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Abstract 

Seismic assessment of masonry structures is a pressing concern in the scientific community. 
Over the last few decades, significant progress has been made in developing numerical model-
ling strategies for masonry. However, due to the unique mechanics of masonry, which exhibit 
a quasi-brittle and anisotropic behaviour, there is no trade-off between accuracy and compu-
tational efficiency when conducting numerical simulations of masonry structures. This study 
proposes a new approach to conduct in-plane numerical simulations of masonry structures, 
which couple limit and pushover analyses considering the actual masonry pattern. The first 
step of the procedure involves a block-based limit analysis, which considers the actual masonry 
pattern. Macroblocks, i.e., the portions which compose the collapse mechanism, are then iden-
tified using an ad-hoc algorithm that searches for the pivot point of the obtained failure mech-
anisms. In the second step, a pushover analysis is conducted on the simplified structure 
composed of macroblocks, considered as continuum bodies, interacting via frictional inter-
faces. The proposed approach is preliminary tested on two structural-scale benchmarks made 
of dry-stack masonry, showing promising results.  
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1 INTRODUCTION  
Over the past few decades, significant progress has been made in reliably assessing the 

structural integrity of historic masonry buildings. To accurately predict damage scenarios and 
ensure structural integrity safety, it is important to use high-fidelity geometrical re-construc-
tions along with appropriate numerical approaches [1–5]. Over the past few decades, there has 
been extensive use of numerical models for the nonlinear analysis of historical masonry struc-
tures. These models are typically based on either micro (block-based) or continuous approaches 
[4,6–11]. Block-based methods are particularly suitable for modelling large displacement static 
or dynamics problems. However, continuous representation of masonry at the material scale is 
still the most used strategy because of the large spread among practitioners and researchers.  

Compared to advanced numerical methods, which are typically implemented within com-
putational schemes either based on the Discrete Element Method (DEM) or Finite Element 
Method (FEM), other analytical approaches allow for rapid and computationally efficient seis-
mic assessment of masonry buildings [12–14]. In particular, structural engineers often use an-
alytical approaches based on limit analysis (LA) theorems that have the great advantage of 
being independent of many material properties but inevitably rely on a very simplified material 
model [15–17].  

Analytical and numerical approaches have their own strengths and weaknesses, i.e. micro- 
or continuum approaches require a significant amount of input data for the nonlinear character-
ization of masonry, making the structural assessment of historical masonry structures econom-
ically expensive and time-consuming. In contrast, analytical approaches are based on certain 
assumptions and can be widely used to study local failure mechanisms, but they are not suffi-
cient for a global assessment. Thus, a combination of different approaches may be necessary to 
comprehensively understand the behaviour of historical masonry structures under horizontal 
loading. To this end, new computational modelling strategies are investigating hybrid ap-
proaches combining analytical/analytical [12], analytical/numerical [10], or numerical/numer-
ical approaches [18]. 
The first attempt to define a workflow based on a two-stepped analysis has been proposed in 
[18]. To analyze the behaviour of the structure, a 3D finite element (FE) model is first used to 
perform linear-elastic analysis. Following this, a pushover analysis of the single macro-ele-
ments is conducted. The pushover analysis results are then compared to the collapse loads ob-
tained through limit analysis. These comparisons have shown that the nonlinear finite element 
model is capable of providing accurate simulations of the actual response of masonry elements. 
Other authors [19] proposed modelling approaches analyzing structures with nonlinear static or 
dynamic analysis to detect the most likely collapse mechanisms. The upper bound limit analysis 
method was applied in the second step to compute the maximum horizontal acceleration that 
the structure can withstand analytically. In [10], the authors proposed a two-stepped analysis in 
which a nonlinear static analysis was performed to identify the failure mechanism's geometry. 
Then, the second step aimed to refine the geometry of the failure mechanism through an opti-
mization based on limit analysis and genetic algorithm, which explores the research panorama 
of kinematically compatible solutions. In [19], the authors recently proposed a new workflow 
based on the adaptive limit and pushover analyses. First, limit analysis was used to identify the 
position of the cracked surfaces by adopting an adaptive NURBS approach. Subsequently, the 
geometry of the collapse mechanism was imported into FE software to perform a nonlinear 
static analysis simulation by adopting a hardening plasticity model and cohesive-frictional con-
tact based on the interfaces between macroblocks. 
The review of existing literature highlights the absence of two-step procedures that take into 
account the actual masonry pattern. To address this gap, the present study aims to develop a 
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comprehensive workflow that includes micro-LA, macroblock identification of the failure 
mechanism, and nonlinear pushover analysis. This approach is designed to enable the rapid 
seismic assessment of masonry walls that are characterized by irregular masonry patterns 
[20,21]. This paper is organized as follows: Section 2 briefly describes the methodology imple-
mented. Section 3 presents some preliminary results obtained by adopting the proposed proce-
dure, and finally, the conclusions are discussed in Section 4. 

2 METHODOLOGY 
This section outlines the theoretical foundation of the proposed two-step approach. The first 

step involves solving the structural benchmark using a micro-LA formulation, where the dis-
placement field outcomes are used to identify groups of blocks that behave as macroblocks. 
Finally, a pushover analysis is conducted on the simplified structure composed of macroblocks, 
considered as continuum bodies, interacting via frictional interfaces. Accordingly, the load-
displacement curve of the structure, typically used to assess the structural performance, is ob-
tained. 

2.1 Micro-LA Formulation 
In the micro-LA formulation, dry-stack assemblage is represented by rigid blocks connected 

by frictional contact interfaces with a non-associative flow rule, with zero dilation (Figure 1a). 

 

Figure 1:(a) Dry-stack masonry wall; (b) Modification of yield function for the non-associative solution 
 
The solution scheme proposed in [21], involving a non-associative frictional flow rule consist-
ing of sequential solutions of linear programs, is adopted (Figure 1b). At each iteration, a linear 
program is defined as follows: 
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where   is the load multiplier and q  the vector of unknown contact forces, Lf  and Df are the 
live and dead loads, c  is the cohesion vector, B  and C  are the equilibrium and yield constraints 
matrices. The first constraint represents the equilibrium of forces, whereas the second is the 
condition for yielding (failure) of the interfaces.  
The yield conditions are updated at each iteration based on the normal forces at the previous 
iterations: 
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here   is the frictional angle, ,i jv  and ,i jn  are the shear and normal forces of the i-th interface 
at the j-th iteration. 𝛼 and   are algorithm parameters set to 0.01 and 0.6, respectively.  
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 Finally, the steps of the iterative algorithm are the following [21]:  
1. Set up the limit analysis problem, according to Eq. (1) with associative-frictional yield 

conditions. 
2. Solve the LP and save the load multiplier 0  and the normal forces at each interface 0n . 
3. Modify the shear failure condition based on the previous iteration, according to Eq. (2). 
4. Solve the LP with the modified yield conditions in Step 3) and save the load multiplier 

𝜆𝑗 and normal contact forces jn . 

5. If the exit condition 1 tolerancej j

j

 



−
 −
 
 
 

 is true, the algorithm terminates. Else, re-

peat from Step 3). 
6. Calculate the kinematic variables (displacement rates) from the dual linear program. 
7. Calculate the kinematic variables (displacement rates) from the dual linear program. 

The algorithm has been implemented in a custom computer code in the JAVA programming 
language and the interior point LP solver of the MOSEK optimization software 
(https://www.mosek.com/) has been used for the subsequent numerical studies. 

2.2 Macroblock identification 
In order to automatically create a macroblocks configuration from the outcomes of the micro-
LA solution, two criteria have been introduced (Figure 2). The algorithm aims to detect blocks 
which behave as a macroblock. 

 
Figure 2. Macroblock definition criteria by a) relative interface displacement, b) centre of rotation 
 
The relative interface displacement criterion (Figure 2a) limits one interface's relative displace-
ment in the normal and transversal directions and the relative rotation with the tolerance values 
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where ,n it  denotes the normal displacement of the i-th block from the k-th interface. It should 
be noted that the tolerance values are normalized by the maximum displacement of the structure. 
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The centre of rotation criterion (Figure 2b) limits the maximum distance of the centre of rotation 
of two adjacent blocks with a tolerance value Dtol : 

,i j DD tol            (4) 
where ,i jD  represents the distance between the centres of rotation of block i and j. This condi-
tion provides that in the areas characterized by distributed sliding unrealistic interlocking of 
macroblocks is not created. When all the inequalities of Eq. (3) and Eq. (4) hold true, two ad-
jacent blocks are merged in one macroblock. Looping through all the interfaces of the structure 
and applying the above-described conditions, the macroblock representation of the whole struc-
ture can be created. The above definition provides that a set of blocks moving like rigid bodies 
are segmented in the same macroblock, while regions characterized by distributed sliding are 
represented by small segments, or even individual blocks. In this study, only ntol  and Dtol  have 
been considered as a variable, while the other two tolerance values have been set to a very high 
number. 

2.3  FE pushover analysis  
In this study, pushover analyses are conducted on structures composed of macroblocks 

within a FE framework. Particularly, macroblocks are considered as linear elastic continuum 
bodies, discretized via solid FEs (4-node tetrahedrons), which interact through zero-thickness 
frictional interfaces. In this context, a node-to-surface contact-based frictional formulation is 
assumed for the macroblock interfaces. The contact constraint is enforced via the Lagrange 
multiplier method, while a penalty friction formulation, only defined by the friction coefficient 
and a slip tolerance, is adopted to model the slipping between macroblocks. 

Each pushover analysis is composed of two steps. Firstly, gravity loads are applied to each 
macroblock. Secondly, mass-proportional horizontal loads are applied to each macroblock em-
ploying a quasi-static dynamic implicit algorithm. This approach allows extraction of the struc-
ture's pushover curve, which is typically used to perform structural assessments and seismic 
verifications. 

3 RESULTS 
The results of two structural-scale benchmarks made of dry-stack masonry are herein pre-

sented and discussed. The first benchmark consists of a shear wall with four evenly distributed 
openings (Figure 3a), taken from Ferris et al. [23], and besides others, also adopted by [22,24]. 
The wall thickness is 100 mm and is constituted by a regular masonry pattern with block di-
mensions 400×175×100 mm3. In accordance with [23], a friction coefficient of 0.65 and spe-
cific weight of 25 kN/m3 is considered in the analyses. 

The second benchmark, represented in Figure 3b, is a slender shear wall with one opening 
placed in the middle. The wall's thickness is 300 mm and is constituted by an irregular, coursed-
rectangular masonry pattern with block widths and heights ranging between 120-260 mm and 
90-130 mm, respectively. A friction coefficient of 0.75 and a specific weight of 19.4 kN/m3 is 
considered. 

For both benchmarks, Young's modulus equal to 3.5 GPa and Poisson's ratio equal to 0.2 
have been assumed for both locks and macroblocks. As follow, the results of micro-LA and 
micro-FE (where each block is modelled individually) are shown and compared with several 
macroblocks arrangements (obtained with different tolerance settings) in terms of pushover 
curves and collapse mechanisms(Figure 4). As can be noted in Figure 4, most of the mac-
roblocks configurations show a maximum base shear substantially included between the range 
identified by the micro-LA (upper bound) and the micro-FE (lower bound), except for the cases 
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with no condition on 𝑡𝑜𝑙𝑛 (as well as the ones with 𝑡𝑜𝑙𝑛 = 22.5 ∙ 10−6 and 𝑡𝑜𝑙𝐷 = 900 mm or 
no condition on 𝑡𝑜𝑙𝐷) in the first benchmark (Figure 4a), which correspond to a discretization 
of only one macroblock (not realistic). Indeed, only one macroblock leads to a trivial collapse 
mechanism characterized by the horizontal slipping of the macroblock, considerably far from 
the expected collapse mechanisms (Figure 5, Figure 6 and Table 1). 

 
Figure 3. Geometric representations of the analyzed masonry specimens, a) regular masonry [22], b) irregular 

masonry. 

a)    b)  
Figure 4. Pushover curves for a) the first benchmark, and for b) the second benchmark. In subfigure a), tolerance 
values are shown in a concise manner. Refer to Table 1 for further details. 
 

As can be noted in Figure 4, the maximum base shear obtained in the pushover analyses 
with macroblocks are substantially included between the micro-LA (upper bound) and the mi-
cro-FE (lower bound), except for the cases with no condition on ntol  (as well as the ones with 

622.5 10ntol −=   and 600 mmdtol =  or no condition on Dtol ) in the first benchmark (Figure 
4a) which are basically composed of a unique macroblock. In fact, only onw macroblock leads 
to a trivial collapse mechanism characterized by the horizontal slipping of the macroblock, con-
siderably far from the expected collapse mechanisms. 
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In particular, it should be pointed out that the difference in shear peak load between micro-
LA and micro-FE is substantially small for both benchmarks (Figure 4), and so all the non-
trivial macroblock solutions appear close to the expected shear capacity. This is also confirmed 
by the collapse mechanisms, which are very similar for micro-LA, micro-FE and non-trivial 
macroblock configurations (Figure 5, Figure 6 and Table 1). 

 

a)  b)  
Figure 5. Collapse mechanisms of the first benchmark for a) micro-LA, and b) micro-FE models. 

 
Table 1. Collapse mechanisms of macroblock arrangements of the first benchmark for different tolerance values. 

 Centre of rotation criterion (𝒕𝒐𝒍𝑫) 
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Micro-LA Micro-FE ntol = 62.5 10−  ntol = 612.5 10−  ntol = 622.5 10−  

Figure 6. Collapse mechanisms of the second benchmark. Macroblocks are defined through different ntol  toler-
ance values ( 450 Dtol mm= ). 

 
Finally, two considerations on the pushover curves should be pointed out.  

• First, small jumps can be observed in the pushover curves of the second benchmarks 
(Figure 4b). This is due to the interlocking between blocks and small macroblocks 
that rotate.  

• Second, differences in the pre-peak response between micro-FE and macroblock so-
lutions can be observed. In particular, the pre-peak behaviour of macroblock solu-
tions is typically stiffer than micro-FE. However, it should be highlighted that the 
penalty factors used in the contact-based friction formulation do not significantly 
impact the overall stiffness. This difference is then mainly ascribable to the fact that 
zero-thickness interfaces are here assumed as no-tension. Consequently, more no-
tension interfaces (as in micro-FE) make the structure more deformable. This fact 
can be overcome by considering cohesive-frictional joints, as in more common ma-
sonries with mortar joints. 

4 CONCLUSION  
This paper outlines a two-step method for performing numerical simulations of in-plane 

masonry structures. The method incorporates micro-LA and FE pushover analyses accounting 
for the masonry pattern. In the first step, micro-LA is conducted, accounting for the real pattern. 
An algorithm is used to identify macroblocks, i.e. the components that make up the collapse 
mechanism. A parametric study investigates the tolerance value's influence on identifying mac-
roblocks. Overall, more accurate macroblocks definitions do not affect the response in terms of 
peak load. In contrast, it influences the initial stiffness of the loading-displacement curves. The 
computational cost of the simulations is strongly decreased when the proposed formulation is 
adopted as an alternative to the pushover on assuming the Micro-FE model. Future develop-
ments will include (i) an assessment of the reliability of the proposed method for other structural 
benchmarks, (ii) a generalization of the proposed method even for out-of-plane loading condi-
tions, which typically show the most destructive effects on historical masonry structures, (iii) 
quantification of the computational efficiency of the proposed formulation with respect to the 
Micro-FE model. 
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