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This paper tackles the constrained control problem of unmanned aerial vehicles with planar mul-
tirotors. The proposed solution splits the constrained control problem into two separate tasks, i.e.
stabilization and constraint enforcement. It is shown that the problems addressed by each individual
layer is much simpler than the original combined problem. For the unconstrained control of UAVs we
consider a control scheme based on a cascade structure. The Lyapunov function for the stabilized
cascaded system is then derived. Using this Lyapunov function, we develop an Explicit Reference
Governor for constraint enforcement. Numerical simulation shows the effectiveness of the proposed

© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Nowadays, the advances in the field of Unmanned Aerial Ve-
hicle (UAV) allow us to use them in an increasing number of
applications performing a wide range of tasks, such as search and
rescue (Tomic et al.,, 2012), surveillance (Kingston, Rasmussen, &
Humphrey, 2016), transportation (Klausen et al., 2020), precision
agriculture and smart farming (Tokekar et al., 2016), and so on.
Although the free-flight control of these autonomous systems has
been largely investigated, see e.g. Hua et al. (2013) and references
therein, the constrained control of UAVs remains quite challeng-
ing due to their fast dynamics, strong nonlinearities, and mod-
est on-board computational power. Existing constraint handling
strategies can roughly be divided in two categories: optimization-
based schemes and closed-form methods.

The idea behind optimization-based schemes is to solve an
optimal control problem at each sampling time instant. In this
context, the most common approach is Model Predictive Control
(MPC), which generates the control input by minimizing a cost
function over a receding time horizon (Alexis, Nikolakopoulos, &
Tzes, 2012). Since these schemes are confined to a small compu-
tational footprint (Malyuta et al., 2022), i.e. flight control is only
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a small part of all the tasks that an autonomous vehicle must
perform, the main drawback of these schemes is the difficulty to
implement them in real-time.

An alternative optimization-based scheme is the Reference
Governor (RG) approach, which is an add-on control unit that
ensures constraint satisfaction by manipulating the reference of
a pre-stabilized system (Lucia, Franze, & Sznaier, 2020; Lucia, Sz-
naier, & Franze, 2014). The main interest RG schemes is that they
usually have lower computational requirements with respect to
MPC (Kahveci & Kolmanovsky, 2009). In the last few years, a
novel scheme, called Explicit Reference Governor (ERG) , was
introduced in the literature. The ERG is a framework inspired by
the RG philosophy whose main novelty is that it does not require
any online optimization. The main idea behind the ERG is to
manipulate the derivative of the applied reference in continuous
time using a suitable nonlinear control law that ensures that
constraints are satisfied at all time.

The objective of this paper is to propose a systematic frame-
work based on the ERG for enforcing both state and input con-
straints while maintaining a relatively small computational effort.
This will be done using a paradigm inspired by the multi-layer
approach known as the Guidance, Navigation, and Control (GNC)
architecture. In our framework Control Layer is tasked with pre-
stabilizing the UAV dynamics without taking constraints into
account. The Navigation Layer is tasked with enforcing constraint
satisfaction by manipulating the reference of the pre-stabilized
system. This will be done using the ERG. Finally, it is assumed that
at each time instant the Guidance Layer provide a single desired
set-point for the UAV.
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The unconstrained control of UAVs is the object of a rich
literature, see e.g. Hua et al. (2013) and references therein. The
most popular strategy for controlling UAVs consists in using a
cascade structure that controls the attitude and the position of
the UAV using two separate control loops, taking advantage of
a timescale separation between the attitude and the position
dynamics (Marconi & Naldi, 2007). Although this control architec-
ture is a well-known solution, to the authors’ best knowledge, the
existing literature does not provide a Lyapunov function for the
resulting closed-loop system. Since the availability of a Lyapunov
function for the pre-stabilized UAV is at the basis of the approach
proposed in this paper, the first part of the paper will derive an
analytical representation of such function. The navigation layer
will be based on a version of the ERG, which will take advan-
tage of the invariance of the Lyapunov level sets to develop a
suitable Navigation Layer. Preliminary results pertaining to the
constrained control of UAV by means of an ERG have been pre-
sented in Convens, Merckaert, Vanderborght, and Nicotra (2021),
Hermand et al. (2018) and Nicotra, Naldi, and Garone (2016).
These results have been obtained by considering conservative
assumptions during the design of the ERG, i.e. the inner loop
dynamics are assumed sufficiently fast inner to be treated as
either ideal or as a bounded external disturbance. Now, for the
first time, we can relax the above assumptions by providing a
Lyapunov function for the pre-stabilized system.

2. Preliminaries

In this section, we provide a brief summary of quaternion

algebra and of the nonlinear dynamic model of an UAV, including
some state and input constraints of interest.
Quaternion algebra - Let H denote the set of quaternions. Any
element h € H can be expressed as h = a + ib + jc + kd, where
a, b, c, d are real numbers and i, j, k are imaginary numbers sub-
ject to the quaternion group multiplication rules (Shuster, 1993).
Avector u € R is an unit vector if u"u = 1. Likewise, a quaternion
q € H is an unit quaternion if qq* = 1, where g* is the complex
conjugate of q. Given v € Hj, it is possible to perform a rotation of
« radians around a unit vector u by defining the unit quaternion
q = cos(a/2) + (iuq + juy + kus)sin(e/2), and computing v’ =
quqr.

The same operation can also be performed in R? by computing
v' = R(q)v, where the R(q) satisfies the Euler-Rodriguez formula

R(q) =I5 + 2qrq} + 2q7'q], (1)

where gz = cos§ € Rand q; = [u; up us]sing € R3 are the
real and imaginary component of g € H, respectively, and A :
R3 — R3*3 denotes the cross-product operator. Additional in-
formation about quaternions, including the computation of their
time derivative, can be found in Shuster (1993).

UAV dynamic model As detailed in Hua et al. (2013), most
Vertical Take-Off and Landing (VTOL) aircraft can be modelled
through the following state-space model

mp = mg -e3 — T - R(q)es

gr| 1
[fh] = EE(Q)w (2)
Jo = —o"o + 1,

where ¢ ~ 9.81m/s? is the gravitational acceleration, e3 =
[00 1], p € R® is the VTOL position (defined in the global
reference frame), ¢ € H is its attitude (defined as the rigid
rotation from the body reference frame to the global reference
frame), note that qq* = 1, w € R3 is its angular velocity (defined
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in the body reference frame), R(q) is the rotation matrix (1), and
E(q) is the differential kinematics matrix

E(q)z[ A ] (3)
qrls +q7

The generalized control inputs are given in terms of a resulting
thrust force T € R and torque vector t € R3, both of which are
defined in the body reference frame.! The model parameters are
the aircraft mass m € R; m > 0 and inertia matrix | € R¥>3; | =
JT>o0.

This paper considers a VTOL subject to both actuator satura-
tion and collision avoidance concerns, leading to the following set
of state and input constraints

T €[0, Tmax ], Tnax > Mg; (4a)
17l < Tmax Tmax > 0; (4b)
a'p+b=>0, aeR’, beR; (4¢)
lp —poll = c. po R’ ¢ >0. (4d)

where constraints (4a) and (4b) are introduced to avoid actuators
saturations, while constraints (4c) and (4d) are used to model a
planar surface and a spherical surface, respectively, that define
no-fly zones for the UAV. Note that, while for the sake of sim-
plicity we consider only one constraint in the form (4c) and one
in the form (4d), the proposed framework can easily account for
multiple constraints in the form (4c) and (4d).

3. Problem statement

Given a reference position r € R? and reference yaw ¢ €
(—m, ], the objective of this paper is to design a stabilizing con-
trol law that steers the VTOL to the best steady-state admissible
approximation of r while simultaneously enforcing at each time
instant the dynamic constraints (4), meaning

r* = argmin,, ||r — w]|?, (5a)
s.t. a'w+b >0, (5b)
lw—poll > c, (5¢)

where w € R? is an appropriate reference position. This objective
is achieved using a multilayered approach that partitions the
constrained control problem in two distinct tasks based on the
Explicit Reference Governor framework detailed in Nicotra and
Garone (2018).

The first task, addressed by the Control Layer, is to pre-stabilize
the VTOL dynamics to appropriate references w € R> and 8 €
(—m, ], without taking into account the constraints. The second
task, addressed by the Navigation Layer, is to manipulate the
dynamics of w(t), 6(t) so that they asymptotically converge to
r*, ¢ while also ensuring that the pre-stabilized system does
not violate the constraints (4). The following problem statements
formalize the objectives of the control layer and the navigation
layer, respectively.

Problem 1 (Control). Given the VTOL dynamic model (2), let x =
[p, P, qr, q1, @] and u = [T, 7] be the state and control vectors,
respectively. Given a constant reference position w € R> and yaw
0 € [—m, ), design a pre-stabilizing feedback law

u=h(x,w,0), (6)
1 This formulation captures a wide variety of VTOL configurations

(e.g. quadrotors, planar multirotors, ducted fans) where the thrust vector belongs
to a fixed body axis.
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Fig. 1. Representation of the control scheme.

such that the closed-loop system admits
Xy =[w 0 cos§ sin§ e; 0] (7)

as an asymptotically stable equilibrium point. O

Problem 2 (Navigation). Given the VTOL dynamic model (2) sub-
ject to the pre-stabilizing feedback law (6), determine a reference
governor law

W= hy(r,¢, w,0), 6=hy(r,¢,w,6), (8)

such that, given suitable initial conditions,

1. constraints (4) are always satisfied, for any piece-wise con-
tinuous reference r(t) € R? and ¢(t) € [—m, 7];

2. for any constant reference r € R> and ¢ € [—n, 7], w(t)
asymptotically tends to r* satisfying (5) and 6(t) asymptot-
ically tends to ¢. O

4. Control layer

The objective of the control layer is to solve Problem 1 by
designing a primary feedback loop that pre-stabilizes the VTOL
dynamics. This will be done using the cascade control approach,
see e.g. Isidori, Marconi, and Serrani (2003), Marconi and Naldi
(2007) and Pflimlin et al. (2006), which consists in stabilizing the
VTOL position and attitude using two separate control loops. As
illustrated in Fig. 1, the proposed control scheme is based on the
idea of introducing the virtual control input qc € H; qcq¢ = 1and
implementing the following steps: (i) Design an outer loop, which
computes the attitude qc needed to control the VTOL position;
design an inner loop to control the VTOL attitude using qc as a ref-
erence; (iii) determine under what conditions the interconnection
of the two control loops is asymptotically stable.

4.1. Outer loop control

The objective of the outer loop is to control the position of the
VTOL so that it asymptotically tends to a constant v € R> under
the assumption that the attitude can be used as a control input.
Given q = qc, the position dynamics of the state-space model (2)
become

mp =mg -e3 — T - R(qc)es, (9)

where —T - R(qc)es is the thrust vector expressed in the global
reference frame. Since both T and q¢ are control inputs, the
thrust vector can be assigned as a PD with gravity compensation
strategy,

T-R(qc)es =m (ky (p — w) +kap+ g - €3) , (10)

where k;,, kq are positive scalars. For details on how to compute
qc given Eq. (10) and the yaw reference ¢, the reader is referred to
Appendix A. The following proposition provides a strict Lyapunov
function for the resulting closed-loop system.
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Proposition 1. Let system (9) be subject to the control law (10)
with kp, kq > 0. Given a constant reference w, then [pT pT]T =

[wT OT]T is a Globally Exponentially Stable (GES) equilibrium point
and

T p—w ! (ky + €k)3  ekals | [p—w
VOM_Z[ p ] |: €kqls I3 p |’ an

is a strict Lyapunov function Ve € (0,1). O

Proof. Given € < 1, Eq. (11) is a Lyapunov candidate function

for the equilibrium point p = w and p = 0. By taking its
time derivaTtive and substituting (9)-(10), it follows that Vo, =
_|p—w ekpkals 0 p—w L .

[ . 0 (1= )kl R which is negative
definite Ve € (0, 1).

4.2. Inner loop control

The objective of the inner loop is to control the attitude of the
VTOL under the assumption that the desired control attitude q¢
remains constant. Given the attitude error quaternion

4 =qqc, (12)
the attitude dynamics in (2) can be rewritten in error coordinates
lL]R 1 .
B = 5E(Q)w
a (13)
Jo = —o"Jw + T,

and stabilized using a PD controller in quaternion space
T = —h,q; — hgo, (14)

where hy,, hg are positive scalars. The following proposition pro-
vides a strict Lyapunov function for the resulting closed-loop
system.

Proposition 2. Let system (13) be subject to the control law (14)
with h,, hg > 0. Then, [Gr §; w] = [1 0 0] is an exponentially stable
equilibrium point and

_ ~ 11q ! 4nhgls  20) | |G
vm—zmm—qw+5[w][2m Fllal: (15)
is a strict Lyapunov function ¥Vn € (0, i), where n = min{hg/(u(J)+

ha/2hy) , ha/As{J}}, w() = Ag{]}cosatan%}/}} + AML{J} sinatan

i‘k—g}}, AMJ} = As{} — M), and A}, As{} are equal to
the smallest and largest eigenvalue of the inertia matrix J, respect-

ively. O

Proof. Given n < hg/A3{J}, Eq. (15) is a Lyapunov candidate
function for the equilibrium point gg = 1, g = 0, and w = 0. By
taking its time derivative and substituting® (13)-(14), it follows

that . ; ;
Vo |:QI:| |: 2nhyls nha(qr — i3 ] [QI] By
" w] [nha(Gr — DI hals = nJ(Grls — 1)) Lo ]
taking into account the modulus of ¢; and w, Vj, can be upper-
bounded as

. @ T . @
V< — |2 | qu@)|™" 2 |, (16)
lol ol

2 Performing this step requires the use of the properties a x (a-b) =0 and
a-(bxc)=c-(axb), Va,b,c eR3 where x and - are the vector and scalar
products, respectively.
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where Qy,(@) is equal to

2nhp nhg (cos g _ 1)
nha (cos 5 = 1) ha = n (AU} cos 51 + Aryy g
Since A3{J} cos 5 4 AA)s n% < w(J) and cos % > 0, Va €
[=m, ], it follows that Qu(@) > Qj, Where
_ 2nh nh
O = [ P d ] (17)
nha hg —npd)

is positive definite Vn € (0, ha/(n(J) + ha/2hp)]. |
4.3. Interconnection

The objective of this section is to show under what con-
ditions the proposed cascade control structure ensures asymp-
totic stability. Although this has already been addressed in the
literature by leveraging the classic Small Gain Theorem (Jiang,
Teel, & Praly, 1994), existing results, e.g. Isidori et al. (2003),
Marconi and Naldi (2007) and Pflimlin et al. (2006), limit them-
selves with implying the existence of a Lyapunov function. To
the authors’ best knowledge, existing literature does not actu-
ally provide a closed-form Lyapunov function for underactuated
VTOLs (Ryll, Biilthoff, & Giordano, 2015). By taking advantage of
the Lyapunov-based Small Gain Theorem developed in Jiang, Ma-
reels, and Wang (1996), this paper performs an in-depth stability
analysis that proposes the formulation of a Lyapunov function for
the interconnected system. This result is stated in the following
theorem.

Theorem 1. Let system (2) be subject to the control laws (10),
(14) with k, > 0, kg > 0, h, > 0 and hy o« \/h,. Then, given
a constant reference position w € R3 and yaw angle 6 € [—m, ),
the equilibrium point (7) is asymptotically stable for sufficiently large
hy,. Moreover,

V =max {Vou » Xour(@m(Vin))} (18)

is a Lyapunov function for all initial conditions such that V(0) <
xout(Aa), where A« is subject to the restriction

b_i ‘bz_ac> , (19)

0 < Aa < arccos (
a

where a = (k, — k3>, b = k; + 2ekyki(1 — €) + €°kj, and
¢ = (ky + €k3)%, Voue and Vi, are given in (11) and (15),

Vln
, 20
2(hy + n(hg — nks{l}))> 20

om(Vim) = 2 arccos (1 —

and

U@le) = max | © "twipw  wipM][ o 21)
XoulOlloo) = A% (o) | | MTPW  MTPM || (o) |

with

d=(1-c)g (22)
wTw
w(o) = sgn(W'PM),/o(d — o) M (23)
1 _ 2 _
RN LA Now (24)
W = QoutiT [efd:| s (25)
M = Ker(WT), (26)
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Fig. 2. Schematic representation of the ERG for the control of a VTOL.
2
2ekykq cy (kp + €k3)(Ca

: N ”] @)
ky +ek)ca — 1)  2ka(ca —€)

Ca = €O ||| - (28)

1
)

Proof. See Appendix B.

Note that the restriction (19) must be verified at each time
instant so that the stability analysis holds. Accordingly, from now
restriction (19) will be considered in the sets of constraints to be
satisfied at all time, together with (4). This result is a necessary
stepping stone for the following section, which will leverage the
Lyapunov level-sets to enforce the system constraints.

5. Navigation layer

It is now possible to address Problem 2 by implementing an
Explicit Reference Governor. The ERG is based on two fundamen-
tal components: the Dynamic Safety Margin and the Navigation
Field (Nicotra & Garone, 2018). A schematic representation of the
ERG is illustrated in Fig. 2.

The dynamic safety margins A, (x, w) and Ay(x, 0) represent
distances between the constraints and the system trajectory that
would emanate from the state x given the constant references w
and 6. The navigation fields p,,(w, r) and py(0 , ¢) represent the
directions along the path that lead from the current references
w and 6 to the desired references r and ¢ remaining strictly
inside the constraints. The ERG framework solves Problem 2 by
manipulating the applied references as follows

U)(t) = Aw(w ’ 9 ’ X)pw(w ’ T) ’
6(t) = Ap(w,0,X)05(0 . §).

Intuitively, Eqs. (29) imply that the dynamic safety margins regu-
late the modulus of w(t) and 6(t), and hence their values indicate
how safe it is to change the applied references without risking
a constraint violation, while the navigation field determines the
direction of w(t) and &(t). In order to compute the dynamic safety
margins and the attractions fields in (29), we can separately
exploit the contributions of the constraints (4) and (19).

In particular, for the computation of the dynamic safety mar-
gins, we consider that

(29a)
(29b)

Ap(w, 0,x) = min{AY(w, 0,X), A (w, 0,x), Ar(w, x),
Awall(w , X) s Aobs(w s X)} 5 (303)
Ag(w, 0, x) = min{A%(w, 0,x), A (w, 0, x)}, (30b)

where A and A? are the dynamic safety margins associated to
the restriction on the attitude error (19), A} is the dynamic safety
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margins associated to the constraint on the maximum thrust (4a),
A, is the dynamic safety margins associated to the constraint on
the maximum torque (4b), A}, is the dynamic safety margins
associated to the constraint of the wall avoidance (4c), and A},
is the dynamic safety margins associated to the constraint of the
obstacle avoidance (4d).

For what concerns the navigation field, we can define

r—w
w(w, 1) = + Puan(w , 1) + pops(w . 1),
TR R

(31a)

¢—0
(0, ) =—————, (31b)
max (¢ — 61, ne)

where — and =6 are generic attraction terms,

max([lr—wll,ny) max(l¢p—06],n9) .
nw > 01ny > 0 are two scalar tuning parameters, pl, is a

repulsion field associated to the constraint of the wall avoidance
(4c), and pj;. is the repulsion field associated to the constraint of
the obstacle avoidance (4d). Notice that not all constraints gener-
ate a repulsion field, as certain constraints (e.g. maximum torque
constraints) do not introduce any limitation on the admissible
set-points.

In the following paragraphs we address one by one the con-
struction of suitable dynamic safety margins and navigation fields.

Maximum Attitude Error - The limit on the attitude error |&| <
A« ensures that (18) is a strict Lyapunov function and is fun-
damental for ensuring asymptotic stability and enforcing all the
other constraints. For this kind of constraints it is convenient to
implement a Lyapunov-based dynamic safety margin (see Nicotra
and Garone (2018) for more details). To do so, it is necessary to
identify a threshold value associated to the constraint |@| < Aa«.
The following proposition shows a way to construct a dynamic
safety margin for this constraint.

Proposition 3. Given the Lyapunov function (18) and given A«
satisfying (19), the threshold value

Tag = Your(Aa) (32)

is such that V(p, p, qr, q1, ®, w, @) < Iy, ensures |@| < Aa. O

Proof. The statement follows directly from the proof of Theo-
rem 1 since V() < xou(Ac«) implies |@| < ¢n(Vi(t)) < Aa,
Vt > 1. [ ]

Since the threshold value I',, does not depend on the current
reference, it can be computed off-line and stored in memory.
Furthermore, since r € R? and ¢ € [—m, ) represent a position
and an angle, respectively, it is reasonable to assume that w
and 6 will have a significantly different effect on the system
dynamics. Hence, we decouple the two references based on their
effect on the Lyapunov function. In particular, w has a direct
influence on Vou(p, p, w), whereas § has a direct influence on
Vin(qr, Gi, w). Due to the interactions between Vp,, and Vj,, how-
ever, w and & will also present an indirect influence on V;, and
Voue, respectively. To account for this problem, we consider

AY(w, 0 ,%) = Ky (Faa — Vou(p, p, w))

A — @in(Vin(qr, i,
mm( (%4 (pln( In(qR qi w))7 ]) , (33)
Al
A(w,60,%) = ko (A — @in(Vin(Gr. G1- @)))
I, a T V ) .7
min( A ou(D, P w)7 1) ’ (34)
AFOut

where «,, , kg, Al and Alpy are positive scalars. Definitions
(33) and (34) of the dynamic safety margins ensure that w and
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will behave independently as long as Ao — ¢n(Vin(Gr, qi, ®)) >
Al and T'ay — Voue(p, p, w) > Alpy. However, the two ref-
erences will be coupled as soon as one of the two loops is in
proximity of a constraint violation.

For what concerns the navigation field, since at steady state
this constraint is always satisfied, so it does not introduce any
repulsive barrier.

Maximum Torque - In this section, we show how to use an
invariance-based approach to design a Dynamic Safety Margin
able to enforce the torque saturation constraints ||| < Tmax-
The following lemma provides a starting point for the proposed
approach.

Lemma 1. Given the inner loop controller (14) and the Lyapunov
function (15), let I'; be the solution to the optimization problem

min Vp(q, @), s.t.

hf, G +hio'w—12,=0,
0 N (35)
- sE(Q)w
holr | |, >0,
hye J7 (—o"Jw — hyq; — hyo)

Then, {(G, @) | ¢(q,w) < 0} N{(q, ®) | Vin(q, ®) < I%}, with
c(@, @) = h2q[ G 4+ hjw' © — 12, is a positively invariant set. O
Proof. The invariance of {(q, w) | Vn(q,w) < I3} follows
directly from the fact that (15) is a Lyapunov function. As detailed
in Blanchini (1999), the constraint boundary of the set {(g, ®) |
c(q, ) < 0} is locally positively invariant if the system dynamics
point in a non-increasing direction of ¢(g, @), meaning if

ve(g, o) [q] <0. (36)

w

It then follows from the definition of I; that the boundary of the
constraint set is locally positively invariant V(q, o) : Vjy(q, ®) <
I';, which concludes the proof. ®

Note that (35) is lower-bounded by the largest Lyapunov level-
set contained in {(q,w) | c(q,w) < O0}. This is sufficient to
ensure I, > 0. At this point, since the value of the inner
loop Lyapunov function is effectively limited by the maximum
attitude error A« enforced in the previous section, it is possible to
ensure Vj,(q, o) < I';, by complementing (19) with the additional
restriction

0 < Aa < gp(I7), (37)

with ¢, given in (20). Doing so enables us to assign the dynamic
safety margin associated to the maximum torque constraint as

Ar(p, P, Gr, @1, @, w, 0) = K (Tmax — lIT1D), (38)

with k; > 0. Note that, typically, (19) is more restrictive than
(37).

In analogy to the attitude error constraint, the steady-state
torques T = O are always smaller than 7,,x > 0. Thus all
steady-state configurations of the UAV satisfy constraints. As
such, this constraint does not need any repulsion term in the
overall navigation field (31).

Maximum Thrust - This section addresses the input saturation
constraint T < Tnax, Which is not linear in the state variables
since T = m |ky(p — w) + kqp + ges||. A possible approach to
tackle this constraint is to make a distinction between the steady-
state thrust mges and the dynamic feedback mk,(p — w) + mkgp.
This can be done by taking advantage of the triangular inequality

T < |mky(p — w) + mkqp|| + mg.
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To enforce the maximum thrust constraint, it is therefore suffi-

cient to ensure
) Tmax — Mg
[kp(p — w) + kap || < % : (39)

which can be rewritten as the quadratic constraint

|:p—'wi|T K215 k,,l;dzg |:P—'w] g (Tmax_mg)z_ (40)
D kpkalz  kil3 p m

As discussed in Section 4.1, the outer loop can be modelled as
a linear system subject to a bounded® time-varying uncertainty
|&| < Aa. As a result, the Lyapunov-based dynamic safety margin
can be applied by finding a common Lyapunov function for all the
possible perturbations of the outer loop dynamics. An option is to
use the outer loop Lyapunov function (11)

)
vr(p,p,w)z[p;“’] PT[";“)], (41)

with Pr > 0. Following from Eq. (B.1), the common Lyapunov
function must satisfy the Lyapunov equation

T
0 I3 0 I
[kpR@ de(fz)] Pr+Fr [kpR(a) de(ano,

for all § € H such that 2 arccos(gg) < Ac«. By taking advantage of
the rotational symmetry of the system, by defining

13T,1113 ﬁT,lZIB
Pr=1, N ,
| Prails Prals

and by introducing the 2 x 2 matrices

A _IST,“ 137-,12 A k}zl kpkd
Pr=|. N , Kr = 5 |-
| Pr21 Pra kpka kg
a convenient Lyapunov function can be obtained as a solution

of the following optimization problem, similarly to what done
in Garone, Nicotra, and Ntogramatzidis (2018)

min log det(ﬁr), s.t.
A(0)' Pr + PrA(0) < 0;

PO (42)
A(Aa)"Pr + PrA(Aa) < 0;
IST > IA{T,
where
- 0 1
Ala) = |:kp cos(a) kqg cos(&)} ) (43)

Note that I%T is a dyadic matrix that can be written as I%T = crcf
with ¢r = [k, kq] and given the quadratic Lyapunov function (41)
computed solving (42) we can compute the threshold value as
proposed in Nicotra and Garone (2018)
Tinax — Mg)?
FTz(maxA 1g) , (44)
m2cl Py ey
from which we obtain the dynamic safety margin related to the
input saturation

AT(psp5w):KT(FT_VT(psp5w))’ (45)

where 7 is a positive constant. It can be noted that the Egs. (42)
define a convex optimization problem that can be computed off-
line and that does not depend on the reference. Similarly, the

3 The bound on & is ensured by the presence of the ERG and of the bound
on the maximum attitude error.
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value of I'r in (44) does not depend of the current reference.
Accordingly, both the Lyapunov matrix P; and the threshold value
I't can be computed off-line and stored in memory.

As for the previous two cases, this constraint does not intro-
duce any repulsion term in the navigation field (31).

Wall Avoidance - Note that the wall constraint ¢’p+d > 0 only
takes into account outer loop variables. Hence, the dynamic safety
margin can be computed by treating the outer loop as a linear
system with a bounded time-varying uncertainty |¢| < Awa. As a
result, the following Lyapunov function is proposed

T
vw(p,p,w)=[p;w] Pw[”;“’], (46)

where Py = [Ifw,nls IA)W’QI?'] , and 13w > 0 is the solution to
Pwo1lz  Pw2l3
min log det(ﬁw), s.t.
A(0Y P + PwA(0) < 0,
A(Aa) Py + PyA(Aa) <0,

D T
PWZCWCW,

(47)

with A(&) given in (43) and ¢ = [1 0]'. Since the solution
of the optimization problem (47) provides a Lyapunov function
which is specifically designed for limiting the maximum position
error ||p — w||, the threshold value associated to a wall constraint
c'p+d=>0is

(cTw + dy?

Ty(w) = ————, (48)
cwPw cw

from which, we obtain

Avar(p, b, w) = kpar (Tw(w) — Vw(p, p, w)) , (49)

where «,,q 1S a positive constant.

Unlike the previous constraints addressed in this Section, the
wall constraint ¢’p +d > 0 can potentially be violated at steady-
state p = w. As a result, the attraction term in (31a) is no longer
sufficient to ensure the correct behaviour of the ERG. Since the
domain D = {w : c"Tw + d > 0} is convex, a suitable choice* for
computing the repulsion field (31a) can be

¢ —(c"w+d)

———0]Jc,
;-4

where { > § is the influence region of the wall constraint and

8 > 0 is the static safety margin.

Poaiw, 1) = max ( (50)

Obstacle Avoidance - The obstacle avoidance constraint ||p — pol|
— R > 0 defines a non-convex admissible region. Given a fixed
reference v, it can be shown using triangular inequalities that
Ip —poll = llpo — wll — llp — wll. As a result, [[p — poll =R > 0
can be enforced by simply ensuring

(po — w)’
lpo — wli
The main interest in Eq. (51) is that it defines a reference-
dependent virtual wall c(w)'p 4+ d(w) < O that guarantees the
non-violation of the obstacle. The dynamic safety margin of the
previous subsection can therefore be used by choosing c(w) =

—o)T —wy .
(lfl?o_“;})” and d(w) = ||po — w| — (\ﬁ?o—ﬁ?\\ w — R. In this way, we

T 2
define Iyps(w) = 2w “from which, we obtain
Py cw

Aops(p, P, w) = Kobs (Tops(w) = Vr(p, p, w)) , (52)

(p—w)=R—lpo—wl. (51)

4 Eq. (50) assumes that |c|| = 1. Otherwise, the wall constraint should be
rescaled as ¢ = ¢/ ||c|| and d = d/ |c]|.
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where ks iS a positive constant.
For what concerns the navigation field, it is worth noting that
the domain

D={w:cT+d>8U{w:|lw—pol —R>6)

contains a spherical hole and as such the navigation field cannot
be continuous. Following the approach proposed in Nicotra and
Garone (2018), the repulsion field in (31a) can be computed as

¢ = (llpo —wl — R) 0}_

Pops(W, T) = max{

-3
_NT
(M + i)o(w)> , (53)
Ipo — w]
with
Bo(w) = sgn (o (w, Y(po — w)*) (Po — w)*. (54)

Remark 1. Since (pp — w) € R3 it is worth noting that the
perpendicular vector (pg—w)* is not uniquely defined. A possible
strategy consists in defining

€L T

= aKery(py — w)
+v/1— a2 Kery(po — w)', (55)

where Ker; for i = 1, 2 represents the ith column vector of the
kernel and a € [0, 1] can be selected randomly.> O

(po — w)

Main Result - The following theorem summarizes the proper-
ties of the proposed control law augmented with the proposed
explicit reference governor.

Theorem 2. Let a VTOL aircraft modelled by system (2) and subject
to the constraints (4) controlled with the control law (10) and (14),
with k, > 0, kg > 0, hy > 0 and hy o /h, whose reference
is managed by (29) with navigation layer subject to the dynamic
safety margins (30), whose components are (33), (34), (38), (45),
(49) and (52), and navigation fields (31), whose components are (50)
and (53). Then any initial condition such that the auxiliary reference
position w(0) € R? and yaw angle reference 6(0) € [—m, ) are
such that the

Ay(w,0,x) >0,
zﬁg(lv ,0 ,X) >0.

(56a)
(56b)

and if the influence regions of the obstacle constraints do not overlap
with each other and the influence regions of the wall constraints, the
following propositions hold

1. constraints (4) are always satisfied, for any piece-wise contin-
uous reference r(t) € R3 and ¢(t) € [, ];

2. for any constant reference r € R> and ¢ € [—m, ], w(t)
asymptotically tends to r* satisfying (5) and 6(t) asymptoti-
cally tends to ¢. O

Proof. From Theorem 1 we obtain that the closed loop system
(2), (10) and (14) is asymptotically stable for all references and
states that verify arccos gz < 2A« .

By construction, dynamic safety margins (30) satisfy the re-
quirements of Nicotra and Garone (2018, Definition 1), moreover
Ap(w,0,x) > 0and Ayg(w, 6 ,x) > 0 are sufficient to verify
the restriction (19) with the additional constraint (37), and hence
to avoid the input saturation (4). Moreover, it can be noted that
the navigation fields (31) satisfy the requirements of Nicotra and

5 Pplease note that Eq. (54) is designed to guarantee convergence for whatever
choice of (pg — w)*.
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Fig. 3. Planar trajectory performed by the UAV during the flight mission.

Garone (2018, Definition 2) by construction. Finally, by consider-
ing the hypothesis (56) on the initial condition and the auxiliary
reference signals w(0) and 6(0), all the requirements of Nicotra
and Garone (2018, Theorem 1) are satisfied. Hence, the remainder
of the proof is therefore a direct result of Nicotra and Garone
(2018, Theorem 1). =

6. Numerical validation

In this section we prove the effectiveness of the proposed
approach by considering a numerical simulation. We considered
the dynamic of a quadrotor characterized by a mass m = 2 kg
and an inertial matrix /] = diag([0.0082 0.0082 0.0164]) kg m?.
The vehicle moves in a flight environment characterized by a
wall, which constraint is defined by ¢ = [110]7/+/2 and d =
60/+/2, and a circular obstacle of radius R = 8 m and centred
in po = [0 23 0]" m. The flight mission have been defined by
setting the reference position r = [0 80 0]” m and the reference
yaw ¢ = m, which have to been achieved starting from the
initial position r = [0 0 0]' m and a null yaw angle. For the
control laws (10) and (14), starting from the desired nominal
closed-loop dynamics, we have set the following control gains
k, = 1.0966, k; = 1.4661, h, = 22.4808 and hy = 3.7768.
Fro the navigation layer, we have implemented the procedures
described in Section 5, by considering the obstacles in the flight
environment the maximum attitude error, and by setting the
values Ao = 35deg, Ty = 0.2 Nm and Ty = 39.24N.

Simulation results are summarized in Figs. 3-5. Fig. 3 shows
that the flight mission is successfully accomplished by the vehicle.
The UAV reaches the best steady-state admissible projection of
the desired reference by circumventing the obstacle and by avoid-
ing the wall. Moreover, from data in Fig. 4, it can be noted that
also input and state constraints are met during the flight mission
due to the applied references. Fig. 5 shows the performance of
the cascade control scheme. Moreover, we can note that the
navigation layer is able to guarantee the considered input and
state constraints, in spite of the control error.

7. Conclusions

In this paper we described the development of a GNC system
for the constrained control of an UAV. First we have developed a
stabilizing linear control system, based on a cascade architecture
for which we identified a Lyapunov function. Using this charac-
terization we developed a navigation layer which enforces the
constraints by manipulating the reference of the pre-stabilized
system based on an ERG. A numerical validations of the overall
scheme has been provided.
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Fig. 5. Performance of outer loop controller.

Appendix A. Thrust Vectoring

Given the outer control law (10), it is necessary to determine
a suitable thrust T and control attitude q¢, which provide the
desired thrust vector. To this end, consider the components of the
desired thrust vector

Fy Dx — Vx Dx 0
Fy| =—mk, | py—v, | —mkq | Py | —mg | O
F, D: — v, P, 1
Since ||R(qclesll = 1, Vqc € H, the required thrust can be

obtained directly from the modulus

T=,/F2+F+F2. (A1)

As for qc, it is useful to define 8 € [—, 7] as the angle between
the axis e3 and the vector T - R(qc)es, i.e.

[FZ +F?

z

The minimum rotation between e3 and R(qc )es is therefore given
by the unitary quaternion qg, with®

B F
sSin 5 y
gpR = COS g Qp = ——=— |:_in| .

F2+F2| 0

B = arctan

6 Please note that the solution is well-posed even if F2 + F} = 0. Indeed, in
this case it follows that g = 0, which implies qgr = 1 and gg; = 0.
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Although qg is such that R(qc)es = R(gp)es, this property does
not imply gc = qg. Indeed, given the unitary quaternion qg, with

cos 4 sin o e
= -, = SIn — .
ds,R 5 ds.1 56
it follows that e; = R(qy)es. The control quaternion gc can thus
be obtained as the combination of an arbitrary rotation 6 around
the yaw axis e3 and the minimum rotation 8 that aligns e; with
the desired thrust vector. This is given by the quaternion-space
product gc = qgqs, which can be computed in matrix form
T
_qﬂ,l

dcr| _ [98R do.R
qe.i i Aprls+ag, || g0 |

by taking advantage of the quaternion group multiplication rules
(Mishchenko & Solovyov, 2000).

Appendix B. Proof of Theorem 1

The proof of Theorem 1 is based on four lemmas which are
provided hereafter. The first two lemmas characterize the input-
to-state gains of the outer and inner loops.

To characterize the outer loop behaviour in the presence of
a non-zero attitude error ¢ = qq, consider the VTOL model
(2). Given ¢ = qqc, the position dynamics can be rewritten as
mp = mg - e3 — T - R(q)R(qc)es. By substituting the control law
(10), the closed-loop system becomes

b= —kpR(@)(p — w) — kaR(@)p + &(I5 — R(q))es. (B.1)

The following lemma extends the results of Proposition 1 by
characterizing the ISS properties of the outer loop in the presence
of an attitude error.

Lemma 2. Let system (B.1), with ky, kg > 0, be subject to a constant
applied reference v and a bounded attitude error ||@| < A«
satisfying (19). Then, the Lyapunov function in Eq. (11) satisfies the
asymptotic gain Voue < xout(|&|ls ), defined by (21). O

Proof. Given € < 1, (11) is an ISS-Lyapunov candidate function.
By taking its time derivative and substituting (B.1), it follows that

1 ! r
Vour = —= p—w Q11 25 p-w
2 p Q21 Q2 p

—w] [ekdl
+pr][ﬂ“}5h—mmm, (B.2)
3

where Qi1 = ekyka(R(G)" + R(G)), Q22 = ka(R(@)" + R(G) — 2¢l3),
Q21 = kp(R(@) — Is) + k3(R(@)" — I3).

Using the modulus of p — w and p, Eq. (B.2) can be upper
bounded by

oo [up—wnT [np—wn] [np—qu [ekd}
Out = — . QOut . + . d,
b1 bl bl 1
(B.3)

with Qouwr = Qoue(ll@ll,) and d = d(ll&|l,,) given in Egs. (27)
and (22), respectively. To prove ISS, it is sufficient to note that
restriction (19) is such that Qou(l|&|lso) > 0, V& < Ac.
The asymptotic gain can now be computed by finding xou(ll&] )
such that Vour > xour(ll@]l o) implies Vg, < 0. To do so, consider

the change of coordinates ¢ = +/Qou [llp — wl|l |Ipll]". Using

(25), Eq. (B.3) can be rewritten as
Vou < —¢7¢ +¢Twd. (B4)

Since W and M in Eqs. (25)-(26) describe an orthonormal basis,
the vector ¢ can be decomposed into

¢ =0oW + uM. (B.5)
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As a result, (B.4) becomes V < —u2M™M — o (o — d)WTW, which
is non-negative for o € [0,d] and

v T -

At this point, consider the Lyapunov function (1
(B.5), it follows that

o] [wipw w'pM] [o
Vour = T T .

" M'PW M 'PM ||
To end the proof, it is sufficient to note that (21) is the largest
value of Vg, such that Vp,; is non-negative. B

WTW
MTM

1). By substituting

It is worth noting that the scalar parameter ¢ € (0, 1) in
the Lyapunov function (11) can be chosen freely and can be
used to maximize the upper bound on Aw. Given kg = 2¢,/k,
where ¢ > 0 is the damping ratio of the outer loop, the coef-
ficients of inequality (19) become a = (1 — 4¢%€)*, b = 1 +
8:2¢(1 — €) + 16242 and ¢ = (1 + 4¢2%e)?. This implies that
the bound on A« is independent from k,. Given a fixed value
of the damping ratio,’ it is possible to maximize the restriction

b+/b%+ac
a

scalar optimization problem that can be solved off-line. Moreover,
given suitable parameters k,, k4, €, the optimization problem
(21) is the maximization of a smooth scalar function Vo, (o) in
a bounded interval ¢ € [0, d(||@|lo)]- In particular, the upper
bound xou(ll¢¢]ls) can be easily be computed off-line and stored
in a one-dimensional lookup table.

To characterize the inner loop behaviour in the presence of a
time-varying control attitude §c, consider the following modifi-
cation to the attitude error dynamics (13)

(;]R 1.
|:él1:| = EE(q)(w—wc) (B.6)

Jo = -0 o + T,

(19) by solving maxc(o, 1y arccos , which is a convex

where wc is the angular velocity of the control attitude. The
following lemma extends the results of Proposition 2 by charac-
terizing the ISS properties of the inner loop

Lemma 3. Let system (B.6) be subject to the control law (14)
with h,, hg > 0. Then, there exists an asymptotic gain x;, such that
Vin = xm(lloclls) implies Vi, < 0. Moreover, given n o« hy and
hy \/hT,, the asymptotic gain xp, remains bounded for arbitrarily
large hy. O

Proof. Given n < hy/A3{J}, (15) is an ISS-Lyapunov candidate

function. By taking its time derivative and substituting (B.6), it
follows that

- AT ~
veo— _|@ 2nhyls X . qr
" w Y hazs —nJ(Grlzs — q7) | | @
~ AT ~
|:QI:| |:(h +277Qth) 13j|
- wc,

® nJ (Grls + @}")

where X = nhy(gg — 1)I5. In analogy to the proof of Proposition 2,

) \‘1| _
the following upper-bounded is obtained Vi, < — [Slun || } @
w

T
\al Ia\ _ _
hﬂ ” } + hn : } D lloclloy , with @y given in (17) and
w

7 The damping ratio ¢ is usually chosen during the control design phase
based on other considerations.
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T
D _ hp —+ 27]hd
In — n

u(l) . This is sufficient to prove ISS since Qm >0

under the assumption 5 € (0, hg/(u(J)+ha/2hp)]. To characterize
the asymptotic gain, consider the change of coordinates { =

— - T . —T_
Y [sin'3! ol | andlet Vis < ~¢"¢+¢"V@n D llocl

which implies
- _T -
V Q!n DIn
By upper bounding the Lyapunov function (15) as Vi, < 2h, sin
T
gl dnhg  2nA &l
+3 sin [ T 7 3{,}] sin 3 , and substituting ¢,
(2] 2nas{l}  As{} ol
(B.7) implies Vi, < 23{Q} lIZ 1%,

~ 1 [ TT4(hy +nha) 2nrs(}] [z
=3 [ w}]@'

sl = loclle = Vin < 0. (B.7)

2 |a|
2

where
B.8
2na3{J} (B3)
As a result, the asymptotic gain is
A~ —T _
xm(llocllo) = A3{Q} H\/Qm Din| llwclZ

To study the behaviour of xi(llwclls) for increasing hy,, con-
sider n o hq and hq o< \/h,. Given (17), the following proportion-
alities hold true

oo 5] mel])

By applying the following property of 2 x 2 matrices

1 |:Cl11 + \/m ap :|

(B.9)

Tr(A)+2+/detA ay ay, + +/detA
1 1
=1 h
it can be shown that v/Q;, o Yhy | 4 e
fy

Therefore, given Eqgs. (B.8) and (B.9),
=T - 1 A 1 1
4 1
QIn Dln X/ hp |:1] s Q o8 «/E |:1 1} .

2
A —T _
Since x;m o« A3{Q} v Qn Dlnj = % = 1, the asymptotic

14
ed for arbitrarily large h,. =

gain xi(|loclls) remains boun
Remark 2. The assumption hy o ,/h,, presented in Lemma 3 is a
fairly reasonable design choice. Indeed, for linear systems in the
form X = —h,x—hgx, it is customary to assign hy = 2¢,/h, where
¢ is the damping ratio and ,/h, is the natural frequency. O

Having determined the asymptotic gains between the distur-
bances and the value of the Lyapunov function, the next step
is to characterize the maximum gain between the value of each
Lyapunov function and the output of each loop. By using a thrust
vectoring technique, the control attitude gc can be computed
directly from the desired outer loop control law (10). Since the
inner loop considers the angular velocity w¢ as a disturbance, it is
necessary to characterize the maximum gain between the outer
loop Lyapunov function Vo, and the resulting derivative of the
control attitude. This is done in the following lemma.

Lemma 4. Given the outer loop control law (10), subject to a con-
stant reference position v and yaw angle ¢, there exists a maximum
gain oy between the Lyapunov function (11) and the output wc.
Moreover, ||wc|| is bounded for arbitrarily large values of Voy. O



G. Tartaglione, M.M. Nicotra, R. Naldi et al.

Proof. Given a constant yaw angle ¢, the angular velocity wc is
equal to the derivative of the minimal angle « between the axis
e3 and the vector T - R(qc)es, i.e.

= arctan l F2 + F2
a= EVFx AR

where F, F, and F; are the components the desired thrust vector.
Given Eq. (B.10), it follows that

N nyi:z —Fzny
wc = F2 4 F2
Xy z

(B.10)

, (B.11)

with F, = /F2 + F)?. From the outer loop control law (10), we

obtain that the derivative of F, is FZ = mkyka(p, — w;) + m(kﬁ —
kp)p,, which is proportional to |p, — w,| and |p,|. Likewise, it can
be shown that F,, o |px — wyl + |py — wy| + |pxl + {i)y}. Since
(11), (B.11) are continuous functions of p — w and w, there exists
a maximum gain @g,; such that |oc|| < @our(Vour). TOo prove
that ||wc|| is bounded, consider what happens for arbitrarily large
Vour and, therefore, for arbitrarily large ||[p — w| and ||w]||. Given
(B.11), it follows that
(Ipx—wx|+|py—wy | +Ipx|+| by | )-(Ipz—wz | +1p21)

|Px—wx|2+|Py—wy|2+\Pz—wz|2+|i’x\2+|ﬁy|2+u’z\2 '

As a result, |jwc]| is bounded for any combination of state
variables going to infinity. Since it is also continuous, @ou:(Voyr)
admits a global maximum. H

we X

Although Lemma 4 does not explicitly state the gain @ou:(Vout ),
its existence and global boundedness will be sufficient for the re-
mainder of this paper. The following lemma will instead provide
a more detailed characterization of the maximum gain between
the inner loop Lyapunov function and the output &.

Lemma 5. Given the Lyapunov function (15), the output & satisfies
the maximum gain |&| < @pu(Vin).

Proof. The Lyapunov function (15) is minimum with respect to
the vector w for @ = —2nq;. By substituting this value in (15), it
follows that Vi, > 2hy(1 — Gg) + 217G} (hals — nJ) @ By taking
into account g[Jg] < As{}|a@ ||2 and sin’(x) > (1 — cos(x)),
Vx € [—m /2, 7 /2], the following lower bound holds true

Vi > 2(hy + 1 (hals — nAsU})) (1 — cos %) Va € [, 7.

The statement is then proven by inverting this inequality to
obtain (20). =

Finally, by combining the results presented in the previous
lemmas, Theorem 1 can be proven as follows.

Proof (Theorem 1). From Lemma 4 we obtain that [locll,, <
@out(Vour) is bounded regardless of Vo, Additionally, it follows
from Lemmas 3 and 5 that the attitude error @ will asymptoti-
cally satisfy ||l < ¢m(xm(lloclls)), where xp remains bounded
whereas ¢, becomes arbitrarily small for arbitrarily large h,. As
a result, there exists a sufficiently large h, such that ||a(t)|| <
Aa, Yt > t, where T > 0 is a finite time instant. Without loss
of generality,® consider the case r = 0. Since the requirements
of Lemma 2 hold true, the outer loop will satisfy the asymptotic
gain Vour < xouw(ll@lls)- The stability of the interconnected
loops is therefore proven using the Small Gain Theorem since
Xout (P Xin(Pou(Vour)))) < Vour holds true for sufficiently large
hy. As a result, it follows from Jiang et al. (1996) that (18) is a
Lyapunov function. To conclude the proof, it is sufficient to note
that V(0) < xour(A«a) implies ¢p(Vi(t)) < Ax, VE>0. ®

8 Ifr > 0, it is sufficient to define a new timescale f = t — r and study the
system for t > 0.
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