze@) < Calllflle@) + [[Pllwee @) + A[Pv] e )
< Co(fllzriey + [0llwary + Allzory) (4.6)

< Calllfllzr ) + [IPllLe(ry)-
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Now we consider the general case E # 0. For any 6 € [0, 2], it follows from (4.6) that
lullwo.r @y < CONZ o) + 1Pl r))- (4.7)
Now we fix § € (1 + 1%, 2) and, for U € W%P(Q), we consider the system

Mu(z) — Au(z) = f(z), z€Q,
(4.8)
Myu(z') — Lyu(x’) = vEU (2') + h(z'), «' €T.

If |\| is sufficiently large, there exists a unique solution v = u(U) in W?2P(Q). We shall think of U — u(U)
as an operator from W%P(Q) into itself. If u; = u(U;) (j € {1,2}), we have

AMug —u2)(z) — Alug —ug)(z) =0, z€Q,

My(ur —u2)(@") — Ly(ur — ug)(2') = vE(Ur — Us)(2'), 2’ €T,
so that, by (4.7),
lur — uzllwen) < COIN2THVEUL = Us)|lo(ry) < CL(O)INP27HUL = Usllweon(o-

We deduce that U — w(U) is a contraction if |)| is sufficiently large. We conclude that, for such choice
of A, (4.3) has a unique solution u. Moreover, from (4.7),

lullwo.r@y < CONN2 U f Loy + -l oy + [VEU] Lo(ry)

< C1N27 (I f e o) + 1Bl ey + llullwe s )),

implying
lullwo.r) < Co2(llfllr(e) + 12l L))
if |A| is sufficiently large. We deduce that

IMwllze ) + llullw2e @) + Alllyul ey + vullwee @
< Cs(|[ fllzeo) + 1Rlle )y + llullwer @)

< Calllf e @) + 10l Lo (r))-

The proof is complete.
O

Remark 4.4. Here also the assertion of Theorem 4.1 holds replacing vE with any operator F' which is
bounded from W%?(Q) to LP(Q), for some € in [0,2).

Remark 4.5. We have chosen to prove Theorem 4.1 estimating directly the resolvent (A — G,)~t. In
fact, the result can be obtained quite quickly, applying Theorem 3.1 together with a nice theorem by G.
Dore (see [5]).

5 General Wentzell boundary conditions

In [7] and [8] the authors considered the problem
Dyu(t,x) = Mu(t,z), (t,x) € (0,T) x€Q,
Mu(t,z") + B(a")0%u(t, z") — qB(a") Loyu(t,x') + qa(x’) - Voyu(t,o') + 7(a')yu(t, ') = 0,

(5.1)
(t,2') € (0,T) x T,

u(0,2) = up(z), =z €.
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Here

n n
Mu = Z &(a”()aju) + Z ciaiu + ru,
i,j=1 i=1
with a;; real valued, ai; = aji, Y. iy aij(2)&i&; > agl¢]? for any (z,€) € @ x R™ for some ag positive, 3
positive, 0% = Z?jzl a;;(")v;0ju, ¢ € RT, a;;, ¢;, r defined and sufficiently regular on 2, @ and 7 defined
and sufficiently regular on I'. V, stands for the gradient operator in I and

Loyu = div(B(x) V. vyu)

is an operator of the form considered in Example 2.4. Of course the Riemannian structure in I' is that
inherited as an embedded submanifold of R™. The open set €2 is not assumed to be bounded. System
(5.1) is studied in the following way: it is introduced the following operator M,:

D(M,) = {(u,yu) : u € C2(Q), yMu + 0% — qBLayu + qa - Vyu + Fyu = 0},
(5.2)
Mp(u,yu) = (Mu,yMu) = (Au, —B0%u + gBLayu — qa - Vyu — Fyu).

Then it is proved that the closure of M, in LP(2) x LP(T') generates an analytic semigroup. It follows
that, for every ug belonging to the domain of M,, (5.1) has a solution (in some generalized sense).
Following this idea, we can consider the problem

Dyu(t,x) = Au(t, z), (t,z) € (0,T) x Q,
yAu(t, ) — Lyu(t, ) — yEu(t,") =0, t€ (0,T) (5.3)
u(O,x) = uO(z)v z €,

with the assumptions of Theorem 3.9: we introduce the following operator M, for p € (1,00):

D(M,,) == {(u,yu) : u € C*(Q),vAu — Lyu — yEu = 0},
(5.4)
My (u,yu) = (Au, yAu) = (Au, Lyu + yEu).

We show the following

Theorem 5.1. Suppose that (B1)-(B2) hold, L is as in (2.6) and E is as in (3.6) with coefficients in
CY(Q). Moreover,

(a) T = 09 is of class C***, for some a € (0,1);

(b) the coefficients a;;, b;, ¢ of A (1 <i,j <n) are of class C*(Q);

(c) the coefficients lo o in (2.6) are in C*(U);

(d) the coefficients e; (0<j <n) of E (see (3.6) are in C*(12)).

Then, if 1 < p < oo, M, is closable in X,, = LP(2) x LP(OQ) and its closure coincides with G,
(defined in (4.1)).

Proof. We have to prove the following:
V(u,yu) € D(Gp) there exists a sequence ((uk, Yug))ken in D(M,) such that

[(u, yur) = (u, yu)l[x, + [Mp(ur, yur) — Gp(u,yu)|x, =0 (k — o0).

We start by proving three steps.

Step 1: Let (u,yu) € D(G,) be such that, for some A\ € C, (A — Gp)(u,yu) € C*(Q) x C*(T'). Then
(u,yu) € C*(Q) x C?+(I)
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We start by considering the case E = 0. Then, Myu — Lyu = h € C%(T") and so yu € C?>**(I") (see
[11], Theorem 2.1). So u € W?P(Q2) and solves the system

(A~ Ay = f € Co(Q),
yu € C*T(T),
again implying u € C?t(Q).

Now we consider the case E # 0, employing a bootstrap argument. Suppose that we have shown that
(u,yu) € W29(Q) x W24(T') for some g > p. Then yEu € W'=1/44(T). Assume that

n

q= o
Then W'=1/94(T) < C*(T), so that (Au — Au, \yu — Lyu) € C*(Q) x C*(T) and the conclusion follows.

Suppose ¢ > n. Then vEu € C’O"(F), for some o € (0,1). It follows that (Au — Au, Ayu — Lyu) €
C* (Q) x C*(T'). This implies u € C***'(Q), so that yEu € C'+*(I') < C*(I') and we have again the
conclusion. ’

Suppose ¢ < n. Then vEu € W'=V%4(T) — L%q(F). We deduce (Mu — Au, \yu — Lyu) €
C(Q) x L%Q(F), implying (u,yu) € W29 (Q) x W29 (T), with ¢; = Z—:;q > q. If g1 > n, we can
conclude. Otherwise, we deduce that (u,yu) € W% (Q) x W2%(T), with ¢o = :f:qll g1 > q1. We can
iterate the process until we get the belonging of (u,yu) to W27 (Q) x W27(T') for some 7 > n. This can
be necessarily achieved in a finite number of steps. Otherwise, we should obtain the belonging of (u,yu)
to W2k (Q) x W24 (') with ¢ < ¢1 < -+- < qx < qry1 < -+ < n for a certain sequence (gi)ren. But
this is not possible, because

n—1 n—1
Gk = ——— Q-1 = (7)16(]_)00 (k_>oo)7
n—(qr-1 n—gq

a contradiction.

Step 2: Let (u,yu) € D(G,) be such that, for some X\ € C, (A —G,)(u,yu) = (f,h) € C*(Q) x C*(T),
with o € (0,1) and h =~f. Then (u,yu) € D(M,).

In fact, by Step 1, (u,yu) € C?*T*(Q2) x C?*T%(T"). Moreover,

yAu — Lyu — yEu = Ayu —vf — AMyu+ h = 0.

Step 3: {(1, ) : ¢ € C*(Q)} is dense in X,.

In fact, let (f,h) € X,. We begin by considering a sequence (hy)reny with values in C*(T'), such that
|ht — hllzr@y — 0 (k — o00). Let P be the extension operator described in Lemma 4.2. By Remark
4.3, it can be extended to a linear bounded operator from C*(T') to C*(Q) and from LP(T') to LP(Q).
So Phy, € C*(Q) for every k € N and (Phy,)ren converges to Ph in LP(£2). Now we consider a sequence
(¢k)kEN in Ogo(Q) converging to f — Ph in LP(Q) We set ¥y := Phy, + ¢r. Then ¢, € C* (ﬁ), (’l/}k)keN
converges to f in LP(Q) and (v¥r)ren = (hi)ren converges to h in LP(T).

Now let us consider (u,yu) € D(Gp). We fix A € p(G,) and set (f, h) = A(u, yu) — G, ((u,yu)) € X,,.
We take a sequence ((vr, Y¥x))ken With ¢, € C*(Q), converging to (f,h) in X,. We set (ug,yug) :=
(A= Gp) " (¥k,v¥k) (k € N). Then (ug,yur) € D(M,), the sequence ((ug, yur))ren converges to (u,yu)
in W2P(Q) x W2P(T), so that (M, (uk, yur))ken converges to Gp(u,yu) in X,.

O
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