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Abstract
In this paper, we consider a quasilinear elliptic and
critical problem with Dirichlet boundary conditions in
presence of the anisotropic 𝑝-Laplacian. The critical
exponent is the usual 𝑝⋆ such that the embedding
𝑊

1,𝑝
0
(Ω) ⊂ 𝐿𝑝

⋆
(Ω) is not compact. We prove the exis-

tence of a weak positive solution in presence of both
a 𝑝-linear and a 𝑝-superlinear perturbation. In doing
this, we have to perform several precise estimates of
the anisotropic Aubin–Talenti functions which can be of
interest for further problems. The results we prove are a
natural generalization to the anisotropic setting of the
classical ones by Brezis–Nirenberg (Comm. Pure Appl.
Math. 36 (1983), 437–477).
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1 INTRODUCTION

The aim of this paper is to study the following quasilinear elliptic problem

⎧⎪⎨⎪⎩
−Δ𝐻𝑝 𝑢 = 𝑢𝑝

⋆−1 + 𝜆𝑢𝑞−1 in Ω,
𝑢 > 0 in Ω,
𝑢 = 0 on 𝜕Ω.

(1.1)
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Here, Ω is a bounded smooth domain of ℝ𝑛, 𝑝 ∈ (1, 𝑛),

𝑝⋆ ∶=
𝑛𝑝

𝑛 − 𝑝

denotes the critical Sobolev exponent, 𝑝 ⩽ 𝑞 < 𝑝⋆, and

−Δ𝐻𝑝 𝑢 ∶= −div
(
𝐻(∇𝑢)𝑝−1∇𝐻(∇𝑢)

)
is the anisotropic 𝑝-Laplacian, where𝐻 ∶ ℝ𝑛 → ℝ satisfies the following properties.

(i) 𝐻 is convex.
(ii) 𝐻 is positively 1-homogeneous (i.e., 𝐻(𝑡𝜉) = 𝑡𝐻(𝜉) ∀ 𝜉 ∈ ℝ𝑛, 𝑡 > 0).
(iii) 𝐻(𝜉) > 0 for every 𝜉 ∈ ℝ𝑛.
(iv) 𝐻 ∈ 𝐶2(ℝ𝑛 ⧵ {0}).
(v) The set (Wulff shape orAlexandrov body)𝐵𝐻

1
∶= {𝑥 ∈ ℝ𝑛 ∶ 𝐻(𝑥) < 1} is uniformly convex.†

We will call 𝐻 a norm even though we do not ask it to be symmetric. Obviously, a distinguished
example of a function𝐻 satisfying properties (i)-to-(v) is the Euclidean norm | ⋅ |; in this case, the
operator −Δ𝐻𝑝 boils down to the usual 𝑝-Laplace operator, indeed

−Δ𝐻𝑝 𝑢 = −div

(|∇𝑢|𝑝−1 ∇𝑢|∇𝑢|
)
= −Δ𝑝𝑢.

Before entering into the details of the notion of solution to (1.1) and the related results, let us
describe the main features of the Euclidean version of (1.1), that is, with −Δ𝐻𝑝 = −Δ𝑝. The first
appearance of this problem dates back to [10], it concerns the case 𝑝 = 2 (i.e., the leading operator
is −Δ), and it is nowadays addressed as Brezis–Nirenberg problem. In this case, (1.1) reads as

⎧⎪⎨⎪⎩
−Δ𝑢 = 𝑢2

⋆−1 + 𝜆𝑢𝑞−1 in Ω,
𝑢 > 0 in Ω,
𝑢 = 0 on 𝜕Ω.

(1.2)

Here 2⋆ ∶= 2𝑛∕(𝑛 − 2) denotes the critical Sobolev exponent (at least for 𝑛 ⩾ 3) andΩ is as before.
The problem (1.2), as well as (1.1), has a variational structure in the sense that it can be seen as the
Euler–Lagrange equation of the functional 𝐹𝜆 ∶ 𝐻1

0
(Ω) → ℝ defined as

𝐹𝜆(𝑢) ∶=
1

2 ∫Ω |∇𝑢|2 𝑑𝑥 − 𝜆

𝑞 ∫Ω (𝑢
+)

𝑞
𝑑𝑥 −

1

2⋆ ∫Ω (𝑢
+)

2⋆
𝑑𝑥,

where 𝑢+ ∶= max{0, 𝑢}. In particular, critical points of the above functional turn out to be weak
solutions of (1.2), and this opens theway to the use of variationalmethods and critical point theory.
As it is well-known, the first obstruction which prevents a direct variational approach is given by
the lack of compactness caused by the presence of the critical term. Looking more at the level of
Partial Differential Equations (PDE), the reason behind the introduction of a second power-type

†We recall that a set in ℝ𝑛 is said to be uniformly convex if and only if all the principal curvatures of its boundary are
bounded away from 0.
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 3 of 31

term is related to the fact that purely critical problem (i.e., when 𝜆 = 0) does not admit a nontriv-
ial solution in any bounded star-shaped domain as a consequence of the well-known Pohozaev
identity. Actually, this is still the case, and for a very similar argument, if one consider 𝜆 < 0. All
of this led Brezis andNirenberg to ask whether a subcritical perturbation, even a linear one, could
allow to gain back the required compactness yielding the existence of mountain pass solutions.
The answer is positive and, possibly more surprising, exhibits a different behavior depending on
the dimension 𝑛 of the ambient spaceℝ𝑛.We summarize it here below distinguishing between the
linear perturbation (i.e., 𝑞 = 2) and the superlinear one (i.e., 𝑞 > 2). In what follows, 𝜆1 denotes
the first Dirichlet eigenvalue of −Δ.
Case 𝑞 = 2:

∙ if 𝑛 = 3 and Ω is a ball, problem (1.2) admits a solution for 𝜆 ∈ (𝜆1∕4, 𝜆1) (see [10, Theorem
1.2]);

∙ if 𝑛 ⩾ 4, problem (1.2) admits a solution for every 𝜆 ∈ (0, 𝜆1), and it does not admit any for
𝜆 ∉ (0, 𝜆1) (see [10, Theorem 1.1]).

A similar distinction has to bemade also when dealingwith superlinear perturbations. Recall that
when 𝑛 = 3, the critical exponent 2⋆ = 6.
Case 2 < 𝑞 < 2⋆:

∙ if 𝑛 = 3 and 4 < 𝑞 < 6 problem (1.2) admits a solution for every 𝜆 > 0, while for 2 < 𝑞 ⩽ 4

problem (1.2) admits a solution for large enough 𝜆 (see [10, Corollaries 2.3 and 2.4]);
∙ if 𝑛 ⩾ 4, problem (1.2) admits a solution for every 𝜆 > 0 (see [10, Corollaries 2.1 and 2.2]).

Going back to the core of the proof in the case 𝑞 = 2, the crucial result which allows to get the
conclusions listed before is the following one: calling 𝑆 the best Sobolev constant of the embedding
𝐻1
0
(Ω) ⊂ 𝐿2

⋆
(Ω) and

𝑆𝜆 ∶= inf
{
𝐹𝜆(𝑢) ∶ 𝑢 ∈ 𝐻1

0(Ω), ‖𝑢‖𝐿2⋆ (Ω) = 1
}
,

if 𝑆𝜆 < 𝑆 then 𝑆𝜆 is achieved (see [10, Lemma 1.2]). To prove that this is actually the case, since 𝑆
is known to be realized in the whole of ℝ𝑛 by the so called Aubin–Talenti functions

𝑈𝜀(𝑥) ∶=

(
𝐶𝜀

𝜀2 + |𝑥|2
) 𝑛−2

2

, 𝜀 > 0,

the fact that 𝑆𝜆 < 𝑆 is obtained by careful estimates of 𝐹𝜆(𝑉𝜀) in terms of 𝜀, where 𝑉𝜀 is a suitable
modification of 𝑈𝜀 and this causes the mentioned bounds on 𝜆.
The superlinear case relies instead on an application of the Ambrosetti–Rabinowitz mountain

pass theorem. Therefore, apart from proving that the functional 𝐹𝜆 satisfies the proper geometric
structure, one has to exhibit an explicit path whose energy level (with respect to 𝐹𝜆) is below a
certain threshold given by 1

𝑛
𝑆𝑛∕2. Once again, amajor role is played by careful estimates of suitable

modifications of theAubin–Talenti functions (thus leading to the appearance of 𝑆 in the estimate).
We stress that this mountain pass approach can be performed in the linear case 𝑞 = 2 as well. This
for what concerns the case of −Δ acting as leading operator.
The problem has then been generalized to various other operators such as the 𝑝-Laplacian, see

[1, 4, 33, 34]. The list of other generalizations would be too long and would bring us too far from
the purposes of the present paper. As before, let us write down the problem we are describing
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4 of 31 BIAGI et al.

when the leading operator is the 𝑝-Laplacian:

⎧⎪⎨⎪⎩
−Δ𝑝𝑢 = 𝑢𝑝

⋆−1 + 𝜆𝑢𝑞−1 in Ω,
𝑢 > 0 in Ω,
𝑢 = 0 on 𝜕Ω.

(1.3)

Here 𝑝⋆ ∶= 𝑛𝑝∕(𝑛 − 𝑝) denotes the critical Sobolev exponent (at least for 𝑛 > 𝑝) and Ω is as
before. The known results we are interested in can be summarized as follows:
(1) Case 𝑞 = 𝑝:

∙ (See [4, Theorem 3]): If 1 < 𝑝 < 𝑛 < 𝑝2, then problem (1.3) admits a solution for

𝜆 ∈ (𝜆1,𝑝 − 𝑆𝑝|Ω|−𝑝∕𝑛, 𝜆1,𝑝).
∙ (See [33, Theorem 7.4]): If 𝑛 ⩾ 𝑝2 then problem (1.3) admits a solution for

𝜆 ∈ (0, 𝜆1,𝑝).

Here, in analogy with what we wrote above, 𝜆1,𝑝 denotes the first variational Dirichlet eigenvalue
of−Δ𝑝 and𝑆𝑝 the best Sobolev constant of the embedding𝑊

1,𝑝
0
(Ω) ⊂ 𝐿𝑝

⋆
(Ω). As for theLaplacian

−Δ, there are results also in case of 𝑝-superlinear perturbations.
(2) Case 𝑝 < 𝑞 < 𝑝⋆:

∙ (See [34, Theorem 3.3]): Problem (1.3) admits a solution for every 𝜆 > 0, provided that 𝑛 is
sufficiently large, namely

𝑛 >
𝑝[𝑞(𝑝 − 1) + 𝑝]

𝑞(𝑝 − 1) + 𝑝 − 𝑝(𝑝 − 1)
.

∙ (See [34, Theorem 3.2]): There exists some 𝜆0 > 0 such that problem (1.3) admits a solution for
every 𝜆 ⩾ 𝜆0. provided that

𝑛 ⩽
𝑝[𝑞(𝑝 − 1) + 𝑝]

𝑞(𝑝 − 1) + 𝑝 − 𝑝(𝑝 − 1)
.

As for the Laplacian case, the crucial steps involve once again careful estimates of the appropriate
Aubin–Talenti functions combined with suitable technical modifications due to the fact that the
Sobolev space𝑊1,𝑝

0
(Ω) is not a Hilbert space. Since we want to preserve the readability, we avoid

further details concerning this.
Our main goal in the present paper is to consider the anisotropic Brezis–Nirenberg problem

(1.1), where the leading operator is the so called anisotropic𝑝-Laplacian. This operator is an impor-
tant generalization of the classical𝑝-Laplacian operator that extends its applications to anisotropic
settings by incorporating the geometry of Finsler spaces. This operator arises in a variety of
contexts where anisotropy plays a crucial role, such as image processing [26, 39], and material
science [12, 36]. Its significance lies in its ability to model diffusion and transport phenomena in
systems where isotropic assumptions fail, providing a more accurate representation of the under-
lying processes [38]. Its role in understanding anisotropic mean curvature flows and evolution
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 5 of 31

equations has been extensively studied, with connections to convex geometry and relative geome-
try frameworks (see, e.g., [6] and references therein).Wemention that in the last decades, qualita-
tive properties of solutions to elliptic problems involving the anisotropic 𝑝-Laplace operator have
been investigated, a partial list of papers and topics includes [8, 9, 14, 15, 18, 19] in which overdeter-
mined problems are studied, [16, 17, 20, 22, 23, 25, 27, 28, 30, 31, 44] in which symmetry properties
and Liouville-type theorems are studied, and [7, 11, 24, 32] in which isoperimetric inequalities
and CMC hypersurfaces are studied. As it should be clear after the brief review of the Euclidean
results, if we want to follow the fruitful scheme described before we have to work with the proper
replacement of the Aubin–Talenti functions. In the anisotropic case, these have been explicitly
written down in [17], see (2.9) for the precise analytic expression. One of the main technical
difficulties in estimating it as we need, is given by the non-Euclidean structure of the anisotropic
norm.
Let us now introduce the notion of solution of problem (1.1) we will work with.

Definition 1.1.We say that a function𝑢 ∈ 𝑊
1,𝑝
0
(Ω) is aweak solution of problem (1.1) if it satisfies

the following properties.

(i) 𝑢 > 0 almost everywhere (a.e. in short) in Ω.
(ii) For every test function 𝑣 ∈ 𝑊

1,𝑝
0
(Ω), we have

∫Ω𝐻(∇𝑢)
𝑝−1⟨∇𝐻(∇𝑢),∇𝑣⟩𝑑𝑥 − 𝜆 ∫Ω 𝑢

𝑞−1𝑣 𝑑𝑥 − ∫Ω 𝑢
𝑝⋆−1𝑣 𝑑𝑥 = 0. (1.4)

Due to its relevance in the sequel, we explicitly highlight that problem (1.1) has a good varia-
tional structure (as in the classical case 𝐻(𝜉) = |𝜉| described above), that is, the weak solutions
of this problem (in the sense of Definition 1.1) are precisely the nonzero critical points of the 𝐶1
functional 𝑞,𝜆 ∶ 𝑊1,𝑝

0
(Ω) → ℝ defined by

𝑞,𝜆(𝑢) = 1

𝑝 ∫Ω𝐻(∇𝑢)
𝑝 𝑑𝑥 −

𝜆

𝑞 ∫Ω(𝑢
+)𝑞 𝑑𝑥 −

1

𝑝⋆ ∫Ω(𝑢
+)𝑝

⋆
𝑑𝑥. (1.5)

Indeed, if 𝑢 ∈ 𝑊
1,𝑝
0
(Ω) is a nonzero critical point of 𝑞,𝜆, we clearly have that 𝑢 satisfies the

associated Euler–Lagrange equation  ′
𝑞,𝜆
(𝑢)[𝑣] = 0 for every 𝑣 ∈ 𝑊

1,𝑝
0
(Ω), that is,

∫Ω𝐻(∇𝑢)
𝑝−1⟨∇𝐻(∇𝑢),∇𝑣⟩𝑑𝑥 − 𝜆 ∫Ω(𝑢

+)𝑞−1𝑣 𝑑𝑥 − ∫Ω(𝑢
+)𝑝

⋆−1𝑣 𝑑𝑥 = 0;

in particular, we derive that −Δ𝐻𝑝 𝑢 ⩾ 0 in the weak sense on Ω. We can then apply both the Weak
and Strong Maximum Principle for −Δ𝐻𝑝 (see [41, Theorem 5.3.1]), obtaining that 𝑢 > 0 a.e. in Ω;
thus, 𝑢+ = 𝑢 in Ω and 𝑢 is a weak solution of problem (1.1).
With Definition 1.1 at hand, we are now ready to start the description of the main results of

the paper, which are essentially of two types: existence results (to which we are mainly interested,
representing the real core of the manuscript) and nonexistence results.
The first existence result concerns the case of 𝑝-linear perturbations (that is, 𝑞 = 𝑝) when 𝑛 ⩾

𝑝2, which can be considered as the analogous of the high-dimensional case in [10]. Inwhat follows,
𝜆𝐻
1
(Ω) denotes the first eigenvalue of −Δ𝐻𝑝 (see (2.32)).
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6 of 31 BIAGI et al.

Theorem 1.2. LetΩ ⊂ ℝ𝑛 be an open and bounded set with smooth boundary. Let 1 < 𝑝 < 𝑝2 ⩽ 𝑛

and let 𝜆 ∈ (0, 𝜆𝐻
1
(Ω)), then (1.1) admits a solution.

The second one still concerns the case 𝑞 = 𝑝 but when 1 < 𝑝 < 𝑛 < 𝑝2, which is the analogous
of the low -dimensional case in [10].

Theorem 1.3. Let Λ = 𝐻 |Ω|−𝑝∕𝑛, assume 1 < 𝑝 < 𝑛 < 𝑝2 and 𝜆 ∈ (𝜆𝐻
1
(Ω) − Λ, 𝜆𝐻

1
(Ω)). Then

(1.1) admits a nontrivial solution.

The last existence result dealswith the case of𝑝-superlinear perturbations (i.e., 𝑞 > 𝑝). To prop-
erly state it, let us introduce a constant which already appeared before, and that will provide the
proper bound between what we can call high- and low-dimensional cases:

𝜅𝑝,𝑞 =
𝑝[𝑞(𝑝 − 1) + 𝑝]

𝑞(𝑝 − 1) + 𝑝 − 𝑝(𝑝 − 1)
.

Theorem 1.4. Let Ω ⊂ ℝ𝑛 be an open and bounded set with smooth enough boundary 𝜕Ω and let
1 < 𝑝 < 𝑛, 𝑝 < 𝑞 < 𝑝⋆. Then the following holds.

∙ If 𝑛 > 𝑘𝑝,𝑞 the problem (1.1) admits a solution for every 𝜆 > 0.
∙ If 1 < 𝑝 < 𝑛 ⩽ 𝑘𝑝,𝑞 , there exists a positive number 𝜆0 > 0 such that problem (1.1) admits a solution
for every 𝜆 ⩾ 𝜆0.

It is worth noting that, since 𝑘𝑝,𝑝 = 𝑝2, the dichotomy in Theorem 1.4 is coherent with the
threshold found when 𝑞 = 𝑝; moreover, we point out that

𝑝 < 𝜅𝑝,𝑞 < 𝑝2, for every 𝑞 ∈ (𝑝, 𝑝⋆).

The constant 𝜅𝑝,𝑞 already appears implicitly in [4] (see condition (7) there).
As already highlighted, the crucial results needed to prove all the existence results listed above

are the following:

∙ precise estimates of a suitable modification of the anisotropic Aubin–Talenti functions
(Lemma 2.5);

∙ geometric structure of the functional 𝑞,𝜆 (Lemma 2.6);
∙ convergence of a Palais–Smale sequence at the proper energy-level to weak solutions of (1.1)
(Lemma 2.9);

∙ existence of an explicit path below a certain energy-level depending on the best anisotropic
Sobolev constant 𝐻 defined in (2.10) (Lemma 3.1 for the case 𝑞 = 𝑝 and 𝑛 > 𝑝2, Lemma 3.2
for the case 𝑞 = 𝑝 and 𝑝 < 𝑛 < 𝑝2, and Lemma 3.3 when 𝑝 < 𝑞 < 𝑝⋆).

Together with the existence results just stated, we also establish the following nonexistence
result. To avoid regularity issues, we limit ourselves to consider the case of regular solutions in
star-shaped domains; this allows us to exploit the anisotropic Pohozaev identity recently proved
in [37] (see also [14, Lemma 4.2]).

Theorem 1.5. Let 1 < 𝑝 < 𝑛, and let Ω ⊂ ℝ𝑛 be a bounded and star-shaped domain with smooth
boundary. If 𝜆 ⩽ 0, then there do not exist regular weak solutions 𝑢 ∈ 𝐶1(Ω) of problem (1.1) with
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 7 of 31

𝑞 = 𝑝, that is,

⎧⎪⎨⎪⎩
−Δ𝐻𝑝 𝑢 = 𝑢𝑝

⋆−1 + 𝜆𝑢𝑝−1 inΩ,
𝑢 > 0 inΩ,
𝑢 = 0 on 𝜕Ω.

(1.6)

Notice that Theorem 1.5 somehow justifies the choice 𝜆 > 0 in our existence results (at least
when regular solutions and star-shaped domains are involved).
The paper is organized as follows.

∙ In Section 2, we recall some notions about Finsler geometry, and we prove some technical lem-
mas that will be crucial in the proof of themain results. In particular, inspired by the celebrated
paper of Brezis–Nirenberg, we prove some preliminary estimates of suitable truncations of the
Aubin–Talenti bubbles.

∙ Using all the preliminary results established/recalled in Section 2, we provide in Section 3 the
proofs our existence results, namely Theorems 1.2, 1.3, and 1.4.

∙ Finally, in Section 4 we prove nonexistence result in Theorem 1.5.

2 PRELIMINARIES

The aim of this first section is to collect all the notions and the preliminary results which will be
repeatedly used throughout the rest of the paper. Due to the number of topics we will discuss, for
the sake of readability we split our presentation into several paragraphs.

(i) The anisotropic geometry. In view of its (major) role in our results, we begin this
section with an overview of the anisotropic geometry induced on ℝ𝑛 by the norm𝐻.
To begin with, we notice that assumptions (i)–(iv) made on 𝐻 imply some simple conse-

quences that we collect in the following lemma for a future reference; since all these facts are
well-known, we omit the demonstration.

Lemma 2.1. Let𝐻 ∶ ℝ𝑛 → ℝ be such that (i)–(iv) hold. Then

(1) the function𝐻 is globally equivalent to the Euclidean norm | ⋅ |, that is, there exists a universal
constant 𝜈 ⩾ 1 such that

𝜈−1|𝑥| ⩽ 𝐻(𝑥) ⩽ 𝜈|𝑥| for every 𝑥 ∈ ℝ𝑛; (2.1)

(2) the function𝐻 satisfies the classical triangle inequality, that is,

𝐻(𝑥 + 𝑦) ⩽ 𝐻(𝑥) + 𝐻(𝑦) for every 𝑥, 𝑦 ∈ ℝ𝑛; (2.2)

(3) the function𝐻 is globally Lipschitz-continuous in ℝ𝑛;
(4) the function𝐻 satisfies the following Euler-type identity:

⟨𝑥,∇𝐻(𝑥)⟩ = 𝐻(𝑥) for every 𝑥 ∈ ℝ𝑛 ⧵ {0}; (2.3)
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8 of 31 BIAGI et al.

(5) there exists a universal constant 𝜗 ⩾ 1 such that

𝜗−1 ⩽ |∇𝐻(𝑥)| ⩽ 𝜗 for every 𝑥 ∈ ℝ𝑛 ⧵ {0}. (2.4)

Moreover, we mention that since 𝐻 is positive 1-homogeneous, then 𝐻2 is positive 2-
homogeneous, so there exists Υ > 0 such that

⟨1
2
∇2𝐻2(𝜉)𝜂, 𝜂⟩ ⩽ Υ|𝜂|2 for all 𝜉 ∈ ℝ𝑛 ⧵ {0}, 𝜂 ∈ ℝ𝑛,

that is, the largest eigenvalue of the matrix 1

2
∇2𝐻2(𝜉) is uniformly bounded from above for 𝜉 ≠ 0

by some positive constantΥ > 0. Furthermore, it is possible to show that (v) is equivalent to prove
that there exists 𝜐 > 0 such that

⟨1
2
∇2𝐻2(𝜉)𝜂, 𝜂⟩ ⩾ 𝜐|𝜂|2 for all 𝜉 ∈ ℝ𝑛 ⧵ {0}, 𝜂 ∈ ℝ𝑛,

see [2, 3, 23] for further details. Summing up, we have the following uniformly ellipticity condition

𝜐|𝜂|2 ⩽ ⟨1
2
∇2𝐻2(𝜉)𝜂, 𝜂⟩ ⩽ Υ|𝜂|2 for all 𝜉 ∈ ℝ𝑛 ⧵ {0}, 𝜂 ∈ ℝ𝑛. (𝑣′)

In what follows, an important role will be played by the dual norm𝐻0 ∶ ℝ
𝑛 → ℝ, which is defined

as

𝐻0(𝜁) ∶= sup
𝐻(𝜉)=1

⟨𝜁, 𝜉⟩, (2.5)

where ⟨⋅, ⋅⟩ denotes the standard Euclidean scalar product. We will also need the map
𝐻̂0 ∶ ℝ

𝑛 → ℝ, 𝐻̂0(𝜁) ∶= 𝐻0(−𝜁). (2.6)

Remark 2.2. It is not difficult to recognize that, since𝐻 satisfies properties (i)–(iv), both the func-
tions𝐻0 and 𝐻̂0 satisfy properties (i)–(iii); thus, all the properties (1)–(4) in Lemma 2.1 (which do
not exploit the regularity of𝐻) also hold for𝐻0 and 𝐻̂0.

Concerning the validity of property (iv), namely the smoothness of 𝐻0, we have that this is
direct consequence of assumption (v) or (𝑣′), for which we refer to [42, Corollary 1.7.3].

Lemma2.3 [42, Corollary 1.7.3]. Let𝐻 ∶ ℝ𝑛 → ℝ be such that (i)–(iv) hold. Then

𝐻0 ∈ 𝐶1(ℝ𝑛 ⧵ {0}) if and only if 𝐵𝐻
1
∶= {𝑥 ∈ ℝ𝑛 ∶ 𝐻(𝑥) < 1} is uniformly convex .

Hence, the regularity of the dual norm𝐻0 is equivalent to assumption (v).

Moreover, thanks to the previous result, we have that 𝐻 and 𝐻0 satisfy the following
identities.
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 9 of 31

Lemma2.4 [14, Lemma 3.1].Assume that𝐻 satisfies assumption (i)–(v). Then, the following notable
identities hold

𝐻(∇𝐻0(𝜁)) ≡ 1, 𝐻0(∇𝐻(𝜁)) ≡ 1, (2.7)

for every 𝜁 ≠ 0.

(ii) Anisotropic Talenti functions. Since we are dealing with critical problems related to the
anisotropic𝑝-Laplacian−Δ𝐻𝑝 , it is crucial to recall the basic results related towhatwe can call
anisotropic Talenti functions. Recently, in [17], Ciraolo, Figalli, and the third-named author
considered the following problem

{
−Δ𝐻𝑝 𝑢 = 𝑢𝑝

⋆−1 in ℝ𝑛,
𝑢 > 0 in ℝ𝑛,

(2.8)

where 𝑢 ∈ 𝐷1,𝑝(ℝ𝑛). There it has been proved that the only energy solutions of (2.8) are of the
following form

𝑈𝐻
𝜇,𝑥0

(𝑥) ∶=

(
𝜇1∕(𝑝−1)𝑐𝑛,𝑝

𝜇𝑝∕𝑝−1 + 𝐻̂0(𝑥 − 𝑥0)
𝑝∕𝑝−1

) 𝑛−𝑝

𝑝

, (2.9)

for some 𝜇 > 0, 𝑥0 ∈ ℝ𝑛 and

𝑐𝑛,𝑝 ∶= 𝑛1∕𝑝
(
𝑛 − 𝑝

𝑝 − 1

) 𝑝−1

𝑝

.

We point out that assumption [17, (1.11)] is in force since it is equivalent to assume (𝑣′), and hence
(v). The family of functions defined in (2.9) are also extremals of the anisotropic Sobolev inequality
(see [17, appendix A])

𝐻‖𝑢‖𝑝
𝐿𝑝

⋆
(ℝ𝑛)

⩽ ‖𝐻(∇𝑢)‖𝑝
𝐿𝑝(ℝ𝑛)

, (2.10)

and coincide with the Aubin–Talenti functions (see, e.g., [5, 21, 43]) when 𝐻(⋅) = | ⋅ |. We point
out that 𝐻 denotes the best Sobolev constant which depends only on 𝑛 and 𝑝 (and clearly on the
norm𝐻).
For future use, we recall that

∇𝑈𝐻
1,0(𝑥) = 𝑐

(𝑛−𝑝)∕𝑝
𝑛,𝑝 ∇

((
1 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)(𝑝−𝑛)∕𝑝)

= 𝑐
(𝑛−𝑝)∕𝑝
𝑛,𝑝

(
𝑛 − 𝑝

𝑝 − 1

)(
1 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)−𝑛∕𝑝

𝐻0(−𝑥)
1∕(𝑝−1)∇𝐻0(−𝑥),

and hence
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10 of 31 BIAGI et al.

𝐻(∇𝑈𝐻
1,0(𝑥))

𝑝 = 𝑐
𝑛−𝑝
𝑛,𝑝

(
𝑛 − 𝑝

𝑝 − 1

)𝑝 𝐻0(−𝑥)
𝑝∕(𝑝−1)(

1 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)𝑛 , (2.11)

where we used (2.7).
Finally, let us recall that the Aubin–Talenti bubbles defined in (2.9), for every 𝜇 > 0 satisfy the

following

‖𝐻(∇𝑈𝐻
𝜇,𝑥0

)‖𝑝
𝐿𝑝(ℝ𝑛)

= ‖𝑈𝐻
𝜇,𝑥0

‖𝑝⋆
𝐿𝑝

⋆
(ℝ𝑛)

= 𝑛∕𝑝
𝐻

, (2.12)

where 𝐻 is the best Sobolev constant in the critical Sobolev embedding 𝐷1,𝑝(ℝ𝑛) in
𝐿𝑝

⋆
(ℝ𝑛). The previous identity is a direct consequence of the Pohozaev’s identity [37, see

Theorem 1.3].
Following the strategy in [10] and [33], and supposing 0 ∈ Ω (without loss of generality due to

the translation invariance of (1.1)), we have are able to deduce the following estimates for suitable
truncations of the Aubin–Talenti bubbles.

Lemma 2.5. Let 𝜑 ∈ 𝐶∞
0
(Ω) be a cut-off function such that 0 ⩽ 𝜑 ⩽ 1 and 𝜑 = 1 in 𝐵𝑟(0) ⊂⊂ Ω. Let

us further define the function

𝜂𝜀(𝑥) ∶=
𝜑(𝑥)(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)(𝑛−𝑝)∕𝑝 , for𝜀 > 0. (2.13)

Then, the following hold:

‖𝐻(∇𝜂𝜀)‖𝑝𝐿𝑝(Ω) = 1

𝑐
𝑛−𝑝
𝑛,𝑝 𝜀(𝑛−𝑝)∕𝑝

‖𝐻(∇𝑈𝐻
1,0)‖𝑝𝐿𝑝(ℝ𝑛) + 𝑂(1), as 𝜀 → 0+. (2.14)

∫Ω 𝜂
𝑝⋆

𝜀 𝑑𝑥 =
1

𝑐𝑛𝑛,𝑝𝜀
𝑛∕𝑝

‖𝑈𝐻
1,0‖𝑝⋆𝐿𝑝⋆(ℝ𝑛) + 𝑂(1), as 𝜀 → 0+. (2.15)

Moreover, as 𝜀 → 0+, we have

∫Ω 𝜂
𝑝
𝜀 𝑑𝑥 =

⎧⎪⎪⎨⎪⎪⎩

1

𝑐
𝑛−𝑝
𝑛,𝑝 𝜀(𝑛−𝑝2)∕𝑝

‖𝑈𝐻
1,0

‖𝑝
𝐿𝑝(ℝ𝑛)

+ 𝑂(1) if 𝑛 > 𝑝2,

𝜔(𝑝 − 1)

𝑝
| log(𝜀)| + 𝑂(1) if 𝑛 = 𝑝2,

(2.16)

and for 𝑝 < 𝑞 < 𝑝⋆ − 1 we have

∫Ω 𝜂
𝑞
𝜀 𝑑𝑥 ⩾

𝑐

𝜀
𝑞(𝑛−𝑝)

𝑝
−
𝑛(𝑝−1)

𝑝

, (2.17)

where 𝑐 is a positive constant depending only on 𝑛 and 𝑝.
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 11 of 31

Proof.We start computing ∇𝜂𝜀, getting

∇𝜂𝜀(𝑥) =
∇𝜑(𝑥)(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)(𝑛−𝑝)∕𝑝
+𝜑(𝑥)

(
𝑛 − 𝑝

𝑝 − 1

)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)−𝑛∕𝑝

𝐻0(−𝑥)
1∕(𝑝−1)∇𝐻0(−𝑥).

By Lagrange theorem, for 𝑡 ∈ (0, 1) and setting

𝜉 = 𝜉𝑥,𝑡 ∶=
𝜑(𝑥)

(
𝑛−𝑝

𝑝−1

)
𝐻0(−𝑥)

1∕(𝑝−1)∇𝐻0(−𝑥)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛∕𝑝 +

𝑡 ∇𝜑(𝑥)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)(𝑛−𝑝)∕𝑝 , (2.18)

we get

𝐻(∇𝜂𝜀)
𝑝 = 𝐻

⎛⎜⎜⎜⎝
𝜑(𝑥)

(
𝑛−𝑝

𝑝−1

)
𝐻0(−𝑥)

1∕(𝑝−1)∇𝐻0(−𝑥)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛∕𝑝

⎞⎟⎟⎟⎠
𝑝

+ pH(𝜉𝑥,𝑡)
𝑝−1 ⟨∇𝐻(𝜉), ∇𝜑(𝑥)(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)(𝑛−𝑝)∕𝑝 ⟩
= 𝜑(𝑥)𝑝

(
𝑛 − 𝑝

𝑝 − 1

)𝑝 𝐻0(−𝑥)
𝑝∕𝑝−1(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)𝑛
+ pH(𝜉𝑥,𝑡)

𝑝−1 ⟨∇𝐻(𝜉), ∇𝜑(𝑥)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)(𝑛−𝑝)∕𝑝 ⟩ (2.19)

where we used (2.7). Now, recalling the properties of 𝜑, we find

∫Ω𝐻(∇𝜂𝜀)
𝑝 𝑑𝑥 =

(
𝑛 − 𝑝

𝑝 − 1

)𝑝

∫Ω
𝐻0(−𝑥)

𝑝∕(𝑝−1)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛 𝑑𝑥

−

(
𝑛 − 𝑝

𝑝 − 1

)𝑝

∫Ω
(1 − 𝜑(𝑥)𝑝)𝐻0(−𝑥)

𝑝∕(𝑝−1)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛 𝑑𝑥

+ 𝑝 ∫Ω
𝐻(𝜉𝑥,𝑡)

𝑝−1(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛−𝑝 ⟨∇𝐻(𝜉𝑥,𝑡), ∇𝜑(𝑥)⟩𝑑𝑥

=∶ 𝐼 − 𝐼𝐼 + 𝐼𝐼𝐼.

(2.20)
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12 of 31 BIAGI et al.

We start estimating 𝐼.

𝐼 =

(
𝑛 − 𝑝

𝑝 − 1

)𝑝

∫ℝ𝑛
𝐻0(−𝑥)

𝑝∕(𝑝−1)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛 𝑑𝑥

−

(
𝑛 − 𝑝

𝑝 − 1

)𝑝

∫ℝ𝑛⧵Ω
𝐻0(−𝑥)

𝑝∕(𝑝−1)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛 𝑑𝑥 =∶ 𝐼′ − 𝐼′′.

Now, we proceed with 𝐼′: after the change of variable 𝑥 = 𝜀(𝑝−1)∕𝑝𝑦, and recalling (2.11), we find

𝐼′ =

(
𝑛 − 𝑝

𝑝 − 1

)𝑝

𝜀(𝑝−𝑛)∕𝑝 ∫ℝ𝑛
𝐻0(−𝑦)

𝑝∕(𝑝−1)(
1 + 𝐻0(−𝑦)

𝑝∕(𝑝−1)
)𝑛

=
1

𝑐
𝑛−𝑝
𝑛,𝑝 𝜀(𝑛−𝑝)∕𝑝

‖𝐻(∇𝑈1,0)‖𝑝𝐿𝑝(ℝ𝑛).
Passing to 𝐼′′, keeping inmind that 0 ∈ Ω, 𝑛 > 𝑝 and that𝐻0(⋅) ∼ | ⋅ | (see Remark 2.2), we find

|𝐼′′| ⩽ 𝑐 ∫ℝ𝑛⧵Ω
|𝑦|𝑝∕(𝑝−1)|𝑦|𝑛𝑝∕(𝑝−1) 𝑑𝑦 < +∞. (2.21)

Therefore,

𝐼 =
1

𝑐
𝑛−𝑝
𝑛,𝑝 𝜀(𝑛−𝑝)∕𝑝

‖𝐻(∇𝑈𝐻
1,0)‖𝑝𝐿𝑝(ℝ𝑛) + 𝑂(1), as 𝜀 → 0+. (2.22)

Regarding 𝐼𝐼, since 𝜑 = 1 on 𝐵𝑟(0) ⊂⊂ Ω, we easily recognize that

𝐼𝐼 =

(
𝑛 − 𝑝

𝑝 − 1

)𝑝

∫Ω⧵𝐵𝑟(0)
(1 − 𝜑(𝑥)𝑝)𝐻0(−𝑥)

𝑝∕(𝑝−1)(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛 𝑑𝑥 = 𝑂(1), (2.23)

since we can argue as in (2.21).
We are now left with 𝐼𝐼𝐼. As for 𝐼𝐼, it reduces to an integral over Ω ⧵ 𝐵𝑟(0). Now, recalling

the definition of 𝜉𝑥,𝑡 in (2.18), we have that there exists a positive constant 𝐶 > 0 (depending on
𝑛, 𝑝, 𝑟, 𝐻0 and Ω) such that

|𝜉𝑥,𝑡| ⩽ 𝐶 out of 𝐵𝑟(0),

and hence𝐻(𝜉𝑥,𝑡)𝑝−1 ⩽ 𝐶. Therefore,

|𝐼𝐼𝐼| ⩽ 𝐶 ∫Ω⧵𝐵𝑟(0)
1|𝑥|𝑝(𝑛−𝑝)∕(𝑝−1) 𝑑𝑥 < +∞. (2.24)

Gathering (2.22), (2.23), and (2.24), from (2.20) we obtain (2.13).
Arguing in a similar fashion, we have

∫Ω 𝜂
𝑝⋆

𝜀 𝑑𝑥 = ∫Ω
1(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)𝑛 𝑑𝑥 − ∫Ω
1 − 𝜑(𝑥)𝑝

⋆(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛 𝑑𝑥

=∶ 𝐼𝑉 + 𝑉.

(2.25)
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 13 of 31

As before,

𝐼𝑉 = ∫ℝ𝑛
1(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)𝑛 𝑑𝑥 − ∫ℝ𝑛⧵Ω
1(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)𝑛 𝑑𝑥
= 𝐼𝑉′ − 𝐼𝑉′′.

(2.26)

Using the change of variable 𝑥 = 𝜀(𝑝−1)∕𝑝𝑦, we get that

𝐼𝑉′ =
1

𝑐𝑛𝑛,𝑝𝜀
𝑛∕𝑝

‖𝑈𝐻
1,0‖𝑝⋆𝐿𝑝⋆(ℝ𝑛),

while, similarly as before,

|𝐼𝑉′′|, |𝑉| ⩽ 𝐶 < +∞,

yielding (2.15).
We are left to estimate the 𝐿𝑝-norm of 𝜂𝜀. To this end, we distinguish two cases.

(a) 𝑛 > 𝑝2. In this case, we have

∫Ω 𝜂
𝑝
𝜀 𝑑𝑥 = ∫Ω

1(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛−𝑝 𝑑𝑥 − ∫Ω

1 − 𝜑(𝑥)𝑝(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛−𝑝 𝑑𝑥

= ∫ℝ𝑛
1(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)𝑛−𝑝 𝑑𝑥 − ∫ℝ𝑛⧵Ω
1(

𝜀 + 𝐻0(−𝑥)
𝑝∕(𝑝−1)

)𝑛−𝑝 𝑑𝑥
− ∫Ω⧵𝐵𝑟(0)

1 − 𝜑(𝑥)𝑝(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑛−𝑝 𝑑𝑥

=∶ 𝑉𝐼 − 𝑉𝐼𝐼 − 𝑉𝐼𝐼𝐼.

(2.27)

Now, by changing variable 𝑥 = 𝜀(𝑝−1)∕𝑝𝑦, we get

𝑉𝐼 =
1

𝑐
𝑛−𝑝
𝑛,𝑝 𝜀(𝑛−𝑝2)∕𝑝

‖𝑈𝐻
1,0‖𝑝𝐿𝑝(ℝ𝑛).

For the remaining ones, we argue similarly as before: on the one hand, we have

|𝑉𝐼𝐼𝐼| ⩽ 𝐶 ∫Ω⧵𝐵𝑟(0)
1|𝑥|(𝑝𝑛−𝑝2)∕(𝑝−1) 𝑑𝑥 < +∞;

on the other hand, since we are assuming 𝑛 > 𝑝2, we obtain

|𝑉𝐼𝐼| ⩽ 𝐶 ∫ℝ𝑛⧵Ω
1|𝑥|(𝑝𝑛−𝑝2)∕(𝑝−1) 𝑑𝑥 < +∞.

All in all, if 𝑛 > 𝑝2,

∫Ω 𝜂
𝑝
𝜀 𝑑𝑥 =

1

𝑐
𝑛−𝑝
𝑛,𝑝 𝜀(𝑛−𝑝2)∕𝑝

‖𝑈𝐻
1,0‖𝑝𝐿𝑝(ℝ𝑛) + 𝑂(1). (2.28)
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14 of 31 BIAGI et al.

(b) 𝑛 = 𝑝2. In this case, by arguing exactly as before, we have

∫Ω 𝜂
𝑝
𝜀 𝑑𝑥 = ∫Ω

1(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥 − ∫Ω

1 − 𝜑(𝑥)𝑝(
𝜀 + 𝐻0(−𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥

= ∫Ω
1(

𝜀 + 𝐻̂0(𝑥)
𝑝∕(𝑝−1)

)𝑝2−𝑝 𝑑𝑥 + 𝑂(1).

However, in order to estimate the remaining integral we cannot proceed as in the previous
case, since the function 1∕|𝑥|(𝑝𝑛−𝑝2)∕(𝑝−1) = 1∕|𝑥|𝑛 is not integrable at infinity. To overcome
this issue, we adapt to our anisotropic context the approach in [10].

First of all we observe that, since 0 ∈ Ω and 𝐻̂0 is globally equivalent to the Euclidean norm
(see Remark 2.2), there exist 𝑅1, 𝑅2 > 0 such that

∫{𝐻̂0<𝑅1}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥 ⩽ ∫Ω

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥

⩽ ∫{𝐻̂0<𝑅2}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥;

as a consequence, since we have

0 ⩽ ∫{𝐻̂0<𝑅2}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥 − ∫Ω

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥

⩽ ∫{𝐻̂0<𝑅2}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥 − ∫{𝐻̂0<𝑅1}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥

= ∫{𝑅1⩽𝐻̂0<𝑅2}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥

⩽ ∫{𝑅1⩽𝐻̂0<𝑅2}

1

𝐻̂0(𝑥)
𝑝2
𝑑𝑥 = 𝐜(𝑅1, 𝑅2) < ∞,

we obtain the following identity

∫Ω
1(

𝜀 + 𝐻̂0(𝑥)
𝑝∕(𝑝−1)

)𝑝2−𝑝 𝑑𝑥 = ∫{𝐻̂0<𝑅2}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥 + 𝑂(1). (2.29)

Now, recalling that 𝐻̂0 is globally Lipschitz-continuous in ℝ𝑛 (see Remark 2.2), and taking into
account (2.4), we are entitled to apply Federer’s Coarea Formula to the integral in the right-hand
side of (2.29) (see, e.g., [29]): this gives

∫{𝐻̂0<𝑅2}

1(
𝜀 + 𝐻̂0(𝑥)

𝑝∕(𝑝−1)
)𝑝2−𝑝 𝑑𝑥

= ∫
𝑅2

0

1(
𝜀 + 𝜌𝑝∕(𝑝−1)

)𝑝2−𝑝
(
∫{𝐻̂0=𝜌}

1|∇𝐻̂0| 𝑑𝑝2−1

)
𝑑𝜌
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 15 of 31

(using the homogeneity of 𝐻̂0 and of |∇𝐻̂0|)
= 𝜔 ∫

𝑅2

0

𝜌𝑝
2−1(

𝜀 + 𝜌𝑝∕(𝑝−1)
)𝑝2−𝑝 ,

where we have used the fact that 𝑛 = 𝑝2, and

𝜔 = ∫{𝐻̂0=1}

1|∇𝐻̂0| 𝑑𝑝2−1.

To proceed further, we then claim that

∫
𝑅2

0

𝜌𝑝
2−1(

𝜀 + 𝜌𝑝∕(𝑝−1)
)𝑝2−𝑝 = ∫

𝑅2

0

𝜌𝑝
2−1

𝜀𝑝2−𝑝 + 𝜌𝑝2
𝑑𝜌 + 𝑂(1). (2.30)

Taking this claim for granted for a moment, we can complete the estimate of ‖𝜂𝜀‖𝑝𝐿𝑝(ℝ𝑛) in this
case: in fact, by combining (2.29) with (2.30), we obtain

∫Ω
1(

𝜀 + 𝐻̂0(𝑥)
𝑝∕(𝑝−1)

)𝑝2−𝑝 𝑑𝑥 = 𝜔 ∫
𝑅2

0

𝜌𝑝
2−1

𝜀𝑝2−𝑝 + 𝜌𝑝2
𝑑𝜌 + 𝑂(1)

=
𝜔

𝑝2

(
log(𝜀𝑝

2−𝑝 + 𝑅
𝑝2

2
) − log(𝜀𝑝

2−𝑝)
)
+ 𝑂(1)

=
𝜔(𝑝 − 1)

𝑝
| log(𝜀)| + 𝑂(1) as 𝜀 → 0+.

Hence, we are left to prove (2.30). To this end it suffices to observe that, by performing the change
of variables 𝜌 = 𝑠1−1∕𝑝, we have the following identity

∫
𝑅2

0
𝜌𝑝

2−1

|||||| 1(
𝜀 + 𝜌𝑝∕(𝑝−1)

)𝑝2−𝑝 − 1

𝜀𝑝2−𝑝 + 𝜌𝑝2

||||||𝑑𝜌
= ∫

𝑅2𝜀
1∕𝑝−1

0
𝑠𝑝

2−1

|||||| 1(
1 + 𝑠𝑝∕(𝑝−1)

)𝑝2−𝑝 − 1

1 + 𝑠𝑝2

||||||𝑑𝑠
⩽ ∫

∞

0
𝑠𝑝

2−1

|||||| 1(
1 + 𝑠𝑝∕(𝑝−1)

)𝑝2−𝑝 − 1

1 + 𝑠𝑝2

||||||
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

=𝑓(𝑠)

𝑑𝑠.

Since 𝑓 ∈ 𝐶([0,∞)), we clearly have 𝑓 ∈ 𝐿1([0, 1]); moreover,

∫
∞

1
𝑓(𝑠) 𝑑𝑠 = ∫

∞

1

1

𝑠

||||| 1𝑠𝑝2 − 𝑝2 − 𝑝

𝑠𝑝∕(𝑝−1)
+ 𝑜

(
1

𝑠𝑝2

)
+ 𝑜

(
1

𝑠𝑝∕(𝑝−1)

)|||||𝑑𝑠
⩽ 𝑐 ∫

∞

1

(
1

𝑠𝑝2+1
+

1

𝑠𝑝∕(𝑝−1)+1

)
𝑑𝑠 < ∞,
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16 of 31 BIAGI et al.

and this completes the proof of (2.30).
Finally, we need to prove (2.17). Since 0 ∈ Ω, let 𝜏 > 0 be such that

 = 𝐵
𝐻̂0
𝜏 ∶= { 𝐻̂0 < 𝜏} ⊂ 𝐵𝑟(0)

(hence, we have 𝜑 ≡ 1 on ), and let 𝜇𝜀 = 𝜀1−1∕𝑝. We then get

∫ℝ𝑛 𝜂
𝑞
𝜀 𝑑𝑥 ⩾ ∫{𝐻̂0<𝜏}

1

(𝜀 + 𝐻̂0(𝑥)
𝑝

𝑝−1 )
𝑞(𝑛−𝑝)

𝑝

𝑑𝑥

(setting 𝑥 = 𝜀
𝑝−1

𝑝 𝑧, and using the homogeneity of 𝐻̂0)

= 𝜀
−
𝑞(𝑛−𝑝)

𝑝
+
𝑛(𝑝−1)

𝑝 ∫{𝐻̂0<𝜏∕𝜇𝜀}

1

(1 + 𝐻̂0(𝑧)
𝑝

𝑝−1 )
𝑞(𝑛−𝑝)

𝑝

𝑑𝑥

(by the Coarea Formula)

= 𝜀
−
𝑞(𝑛−𝑝)

𝑝
+
𝑛(𝑝−1)

𝑝 ∫
𝜏∕𝜇𝜀

0

𝜌𝑛−1

(1 + 𝜌
𝑝

𝑝−1 )
𝑞(𝑛−𝑝)

𝑝

𝑑𝜌

⩾ 𝑐 𝜀
−
𝑞(𝑛−𝑝)

𝑝
+
𝑛(𝑝−1)

𝑝 .

(2.31)

This ends the proof. □

(iii) The first eigenvalue of−Δ𝐻𝑝 . Due to its importance inwhat follows (and tomake the paper
as self-contained as possible), we explicitly recall here the definition and the properties of
the first variational Dirichlet eigenvalue 𝜆𝐻

1
(Ω) of −Δ𝐻𝑝 .

Taking into account the variational structure of −Δ𝐻𝑝 , we define

𝜆𝐻1 (Ω) ∶= inf
𝑣∈𝑊

1,𝑝
0
(Ω) ,

𝑣≠0

∫Ω𝐻(∇𝑣)𝑝 𝑑𝑥
∫Ω |𝑣|𝑝 𝑑𝑥 . (2.32)

Then, from [7, Theorem 3.1] we know that the following properties holds.

(1) 𝜆𝐻
1
(Ω) > 0.

(2) There exists a unique, positive function 𝑢1 ∈ 𝑊
1,𝑝
0
(Ω) such that

‖𝑢1‖𝐿𝑝(Ω) = 1 and 𝜆𝐻1 (Ω) = ∫Ω𝐻(∇𝑢1)
𝑝 𝑑𝑥;

this function 𝑢1 is a weak solution of{
−Δ𝐻𝑝 𝑢 = 𝜆𝐻

1
(Ω)𝑢𝑝−1 in Ω,

𝑢 = 0 on 𝜕Ω.
(2.33)

and it is called the principal eigenfunction of −Δ𝐻𝑝 (in Ω).
(3) 𝜆𝐻

1
(Ω) is simple (i.e., the vector space of the solutions of (2.33) is one-dimensional).
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 17 of 31

Throughout the sequel, in order to use a compact notation we set

‖𝑢‖𝐻,𝑝 ∶= (
∫Ω𝐻(∇𝑢)

𝑝 dx
) 1

𝑝

𝑢 ∈ 𝑊
1,𝑝
0
(Ω).

Notice that, since 𝐻 is globally equivalent to the Euclidean norm (see Lemma 2.1), we see that‖ ⋅ ‖𝐻,𝑝 is a norm on𝑊1,𝑝(Ω) which is (globally) equivalent to the usual one.

(iv) The functional 𝑞,𝜆. Taking into account all the notions and results recalled so far, we con-
clude this section by briefly studying the functional 𝑞,𝜆 defined in (1.5) (which “encodes”
the variational structure of problem (1.1)).
To begin with, we prove that 𝑞,𝜆 has the mountain-pass geometry.

Lemma2.6 (Mountain-pass geometry for 𝑞,𝜆). Let Ω ⊂ ℝ𝑛 be a bounded open set with smooth
boundary, and let 1 < 𝑝 < 𝑛. Moreover, let 𝑝 ⩽ 𝑞 < 𝑝⋆ and let 𝜆 > 0.
We assume that either

(i) 𝑞 = 𝑝 and 0 < 𝜆 < 𝜆𝐻1 (Ω) or (ii) 𝑞 > 𝑝. (2.34)

Then, there exist 𝜌, 𝛿0 > 0 such that

𝑞,𝜆(𝑢) ⩾ 𝛿0 > 0 for all 𝑢 ∈ 𝑊
1,𝑝
0
(Ω) with ‖𝑢‖𝐻,𝑝 = 𝜌. (2.35)

Proof. According to (2.34), we distinguish two cases.
Case (i): 𝑞 = 𝑝 and 0 < 𝜆 < 𝜆𝐻

1
(Ω). In this case, we first notice that, owing to the very definition

of 𝜆𝐻
1
(Ω) given in (2.32), for every 𝑢 ∈ 𝑊

1,𝑝
0
(Ω) we have

∫Ω(𝑢
+)𝑝 𝑑𝑥 ⩽ ∫Ω |𝑢|𝑝 𝑑𝑥 ⩽ 1

𝜆𝐻
1
(Ω) ∫Ω𝐻(∇𝑢)

𝑝 𝑑𝑥 =
1

𝜆𝐻
1
(Ω)

‖𝑢‖𝑝
𝐻,𝑝

. (2.36)

Moreover, by the anisotropic Sobolev inequality (2.10), we also have

∫Ω(𝑢
+)𝑝

⋆
𝑑𝑥 ⩽ ∫Ω |𝑢|𝑝⋆ 𝑑𝑥 ⩽ −𝑝⋆∕𝑝

𝐻
‖𝑢‖𝑝⋆

𝐻,𝑝
∀ 𝑢 ∈ 𝑊

1,𝑝
0
(Ω). (2.37)

Gathering (2.36)–(2.37) (and since we are assuming 𝑞 = 𝑝), we then get

𝑝,𝜆(𝑢) ⩾ 1

𝑝
‖𝑢‖𝑝

𝐻,𝑝
−

𝜆

𝑝𝜆𝐻
1
(Ω)

‖𝑢‖𝑝
𝐻,𝑝

−
−𝑝⋆∕𝑝
𝐻

𝑝⋆
‖𝑢‖𝑝⋆

𝐻,𝑝

= ‖𝑢‖𝑝
𝐻,𝑝

{
1

𝑝

(
1 −

𝜆

𝜆𝐻
1
(Ω)

)
−

−𝑝⋆∕𝑝
𝐻

𝑝⋆
‖𝑢‖𝑝⋆−𝑝

𝐻,𝑝

}
∀ 𝑢 ∈ 𝑊

1,𝑝
0
(Ω).

(2.38)

With estimate (2.38) at hand, we can easily complete the proof of (2.35) in this case. Indeed, since
we are assuming 0 < 𝜆 < 𝜆𝐻

1
(Ω), we clearly have

𝜃 =
1

𝑝

(
1 −

𝜆

𝜆𝐻
1
(Ω)

)
> 0;
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18 of 31 BIAGI et al.

as a consequence, since 𝑝⋆ − 𝑝 > 0, we can choose 𝜌 > 0 so small that

1

𝑝

(
1 −

𝜆

𝜆𝐻
1
(Ω)

)
−

−𝑝⋆∕𝑝
𝐻

𝑝⋆
𝜌𝑝

⋆−𝑝 ⩾
𝜃

2
.

This, together with (2.38), thus ensures that

𝑝,𝜆(𝑢) ⩾ ‖𝑢‖𝑝
𝐻,𝑝

{
1

𝑝

(
1 −

𝜆

𝜆𝐻
1
(Ω)

)
−

−𝑝⋆∕𝑝
𝐻

𝑝⋆
‖𝑢‖𝑝⋆−𝑝

𝐻,𝑝

}

= 𝜌𝑝
{
1

𝑝

(
1 −

𝜆

𝜆𝐻
1
(Ω)

)
−

−𝑝⋆∕𝑝
𝐻

𝑝⋆
𝜌𝑝

⋆−𝑝

}
⩾
𝜃𝜌𝑝

2
= 𝛿0 > 0,

provided that 𝑢 ∈ 𝑊
1,𝑝
0
(Ω) and ‖𝑢‖𝐻,𝑝 = 𝜌.

Case (ii): 𝑝 < 𝑞 < 𝑝⋆. In this case, we first notice that, by combining Hölder’s inequality with
the anisotropic Sobolev inequality (2.10), for every 𝑢 ∈ 𝑊

1,𝑝
0
(Ω) we have

∫Ω(𝑢
+)𝑞 𝑑𝑥 ⩽ ∫Ω |𝑢|𝑞 𝑑𝑥 ⩽ |Ω|1−𝑞∕𝑝⋆‖𝑢‖𝑞

𝐿𝑝
⋆
(Ω)

⩽ 𝑐‖𝑢‖𝑞
𝐻,𝑝

, (2.39)

where 𝑐 > 0 is a suitable constant only depending onΩ. Thus, by combining (2.39) with the above
(2.37) (which is independent of 𝑞 and 𝜆), we obtain

𝑞,𝜆(𝑢) ⩾ 1

𝑝
‖𝑢‖𝑝

𝐻,𝑝
−
𝑐𝜆

𝑞
‖𝑢‖𝑞

𝐻,𝑝
−

−𝑝⋆∕𝑝
𝐻

𝑝⋆
‖𝑢‖𝑝⋆

𝐻,𝑝

(since we are assuming 𝑞 > 𝑝)

= ‖𝑢‖𝑝
𝐻,𝑝

{
1

𝑝
−
𝑐𝜆

𝑞
‖𝑢‖𝑞−𝑝

𝐻,𝑝
−

−𝑝⋆∕𝑝
𝐻

𝑝⋆
‖𝑢‖𝑝⋆−𝑝

𝐻,𝑝

}
∀ 𝑢 ∈ 𝑊

1,𝑝
0
(Ω).

(2.40)

With estimate (2.40) at hand, we can easily complete the proof of (2.35) in this case. Indeed, since
𝑝⋆ − 𝑝 > 0 and 𝑞 − 𝑝 > 0 (as 𝑝 < 𝑞), we can choose 𝜌 > 0 so small that

1

𝑝
−
𝑐𝜆

𝑞
𝜌𝑞−𝑝 −

−𝑝⋆∕𝑝
𝐻

𝑝⋆
𝜌𝑝

⋆−𝑝 ⩾
1

2𝑝
;

this, together with (2.40), thus ensures that

𝑞,𝜆(𝑢) ⩾ ‖𝑢‖𝑝
𝐻,𝑝

{
1

𝑝
−
𝑐𝜆

𝑞
‖𝑢‖𝑞−𝑝

𝐻,𝑝
−

−𝑝⋆∕𝑝
𝐻

𝑝⋆
‖𝑢‖𝑝⋆−𝑝

𝐻,𝑝

}

= 𝜌𝑝
{
1

𝑝
−
𝑐𝜆

𝑞
𝜌𝑞−𝑝 −

−𝑝⋆∕𝑝
𝐻

𝑝⋆
𝜌𝑝

⋆−𝑝

}
⩾
𝜌𝑝

2𝑝
= 𝛿0 > 0,

provided that 𝑢 ∈ 𝑊
1,𝑝
0
(Ω) and ‖𝑢‖𝐻,𝑝 = 𝜌. □
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 19 of 31

Remark 2.7. By scrutinizing the proof of Lemma 2.6, it is easy to recognize that condition (2.35)
actually holds in the following stronger form: there exist 𝜌, 𝜂 > 0 such that

𝑞,𝜆(𝑢) ⩾ 𝜂‖𝑢‖𝑝
𝐻,𝑝

for every 𝑢 ∈ 𝑊
1,𝑝
0
(Ω) with ‖𝑢‖𝐻,𝑝 ⩽ 𝜌. (2.41)

Clearly, condition (2.35) follows from (2.41) by choosing 𝛿0 = 𝜂𝜌𝑝.

Remark 2.8. We explicitly observe that, since the norm ‖ ⋅ ‖𝐻,𝑝 is equivalent to the usual Sobolev
norm, we see that condition (2.41) (and hence condition (2.35)) holds if we replace the norm ‖ ⋅‖𝐻,𝑝 with

‖𝑢‖
𝑊

1,𝑝
0
(Ω)

=

(
∫Ω |∇𝑢|𝑝 𝑑𝑥)1∕𝑝

(up to possibly modifying 𝜌).

We then prove the following technical lemma, in the same spirit of [4] and [33].

Lemma 2.9. Assume that there exists a Palais–Smale sequence {𝑢𝑡}𝑡⩾0 ⊂ 𝑊
1,𝑝
0
(Ω) for the

functional 𝑞,𝜆 at the level 𝛼 ∈ (0,𝑛∕𝑝
𝐻

∕𝑛), that is,

(i) 𝑞,𝜆(𝑢𝑡) → 𝛼 as 𝑡 → +∞;
(ii)  ′

𝑞,𝜆
(𝑢𝑡) → 0 as 𝑡 → +∞ in (𝑊1,𝑝

0
(Ω))′.

Then there exists 𝑢 ∈ 𝑊
1,𝑝
0
(Ω) ⧵ {0} such that 𝑢𝑡 ⇀ 𝑢 up to a subsequence, and

𝐽′
𝑞,𝜆
(𝑢)[𝑣] = 0 for all 𝑣 ∈ 𝑊

1,𝑝
0
(Ω).

In particular, 𝑢 is a solution of problem (1.1).

Proof.We first observe that, since {𝑢𝑡}𝑡⩾0 is a Palais–Smale sequence for 𝑞,𝜆 (hence, properties
(i)–(ii) holds), we can find a constant 𝐶 > 0 such that

(a) |𝑞,𝜆(𝑢𝑡)| ⩽ 𝐶;

(b) | ′
𝑞,𝜆
(𝑢𝑡)[𝑢𝑡]| ⩽ 𝑜(1)

(
∫Ω 𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥

) 1
𝑝

= 𝑜(1) ⋅ ‖𝑢𝑡‖𝐻,𝑝.
We then proceed by steps.
Step (i): We first prove that {𝑢𝑡}𝑡⩾0 is bounded in𝑊

1,𝑝
0
(Ω); hence, we compute

𝑞𝑞,𝜆(𝑢𝑡) −  ′
𝑞,𝜆
(𝑢𝑡)[𝑢𝑡] ⩽ 𝐶 + 𝑜(1) ⋅ ‖𝑢𝑡‖𝐻,𝑝,

but we also have

𝑞𝑞,𝜆(𝑢𝑡) −  ′
𝑞,𝜆
(𝑢𝑡)[𝑢𝑡] =

(
𝑞

𝑝
− 1

)
∫Ω 𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥 − 𝜆 ∫Ω(𝑢
+
𝑡 )

𝑞 𝑑𝑥 −
𝑞

𝑝⋆ ∫Ω(𝑢
+
𝑡 )

𝑝⋆ 𝑑𝑥

+ 𝜆 ∫Ω(𝑢
+
𝑡 )

𝑞 𝑑𝑥 + ∫Ω(𝑢
+
𝑡 )

𝑝⋆ 𝑑𝑥
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20 of 31 BIAGI et al.

⩾

(
𝑞 − 𝑝

𝑝

)
∫Ω𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥 +

(
1 −

𝑞

𝑝⋆

)
∫Ω(𝑢

+
𝑡 )

𝑝⋆ 𝑑𝑥

⩾

(
𝑞 − 𝑝

𝑝

)
∫Ω𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥 =

(
𝑞 − 𝑝

𝑝

)‖𝑢𝑡‖𝑝𝐻,𝑝,
where we used the fact that 1 − 𝑞∕𝑝⋆ ⩾ 0. Thus, we have that

‖𝑢𝑡‖𝑝𝐻,𝑝 ⩽ 𝐶 + 𝑜(1)‖𝑢𝑡‖𝐻,𝑝.
It follows that {𝑢𝑡}𝑡⩾0 is bounded in𝑊

1,𝑝
0
(Ω). Hence, there exists 𝑢 ∈ 𝑊

1,𝑝
0
(Ω) such that, up to a

subsequence, 𝑢𝑡 ⇀ 𝑢 and therefore 𝑢𝑡 → 𝑢 in 𝐿𝑠(Ω) for all 𝑠 < 𝑝⋆.
In particular, for any 𝑣 ∈ 𝑊

1,𝑝
0
(Ω) we obtain that

 ′
𝑞,𝜆
(𝑢𝑡)[𝑣] →  ′

𝑞,𝜆
(𝑢)[𝑣] = 0.

Step (ii): We want to prove that 𝑢 ≢ 0. Assume by contradiction that 𝑢 ≡ 0, then, as pointed
out above, 𝑢𝑡 ⇀ 0 in𝑊1,𝑝

0
(Ω) implies

𝑢𝑡 → 0 in 𝐿𝑠(Ω) for all 𝑠 < 𝑝⋆.

Since {𝑢𝑡}𝑡⩾0 is a Palais–Smale sequence (hence, properties (i)–(ii) hold), from the one hand we
have  ′

𝑞,𝜆
(𝑢𝑡)[𝑢𝑡] = 𝑜(1); on the other hand, we also have

 ′
𝑞,𝜆
(𝑢𝑡)[𝑢𝑡] = ∫Ω 𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥 − 𝜆 ∫Ω(𝑢
+
𝑡 )

𝑞 𝑑𝑥 − ∫Ω(𝑢
+
𝑡 )

𝑝⋆ 𝑑𝑥

= ∫Ω 𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥 − 𝑜(1) − ∫Ω(𝑢

+
𝑡 )

𝑝⋆ 𝑑𝑥 ,

that is,

∫Ω𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥 − ∫Ω(𝑢

+
𝑡 )

𝑝⋆ 𝑑𝑥 = 𝑜(1) . (2.42)

Moreover, from the anisotropic Sobolev inequality we have

𝑜(1) ⩾ ∫Ω𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥

⎡⎢⎢⎣1 − −𝑝⋆∕𝑝
𝐻

(
∫Ω 𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥

) 𝑝⋆−𝑝

𝑝
⎤⎥⎥⎦ . (2.43)

We recall that, since {𝑢𝑡}𝑡⩾0 is bounded in𝑊
1,𝑝
0
(Ω), there exists 𝐶 > 0 such that

(
∫Ω𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥

)1∕𝑝

⩽ 𝐶,

for each 𝑡 > 0. Hence, we can pass to the limit for 𝑡 → 0+, and we deduce that up to subsequences

∫Ω 𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥 → 𝐿, (2.44)
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where 𝐿 ⩾ 0. If 𝐿 = 0, then by (2.42) we would have also that

∫Ω(𝑢
+
𝑡 )

𝑝⋆ 𝑑𝑥 → 0,

which immediately implies 𝑞,𝜆(𝑢𝑡) → 0 in ℝ, which is in contradiction with property (i) of the
sequence {𝑢𝑡}𝑡⩾0. Hence,

∫Ω 𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥 ↛ 0, (2.45)

and thus 𝐿 > 0. This, together with (2.43), easily implies that 𝐿 ⩾ 𝑛∕𝑝
𝐻

, so that

∫Ω 𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥 ⩾ 𝑛∕𝑝

𝐻
+ 𝑜(1). (2.46)

Finally, from (2.46) and (2.42) we have

𝑞,𝜆(𝑢𝑡) = 1

𝑛 ∫Ω𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥 +

1

𝑝⋆

{
∫Ω𝐻(∇𝑢𝑡)

𝑝 𝑑𝑥 − ∫Ω(𝑢
+
𝑡 )

𝑝⋆ 𝑑𝑥

}
+ 𝑜(1)

=
1

𝑛 ∫Ω𝐻(∇𝑢𝑡)
𝑝 𝑑𝑥 + 𝑜(1)

⩾
𝑛∕𝑝
𝐻

𝑛
+ 𝑜(1) ,

which contradicts the assumption 𝛼 < 𝑛−1𝑛∕𝑝
𝐻

. This closes the proof. □

3 PROOFS OF THEOREMS 1.2, 1.3, 1.4

Taking into account all the preliminary results established in Section 2, we are now ready to prove
all the existence results stated in the introduction.
To begin with, we consider the case of 𝑝-linear perturbation 𝑞 = 𝑝, andwe start by dealing with

the high-dimensional case 1 < 𝑝2 ⩽ 𝑛 (hence, we aim at proving Theorem 1.2). To do this, let us
consider the function, for every fixed 𝜀 > 0,

𝑣𝜀 =
(
𝜀1∕𝑝𝑐𝑛,𝑝

) 𝑛−𝑝

𝑝 𝜂𝜀 =
(
𝜀1∕𝑝𝑐𝑛,𝑝

) 𝑛−𝑝

𝑝 𝜑(𝑥)

(𝜀+𝐻̂0(𝑥)
𝑝
𝑝−1 )

𝑛−𝑝
𝑝

= 𝜑(𝑥)𝑈𝐻
𝜀(𝑝−1)∕𝑝,0

(𝑥)

where we have set (here and throughout)

𝐻̂0(𝑥) = 𝐻0(−𝑥)

and 𝜂𝜀 was defined in Lemma 2.5.
Now, we would like to construct a path with the right energy, in order to apply the mountain

pass theorem. Hence, it holds the following:
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22 of 31 BIAGI et al.

Lemma 3.1. Let 1 < 𝑝2 ⩽ 𝑛. Then there exists 𝜀 > 0 small enough such that

sup
𝑡⩾0

𝑝,𝜆(𝑡𝑣𝜀) < 𝑛∕𝑝
𝐻

𝑛
for all 𝜆 > 0.

Proof. The argument of this proof is inspired by [4, 10, 33]. Using (2.12) in (2.14) and (2.15), we
deduce

‖𝐻(∇𝑣𝜀)‖𝑝𝐿𝑝(Ω) = 𝑛∕𝑝
𝐻

+ 𝑂(𝜀(𝑛−𝑝)∕𝑝), as 𝜀 → 0+. (3.1)

‖𝑣𝜀‖𝑝⋆
𝐿𝑝

⋆
(Ω)

= 𝑛∕𝑝
𝐻

+ 𝑂(𝜀𝑛∕𝑝), as 𝜀 → 0+. (3.2)

Our aim is to show that for 𝜀 > 0 small enough it holds the following

sup
𝑡⩾0

𝑝,𝜆(𝑡𝑣𝜀) < 𝑛∕𝑝
𝐻

𝑛
, (3.3)

Let us assume by contradiction that for all 𝜀 > 0 there exists 𝑡𝜀 > 0 such that

𝑝,𝜆(𝑡𝜀𝑣𝜀) ⩾ 
𝑛
𝑝

𝐻

𝑛
. (3.4)

We note that, up to subsequences, {𝑡𝜀} converges since it is bounded from above and below by two
positive constants. Indeed, since

𝑝,𝜆(𝑡𝜀𝑣𝜀) = 𝑡
𝑝
𝜀

𝑝 ∫Ω𝐻(∇𝑣𝜀)
𝑝 𝑑𝑥 − 𝜆

𝑡
𝑝
𝜀

𝑝 ∫Ω 𝑣
𝑝
𝜀 𝑑𝑥 −

𝑡
𝑝⋆

𝜀

𝑝⋆ ∫Ω 𝑣
𝑝⋆

𝜀 𝑑𝑥 ,

it is easy to see that 𝑝,𝜆(𝑡𝜀𝑣𝜀) → 0 if 𝑡𝜀 → 0, and 𝑝,𝜆(𝑡𝜀𝑣𝜀) → −∞ if 𝑡𝜀 → +∞. In both cases, we
get a contradiction with (3.4). From (3.1) and (3.2), we deduce that

‖𝐻(∇(𝑡𝜀𝑣𝜀))‖𝑝𝐿𝑝(Ω)
𝑝

⩽
𝑛∕𝑝
𝐻

𝑝
+
𝑡
𝑝
𝜀 − 1

𝑝
𝑛∕𝑝
𝐻

+ 𝐶1𝜀
(𝑛−𝑝)∕𝑝, as 𝜀 → 0+, (3.5)

‖𝑡𝜀𝑣𝜀‖𝑝⋆
𝐿𝑝

⋆
(Ω)

𝑝⋆
⩾

𝑛∕𝑝
𝐻

𝑝⋆
+
𝑡
𝑝⋆

𝜀 − 1

𝑝⋆
𝑛∕𝑝
𝐻

− 𝐶2𝜀
𝑛∕𝑝, as 𝜀 → 0+, (3.6)

where 𝐶1, 𝐶2 are suitable positive constant. Hence, subtracting both the left-hand side we get

‖𝐻(∇(𝑡𝜀𝑣𝜀))‖𝑝𝐿𝑝(Ω)
𝑝

−

‖𝑡𝜀𝑣𝜀‖𝑝⋆
𝐿𝑝

⋆
(Ω)

𝑝⋆

⩽
𝑛∕𝑝
𝐻

𝑛
+

[
𝑡
𝑝
𝜀 − 1 −

𝑛 − 𝑝

𝑛
(𝑡
𝑝⋆

𝜀 − 1)
]𝑛∕𝑝

𝐻

𝑝
+ 𝐶𝜀(𝑛−𝑝)∕𝑝,

(3.7)

where 𝐶 ∶= 𝐶1 + 𝐶2𝜀. Noticing that it holds the following elementary inequality

𝑠𝑝 − 1 −
𝑛 − 𝑝

𝑛
(𝑠𝑝

⋆
− 1) ⩽ 0 for all 𝑠 ⩾ 0, (3.8)
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BREZIS–NIRENBERG TYPE RESULTS FOR THE ANISOTROPIC p-LAPLACIAN 23 of 31

from (3.7) we deduce that

‖𝐻(∇(𝑡𝜀𝑣𝜀))‖𝑝𝐿𝑝(Ω)
𝑝

−

‖𝑡𝜀𝑣𝜀‖𝑝⋆
𝐿𝑝

⋆
(Ω)

𝑝⋆
⩽

𝑛∕𝑝
𝐻

𝑛
+ 𝐶𝜀(𝑛−𝑝)∕𝑝. (3.9)

Thanks to (2.16), we get

‖𝑡𝜀𝑣𝜀‖𝑝𝐿𝑝(Ω) =
{
𝑡
𝑝
𝜀 𝜀

𝑝−1‖𝑈𝐻
1,0

‖𝑝
𝐿𝑝(ℝ𝑛)

+ 𝑂(𝜀(𝑛−𝑝)∕𝑝) if𝑛 > 𝑝2,

𝑐 𝑡
𝑝
𝜀 𝜀

𝑝−1| log(𝜀)| + 𝑂(𝜀𝑝−1) if𝑛 = 𝑝2.
(3.10)

(for some 𝑐 > 0). Thus, we obtain

‖𝑡𝜀𝑣𝜀‖𝑝𝐿𝑝(Ω) =
{

𝑂(𝜀𝑝−1) if 𝑛 > 𝑝2,

𝑂(𝜀𝑝−1| log(𝜀)|) if 𝑛 = 𝑝2.
(3.11)

Combining (3.9) and (3.11), there exist 𝐾1, 𝐾2 > 0 such that for 𝜀 > 0 sufficiently small we get

𝑝,𝜆(𝑡𝜀𝑣𝜀) =
‖𝐻(∇(𝑡𝜀𝑣𝜀))‖𝑝𝐿𝑝(Ω)

𝑝
−

‖𝑡𝜀𝑣𝜀‖𝑝⋆
𝐿𝑝

⋆
(Ω)

𝑝⋆
− 𝜆

‖𝑡𝜀𝑣𝜀‖𝑝𝐿𝑝(Ω)
𝑝

⩽

⎧⎪⎪⎨⎪⎪⎩

𝑛∕𝑝
𝐻

𝑛
+ 𝐶𝜀(𝑛−𝑝)∕𝑝 − 𝐾1𝜀

𝑝−1 if 𝑛 > 𝑝2

𝑝
𝐻

𝑝2
+ 𝐶𝜀𝑝−1 − 𝐾2𝜀

𝑝−1| log(𝜀)| if 𝑛 = 𝑝2

<
𝑛∕𝑝
𝐻

𝑛
,

(3.12)

which is in contradiction with (3.4). □

Proof of Theorem 1.2. Let 𝜀 > 0 so small that Lemma 3.1 applies, and let 𝑡 > 0 be such that
𝑡 ‖𝑣𝜀‖𝐻,𝑝 > 𝜌 and 𝑝,𝜆(𝑡𝑣𝜀) < 0, where 𝜌 > 0 is as in Lemma 2.6. We then set

𝛼 = inf
𝛾∈ sup

𝑡∈[0,1]
𝑝,𝜆(𝛾(𝑡)),  = {𝛾 ∈ 𝐶([0, 1];𝑊

1,𝑝
0
(Ω)) ∶ 𝛾(0) = 0, 𝛾(1) = 𝑡𝑣𝜀}.

Since 𝑝,𝜆 satisfies the mountain-pass geometry (see Lemma 2.6), by the well-known mountain
pass theorem we know that 𝛼 ⩾ 𝛿0 > 0, and that there exists a Palais–Smale sequence for 𝑝,𝜆 at
the level 𝛼; most importantly, from Lemma 3.1 we derive that

𝛼 ⩽ max
𝑡⩾0

𝑝,𝜆(𝑡𝑣𝜀) < 𝑛∕𝑝
𝐻

𝑛
.

We are then entitled to apply Lemma 2.9, ensuring that there exists a weak solution of problem
(1.1) in this case (namely, 𝑛 ⩾ 𝑝2 and 𝑞 = 𝑝). □
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24 of 31 BIAGI et al.

Keeping to considering the 𝑝-linear case 𝑞 = 𝑝, we now turn to consider the low-dimensional
case 1 < 𝑝 < 𝑛 < 𝑝2 (namely, we aim at proving Theorem 1.3). In the Euclidean framework, this
type of result can be found in [40] and [35].
Inspired by [4], we are now ready to prove the following:

Lemma 3.2. Let 1 < 𝑝 < 𝑛 < 𝑝2. Then

𝑠𝑢𝑝
𝑡≥0 𝑝,𝜆(𝑡𝑢1) <

1

𝑛
(𝐻)𝑛∕𝑝 forall 𝜆 ∈

(
𝜆𝐻1 (Ω) − Λ, 𝜆𝐻1 (Ω)

)
,

where Λ = 𝐻 |Ω|−𝑝∕𝑛.
Proof. We construct an explicit path whose energy level (with respect to 𝑝,𝜆) belongs to the
interval (0, 𝑛−1𝑛∕𝑝

𝐻
). Let 𝑢1 be the first positive eigenfunction of−Δ𝐻𝑝 inΩ. For 𝑡 > 0we compute

𝑝,𝜆(𝑡𝑢1) =𝑡
𝑝

𝑝 ∫Ω 𝐻(∇𝑢1)
𝑝 𝑑𝑥 −

𝜆𝑡𝑝

𝑝 ∫Ω 𝑢
𝑝
1
𝑑𝑥 −

𝑡𝑝
⋆

𝑝⋆ ∫Ω 𝑢
𝑝⋆

1
𝑑𝑥

=
𝜆𝐻
1
(Ω) − 𝜆

𝑝 ∫Ω(𝑡𝑢1)
𝑝 𝑑𝑥 −

1

𝑝⋆ ∫Ω(𝑡𝑢1)
𝑝⋆ 𝑑𝑥 ,

from this, since 𝜆𝐻
1
(Ω) − 𝜆 > 0, by Hölder inequality we get

𝑝,𝜆(𝑡𝑢1) ⩽ 𝜆𝐻
1
(Ω) − 𝜆

𝑝

(
∫Ω(𝑡𝑢1)

𝑝⋆ 𝑑𝑥

)𝑝∕𝑝⋆ |Ω|𝑝∕𝑛 − 1

𝑝⋆ ∫Ω(𝑡𝑢1)
𝑝⋆ 𝑑𝑥 ,

that is,

𝑝,𝜆(𝑡𝑢1) ⩽
[
𝜆𝐻
1
(Ω) − 𝜆

]𝑛∕𝑝|Ω|
𝑛

;

where we used the following (trivial) fact

max
𝑥⩾0

(
𝑎𝑥 − 𝑏𝑥𝑛∕(𝑛−𝑝)

)
=
𝑎𝑝

𝑛

[
𝑎(𝑛 − 𝑝)

𝑛𝑏

](𝑛−𝑝∕𝑝)
for all 𝑎, 𝑏 > 0 ,

with

𝑎 =

[
𝜆𝐻
1
(Ω) − 𝜆

]|Ω|𝑝∕𝑛
𝑝

, 𝑏 =
1

𝑝⋆
, and 𝑥 =

(
∫Ω 𝑢

𝑝⋆ 𝑑𝑥

)𝑝∕𝑝⋆

.

Since 𝜆 ∈ (𝜆𝐻
1
(Ω) − Λ, 𝜆𝐻

1
(Ω)) then

sup
𝑡⩾0

𝑝,𝜆(𝑡𝑢1) < Λ𝑛∕𝑝|Ω|
𝑛

=
𝑛∕𝑝
𝐻

𝑛
.

This ends the proof. □
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Proof of Theorem 1.3. Let 𝑡 > 0 be such that 𝑡 ‖𝑢1‖𝐻,𝑝 > 𝜌 and 𝑝,𝜆(𝑡𝑢1) < 0, where 𝜌 > 0 is as in
Lemma 2.6. We then set

𝛼 = inf𝛾∈ sup𝑡∈[0,1] 𝑝,𝜆(𝛾(𝑡)), where  = {𝛾 ∈ 𝐶([0, 1];𝑊
1,𝑝
0
(Ω)) ∶ 𝛾(0) = 0, 𝛾(1) = 𝑡𝑣𝜀}.

Since 𝑝,𝜆 satisfies the mountain-pass geometry (see Lemma 2.6), by the well-known mountain
pass theorem we know that 𝛼 ⩾ 𝛿0 > 0, and that there exists a Palais–Smale sequence for 𝑝,𝜆 at
the level 𝛼; most importantly, from Lemma 3.2 we derive that

𝛼 ⩽ max
𝑡≥0 𝑝,𝜆(𝑡𝑢1) <

𝑛∕𝑝
𝐻

𝑛
.

We are then entitled to apply Lemma 2.9, ensuring that there exists a weak solution of problem
(1.1) in this case (namely, 𝑝 < 𝑛 < 𝑝2 and 𝑞 = 𝑝). □

Finally, we turn to consider the case of 𝑝-superlinear perturbation 𝑞 > 𝑝 (namely, we aim at
proving Theorem 1.4). Borrowing the approach used above we need the following preliminary
result.

Lemma 3.3. Let 1 < 𝑝 < 𝑛 and 𝑝 < 𝑞 < 𝑝∗ − 1. Moreover, let

𝜅𝑝,𝑞 =
𝑝[𝑞(𝑝 − 1) + 𝑝]

𝑞(𝑝 − 1) + 𝑝 − 𝑝(𝑝 − 1)
.

Then, the following assertions hold.

(i) If 𝑛 > 𝜅𝑝,𝑞 , then there exists 𝜀 > 0 small enough such that

sup
𝑡⩾0

𝑞,𝜆(𝑡𝑣𝜀) < 1

𝑛
(𝐻)𝑛∕𝑝 for all 𝜆 > 0.

(ii) If, instead, 𝑛 ⩽ 𝜅𝑝,𝑞 , then there exist 𝜀 > 0 and 𝜆0 > 0 such that

sup
𝑡⩾0

𝑞,𝜆(𝑡𝑣𝜀) < 1

𝑛
(𝐻)𝑛∕𝑝 for all 𝜆 ⩾ 𝜆0.

Proof.Our argument is based on a modification of the original approach by Brezis and Nirenberg
[10]. To begin with we observe that, by definition, we have

𝑞,𝜆(𝑡𝑣𝜀) = 𝑡𝑝

𝑝 ∫Ω𝐻(∇𝑣𝜀)
𝑝 𝑑𝑥 −

𝑡𝑝
∗

𝑝∗ ∫Ω 𝑣𝜀(𝑥)
𝑝∗ 𝑑𝑥 − 𝜆

𝑡𝑞

𝑞 ∫Ω 𝑣𝜀(𝑥)
𝑞 𝑑𝑥; (3.13)

we then turn to estimate the three integrals in the right-hand side of (3.13).
- Estimate of the 𝐿𝑞-norm of 𝑣𝜀. Going back to (2.31), recalling the definition of 𝜂𝜀, we get

∫ℝ𝑛 𝑣𝜀(𝑥)
𝑞 𝑑𝑥 ⩾ 𝑐 𝜀

𝑞(𝑛−𝑝)

𝑝2
−
𝑞(𝑛−𝑝)

𝑝
+
𝑛(𝑝−1)

𝑝 , (3.14)

provided that 𝜀 > 0 is sufficiently small, for some positive contant 𝑐 > 0.
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26 of 31 BIAGI et al.

- Estimate of the 𝐿𝑝-norm of 𝐻(∇𝑣𝜀). Owing to Lemma 2.5, and arguing exactly as in the proof
of Theorem 1.2, we immediately get

∫Ω 𝐻(∇𝑣𝜀)
𝑝 𝑑𝑥 = (𝜀1∕𝑝𝑐𝑛,𝑝)

𝑛−𝑝

(
1

𝑐
𝑛−𝑝
𝑛,𝑝 𝜀(𝑛−𝑝)∕𝑝

𝑛∕𝑝
𝐻

+ 𝑂(1)

)

= 𝑛∕𝑝
𝐻

+ 𝑂(𝜀
𝑛−𝑝

𝑝 ) as 𝜀 → 0+,

where 𝑛∕𝑝
𝐻

is the best Sobolev constant, see (2.10).
- Estimate of the 𝐿𝑝∗ -norm of 𝑣𝜀. Using once again Lemma 2.5, and we arguing exactly as in the

proof of Theorem 1.2, we obtain

∫Ω 𝑣
𝑝∗

𝜀 (𝑥) 𝑑𝑥 = (𝜀1∕𝑝𝑐𝑛,𝑝)
𝑛

(
1

𝑐𝑛𝑛,𝑝𝜀
𝑛∕𝑝

𝑛∕𝑝
𝐻

+ 𝑂(1)

)

= 𝑛∕𝑝
𝐻

+ 𝑂(𝜀𝑛∕𝑝) as 𝜀 → 0+.

Gathering all these information, from (3.13) we then obtain

𝑞,𝜆(𝑡𝑣𝜀) ⩽ 𝑡𝑝

𝑝

(
𝑛∕𝑝
𝐻

+ 𝑂(𝜀
𝑛−𝑝

𝑝 )

)
−
𝑡𝑝

∗

𝑝∗

(𝑛∕𝑝
𝐻

+ 𝑂(𝜀𝑛∕𝑝)
)

− 𝑐𝜆
𝑡𝑞

𝑞
𝜀
𝑞(𝑛−𝑝)

𝑝2
−
𝑞(𝑛−𝑝)

𝑝
+
𝑛(𝑝−1)

𝑝

⩽
𝑡𝑝

𝑝

(
𝑛∕𝑝
𝐻

+ 𝑐 𝜀
𝑛−𝑝

𝑝

)
−
𝑡𝑝

∗

𝑝∗

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝
)

− 𝑐𝜆
𝑡𝑞

𝑞
𝜀
𝑞(𝑛−𝑝)

𝑝

(
1
𝑝
−1

)
+
𝑛(𝑝−1)

𝑝 =∶ g(𝑡),

(3.15)

provided that 𝜀 > 0 is sufficiently small and for a suitable constant 𝑐 > 0.
Inspired also by [34], to proceed further, we turn to study the maximum of the function g . To

this end we first observe that, since

g(𝑡) → −∞ as 𝑡 → ∞,

there exists some point 𝑡𝜀,𝜆 ⩾ 0 such that

sup
𝑡⩾0

g(𝑡) = g(𝑡𝜀,𝜆).

If 𝑡𝜀,𝜆 = 0, we have g(𝑡) ⩽ 0 for every 𝑡 ⩾ 0, and the lemma is trivially established as a consequence
of (3.15). If, instead, 𝑡𝜀,𝜆 > 0, since g ∈ 𝐶1((0,∞)) we get

0 = g ′(𝑡𝜀,𝜆) = 𝑡
𝑝−1

𝜀,𝜆

(𝑛∕𝑝
𝐻

+ 𝑐 𝜀(𝑛−𝑝)∕𝑝
)
− 𝑡

𝑝∗−1

𝜀,𝜆

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝
)
− 𝑐𝜆𝑡

𝑞−1

𝜀,𝜆
𝜀𝛽𝑝,𝑞,𝑛 ,

where we have introduced the shorthand notation

𝛽𝑝,𝑞,𝑛 =
𝑞(𝑛 − 𝑝)

𝑝

(
1

𝑝
− 1

)
+
𝑛(𝑝 − 1)

𝑝
.
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In particular, recalling that 𝑡𝜀,𝜆 > 0, we can rewrite the above identity as

𝑛∕𝑝
𝐻

+ 𝑐 𝜀(𝑛−𝑝)∕𝑝 = 𝑡
𝑝∗−𝑝

𝜀,𝜆

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝
)
+ 𝑐𝜆𝑡

𝑞−𝑝

𝜀,𝜆
𝜀𝛽𝑝,𝑞,𝑛 , (3.16)

from which we easily derive that

𝑡𝜀,𝜆 <
⎛⎜⎜⎝
𝑛∕𝑝
𝐻

+ 𝑐 𝜀(𝑛−𝑝)∕𝑝

𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝

⎞⎟⎟⎠
1∕(𝑝∗−𝑝)

=∶ 𝜗𝜀,𝑝.

We now distinguish two cases, according to the assumptions.
Case (i): 𝑛 > 𝜅𝑝,𝑞. In this case we first observe that, since 𝑡𝜀,𝜆 > 0, from identity (3.16) we easily

infer the existence of some 𝜇𝜆 > 0 such that

𝑡𝜀,𝜆 ⩾ 𝜇𝜆 > 0 provided that 𝜀 is small enough.

This, together with the fact that the map

𝑡 ↦
𝑡𝑝

𝑝

(𝑛∕𝑝
𝐻

+ 𝑐 𝜀(𝑛−𝑝)∕𝑝
)
−
𝑡𝑝

∗

𝑝∗

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝
)

is increasing in the closed interval [0, 𝜗𝜀,𝑝], implies

sup
𝑡⩾0

g(𝑡) = g(𝑡𝜀,𝜆)

<
𝜗
𝑝
𝜀,𝑝

𝑝

(
𝑛∕𝑝
𝐻

+ 𝑐 𝜀
𝑛−𝑝

𝑝

)
−
𝜗
𝑝∗

𝜀,𝑝

𝑝∗

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝
)
− 𝑐 𝜀𝛽𝑝,𝑞,𝑛

=
1

𝑛

(𝑛∕𝑝
𝐻

+ 𝑐 𝜀
𝑛−𝑝

𝑝 )
𝑛
𝑝

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝)
𝑛−𝑝

𝑝

− 𝑐 𝜀𝛽𝑝,𝑞,𝑛

=
1

𝑛
𝑛∕𝑝
𝐻

(1 + 𝑐 𝜀
𝑛−𝑝

𝑝 )
𝑛
𝑝 (1 − 𝑐 𝜀𝑛∕𝑝)

−
𝑛−𝑝

𝑝 − 𝑐 𝜀𝛽𝑝,𝑞,𝑛

⩽
1

𝑛
(𝐻)𝑛∕𝑝 + 𝑐 𝜀

𝑛−𝑝

𝑝 − 𝑐 𝜀𝛽𝑝,𝑞,𝑛 <
1

𝑛
(𝐻)𝑛∕𝑝,

provided that 𝜀 > 0 is sufficiently small (here, 𝑐 > 0 denotes a constant possibly different from line
to line but independent of 𝜀). We explicitly stress that, in the last estimate, we have exploited in a
crucial way the assumption 𝑛 > 𝜅𝑝,𝑞, which is equivalent to

𝑛 − 𝑝

𝑝
> 𝛽𝑛,𝑝,𝑞 =

𝑞(𝑛 − 𝑝)

𝑝

(
1

𝑝
− 1

)
+
𝑛(𝑝 − 1)

𝑝
.

Case (ii): 𝑝 < 𝑛 ⩽ 𝜅𝑝,𝑞. In this second case, we begin by claiming that

lim
𝜆→∞

𝑡𝜀,𝜆 = 0. (3.17)
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Indeed, suppose by contradiction that 𝓁 ∶= lim sup𝜆→∞ 𝑡𝜀,𝜆 > 0: then, by possibly choosing a
sequence {𝜆𝑘}𝑘 diverging to +∞, from (3.16) we get

𝑛∕𝑝
𝐻

+ 𝑐 𝜀(𝑛−𝑝)∕𝑝 = 𝑡
𝑝∗−𝑝

𝜀,𝜆𝑘

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝
)
+ 𝑐𝜆𝑘𝑡

𝑞−𝑝

𝜀,𝜆𝑘
𝜀𝛽𝑝,𝑞,𝑛 → +∞,

but this is clearly absurd. Now we have established (3.17), we can easily complete the proof of the
lemma: indeed, by combining (3.15) with (3.17), we have

0 ⩽ sup
𝑡⩾0

𝑞,𝜆(𝑡𝜂𝜀) ⩽ g(𝑡𝜀,𝜆)

⩽
𝑡
𝑝

𝜀,𝜆

𝑝

(
𝑛∕𝑝
𝐻

+ 𝑐 𝜀
𝑛−𝑝

𝑝 )

)
−
𝑡
𝑝∗

𝜀,𝜆

𝑝∗

(𝑛∕𝑝
𝐻

− 𝑐 𝜀𝑛∕𝑝)
)
→ 0 as 𝜆 → ∞,

and this readily implies the existence of 𝜆0 = 𝜆0(𝑝, 𝑛, 𝜀) > 0 such that

sup
𝑡⩾0

𝑞,𝜆(𝑡𝜂𝜀) < 1

𝑛
(𝑆𝐻)

𝑛∕𝑝 for all 𝜆 ⩾ 𝜆0,

provided that 𝜀 > 0 is small enough but fixed. This ends the proof. □

Proof of Theorem 1.4. Let 𝜀 > 0 so small that Lemma 3.3 applies, and let 𝑡 > 0 be such that
𝑡 ‖𝑣𝜀‖𝐻,𝑝 > 𝜌 and 𝑞,𝜆(𝑡𝑣𝜀) < 0, where 𝜌 > 0 is as in Lemma 2.6. We then set

𝛼 = inf𝛾∈ sup𝑡∈[0,1] 𝑞,𝜆(𝛾(𝑡)), where  = {𝛾 ∈ 𝐶([0, 1];𝑊
1,𝑝
0
(Ω)) ∶ 𝛾(0) = 0, 𝛾(1) = 𝑡𝑣𝜀}.

Since 𝑞,𝜆 satisfies the mountain-pass geometry (see Lemma 2.6), by the well-known mountain
pass theorem we know that 𝛼 ⩾ 𝛿0 > 0, and that there exists a Palais–Smale sequence for 𝑞,𝜆 at
the level 𝛼; most importantly, from Lemma 3.3 we derive that

𝛼 ⩽ max
𝑡⩾0

𝑞,𝜆(𝑡𝑣𝜀) < 𝑛∕𝑝
𝐻

𝑛
,

and this holds for every 𝜆 > 0 if 𝑛 > 𝜅𝑝,𝑞, or for every 𝜆 ⩾ 𝜆0, if 𝑛 ⩽ 𝜅𝑝,𝑞.
We are then entitled to apply Lemma 2.9, ensuring that there exists a weak solution of problem

(1.1) in this case (namely, 1 < 𝑝 < 𝑛 and 𝑞 > 𝑝). □

4 PROOF OF THEOREM 1.5

In this last section, we provide the proof of the nonexistence result in Theorem 1.5.

Proof of Theorem 1.5. Assume, by contradiction, that there exists a solution 𝑢 ∈ 𝐶1(Ω) of problem
(1.6) (for some 𝜆 ⩽ 0). In particular, since 𝑢 > 0 in Ω and 𝑢 ≡ 0 pointwise on 𝜕Ω, by the Hopf
boundary lemma in [13, Theorem 4.5] we have

∇𝑢 ≢ 0 on 𝜕Ω. (4.1)
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Now, since we are assuming 𝜆 ⩽ 0 (and since 𝑢 is regular), by the anisotropic version of the
Pohozaev identity proved in [37, Theorem 1.2] we have that 𝑢 solves

𝑛𝜆

𝑝 ∫Ω 𝑢
𝑝 𝑑𝑥 +

𝑛

𝑝⋆ ∫Ω 𝑢
𝑝⋆ 𝑑𝑥−

𝑛 − 𝑝

𝑝 ∫Ω 𝐻(∇𝑢)
𝑝 𝑑𝑥 = −

1

𝑝 ∫𝜕Ω 𝐻(∇𝑢)
𝑝⟨𝑥, 𝜈⟩𝑑𝜎

+ ∫𝜕Ω 𝐻(∇𝑢)
𝑝−1⟨𝑥,∇𝑢⟩⟨∇𝐻(∇𝑢), 𝜈⟩𝑑𝜎 . (4.2)

Since 𝑢 ∈ 𝐶1(Ω) and 𝑢 = 0 on 𝜕Ω, by (4.1) we deduce that∇𝑢 = ⟨∇𝑢, 𝜈⟩𝜈 on 𝜕Ω; hence, using the
0-homogeneity of ∇𝐻 and Euler theorem we deduce

∫𝜕Ω 𝐻(∇𝑢)
𝑝−1⟨𝑥,∇𝑢⟩⟨∇𝐻(∇𝑢), 𝜈⟩𝑑𝜎 = ∫𝜕Ω 𝐻(∇𝑢)

𝑝−1⟨𝑥,∇𝑢⟩⟨∇𝐻(⟨∇𝑢, 𝜈⟩𝜈), 𝜈⟩𝑑𝜎
= ∫𝜕Ω 𝐻(∇𝑢)

𝑝−1⟨𝑥,∇𝑢⟩⟨∇𝐻(𝜈), 𝜈⟩𝑑𝜎
= ∫𝜕Ω 𝐻(∇𝑢)

𝑝⟨𝑥, 𝜈⟩𝑑𝜎 .
Hence, (4.2) becomes

𝑛𝜆

𝑝 ∫Ω 𝑢
𝑝 𝑑𝑥 +

𝑛

𝑝⋆ ∫Ω 𝑢
𝑝⋆ 𝑑𝑥 −

𝑛 − 𝑝

𝑝 ∫Ω 𝐻(∇𝑢)
𝑝 𝑑𝑥

=
𝑝 − 1

𝑝 ∫𝜕Ω 𝐻(∇𝑢)
𝑝⟨𝑥, 𝜈⟩𝑑𝜎 . (4.3)

We now observe that, since 𝑢 is a (regular) weak solution of problem (1.6), by taking 𝑣 = 𝑢 in (1.4)
we get

∫Ω𝐻(∇𝑢)
𝑝 𝑑𝑥 = ∫Ω 𝑢

𝑝⋆ 𝑑𝑥 + 𝜆 ∫Ω 𝑢
𝑝 𝑑𝑥 . (4.4)

By substituting (4.4) in (4.3), we obtain

𝜆 ∫Ω 𝑢
𝑝 𝑑𝑥 =

𝑝 − 1

𝑝 ∫𝜕Ω 𝐻(∇𝑢)
𝑝⟨𝑥, 𝜈⟩𝑑𝜎 .

On the one hand, since 𝜆 ⩽ 0 (and since 𝑢 > 0 in Ω), we immediately have

𝜆 ∫Ω 𝑢
𝑝 𝑑𝑥 ⩽ 0 ,

while on the other hand, begin Ω star-shaped, we have

𝑝 − 1

𝑝 ∫𝜕Ω 𝐻(∇𝑢)
𝑝⟨𝑥, 𝜈⟩𝑑𝜎 ⩾ 0 ,

but this is clearly a contradiction. □
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