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Abstract. Precision medicine is an innovative approach for tailoring
treatments based on individual characteristics or biomarkers. Enrich-
ment is a main strategy in the development of clinical trials for precision
medicine as it “is the prospective use of any patient characteristic to
select a study population in which detection of a drug effect (if one is,
in fact, present) is more likely than it would be in an unselected pop-
ulation.” (FDA, 2019) [1]. Although a binary biomarker can be used
to stratify the subjects, the situation is more complex if a continuous
biomarker is associated with patient responses. Recently Baldi Antognini
et al. [2] provided the optimal allocations for inference on the threshold
of a continuous biomarker and proposed a new Covariate-Adaptive pro-
cedure, called the Sequential Efficient Design (SED), to implement these
designs sequentially. In this paper we push forward the results by ex-
ploring the robustness of the SED under possible deviation from the
linearity assumption of the response-biomarker relationship, taking also
into account comparisons with the permuted block design.

Keywords: threshold, continuous biomarker, covariate-adaptive ran-
domization, unbalanced allocation

1 Introduction

Adapting to genetic and biomarker-induced heterogeneity has become imperative
in contemporary clinical trials, shifting their traditional focus from determining
average treatment effects across all patients. The identification of a beneficial
subpopulation is now a critical aspect of precision medicine. Strategies for han-
dling continuous biomarkers include discretization ([3,4]), setting cutoffs equal
to a quantile of the biomarker distribution [5], and direct threshold estimation
([2,6]), with our focus on the latter. In enrichment designs, originated in oncol-
ogy [7], an initial full-population phase is conducted to determine a biomarker
threshold and, in a subsequent phase, the benefitting subgroup is enrolled. De-
spite potential benefits, the complex experimental framework raises challenges,
questioning the worth of enrichment [8]. Optimal decision-making for updating
enrollment criteria, especially when estimating continuous biomarker thresholds,
is a major concern. Understanding the biomarker-treatment relationship is cru-
cial before driving enrichment study designs. A classical approach is to adopt
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the linear treatment-by-covariate interaction with heteroscedastic outcomes. The
aim of this paper is to study the robustness of SED in terms of threshold esti-
mation, also in comparison with the well-known Permuted Block Design (PBD)
under possible non-linear response-biomarker relationships.

2 Model and biomarker threshold

Consider a clinical trial where n statistical units are sequentially assigned to
one of two competing treatments A or B. As the i-th patient is ready to be
randomized, her/his biomarker value X; = x; is recorded and she/he is assigned
to treatment A or B based on a given randomization rule, with é; =1 or §; =0
if the patient is assigned to A or B, respectively. Then, her/his response Y;
is recorded. We assume that the biomarker X is quantitative, not under the
experimenters’ control and Xi, Xs,... are i.i.d. random variables with finite
variance. After n assignments, let Y,, = (Y1,...,Y,)!, X, = (21,...,2,)t, 6, =
(81,...,0,)%, 1, the n-dim vector of ones, and G,, = [, : 1, — &, : diag(d,, )%y, :
diag(1,, — 8,,)x,]. Conditionally on the treatments and the biomarker, subjects’
responses are assumed to be independent following

E(Yn|6naxn) = GnCa Var(Yn|5n7Xn) = Env (1)

where ¢! = (A, pB,Ba,Bp) denotes the parameter of interest, s and pp the
baseline treatment effects and 54 and S the possibly different regression param-
eters related to A and B, respectively, and X,, = diag (61'0124 +(1- 500%)
with 0% and ¢% being the variances of the responses in the two groups. Un-
der this setting, if (GLX-1G,)"! exists, then the estimator of ¢ is ¢, =
(GLE1G,) 'GLE-1Y, and var(C,) = (GLE1G,) ' = n~'M~!, where
M is the average information matrix.

Clearly, for each value of x, the superiority /inferiority of A with respect to B
depends on the sign of pg + x84 — (up + xSp): assuming that highest responses
are preferable, A is better than B if the sign is positive. Under this setting,
the true biomarker threshold - that delineates the benefitting subpopulation - is
given by * = —(ua — pp)/(Ba — Bp). Note that in the absence of treatment-
by-biomarker interaction, for every z, S4 = Bp; thus, the relative performance
of the treatments is the same and it is equal to the baseline treatment difference
KA — UB-

Focusing on inference on the threshold, Baldi Antognini et al. [2] derived
the optimal design that minimizes the variance of the estimated threshold &*,
also maximizing the power of the Wald test for testing Hy : 4 = Bp versus
H; : B4 # Bp. This optimal design combines the well-known Neyman allocation
TNeyman = 04/(04 + o) with the following conditions

ma(z') = mp(z®) for i=1,2, (2)

where m 4 (z) = 8! x,, /8! 1,, and mp(z) = (1,, — 8,)'%x,/(n — 8 1,,) denote the
biomarker’s empirical means in the two groups, while m 4 (2?) = x*,diag(8,)x, /8" 1,
and mp(2?) = x! diag(1,, — 8,,)x,/(n — 6%1,,) represent the second moments.

i=1,...,n’



Robustness of SED 3
3 SED and simulation study

Since the patients’ biomarker values are unknown at the beginning of the trial,
the optimal design can be implemented in a sequential fashion by forcing, at each
step, the treatment allocation to approach the optimum asymptotically. When
the treatment variances o3 (j = A, B) are a-priori known (and thus mNeyman),
Baldi Antognini et al. [2] introduced the SED, namely a new Covariate-Adaptive
randomization procedure based on the sequential minimization of the Euclidean
norm of the following imbalance vector

bfl - n[ﬂ-n - 7"-Neyman, TanAn (3?) - 7"'Neynm‘n?’nn(x‘)7 TanAn (xQ) - 7'(-Neymam"nn (12)]7

where the subscript n denotes that the corresponding quantities are evaluated at
step n, T, = n~ 38" 1, is the proportion of patients allocated to A and m,,(z) =
n~xt 1, m,(2?) = n~ix!x, are fixed quantities depending on the enrolled
patients. When the (n+1)th patient is enrolled and her/his biomarker value x,,41
is observed, we can calculate the potential imbalance achieved by the procedure
by assigning such subject to A or B, i.e., b, 4114 or b, 1B, respectively. Adopting
SED, the allocation probability of (n + 1)th patient to A is

T'Neyman +¢, if ||bn+1\A||2 < an—i-1|B||2
Pr(5n+1 = 1|671;Xnvxn+1) = TNeyman if ||bn+1\A||2 = anJr1|B||2
TNeyman — &, if ||bn+1\A||2 > an+1|B”2

where 0 < ¢ < min{7Neyman; 1 — TNeyman} 1S & skewing parameter controlling
the degree of randomness. We run a simulation study to investigate the effect
of possible misspecifications of the response-biomarker relationship in treatment
group A, while the expected outcome for treatment B is considered to be lin-
ear. Assuming standard normal biomarker distribution, we consider two cases of
non-linear response-biomarker relationship, as displayed in Figure 1. The true
data-generating model for responses is given by a blue line for treatment A and a
red line for B and the true threshold (blue curve and red line intersection point)
is denoted by z*. In particular:

Case 1. EY[6 =1,X =2] =05+2+0.7¢"; E[Y[0 =0,X =2] =1.74+ 0.3z
Case 2. E[Y[0=1,X =2]=15+2+0.32% E[Y|§ =0,X =] = 2.2+ 0.3z.
The simulation study takes into account two types of model misspecification.
In Scenario 1 the trial is conducted believing (erroneously) that the response-
biomarker relationship is linear. Thus, at the end, a linear model is fitted to the
data (black line in Figure 1) and the intersection point with the red line z is
found by sampling 10000 draws from the standard normal distribution to fit the
blue curve. In Scenario 2 the trial is conducted believing that the response-
biomarker relationship is not linear (with an exponential term in case 1 and a
cubic term in case 2). Thus the correct model is fitted to the data. The metrics
of interest, z7 and z*, are reported in Table 1 with the corresponding probabil-
ity of belonging to the target population (i.e., with biomarker value above the
threshold), denoted by & and &.
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Fig. 1: Relationship between treatment responses and biomarker.
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Table 1: Threshold and probability of belonging to the target population for the two
cases considered.

] z* & 13 ¥ —xp
Case 1 0.028 0.327 0.489 0.372 0.299
Case 2 0437 0.789 0.331 0.215 0.352

All trials have been simulated 20000 times assuming standard normal biomarker
distribution and n = 30,50,70, 100. We set 04 = 3 and o = 1, so that
TNeyman = 3/4, and € = 0.15. We compare the performance of the SED with
those of the PBD with block size 4 targeting mneyman in scenario 1 (Table 2)
and scenario 2 (Table 3). In Table 2 we report the estimated threshold based on
the linear model £}, the estimated &, i.e., ég, the simulated average variance in
estimating the threshold and E(#} —2*)?. The SED presents lower values of the
variance and E(&} — 2*)? with respect to the PBD with differences that tend
to diminish for higher values of the sample size. The results for scenario 2 are
in Table 3, where %, is an estimate of 2* and ém is the corresponding propor-
tion of patients in the target population. Accordingly, we report the empirical
variance of 27, and E(#}, —z*)?. When fitting the correct model, the estimated
threshold is much closer to the true value x*, with the SED having lower values
of the variance and F(#}, — 2*)? with respect to the PBD. Table 2 shows that
when fitting the data with the linear model, the values of £ do not present a
monotonic behavior for n up to 100. Whereas, when the correct model is fitted,
results in Table 3 show that £, monotonically increases towards the true z*, as
n grows. Note that with a larger sample size (as shown by further simulations
omitted for brevity), &, tends to x}, which is still different from z* (see Table
1).

In both Tables 2 and 3, we report +, i.e., the proportion of times in which
ég or ém = 0 or 1: in these cases the threshold cannot be identified based on
the simulated data (so all the other metrics in Table 2 and 3 have been cal-
culated removing those trials). Clearly, the role of v becomes more relevant as
the threshold tends to assume more “extreme” values. Our results show that, as
expected, v decreases as n increases, with lower values for the SED with respect
to those achieved under the PBD.
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Table 2: Simulation results in scenario 1. Estimated threshold assuming linear model
(7), estimated proportion of patients in the target population (&).

n__ i € var(@y) B(i;—a)® v
SED 30 0.035 0.487 0.270 0.356 0.053
PBD 30 0.042 0.484 0.288 0.370 0.059
SED 50 0.050 0.481 0.164 0.241 0.012
Case 1 PBD 50 0.057 0478 0.177 0.250 0.015
SED 70 0.042 0.484 0.106 0.187 0.003
PBD 70 0.054 0.480 0.118 0.193 0.004
SED 100 0.039 0.484 0.068 0.152 0.000
PBD 100 0.044 0.482 0.073 0.153 0.001
SED 30 0.405 0.361 0.310 0.458 0.106
PBD 30 0.393 0.366 0.337 0.494 0.118
SED 50 0.466 0.338 0.219 0.323 0.044
Case 2 PBD 50 0470 0.337 0.234 0.336 0.052
SED 70 0.482 0.328 0.162 0.256 0.019
PBD 70 0488 0.326 0.174 0.265 0.023
SED 100 0.474 0.327 0.113 0.212 0.006
PBD 100 0.482 0.324 0.120 0.214 0.007

4 Discussion

The relationship between treatment response and covariates/biomarkers is gen-
erally deduced from previous studies but, in practice, the true behavior is not
generally known. In this paper, we assess the performance of the SED when
some deviation from the linearity assumption could occur, also in comparison
with the PBD. When the data are fitted by using the linear model, even a light
model misspecification may largely affect the estimated threshold and its vari-
ance (scenario 1). Instead, finding the threshold by estimating the correct model
(scenario 2) guarantees values of Z7, closer to the true threshold z*. In both
cases, the SED shows better performance than the permuted block design. Note
that we implemented the PBD 3:1 targeting the Neyman allocation instead of the
classical permuted block design with ratio 2:2, according to the optimal design
derived in [2]. Finally, it is worth recalling that the PBD randomization could
be affected by high predictability, especially adopting an unbalanced allocation.
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