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Abstract: We consider positive singular solutions (i.e. with a non-removable singularity) of a system of PDEs
driven by p-Laplacian operators and with the additional presence of a nonlinear first order term. By a careful
use of a rather new version of the moving plane method, we prove the symmetry of the solutions. The result is
already new in the scalar case.
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1 Introduction

The study of symmetry properties of solutions of PDEs is a long—standing topic which dates back to the foun-
dational works of Alexandrov [1], Serrin [24], Gidas, Ni and Nirenberg [18], and Berestycki and Nirenberg [2].
The common point among such papers is the use of the celebrated moving plane method in the case of semilin-
ear elliptic equations. This powerful technique relies heavily on the validity of (weak and strong) maximum or
comparison principles. The relevance of the ideas which are at the core of the aforementioned papers is clearly
witnessed by the huge number of contributions which are now available in the literature, whose aim has been
to extend the results mentioned above to several different cases in the local framework: quasilinear equations
(see, e.g., [8-11]) and cooperative elliptic systems (see, e.g., [5, 7, 1214, 28]).

A slightly different line of research concerns the study of symmetry properties of singular solutions. In this
case, we refer; e.g., to [6, 26] for the case of point-singularity. More recently, Sciunzi [23] developed a new method
which allows to study symmetry properties of solutions which are singular on sets of small capacity.

The aim of this paper is to focus on systems of PDEs driven by the p-Laplacian with the additional presence
of a nonlinear gradient term. To be more precise, we will consider solutions

uje CHYQ\T), i=1,...,m,
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to the following system of PDEs:

—Dp,ui + ai(u)|Vui " = fi(ug, ..., upm) IMQ\T,
u; >0 inQ\T, 8)
ui=0 on 0Q.

Here, @ ¢ RY is a smooth and bounded domain and, for suitable smooth functions,
~Apv = div([Vv[P~2Vv)

denotes the p-Laplacian. Generally, solutions to equations involving the p-Laplace operator are of class C¢. This
assumption is natural according to classical regularity results [15, 20, 27]. We point out that, in this paper, we
deal with singular solutions that are C¢ far from the critical set I'. We consider solutions with a non-removable
singularity: we mean that solutions possibly do not admit a smooth extension in Q, i.e. it is not possible to find
il € Wé’p (Q) such that u; = it; in Q \ T. Indeed, without any a priori assumption, the gradient of the solutions
possibly blows up near the critical set, and hence each equations of (8) may exhibit both a degenerate and
a singular nature at the same time.

Before stating our main result, we first introduce the main structural assumptions we require on prob-
lem (8); these assumptions will be tacitly understood in the sequel.

Assumptions. Throughout what follows, we suppose the following:
(hg) Qisabounded domainin RN (with N > 2), which is convex in the x;-direction and symmetric with respect
to the hyperplane
M= {x e RN : x; = 0}.

(hr) T < Qnllpisacompact set satisfying Cap,(T') = 0, where

P S Pk
(hp,q) Foreveryi=1,...,m, wehave
2N + 2
N2 <pi<N and max{p;-1,1} <q;<pi,
or 11

2<pi<N and g;=p:.

(hg) The functions a;(-) are locally Lipschitz-continuous on J := [0, +00), that is, for every M > 0 there exists
a constant L = Ly > 0 such that

la;j(t) — ai(s)| < L|t—s| foreveryt,s e [0, M].

(hf) The functions f;(-) are of class C! on J™. Moreover, we assume that
@ fi(t1,...,tm) > 0foreveryty,...,tm >0;
(b) 04 fi(-)>0foreveryl <i,k<mwithi+k.

Remark 1.1. We note that assumption (hy) (a) is kind of natural, indeed for i = m = 1 and p > 2 there are coun-
terexamples to symmetry results in the literature (see, e.g., [25, Section 6] and [4]), while assumption (hy) (b) is
the usual cooperativity condition, a natural hypothesis in the study of qualitative properties of solutions already
in the case of systems driven by the standard Laplacian; see [28].

Now, we properly define what we mean by a weak solution to problem (8).

Definition 1.2. We say that a vector-valued function

u=(Uy,...,Uy) € CPYQ\T;R™)
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is a weak solution to (8) if it satisfies the properties listed below:
(i) Foreveryi=1,...,mandevery ¢ ¢ C:(Q \T), one has

[ v vu, voy ax+ [ aiwpvuito dx = [ fiw, .., un)o dx. 12
Q Q Q

(i) u; > 0 pointwisein Q \ T (for everyi=1,...,m).

(iii) u; = 0on 0Q (foreveryi=1,...,m).

Our main result is the following theorem.

Theorem 1.3. Let assumptions (ho)—(hy) be in force, and letu € CcL2(Q \ T; R™) be a weak solution to problem (8).
Then the following facts hold:
(1) wuis symmetric with respect to the hyperplane I, namely

u(xy, Xz, ..., Xy) = u(-X1, X2, ..., Xy) inQ.
(i) w is non-decreasing in the xy-direction in the set Qg = {x1 < 0}, and moreover
Ox,ui >0 inQo, 1.3)
foreveryie{l,...,m}

We remark that, although the technique that we will develop to prove Theorem 1.3 works for any p; > N, the
result is stated in the range (1.1) since there are no sets (different from the empty-set) of zero p;-capacity when
pi > N.

We now want to give a few comments about Theorem 1.3. Firstly, we notice that Theorem 1.3 extends the
results in [16] to the case of singular solutions. The main novelty of our result concerns the singular case p; < 2
(for some i =1,..., m). In order to explain this, let us consider the case of a scalar equation with a(u) = 0: our
problem then boils down to the case considered in [17] (which is therefore our benchmark case), that is,

—Apu =flu) InQ\T,
u>0 inQ\T,
u=20 on 0Q.

In [17], Esposito, Montoro and Sciunzi, already in the scalar case, require some a priori assumptions on the
nonlinearity f involved in the problem, while here we are able to remove the a priori growth assumption made
in [17] on the nonlinearities f;. This aspect is strictly related with a technical issue that has to be faced when using
the integral version of the moving plane method. In particular, one needs to apply a weighted Sobolev inequality
due to Trudinger [29], whose validity depends on proper summability conditions of the weight, which happens
to be of the form |Vu|P~2. In [17], this condition is proved to be satisfied after a nice study of the behavior of
the gradient of the solution near the singular set I', which is based on a subtle growth estimate proved in [22],
thanks to a priori assumption on the nonlinearity f involved in the problem. Since we are lacking an analogous
estimate for our solutions (even in the simpler case a; = 0 for every i = 1, ..., m), we are not even entitled to
profit of the weighted Sobolev inequality of Trudinger. Nevertheless, we can avoid such a priori assumptions by
exploiting some a priori regularity results that we prove in this paper; see Lemma 2.3 and Lemma 2.4 below. We
stress that this is a considerable simplification of the proofin [17] and it is crucially based on the new Lemma 2.4.

Now, by scrutinizing the proof of Theorem 1.3, one can easily recognize that a key ingredient for our argu-
ment is the fact that, under assumption (h, 4), we have

pi = % >2 foralli=1,...,m.

However, since the above inequality is equivalent to require that p; > 2N/(N + 2), it is natural to wonder why
we require p; to satisfy the worse lower bound

2N+2

Pi> Nz =P
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The main reason behind this choice is that, when p < S, we do not have at our disposal a strong comparison
principle for the operator —Apu + a(u)|Vu|? which allows us to do not take care of the critical set Z = {Vu = 0},
which is, in general, a crucial point when one deals with the p-Laplace operator.

In view of this fact, in order to establish Theorem 1.3 when

2N 2N +2
SDisS 5
N+2 N+2

we would need torecover a technical lemma analogous to [17, Lemma 3.2], which also requires suitable estimates
for the second-order derivatives of the solution of (8). Even if these estimates are available in our setting (see
[16, Theorem 2.1]), we prefer to avoid this technicality here: indeed, we believe that the main novelties of our
work are both to consider systems involving general first order terms and the possibility of considering the case
pi < 2 without the need of prescribing precise (a priori) growth estimates for the solution of (8). To the best of
our knowledge, our result is new also in the case of a single scalar equation.

This paper is organized as follows: we prove some technical results in Section 2 that we will exploit in
Section 3 to prove Theorem 1.3.

2 Notation and preliminary results

In this section, we collect all relevant notation which shall be used throughout the paper. Moreover, we review
some results already known in the literature which shall be fundamental for the proof of our Theorem 1.3. We
will adopt the symbol |A| to denote the N-dimensional Lebesgue measure of a measurable set A ¢ RV,

2.1 Capacity

Due to the important role played by assumption (hr) in our arguments, we briefly recall a few notions and
results concerning the Sobolev capacity.

Let K < RY be a compact set, and let O < RY be an open set such that K ¢ O. Given any 1 < r < N, the
r-capacity of the condenser C := (K, O) is defined by

Cap,(K, O) := inf{ J IVo|"dx : ¢ € CX(0) and ¢ > 1 on K}.
]RN
We then say that K has vanishing r-capacity, and we write Cap,(K) = 0, if

Cap,(K,0) =0 for everyopenset O > K.

Asisreasonable to expect, compact sets with vanishing r-capacity have to be very small; the next theorem shows
that this is actually true in the sense of Hausdorff measure.

Theorem 2.1. Let K < RY be a compact set. Then the following assertions hold:
() IfCap.(K) =0, then H5(K) = 0 for every s > N —r.
(i) Ifr < N and HN"(K) < oo, then Cap,(K) = 0.

For a proof of Theorem 2.1, we refer the reader to [19, Section 2.24].
Corollary2.2. Let1<ry <r; < N andlet K < RN be compact. Then
Cap,,(K) =0 = Cap,, (K) = 0.

Proof. Since, by assumption, Cap,, (K) = 0, by Theorem 2.1 (i) we have 3(*(K) = 0 for every s > N — ry. In partic-
ular, since r; < ry, we derive that
ri<N and HNT1(K)=0.

Using this fact and Theorem 2.1 (ii), we then conclude that Cap,, (K) = 0. O
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On account of Corollary 2.2, if I' ¢ Q n Il is as in Theorem 1.3, we have
Cappi(l") =0 foreveryi=1,...,m. 2.1

Let now K ¢ RY be a fixed compact set with vanishing r-capacity, and let O© ¢ RY be an open set containing K.
We aim to show that it is possible to construct a family of functions in RY, say {1, }., which satisfies the following
properties:

(i) Y. € Lip(RY) and 0 < ¢, < 1 pointwise in R".

(i) There exists an open neighborhood V. < O of K such that

Y =00n"V,.

(iii) Ye(x) - 1ase — 0" for a.e. x € RV,
(iv) There exists a constant Cy > 0, only depending on r, such that

J IViel” dx < Coe.
IRN
In fact, let gy = 9(K, O) > 0 be such that

Be =[x e RV : dist(x,K) < &} € O forevery0 < ¢ < &.

Since Cap,(K) = 0and B, ¢ RY is an open neighborhood of K, for every ¢ € (0, £9) there exists a smooth function
¢ € C°(B,) such that
¢:>1onkK, and J [V@e|" dx < e. 2.2)
]RN
We then consider the following Lipschitz functions:
(@) T(s):= max{0; min{s;1}} (for s € R).
(b) g(t) := max{0;1 - 2t} (for ¢ > 0).
Furthermore, we define, for every ¢ € (0, &),

Ve :RY 5 R, e(x) = g(T(9:(x))). 2.3)

Clearly, ¥, € Lip(RY) and 0 < ¢, < 1in RN. Moreover, by (2.2) we have

J Vel dx < 2" j Vel dx < 2'e.

]RN ]RN
Hence, the family {¥}. satisfies properties (i) and (iv) (with Cy = 27). As for the validity of property (ii), we
observe that, by the explicit definitions of T and g, we have

Y.=0 onV,:= {¢g > %}

As a consequence, since V, is an open neighborhood of K and since V, € B, < O (remember that ¢, > 1 on K,
and supp(@d¢) < Be), we immediately conclude that also property (ii) is satisfied. Finally, the validity of prop-
erty (iii) follows from the fact that

Ye=g0)=1 onRV\B,. (2.4)

Indeed, since the family {B.}, shrinks to K as ¢ — 0%, by (2.4) we get
Ye(x) > 1 ase — 0, foreveryx e RV \ K.

From this, since |K| = HN(K) = 0 (remember that Capp(K) = 0 and see Theorem 2.1), we immediately conclude
that the family {1} satisfies also property (iii), as claimed.

Throughout what follows, we will repeatedly use the family {¢ .}, with different choices of K and O; hence,
to simplify the notation, we shall refer to this family as a cut-off family for the compact set K, related with the
open set O.
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2.2 Notations for the moving plane method

Letu € CL%(Q \ T; R™) be a weak solution to problem (8). For every fixed A € R, we denote by R, the reflection
trough the hyperplane
M= {xeRV:x; =2},

that is,
Ry(x) =x3 := (2A = X1, X2, ..., XN). (2.5)

Accordingly, we introduce the vector-valued function
W (x) = (U a(X), ..., Uma (X)) :=u(xy) forx € Ry(Q\T). (2.6)

We point out that, since u solves (8), it is easy to see that
@ w e CHURAQ\D;R™).
(ii) Foreveryi=1,...,mandevery ¢ ¢ C%(RA(Q \ I)), one has

j IVuialP%(Vuiz, Vo) dx + J ai(ui)Vuia % dx = j fitw)o dx. 2.7
Ry(Q) RA(Q) Ry(Q)
(iii) u;x > 0 pointwise in Ry(Q\ I') (forevery i =1,...,m).

(iv) ujp =0onR)(0Q) (foreveryi=1,...,m).
To proceed further, we let
0 = Qg = inf Xy (2.8)
xeQ

and we observe that, since Q is bounded and symmetric with respect to IIy, we certainly have —co < ¢ < 0. As
a consequence, for every A € (o, 0) we can set

Qri={xeQ:x <A} 2.9)
We explicitly point out that, since Q is convex in the x;-direction, we have
Q) S Ry(Q) N Q. (2.10)
Finally, for every A € (o, 0) we define the function
Wi (X) = (W,0(X), ..., Wi (X)) = (@-wp)(x) forx e (Q\I)NRy(Q\T).

On account of (2.10), w; is surely well-posed on Q; \ R;(I).

2.3 Preliminary results

After these preliminaries, we devote the remaining part of this section to collect some auxiliary results which
shall be useful for the proof of Theorem 1.3. In what follows, we tacitly inherit all notation introduced so far.
To begin with, we recall some identities between vectors in RY which are useful in dealing with quasilinear

operators: for every s > 1 there exist constants C1, . . ., C4 > 0, only depending on s, such that, for every n, n' € RY,
one has
20 =In"1°=2n" s n = 0"y = Calinl + In"D*2In = n' 1%,
1012 = In"1*720"] < Ca(nl + In'D*~21n = 'Y, o
Ani*=2n=1n"1*2n",n—n") = Csln = n'° if s > 2,
Inl°~2n = 1n"1"*n'] < Caln — "1™ if1<s<2.

We refer, e.g., to [8] for a proof of (2.11).
We then establish the following fundamental lemma.
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Lemma 2.3. Let assumptions (hg)—(hy) be in force. Leti € {1, ..., m} be fixed, and let A < (g, 0) be such that
RA(D)NQ, #0.
Then there exists a constant ¢ = ¢; > 0 such that
Javut + wwarvwy i ax < c. (212)
Q
Proof. We first notice that, since A < 0, by assumption (hr), we have Q, NT = 0. Therefore, the function

u=(U,...,Uny)is of class C* on Qy, and we can set

M=M, = Flgji}r(n(”uj"Lm(ﬁ/l) + ||Vuj||Lm(§A)) < +00.

Moreover, since u; and u; ; are non-negative, we have
0<w, =(ui-wy" <u;<M pointwisein Q1 \ Ry(D). (2.13)

Now, to prove (2.12) we distinguish two cases:

() max{l,p; -1} < q; < pi.

() qi = pi.

Case (i). First of all, we observe that, since R, is a bijective linear map and since I has vanishing p;-capacity
(see (2.1)), the compact set Ty := R;(T) satisfies

Cappl_(l“A) =0.

As a consequence, if 93 ¢ RY is a fixed open neighborhood of T';, we can choose a cut-off family {Welece, for I'y,
related with the open set O,. This means, precisely, that the following assertions hold:

(i) Y. € Lip(RY) and 0 < ¢, < 1 pointwise in R".

(i) There exists an open neighborhood VA ¢ 9, of T; such that

Pe:=0 on\?’;.

(iii) Ye(x) — 1ase — 0* fora.e. x € RV,
(iv) There exists a constant Cy > 0, independent of ¢, such that

J [Vie|Pidx < Coe.

RN

We now define, for every ¢ € (0, &), the map

w0 () = (wi - ug) T OPE (x)  ifx € @,
Pie(X) = ’ ,
otherwise.

We then claim that the following assertions hold:
(i) @ie € Lip(RY).
(i) supp(@ie) € 2 and @; = 0 near I'y.
In fact, since
uj € C4Q;) and u; € CYYQ\T),

we readily see that
W:-'A € Lip(ﬁa \ V) foreveryopenset V2T,.

From this, since . € Lip(R") and 1. = 0 on V2 2 T, we get ;. € Lip(Q;). On the other hand, since ¢; . = 0
on 0Q;, we easily conclude that ¢; ¢ € Lip(lRN ), as claimed. As for assertion (ii), it follows from the definition
of @; ¢, jointly with the fact that

=0 onVA2T;.
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On account of properties (i) and (ii) of ¢; ¢, a standard density argument allows us to use ¢; . as a test function
both in (1.2) and (2.7), obtaining

I(IVuilpi_ZVlli — VUi P Vuy 5, Vi) dx + J(ai(ui)lvuilq‘ - a;j(ui2)IVui %)@ dx

@ @ (2.14)
- [ (hw - fiwee ax.
Qi
By unraveling the very definition of ¢; ¢, we then obtain
[ a2 - v, Ve dx
Q)

. L i—1
#pe [ (VP EVU = VP, Ve w92 dx

. (2.15)
+ I(ai(ui)quilq‘ = ai(ui )| Vui | "w], g dx
Q1
- [iw - fiwnywy, vt ax.

Q
We now observe that the integral on the right-hand side of (2.15) is actually performed on the set

Aip={xeQy:ui=u}\ I

Moreover, we have
0<uja(x) <ui(x) <M foreveryx e A;;. (2.16)

The right-hand side of (2.15) can be arranged as follows:

[ icw - i, ' ax

Q1
= j [ﬁ(uly ceey um) _fl'(ul,/\a ceey um,A)]WZA"bgi dX
Qx
= I [ﬁ(ull sy um) _ﬁ(ul,ﬂa uz,..., um)
Q
. 2.17)
+filw, Uz, .o um) = filwia, Uz, - um ) W P dx
= j [fi(u1, DI} um) _ﬁ(ul,ﬂa Uy ovvy um)
Q)
+filuga, U, ooy Um) = fi(Uuga, Uz s oo s Un)
toee +ﬁ(u1,A) uZ,)L, ey Uiy eeny um) _f‘l'(ul,ﬂy uZ,A sy ul’,l: sy um)
oo iU, Ug i, U Um) = fil g, Us s Uz U ) W R dX
By (2.17), we have
[ ¢iw - ficanywy vt ax

Q)

= J[fi(ul,...,um) —ﬁ(ul,g,...,um,a)]wzlwgi dx

Q)
iU, ..., U —Jilugp, U2,..., U :
_ Jﬁ( m) ﬁ( N m)(ul _ U1,/’1)W?Al/)gl dX
Uy — U ’
Qx

+ j f‘i(ul,/\) uz,..., um) _f‘l'(ul,ﬂ’ UZ,A, sy um)

Di
(uz — ug )wi ;' dx
Uy — U3 B

Q)
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. J fl’(ul,)b u27 DR} ui’ ) um) _f‘i(ul,A) UZ,)L: DR ui,ﬂr DR} um)

Pi
4o+ u'—u'A)WT dX
Ui — Uiy (u; i, M'Ps
Q
i(U1,0, Uz, 0, -+, Um) — fi(Uap, U s - - -, Um,2) -
U Jﬁ A WA > Um ﬁ WA A > Um, (Um_Um,A)W?—Al/JgI dX
Um — Um,A ’
Q1
iU, ..., u —Jiluqp, U2, ..., U ;
< Jﬁ( ) b m) ﬁ( A ) ) m)(ul_ul’l)+w;}-lw€1 dX
Uy — U ’
Q
iU, Uy ..., U —Jilui, U225+ U .
+Jfl( o Uz s Um) = il Ua s m)(uz—uz,A)JrW;rﬂ/)gldX
Uz — Uz,2 ’
Q
i(u Uz, ..., Uj, ..., U — Jilu u vy Ujipy e u .
++Jﬁ( 1,4, U2, > Ui, ) m) ﬁ( 1,45 U2,25 s Ui,ds B m)(ui_ui’/l)*—W?—A’,bgl dx
Ui — Ui ’
Q
(UL, U2 Ay - Um) — iU, U2 py s Umd ;
by Jﬁ Ao WA > Um ﬁ( Ao A > Um, )(Um_Um,A)‘FW?—Al/}gl dX
Um — Um,A ’
Q1
. p
. + ot i
< ZL] j wiwive' dx, (2.18)
j=1 Qy

where in the last inequality we define
. . - . — + -
u] u],/1 - W]’/l = W],A W},A

and we used the cooperativity assumption of each f; for j # i, together with the fact that f; is of class C* (see
assumption (hy)). Here, L; > 0 is the Lipschitz constant of f; on [0, M] x - -- x [0, M]. Hence, resuming the com-
putations above, we have

m
J(fi(u) ~ fitwwt, gl dx < Y 1 j whwi vl dx. 2.19)
o =g,

On the other hand, by using the estimates in (2.11), we get

[ a2 PPV, Vw9 dx > o1 [QVu + gV PR dx. @20)
Qi Q

Gathering together (2.19) and (2.20), from (2.15) we then obtain

Cr [ Qva + 1Vua P 21vwy, Py dx
Q)
< J(IVuilpi_zVui — [VuiP2Vu 0, Vi, g dx
Q1
< pi jnwiv)f-zwf — VU2 PV |Vl wi, p T dx
Q1
m
+ Jlai(ui)wuﬂqi - ai(ui,)l)|vui,)l|qilwz;11/)gi dx+ ) L J WIAWZAIP? dx 2.21)
o =1,
< pi J'IIVuilp"szui - |Vui,A|pi72VUi,A||V¢e|WZA¢€i_1 dx
Q1
+ [lai) - @) Va1 w7, 92 dx
Q
m
; J|ai(ui)|||Vui|q" — V| w g8 dx+ Y j whw!, gl dx.
o) =g,
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To proceed further, we now turn to provide ad-hoc estimates for the integrals on the right-hand side of (2.21).
To this end, we first introduce the notation

F;:= ZLj J wbwzﬂl/)g" dx.

Moreover, we split the set Q) as Q; = Qf) U Qf), where

Q;l) ={x e Q\Ty: [Vui (x| < 2|Vul},
QP =[x € Q\ Ty : VUil = 2IVuyl}.
Then the following assertions ensue:

o By the definition of Qﬁl), one has
[Vuil + [Vui | < 3|Vugl. (2.22)

o By the definition of the set Qf) and standard triangular inequalities, one has

1 3
E|Vui,/l| < Vual = IVl < [Vwial < [Vual + [Vl < EIVUMI. (2.23)

Accordingly, we define

. . i—1
Piy = J IV P=2Vu; = [Vug 2 P2Vui ||V lwi, pb ™ dx
g
. 9 9 i—1
Py = J||Vul-|l’l Vu; — [Vuga P Vui,A||V¢£|WZ,\w€I dx
o
o= [l - aitu)lvusaltw), g?' dx

9(1)
’ (2.24)
Iip = J. |ai(ui) - aiui )|V 2| T wi, g dx

Jia = [l lVul® - Vuga w}, 0? dx
oV

Jiz = |tV - [Vuga w7, 9" d.
Q¥

We then turn to estimate all integrals above. In what follows, we denote by the same C any positive constant
which is independent of ¢ (but possibly depending on ).

Estimate of P;1. If 1 < p; < 2, from (2.11), (2.22) and by Hélder’s inequality, we obtain

., i-1
Pir < Co [ 1Vl PRl dx

bt 1
< C4( J |Vw'i':/1|pil/}€i dx) Pi ( J |V¢S|pi(WIA)pi dx)p‘
Q;l) le)

pi-1
Pi

< ci(| [ avud+ vuaprl ax) " ([ vper g dx)p%

1) @)
QA Q/\
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i1 1
<ci( [ vargl ax) ([ rvger e ax)”
o o
pi-1 1
< c( Jquilp" dx) " (szpgv’f dx)”". (2.25)
o o

If p; > 2, from (2.11) and the weighted Young’s inequality, we have
-~ -1
Pis < Co [ QVal + VU )P 20wy 1Velylw, dx

ol

_ ; C — -2
< €6 [ (a4 1Vua )P VW, P92 dxor 5 [ (Vi + Vs 219yl ) dx
9(1) Q(l)
A A

Using (2.22) and Holder’s inequality, we obtain

C
P,-,lscaj(|Vu|+|Vum|>Pl 2w, Pyl dx + < qu P2IVe Yl (w)? dx

[ Qg“
C pi-2 2
. i . Di pi . . pi
<C§ J(IVuil + [Vuia)PHvwE, PeE dx + g( leuill”w’a’ dX> ( jlvwalpl(wa)”’ dX) (2.26)
9511) le) Q511)

i . c N N
< €6 [[avud + 1Vua )P 2vwy, P dxe 5 [1vud ax) ™ (([1vgerax)”
Q) Q) Q)

Estimate of P;,. If 1 < p; < 2, using the weighted Young’s inequality and (2.23), we get

Piy<Cy J VW, P VYl T w?, dx

<cs I vw? P dx + S I Ve lP(w?, )P dx

® ®
9/1 9/1

<C§ j(IVuz|+|Vuml)”’ 2(IVuil + [Vug ) * 98! dX+£ J IVipelP!(w} ;)P dx

2) )
i @ @2.27)

< ¢8 [ (vl + IVl Pyl ax+ & [ 1velri g ax

(2) 2)
Qf Qf

C
<cs j(|Vu|+|VuM|)Pl vwy, Pyl dx+ jwl/»swl(w Y dx

2) )
o) o

. Lc |
< s J(IVuil + VUV P dx szpgv’t dx.
Qi Q

If p; > 2, by the weighted Young’s inequality and (2.11), we deduce that

_ -1
Pia < Cr [ (Vuil+ Vugal 219wy, Vel ™ w}, dx

®
Qﬂ

C
=¢ J(IVu I+IVulA|) = |Vw+ I"' 1¢p' d“‘ lewelp‘(w Pidx

2) 2)
Qf Qf

Pipi=2) ; )
= ¢8 [ vl + Va5 (9w PIowy, 75l e 5 [ e P ax

2) 2)
Q) Q
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Using (2.23) and noticing that
pi
(ri-1

2<0,

we obtain the following estimate:

- L.cC , .
Pio < C8 [ IVualP 2w, P92 dx+ 5 [ 9elPin, ) dx

932) Q;2>
~21 gt (125pP ¢ ;
< C8 | (IVuil + [Vuia P2 IVw] [ “e dx + 3 Ve P dx
9;2) 9512)

B Cc |
<cs J(IVui| # VPR Pl dxr jwngv’l dx.
9)[ 9/\

In the second line of (2.28), we exploited the fact that, since p; > 2,
IVuia P2 < (IVugl + [Vuga)Pi2

Collecting (2.25)—(2.28), we deduce that for p; > 2 it holds

pi=2

S
Q) Q) Q

- : C (D i .
Pia+ Py < C8 [ (Vul + 1VuahP 2vwy, Pyl dxs ([ 1vugryl ax) ™ ([ vperiwg

+ g J|V¢s|p" dx for every § > 0,
Q)

where C > 0 is a suitable constant depending on p;, 4, Q, and M.
In the same way, if 1 < p; < 2, we deduce that

pi-1

Pi1+Pis < CS J(IVuil + IV P2V, Pyl dx+ c( JIVuilpi dx) g ( Iwngv’f dx)pi

Qi Q) Q1

+ g J|V¢g|p" dx forevery § > 0,
Q

where C > 0 is a suitable constant depending on p;, 4, Q, and M.
In both cases, taking into account (2.13) and the properties of ¢, we derive the estimate
. 1
Pia+ Puo < C8 [(Vul + 1VwahP 20wy, Pyl dx+ Coe™,
Q
holding true for every choice of § > 0.

Estimate of I; ;. Since the integral I; 1 is actually performed on the set
Aip={ui 2 uja b\ Iy,
from (2.16), assumption (h,) and the definition of 9(1), we immediately obtain
Iin<L J IVui | T wi, Pyt dx
ol
<20 J [Vugdlw?, P92 dx  (since u; € C4%(Q) and 0 < g < 1)
o
<C J|WIA|2 dx.
Q)

DE GRUYTER

(2.28)

2

. pi
)

1

(2.29)

(2.30)
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Estimate of I;;. First of all, since also the integral I;, is actually performed on A;,, we can use again esti-
mate (2.16) and assumption (h,), obtaining

Lp<L j IVuia | w), Pye dx < L j Vil + Va4 wi, P98 dx = ().
Q512) Q;Z)

From this, since q; < p;, using (2.23) and by Young’s inequality, we obtain

() =L [ [aVad + 1Vusay2] - [, P92 "] dx
o®
— C i .
< €6 [ Va4 1VuahP 9l e+ 5 [ Wi Tyl dx (since < g < Land pi/(pi- ) > D
9;2) Q;Z)
<C§ J(|Vui| + IV ADP VW P dx + g j|wl’f/\|2 dx forevery § > 0.
Q)[ QA

Estimate of /; 1. We first observe that, since 0 < u; < M pointwise in Qy, by exploiting assumption (h,) and the
mean value theorem, we obtain the following estimate:

Jia =€ [ Ivul® - [ugalfwf, g?' dx

1)
QA

< C [ aVul + Va1 vwy, w6 dx

)
Q){

24i-pi

<c J(IVuiI + VU™

pi=2 ;
(IVuil + IVuial) = [Vwy, [wi, e’ dx

&)
Q]L

. - ; C
< €6 [ (Aul + Va2 )PVl + Vo)Vl Pl e 5 [P dx.

Q;1) Q;
Finally, using (2.22), since q; > max{p; — 1, 1} and therefore q; > p;/2, we conclude that
~ i C
Jia = €8 [ (Vul + Vw2 20wy, Pyl dxs 5 [ wh P, (232)
52/1 QA

and this estimate holds for every choice of § > 0.

Estimate of /; ;. Using once again the fact that0 < u; < M in Q,,and taking into account assumption (h,), we get

Jiz <€ [ Qv+ 1VusaDwy,p? dx = o).
o

By Young’s inequality and estimate (2.23), we obtain

)= [ [avul+ Vuah @] - w92 "] dx

®
Ql

<cs [ qvul + vuonP e dax+ € [ jwh 7 gl dx
< i i,A e s i,A €

® ®
9/1 g/\

(2.33)
pi—2 + 24Pi ¢ + 12
<GS | (IVuil + IVuiaDP2I Vw17 ge dx+§ lwi; 1= dx
932) [oh

- LC
< €8 [Vl + Vg2 19w, P92 dcs 5 [P dx,
9/1 Q)L
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where we used the facts that p;/(p; - q;) > 2 (because q; > pi/2) and 0 < u; < M in Q,; this estimate holds for
every § > 0.

Estimate of F;. Since 0 < ¥, < 1, by Young’s inequality, we immediately get

m
EDWA| I'WZA'Z dx + Ilw ) < Cz J w2 dx. 2.39)
j:1 Q;

9/1 1QA

Thanks to all estimates above, we can finally complete the proof of (2.12): in fact, by combining (2.29)—(2.34),
from (2.21) we infer that

Cr Qv+ Vgl 219w, P92 dx

Qi
(2.35)

<C§ J(qu |+ Vi 2 DP2 V], Pyl dx + Coel + < lemlzdx+ cz j wi; I dx,
0, o J=1g,

and this estimate holds for every § > 0. As a consequence, if we choose 6 sufficiently small and if we let ¢ — 0*
with the aid of Fatou’s lemma, we obtain

m
J(IVuiI + |Vui,A|)pi_2|VWZA|2 dx < CZ J|W;§A|2 dx, (2.36)
0 =g,

where C > 0 is a suitable constant depending on p;, q;, a;, fi, A, Q, M. This, together with the estimate in (2.13),
immediately implies the desired (2.12).

Case (ii). Let us define the function

t
Ai(t) = | ai(s)ds.
|

Using the family of cut-off functions {i¢}¢<¢, defined in the previous case, we now define in a very similar way,
for every ¢ € (0, &), the maps

oF ):{ e M OYE(x) ifx € @,
' 0

otherwise,

and

o e—Ai(ui,A(X))WZA(X)wgi (0 ifx € Qy,
(pi,e () =

otherwise.

Itis possible to prove the following assertions (see, e.g., [16]):

M 0l 02 e Lip(RY).

(i) supp(gof ) € Qy, supp(gol 8) € Q;and gom = gofzs) O near I;.

Hence takmg into account properties (i) and (ii) of (p(l) and qogzs) , a standard density argument allows us to
use (p ) and (0(2) as test functions respectively in (1.2) and (2.7).yWe then subtract the latter from the former,

getting
J (\Vu;|P=2vu;, V(p(1)> dx - I (IVui PV, V(Dgi)) dx
Q Q
+ J ai(ui)IVuiI”ffpfﬁ dx - J ai(ui,A)lvui,Alpi(0§,Zg) dx
Q; Q

jﬁ(u)co“’ dx - jﬁ(um‘” dx.

Q Q1
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Now, we use the explicit expressions of both (pglg) and gogze) to get
- j ai(ui)e™ 1|V Piwy, Yi dx + j e |y P2 (Vuy, Vw] ) e dx
Q; Qi

_A(u . -1
i [ TP T, Vg wl gl dx
Q

+ J ai(ui,)t)e_Ai(ui’A)|Vui,ﬂ|piWZAlpgi dx — J e_Ai(uM)|Vui,/\|pi_2(vui,}L,VWZA)lpI;i dx
Q Q

_Ai(u; ._ -1
=i [ MDA Vg, Vgl dx
Qx

+ J a;(up)|Vug Pre= MO wt yi dx - j ai(ui )| VugaPre 4D wt gl dx
Q)L Q/\
- Jﬁ(u)e‘Ai(“f)wZAwé’i dx — Jﬁ(u,\)e‘Ai(“fv*)wle/)gi dx.
9/1 QA
After a simplification, we add on hoth sides the term
J e—Ai(ui,A)|Vui|P172 (Vui, VW&)’;bsi dx,
Q)
and, on the left-hand side, we add and subtract the term
—A: . - i_l
pi I e A |V P2 (Vuy, Vipeyw], pE T dx.
Q
Rearranging the terms, we find
J e D (|9 P2V — [Vug AP Vg, Vwi ) g dx
Qx

= J(e_Ai(ui,A) _ e—Ai(ui))|Vui|pi—2<Vui’ VWZﬂwlsji dx
Q

_A(w AW - i—1
+Di j(e Ail) — =My |71y P2 (Vuy, Vipe)w] e dx 2.37)
Q

A o _ i1
# i [ DT Py - VPV, Ve wl g dx
Qx

+ J(e““"‘”i)ﬁ(u) - e MU fw))wl, e dx.
Q

Arguing similarly to case (i), see (2.20), the left-hand side can be estimated from below by
¢ [[avad + 19w a9y, o2 dx. 2.38)
Q2

Indeed, in the set Q; N supp(wlff,ﬂ), one has

e 4l > ¢ > 0.
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We now focus on the right-hand side, which we firstly bound from above passing to the ahsolute values,
getting
J|e_Ai(ui,A) _ e_Ai(ui)||Vui|pi_1|VWz;L|¢si dx
Q2
A A1 - -1
+Di J|e Ai(uip) _ e Al(ul)“Vuilpl 1|V¢E|W;r,)ll/)€ dx
Q
A (U . L -1
+Di J e MU Vu A PEVUg  — IV POEV W[V lw] e dx
Q
+ [ A ) - A fiawy, 9P dx
Q2
=1di1 +3diz +Jdi3 + dia-
For the reader’s convenience, we recall that, in this case, we are assuming 2 < p; < N. We have the following

estimate.

Estimate of J; 1. Using the Lipschitzianity of t - e~4i(, we get that there exists a positive constant C > 0 such
that ” .
Gia < € [V vwy, s wyp! dx.
Q

Now, by exploiting the weighted Young’s inequality, we obtain that for every § > 0 it holds

i— i C i
i1 < €8 [IvuP=2ivwy, Pyl dx+ 5 [ el dx

@ o (2.39)

L i C i
< €8 [Vl + [Fugal) 219w, P92 dxs 5 [w gl dx,
Q/\ 9/1

where in the last step C > 0 depends also on [[Vu(lr~(g,).

Estimate of J;,. Using once again the Lipschitzianity of ¢ — e~4i( together with the boundedness of Vu in Q;,
and then exploiting Holder’s inequality with exponents (p;, pi/(pi — 1)), we get

1

Jis < c( I|vlp£|l’i(w;j)l’i dx>7i< J 0 dx)

Q Q

pi
pi-1

(2.40)

Estimate of J;3. We notice first that e~4i4) < 1, Arguing similarly to the computations that led to (2.25) and
subsequently to (2.29), we deduce

. 1
Jiz<C§ J(IVuil + IVui,Al)p"‘ZWWZAlZl,bg‘ dx + Cseri  for every § > 0.
Qx

Estimate of J; 4. We first consider the function
gi(t) = e Af(D), ted™,

which is still a C* function satisfying the cooperativity condition 8, g; > 0 on I™ for every k # i. Hence, we can
repeat the computations made in (2.17)-(2.19) to get

m m
Jia< ) Lg J’ wiwl e dx < cy J’|W}ta|2 dx. (2.41)
=g, J=lg,

Putting everything together, we can conclude as in the previous case (i). Hence, we obtain the desired (2.12) for
everyi=1,...,m. O
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We conclude this section by proving the following useful lemma.

Lemma 2.4. Let assumptions (hg)-(hy) be in force. Let i € {1, ..., m} be fixed, let 1 < p; < 2 and let A € (g, 0).
Then there exists a constant ¢ = ¢; > 0 such that

Pi
J'VWZM’” dx < I(IVuiI + VU)W, P dx) (2.42)
Q Q

Proof. Let us define the set Q} := QN supp(wlf’x) and let ¥, be the cut-off function defined in (2.3). Using
Hoélder’s inequality with conjugate exponents (2/(2 — p;), 2/p;), we obtain

. i pi(2-pj) pi(pi-2) ) ;
JIVW,-}I”'%’ dx = J(IVuil +Vual) "7 (Vg + [Vugal) 2 IVw], Pyl dx
Q; QF
2p; 2 (2.43)
. C\PiPi bi . \Pi—2 + 2. Di 2
< (IVuil + [Vuial) Y dx (IVuil + [Vuial) |VW1")L| Yo dx | .
Q7 Q;
Now we are going to give an estimate to the first term on the right-hand side of (2.43), i.e. the term
3= [[Qvu + Vugal)? ' ax.
QF
In the same spirit of the previous lemma, we split the set Q3 as Q; = 9;1) U Qﬁz), where
1
ol =[x € @\ Ty : [Vu (0] < 2/Vul),
2
Q(A) ={x e QI \ Ty : [Vuia(x)| = 2[Vul}.
Hence,
3= [ vl + VuahP g2 e [ AVl + VU292 dx =31 + 3.
52511) Q5\2)
Estimate of J1. Since ¥4’ < 1, using (2.22), we immediately get
Jp<cC j |Vu;|P dx, (2.44)
o
Estimate of J,. Using (2.23), we obtain
Jo= [ (19wl + Vs 2Vl + Vs 92 dx
Q®
< ¢ [ (vul+ Va2 19uga PyY dx 0.5

(2)
g/\

< C [ Va4 Vw2 2vwy, Py? dx.

Q¥
Collecting (2.44) and (2.45) in order to estimate J, we have
1< ¢( J Vi P dx + j (Val + VP2V, Py dx).
o op
Now, since each Vu; € L>°(Q,) for every A < 0 and the second term is bounded by Lemma 2.3, we deduce that

J<C,



1536 — S.Biagi et al., Symmetry of singular solutions DE GRUYTER

where C is a positive constant that does not depends on ¢. Since 5" < 1, inequality (2.43) becomes

pi

J|VW;A|P1'¢§” ax < ¢ j(|Vul-| + VgD P 2wy, P ax) (2.46)
& A
Finally, by Fatou’s lemma, from (2.46) we get (2.42). O

3 Proof of Theorem 1.3

Thanks to all results established so far, we are ready to give the proof of Theorem 1.3.

Proof of Theorem 1.3. Our approach relies on a suitable adaptation of the integral version of the moving plane
method. We consider the set

A={ne(0) :u<uronQ;\RyTI)forallA e (g,n]andforalli=1,...,m},

and we claim that the following facts hold:
(@ A#0.
(b) Setting Ay := sup(A), one has A = 0.

Proof of (a). First of all, we observe that, since I' is compact and contained in Q n IIy, it is possible to find a small
7o > 0 such that o + 79 < 0 and

RyT)NnQ, =0 foreveryA eIy :=(o,0 + Tol.

In particular, for every A € Iy we have u,u, € Cl’“(ﬁg). On the other hand, since both u; and u;; are non-
negative (for every i = 1, ..., m), it is immediate to recognize that

ui<u;; onoQ,, foreveryi=1,...,m.

Now, it is possible to start the moving plane procedure using [16, Proposition 2.5]. For the reader’s convenience
we state such a result adapted to our context. The proof is exactly the same, and therefore we skip it.

Proposition 3.1. Let assumptions (hg) and (hy) be in force, and suppose that
pi>1 and ¢;>max{p;-1,1} foreveryi=1,...,m.

In addition, suppose that u,u, € Cl’“(ﬁgm). Then there exists a number § > 0, depending on m, pi, qi, a;, fi,
luill L (Qg1ry)s IVuill Lo(Qp10)> and ||Vai||Loo(QQHO), with the following property: if Q) € Qg.r, is such that |Q;] < 6,
and if

ui<uj); onoR,, foreveryi=1,...,m,

thenu; < u;; in Q) foreveryi=1,...,m.

Therefore, by possibly shrinking 7¢ in such a way that |Q,| < & for every A € Iy, we derive that u; < u; 3 in Q)
foreveryi=1,...,m. Hence, n := 0 + 79 € A, and thus

A+0.

Proof of (b). On account of (a), Ag is well-defined and Ay < 0. Arguing by contradiction, we then suppose that
Ao < 0, and we prove that there exists some 7y > 0 such that

ui<ujpon @ \Ry(I) foralli=1,...,mandA € (Ag, A + To]. 3.1)
Since (3.1) is clearly in contrast with the very definition of Ay, we can conclude that

Ao =0.
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In order to establish the needed (3.1), we proceed as follows: first of all, since both u and u, are continuous on
Q, \ R)(T), we observe that

Ui < Uiy onQy \Ry () foreveryi=1,...,m. 3.2)
We then claim that, as a consequence of (3.2), one actually has
Ui < Uiy, onQy \ Ry (I') foreveryi=1,...,m. (3.3)

To prove (3.3), we arbitrarily fix i € {1,...,m}.

We first point out that, since Q;, = @ N {x1 < Ag} is connected and the compact set I';, := Rj,(I') has vanish-
ing p;-capacity (as the same is true of T, see assumption (hr)), it is not difficult to check that Q, \ T, is connected
(see, e.g, [3, Lemma 2.4]). Thus, owing to assumption (hy), we deduce that holds the following distributional
inequality holds:

=Ap i + ai(U) Vw1 + Ajui < —DpUipg + @i(Ui ) VU IT + Ay, In Q3 \ Tag,

where A; is a positive constant. As a consequence, since u; < u; , in @3, \ I'y,, we can apply the strong compar-
ison principle (see, e.g., [21, Theorem 1.2]), ensuring that

either u; = u;j, or u; < wjy, inQy \ Ty, (3.4)

On the other hand, since u solves (8), we have u; — u; 3, = —u;;, < 0on 9Q;, N Q. This immediately gives (3.3),
since the alternative u; = u;, in Q, \ I';, obviously cannot be achieved because of the Dirichlet boundary
condition and the fact that u; > 0in Q \ T.

Now we have fully established (3.3), and we can continue with the proof of (3.1). To begin with, we arbitrarily
fix a compact set K < Q,, \ Ry, (I') and we observe that, since R, (I') is compact, we can find 79 = 7o(X) > 0 so
small that

K <cQu\RyT) foreverydy <A <Ag+1p.

Moreover, since u is continuous on X, a simple uniform-continuity argument based on (3.3) shows that, by

possibly shrinking 7y, we also have (foralli=1,...,m)
ui <ujpyonX foreverydy <A <Ap+ 1. 3.5)
We now turn to prove that, for every Ag <A <Ap+ 79 and every i =1,..., m, one can find a constant C; > 0,

depending on p;, q;, a;, fi, A, R, and M, with
M =M, = 1rnSjaS)r;(||uj||Loo(§A0”0) + ”Vuj||Loo(§/\0+To)) < 400,

such that .
J (|Vul~|+|Vui,A|)Pf-2|vW;A|2dxscz J w1 dx. (3.6)
Q,\K Flo\x

Taking (3.6) for granted for a moment, let us show how this integral estimate can be used in order to prove (3.1).
First of all, by taking the sum in (3.6) fori = 1, ..., m, we get

m m
) J (Vuil + [Vuia P2 vy, P dx < €' ). j lwi, I dx. (3.7)
I:IQA\K l:lm\:K

Now, we have to distinguish the singular case from the degenerate one. To this end, let us suppose (up to
a rearrangement of the sum on both sides of inequality (3.7)) that

(2N +2)
(N+2)

<p;i<2 foreveryi=1,...,m/,
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forsome 1 < m’ < m.In this case, we have that p? > 2. Applying the Holder inequality with conjugate exponents
((p; - 2)/p;, p;/2) and the Sobolev inequality to the first m’ terms of the right-hand side of (3.7), we deduce that

!

m m
D j (V| + [Vug P2 \vw, P dx+ ) (V| + [Vug )P~ |Vw], 2 dx
ileA\JC i:m’JrlgA\:K
m' m
<Cy j wi,Pdx+C ) J lwi,I? dx
i=1 i=m'+1
Q\K Q\K
. ;o . . (3.8)
b Y-
<cyleanx T ( J i, ax) vc Y J w12 dx
i=1 QK z:m’+1m\x
m' pi-2 2 m
— . pi
scylons ™ ([ vwpran) e Y[ gl
i=1 QK l:m’+lg/\\j<

In the first m’ terms of the right-hand side of (3.8) we apply Lemma 2.4, while in the last terms (from m’ + 1
to m) of the same inequality, since p; > 2, we do apply the weighted Sobolev inequality [21, Theorem 2.3]. Hence,
we obtain

m’

m
Y | vl vuapr e s Y [ a9+ VaahP v dx
izlsz;\ﬂ( i:m’*'lg,]\g{
m’' pi-2
eI T | (Vul+ Vu)P v ax
i=1

Q\K

m
v Y G@NK) [ VulP P dx (39)
i=m'+1 QK

! *_2

P
i

m el S
<CY |\ X j (IVui| + [Vui P2 [Vwy, [* dx
i=1 QK

m
+C Y Cp(Qi\X) j (IVuil + [Vui P2 IVwi, |* dx,
i=m'+1 QK
where Cp(Q; \ X) is the Poincaré constant that tends to zero, when the Lebesgue measure |Q; \ X| tends to
zero. From (3.9), up to redefining constants, we have

m m
> | vl vuahr e P dxs 0@\ B0 Y [ aVad + Vb vy P 610)
Hlo\x Flo\x

where C(2; \ X) tends to zero when the Lebesgue measure |Q, \ K| tends to zero. Now, we choose the compact
set X sufficiently large such that
C(Q\X) < 1.

From this fact, we immediately deduce that u; < u;» for each A9 < A < A + 7, and this gives a contradiction with

the definition of Ag. Therefore Ao = 0, and (i) is proved. Since the moving plane procedure can be performed in

the same way but in the opposite direction, this proves the desired symmetry result. To prove (ii), we observe

that the monotonicity of the solution is in fact implicit in the moving plane method, and in particular we get

that 0x, u; > 01in Q. To get (1.3) it is sufficient to apply the strong maximum principle [16, Theorem 2.3].
Hence, we are left to prove (3.6). To this end, for every fixed A € (Ao, Ag + 79] we choose an open neighbor-

hood O € Q) \ K of T'; = Ry (T'), and a cut-off family {Y.}e<e, for I'; related with O,. This means, precisely, that

the following assertions hold:

() Y. € Lip(RY) and 0 < ¢, < 1 pointwise in R".

(i) There exists an open neighborhood V2 < O, of T; such that

=0 onV2
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(iii) Ye(x) - 1ase — 0" for a.e. x € RY,
(iv) There exists a constant Cy > 0, independent of ¢, such that

J IVYel?! dx < Coe.

]RN
We also fix i € {1, ..., m}, and we distinguish two cases:
@ qi<pi
(i) qi=p:
Case (i). In this case, for every € € (0, &) we consider the map

wi00PE () = (ui — ui ) OPE (x)  if x € Q,
Pie(X) =

otherwise.

As already recognized in Lemma 2.3, ¢; . satisfies the following properties:
() gie € Lip(RY).

(i) supp(@ie) € Q; and @; . = 0 near T;.

Moreover, since we know that u; < u; 2 on X, we also have

wi=Wi-u)* =0 onX. (3.11)

As a consequence, a standard density argument allows us to use @; . as a test function both in (1.2) and (2.7).
From (3.11), we obtain

j (VWP 2Vu; — [VuP2Vug, Voue) dx + j (@U)IVl® — ai(ug ) Vu ). dx
QXK Q\XK

- j (FiW) — fi(W))0ie dx.

Q\K
Starting from this identity, and proceeding exactly as in case (i) of the proof of Lemma 2.3, we obtain the following
estimate, which is the analogue of (2.36):
m
J (IVui| + |Vui |)pi—2|VWZA [2dx<C Z J Wi, 2 dx. (3.12)
Q\K JFloix

Here, C > 0 is a suitable constant depending on p;, qi, a;, fi, A, Q, M, with

M =M, = 1mgj;é)';(nujlle(glm(]) + Hvui”Lw(ﬁpﬂo)) < +00.
But, in this case, (3.12) coincides with (3.6).
Case (ii). In this case, for every ¢ € (0, &y) we consider the maps

e—Ai(ui(X))W?'A(X)wgi(X) if x € Qy,

1) .
wﬁ,g(X) = {0

e‘Ai(ui”l(X))W:A(X)wgi(x) ifxeQ,,

(2) .
D¢ (x) := {0

otherwise,

otherwise,

where

t
Ai(t) == Ja,-(s) ds.
0



1540 — S.Biagi et al., Symmetry of singular solutions DE GRUYTER

Also in the present case, we have already recognized in the proof of Lemma 2.3 that qogls) , (pgzs) satisfy the following
properties:
: 1) @ .
@) (pfs) (pgs) € Lip(RM).
" 1 2 1 2
(i) supp(gog)e)) cQy, supp(gog’g)) c Qyand (pfg) = gofe) =0 near I;.
As a consequence, a standard density argument shows that it is possible to use (pﬁlg) , (pgzg) as test functions in (1.2)

and (2.7), respectively. By subtracting the resulting identities, and by taking into account (3.11), we then obtain

L 1 L 2
| avar=2vu voldyax- [ (Vultvu, voll) ax
Q\K Q\K

G| . (2
| awmarelac- | atuaivuarel dx
Q\K QK

= | swoax— | fiwof ax
\K QK

Starting from this identity, and proceeding exactly as in case (ii) of the proof of Lemma 2.3, we obtain the
following estimate, which is again the analogue of (2.36):

m
J (IVuiI+|Vui,)tl)pf_2|VWi+’A|2dX£CZ j lwi,1* dx. (3.13)
QK Flg\x

Here C > 0 is a suitable constant depending on py, qi, a;, fi, A, @, M, with

M= My = fnsj?,fl("uj”Lm@uro) + ||Vuj||Loo(§p”0)) < 400.
But (3.13) coincides with (3.6) in this case. O
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