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We study the solutions of the Einstein equations in the presence of a thick infinite slab with constant
energy density. When there is an isotropy in the plane of the slab, we find an explicit exact solution that
matches with the Rindler and Weyl-Levi-Civita spacetimes outside the slab. We also show that there are
solutions that can be matched with general anisotropic Kasner spacetime outside the slab. In any case, it is
impossible to avoid the presence of the Kasner type singularities in contrast to the well-known case of spherical
symmetry, where by matching the internal Schwarzschild solution with the external one, the singularity in the

center of coordinates can be eliminated.

The Kasner solution [I] of the Einstein equations
for an empty universe having the spatial geometry of
Bianchi-I type was one of the first exact solutions of
General Relativity. Usually this solution is presented in
the “cosmological form”:

ds® = dt* — adt* da® — b3t*P>dy® — cit*P3dz?. (1)
This form of the Kasner metric was rediscovered in pa-
pers [2,[8L 4] and has played an important role in cosmol-
ogy. The study of Kasner dynamics in paper [4] has led
to the discovery of the oscillatory approach to the cos-
mological singularity [5], known also as the Mixmaster
universe [6]. The further development of this line of re-
search has brought the establishment of the connection
between the chaotic behavior of the universe in super-
string models and the infinite-dimensional Lie algebras
[7.

However, in the original paper by Kasner [I] the pos-
itive definite metric with the dependence on one coordi-
nate was considered. Introducing the normal spacetime
signature, one can recover not only the cosmological
metric (), but also a stationary metric that depends
on one spatial coordinate:

ds® = ad(z — x0)*P1dt* — da® — b (z — ) *P2dy?

—c3(x — x0)*P3d2>. (2)
The detailed story of different forms of Kasner metric
is described in Ref. [§]. Let us note that the metric (2)
has a singularity at the hypersurface x = x(, where the
value x¢ is quite arbitrary. On the other hand, in the
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cosmological Kasner solution () the moment of time,
when the universe is singular is traditionally chosen as
t = 0. For both solutions the Kasner indices p1, p2 and
ps satisfy the relations

3)
A convenient parametrization of the Kasner indices was
presented in paper [4]:

U 14w
14 utu?’ bz = 1+u+u?’ ps

p1+p2+ps=pi+ps+p;=1

u(l+u)
T ltutul
(4)
It is interesting to compare the spatial Kasner solu-
tion (2)) with another famous static solution of the Ein-

b1 =

stein equations — the external spherically symmetric
Schwarzschild solution [9]. This solution has a singu-
larity in the center of coordinates. To avoid it and to
describe real spherically symmetric objects like stars,
Schwarzschild also invented an internal solution [10]
generated by a ball with constant energy density and
isotropic pressure. At the boundary of the ball the pres-
sure disappears and the external and internal solutions
are matched. In this case there is no singularity in the
center of the ball. Later, more general spherically sym-
metric geometries were studied in the papers by Tol-
man [11], Oppenheimer-Volkoft [12], Buchdahl [13] and
many others. Similar problems with cylindrical axial
symmetry were also studied (see, e.g. [I4] and refer-
ences therein).

The solutions of the Einstein equations in the pres-
ence of an infinite plane or an infinite slab of a finite
thickness with the metric

ds* = a*(x)dt* — dx® — b (z)dy* — 2 (z)d2? (5)
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were also discussed in literature [I5] [16]. When b(x) =
c(x), these solutions are matched with special cases of
the Kasner metric (2] such as the Rindler solution [I7]
with p; = 1, po = ps = 0 and the Weyl-Levi-Civita
solution [I8, 19] with p; = —3, p2 = p3 = 2.

In our paper [20] we found two exact solutions in
the spacetime with an infinite slab of thickness 2L. In
the first solution the pressure is isotropic, while in the
second solution the tangential components of pressure
are equal to zero everywhere inside the slab. In both
cases pressure vanishes at the boundaries of the slab.
Outside the slab these solutions are matched with the
Rindler spacetime and with the Weyl-Levi-Civita space-
time. In the present paper we describe general prop-
erties of the solutions of the Einstein equations when
there is an isotropy in yz-plane, i.e. b(xz) = ¢(x), and
explicitly construct a particular exact solution that dif-
fers from two solutions found in paper [20]. Besides, we
discuss solutions with b(x) # ¢(z), that are matched in
the empty part of the space with the general Kasner so-
lutions and not with its particular cases where ps = ps.
We are not able to write down an explicit solution of this
kind, however, analyzing the corresponding differential
equations we can show that such solutions do exist.

For the metric (Bl the Einstein equations inside the
slab with constant energy density p are

b// c// b/c/

TE T e P ©
adb  a'd b
o e T TP (7)
al/ C” a/c/
— = = 8
Tt =y, (8)
1 b/l alb/
L4+ =p, 9
+ a + b + ab p ( )

where “prime” means the derivative with respect to x
and pg,py and p, are the corresponding components of
pressure. Introducing new functions

B=—,C=", (10)

we can rewrite the Einstein equations (6)-(3) as follows:

—-B -B*-(C'-C?-BC =p, (11)

AB + AC + BC = p,, (12)
A+ A%+ 0+ C? + AC = py, (13)
A+ A2+ B +B?+ AB =1p.. (14)

We would like to find solutions of these equations
inside the slab such that the pressure vanishes on its

boundary. First of all, we should find the functions B
and C that satisfy Eq. (). Then we should choose
such a function A that guarantees the disappearance
of all three components of pressure at the boundary
x = £L. This is impossible to do if the functions B
and C do not satisfy some additional conditions. Thus,
we should find such conditions explicitly and choose so-
lutions of Eq. () that satisfy these conditions. Then
we should choose a function A that provides the disap-
pearance of the pressure on the boundary. After that
one can match an obtained solution with the external
solutions in the empty half-spaces ¢ > L and z < —L.

If there is an isotropy in the plane of the slab (yz-
plane), then B = C and Eq. () has the general solu-
tion [20]:

B=C= fgktank(:chzo), (15)
where
p= Y32 (16)

2
Let us suppose now that at one of the boundaries, say
x = —L, one has B(—L) = C(—L) = 0. Then Eq.
([I2)) does not impose restrictions on the value of A(—L),
while from Eq. (I3) it follows that
A'(-L)+ A*(—L) = —C'(-L). (17)

It follows immediately from Eq. ([3]) that if C(—L) =0,
then C'(—L) = —2k*. Hence,

A(—L)+ A%(-L) = %k? (18)

To have C(—L) = 0, one should choose o = L. Then
at x = L we shall have

B(L)=C(L) = %k tan2kL, A(L) = %ktan 2kL,

B'(L)=C'(L) = 2k
3 cos? 2kL’
A(L) = ETLYN 2kL + EL. (19)
3 3 cos? 2k L

Now we can choose an arbitrary function A(z) sat-
isfying the boundary conditions (I8)-({9) and in this
case all the components of the pressure disappear at
the boundary of the slab. The simplest function that
satisfies these three boundary conditions is a quadratic
function

A(z) = a(z — L)* 4+ B(x — L) + 7. (20)

Equations (I9) give immediately
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B=A(L)= L tan?onrn + 2k
3 3 cos? 2kL’

1

vy=A(L) = gkz tan 2k L. (21)
Eq. (I8)) instead gives a quadratic equation for the co-
efficient «:

1602L* + a(—4L — 168L% + 8yL?)

2

+B +46%L2% + 4% —4B~L — §k2 =0. (22)
Substituting the values of 8 and v from Eq. (2I)) into
Eq. [22)), we obtain the following solutions:

1 {11 8 1
01,2 [— + oKL+ —

= 4k L tan2kL — 1)?
2T Q31273 g (4R L tan )

2 1 1
i\/g + §6k2L2 + 5 (kL tan2kL — 1)% . (23)

Note that the expression under the sign of the square
root is positive and these two solutions for the coeffi-
cient o always exist. Thus, substituting the expressions
@3) and 1)) into Eq. 20) we obtain two solutions for
the function A(x), which together with the expression
@E) with zp = L provide the implementation of the
boundary condition for all components of the pressure.
Using Egs. ([I2) and ([I3) we can write down the ex-
plicit expressions for the tangential and perpendicular
components of the pressure.

The form of the functions B(z) = C(x) is the same
as in our preceding paper [20]. Thus, the matching con-
ditions at the boundaries z = +L will give the same
For x > L we shall have a Weyl-Levi-Civita
spacetime, while for z < —L we shall have a Rindler
spacetime. Let us emphasize that the solution described
above differs from two exact solutions presented in our
preceding paper [20].

Suppose now that B(x) # C(z), and their values at
the boundary x = —L are also different

B(~L) = By, C(~L) = C. (24)

result.

Then, from the requirement of the disappearance of the
normal component of the pressure p, at the boundary
and from Eq. [I2)), it follows that

ByCo
" Bo+0Co
It is easy to see that these three numbers constitute a
Kasner triplet, multiplied by D/p2, namely

A(-L) = Ay = (25)

D
Ag =p1—,

D2
By =D,

D

Co = p3—, 26
o=rs (26)

where p1,p2 and ps satisfy the relations (@) and D is
an arbitrary constant. These Kasner indices are deter-
mined by the relation between By and Cj. Indeed, one
can see that

Co_ps_ u, (27)

By p2
where u is the parameter introduced in [4] and con-
nected with the Kasner indices by the relations ). Let
us look now at the equations (I3]) and ([I4). If we require
the disappearance of the tangential components of the
pressure p, and p, at ¢ = —L, then we have the follow-
ing relation connecting the values of the first derivatives
B'(—L) and C'(—L):

3(_T)_ RB3(_ ud —
B’(—L)—C’(—L):C( L) - B L)=B§u+11.

(28)
On the other hand, from Eq. (II)) we find
B'(-L)+C'(~L) = —p— (1+u+u*)B:.  (29)

Now it is convenient to introduce a pair of two func-
tions:

G(z) = B(z) — C(x). (30)
In this case Eq. () becomes

3 1
Fl(z) + ZF2($) + ZGQ(@ =—p (31)
Two functions F'(x) and G(x) and the first derivative of
one of them F’(z) enter this equation. These functions
satisfy the initial conditions

G(—L) = B(—~L) — C(~L) = Bo(1 —u).  (32)

The initial value for F'(—L) is defined from Eq. @II).
Besides, we have an additional initial condition on
G'(—L) (see Eq. ([29)) coming from the requirement
of the simultaneous disappearance of all components of
the pressure at the boundary x = —L.

Now we would like to match our internal solution,
satisfying the boundary conditions described above,
with the Kasner solution in the empty half-space x <
—L. As was explained in our preceding paper [20], for
this matching it is necessary that the functions A, B and
C at the boundaries are continuous. This means that
the values of the Kasner indices in the solution describ-
ing the empty half-space * < —L coincide with those
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coming from Eqgs. (28)-(27). The derivative of the sec-
ond scale factor of the empty solution @) at x = —L
should be equal to the value of By:
P2

e By. (33)
Here x, indicates the location of the singularity in the
Kasner solution. However, our solution (2)) is valid only
for « < —L. Thus, if x; > —L, the singularity will be
absent. The requirement x; > —L implies the negativ-
ity of the left-hand side of the equality (33) and, hence,
its right-hand side also should be negative, i.e. By < 0.
Then it follows from Eq. (28] that Cy < 0 while Ag > 0.
From the negativity of By and Cy follows the negativity
of F(—L). Then the Eq. (3I) implies that the derivative
F'(x) is negative, moreover it satisfies an inequality

F'(z) < —p— B3(1 +u)? (34)

This means that at the other boundary x = L, the val-
ues B(L) and C(L) will be negative. Let us represent
an empty space Kasner solution for > L as

ds? = a2(x — xr)?Prdt* — da® — b3 (x — xR)*P2dy?

—&(x — xRr)*P2d2?, (35)

with the singularity at = zg, and a triplet of the
Kasner indices p1, po, p3. At the boundary we have the
following condition

P2
L—xR

= B(L) < 0. (36)

It follows from the relation (B8] that xp > L, i.e. that
the singularity is present in the region of the validity of
our solution. Thus, we have seen that it is impossible
to construct such a solution in the slab that is matched
with two non-singular Kasner solutions in two empty
half-spaces outside the slab.

Let us discuss in detail what happens with the so-
lution of the Einstein equations in the slab that are
matched with the Kasner solution outside the slab. As
was said above, we have chosen some values of the func-
tions B and C at the boundary x = —L. The require-
ment of the disappearance of the normal component of
the pressure p, has given us the value of the function A
at the same boundary. The Einstein equation (LI has
given the value of B'(—L)+ C’(—L). Then the require-
ment of disappearance of tangential components of the
pressure p, and p, at this boundary implies the condi-
tion (28) on the difference of the derivatives of B and
C, which permits us to find the value of A’(—L) from

Eq. (I4):
u(l+u+u?)B3

(ut 1) (37)

A'(-L) = g +

Let us suppose that we would like to match the solu-
tion of the Einstein equations in the slab, satisfying the
boundary conditions at x = — L represented above, with
some Kasner solution at x = L. Note that we cannot
prescribe the values B(L) and C(L) in an arbitrary way:
their sum should satisfy the inequality

B(L)+C(L) = F(L) < 2L(—p — F*(=L)).  (38)
This inequality can be rewritten as
Bo(1+ @) < 2L(—p — F2(—-L)), (39)

where the parameter @ defines a new triplet of the Kas-
ner indices. It is easy to see that we can satisfy this con-
dition for any value of @ choosing a negative constant
By, obeying this inequality. Then, knowing the values
of the constants B(L) and C(L), we can find the value
of A(L) using the condition of the disappearance of the
normal component of the pressure p, at the boundary
x = L. Finally, to provide the disappearance of the
tangential components of the pressure at this bound-
ary, the derivative of the function G(z) = B(z) — C(z)
should satisfy the condition that has the same form as
the equality (28]).

Let us analyse now the equation ([BI). The func-
tion G(z) should be chosen in such a way to satisfy
the four boundary conditions on G(—L),G'(—L),G(L)
and G’(L). Then we obtain the first order differential
equation for the function F(z). Having defined the ini-
tial condition F'(—L), we have a well defined evolution
of this function in the interval z € [—L, L]. This evo-
lution defines uniquely the value of the function F' at
the boundary x = L. However, we would like to have
some chosen value of F(L). Can we modify our function
G(z) in such a way as to achieve this goal? It is surely
possible. We can change our free function G(x) with-
out changing the four boundary conditions mentioned
above. If we change it in such a way that its absolute
value increases in the open interval between —L and L,
then the derivative F’(z) decreases and the final value
of F(L) also decreases. If, instead, the absolute value of
G(z) decreases, the values of F'(x) and, hence, of F(L)
increase. Thus, there exist solutions F(z) and G(z) in
the slab satisfying the chosen boundary conditions and
smoothly matching with the empty space Kasner solu-
tions for |z| > L. However, at least one of these Kasner
solutions possesses a singularity.

In conclusion, we can say that studying such classi-
cal topic as the solutions of the Einstein equations pos-
sessing Bianchi type symmetries (see e.g. [21] 22]), for
example, the simplest Bianchi-I symmetry considered
here or more complicated Bianchi-VIIT symmetry [23],
can still give interesting and unexpected results.
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