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The cohomology rings of the unordered configuration spaces
of elliptic curves

ROBERTO PAGARIA

We study the cohomology ring of the configuration space of unordered points in
the two dimensional torus. In particular, we compute the mixed Hodge structure
on the cohomology, the action of the mapping class group, the structure of the
cohomology ring and we prove the formality over the rationals.

55R80

Introduction

We fully describe the cohomology with rational coefficients of the configuration spaces
of unordered points in an elliptic curve (frequently called torus).

Configuration spaces of points are related to physics (state spaces of non-colliding
particles on a manifold), robotics (motion planning), knot theory, and topology. Config-
uration spaces give invariants of the homeomorphism type of the base space. In the
algebraic setting, configuration spaces are open in the moduli spaces of points.

Since the literature is very extensive, we compare our work only with the main results
on the (co-)homology of configuration spaces. The first computation of the cohomology
algebra of configuration spaces is due to Arnol’d [1, 2] in the case of R?. This result
has been generalized by Cohen, Lada, and May [9] to the configuration space of R" and
later by Goresky and MacPherson [17]. Partially additive results have been obtained: by
Bodigheimer and Cohen [6] for once-punctured oriented surfaces, by the same authors
and Taylor [7] for odd dimensional manifolds, and by Drummond-Cole and Knudsen
[11] for surfaces in general. However there is no description of the ring structure; we
provide it in the case of elliptic curves. The Betti numbers C"(X) are described in the
following cases: for X = P?(R) by Wang [30], for X a sphere by Salvatore [26], for
X = P%(C) by Felix and Tanré [14] and for elliptic curves by Maguire and Schiessl
[23, 27].

In this paper we improve the previous results on configuration spaces in an elliptic curve
in three ways. We describe:

¢ the mixed Hodge structure on the cohomology (Theorem 3.3),

Published: XX Xxxember 20XX DOI: 10.2140/agt.20XX.XX.1001


http://www.ams.org/mathscinet/search/mscdoc.html?code=55R80
http://dx.doi.org/10.2140/agt

1002 R. Pagaria

e the action of the mapping class group (Theorem 3.3),

e the ring structure (Theorem 4.1).

The formality result over the rationals is proven in Theorem 4.3.

We prove these results using the KriZ model [22, 28, 5, 12] and the representation theory
on it [3, 4].

In Section 1 we recall the KriZ model, then in Section 2 we improve the result on the
decomposition of the KriZ model into irreducible representations, see Theorem 2.9.
Descriptions of the mixed Hodge structure and of the action of the mapping class group
are obtained in Section 3 by computing the cohomology of the model. Finally, the ring
structure is presented in the last section.

1 The Kriz model

Let E be an elliptic curve and consider the configuration space of n ordered distinct

points

.Fn(E) d;f {B € E" ‘ Di #pj}

The symmetric group &,, acts on F"(E) by permuting the coordinates and the quotient
is the configuration space of n unordered points

CHE) Y FU(E)/S,.

We also consider the space M"(E), defined by
def
MME) = {pe F'E)| Y pi=0}.
Notice that there exists a non canonical isomorphism F"*(E) = E x M"(E).

In this section we recall a rational model for the cohomology algebra of 7"(E). The
model is a commutative differential bi-graded algebra (dga) that can be obtain in two
different ways: as a specialization of the KriZ model for the configuration spaces or
as the second page of the Leray spectral sequence (also known as the Totaro spectral
sequence) for elliptic arrangements. Our main references for the first approach are
[22, 3, 4] and for the second one are [28, 12, 5]. In the following we define the models
for the cohomology of F"(E) and of M"(E).

Let A be the exterior algebra over Q with generators

{xi, yi,wijhi<icj<n-

Algebraic & Geometric Topology XX (20XX)



The cohomology rings of the unordered configuration spaces of elliptic curves 1003

We set the degree of each x; and y; equal to (1,0) and the degree of w;; equal to
(0, 1). Define the differential d: A — A of bi-degree (2, —1) on generators as follows:
dx;,=0anddy;=0fori=1,...,n and
def
dw;j = (5 — )01 — ¥))-

For the sake of notation we set w; j := wj,; for i > j.
We define the dga A*" as the quotient of A by the following relations:

(i —xpwij =0 and (y; — yphwi; =0,

Wi jWj k — Wi jWk,i + Wj kWk,i = 0.

Notice that the ideal is preserved by the differential map, thus the differential d: A™" —
A" is well defined.

Remark 1.1 The model A*" coincides with the Kriz model E; introduced in [22] up

to shifting the degrees, ie
AP = EZH'

The dga E is a rational model for X, as shown in [22, Theorem 1.1].

In order to study the cohomology of A** we need to introduce the elements u; ; = x; —xj,
vij=yi—yjand y =370 %, =310, i € AL

We define the dga B*" as the subalgebra of A™* generated by u;;,v;; and w;; for
1 <i<j<n.Let D" be the subalgebra of A" generated by  and 7 endowed with
the zero differential map. Notice that

) A 2B g DO

as differential algebras and that D" is the cohomology ring of the elliptic curve E.
The mixed Hodge structure on the cohomology of algebraic varieties defines a bigrading
compatible with the algebra structure (see [10, p.81] or [29, Theorem 8.35]). In our
case the bigrading given by the mixed Hodge structure coincides with the one given by
the Leray spectral sequence as shown by Totaro [28, Theorem 3] and by Gorinov [18].
Explicitly, the subspace A”*Y has weight p + 2¢g and degree p + g.

The following result is a particular case of [5, Theorem 3.3] and of [12, Theorem 1.2].
Theorem 1.2 The cohomology algebra of F"(E) (or of M"(E)) with rational coeffi-

cients is isomorphic to the cohomology of the dga A™" (respectively of B*"). Moreover,
the n* -sheeted covering

E x M"(E) — F"(E)

(g,p) = i + Qi=1,..n
induces the isomorphism of eq. (1).

Algebraic & Geometric Topology XX (20XX)



1004 R. Pagaria

2 Representation theory on the Kriz model

Now we study the action of the symmetric group &,, and of SL,(Q) on the algebras
A™" and B™". Those actions are given by a geometric action on JF"(E). For general
reference about the representation theory of the Lie group and of the Lie algebra we
refer to [19] and to [15], respectively. The cases of SL;(C) and of s[;(C) can be found
in [16].

2.1 Definition of the actions

Consider the action of &, on F"*(E) defined by
o™ 1y Pw) = Pot)s - - s Pow)
for all ¢ € G,,. This induces an action on A" and on B™" defined by
o (%) = Xo),
o' 3) = Yo,
o (Wi)) = Woli).o()
forall 1 <i<j<nandall g € G,.
The mapping class group MCG(E) acts naturally on F"(E) and on C"(E).
Theorem 2.1 (Theorem 2.5 [13]) The mapping class group MCG(E) of the torus is
isomorphic to SL(Z) and the isomorphism is given by the natural action of MCG(E)
on H(E; 7).
Let f be an automorphism of E, the map induces the following vertical morphisms
FYE) —— E"
f\"F"(Ei Jf "
FUE) —— E"

and by functoriality of the Leray spectral sequence it induces the action of SL,(Z)
on A™*. We explicitly describe this action on the generators w;, x;, and y;: since
f*: E" — E" fixes the divisor {p; = p;}, then f - w;; = w;;. The other generators
belongs to A0 = H'(E") = H'(E)®". Therefore the action of MCG(E) = SLy(Z) on
A0 is given by

a b - x; = ax; + c¢y; a by, i = bx; + dy;
c d i = ax; Vi c d Yi = DX Yi-

This action extends to SL,(Q) and since the actions of &,, and of SL,(Q) commute,
then A**, B>* and D" become &, x SLy(Q)-modules.

Algebraic & Geometric Topology XX (20XX)
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2.2 Decomposition into G, -representations

We recall a result of [3, Theorem 3.15] on the decomposition of A™" into &,,-modules.
The notations used here follow the ones in [3].

Let L, = (A1,..., ;) be a partition of the number n, ie \; € N, and Z;Zl i =n.
We mark all blocks with labels in {1,x,y,xy}, an ordered basis of H*(E). The order is
I <x<y=<uxy.

Definition 2.2 A marked partition (L., H,) is a partition L, - n together with marks
Hy. = (h1,...,h), hi € {1,x,y,xy} such that: if \; = A\;+; then h; = hjyg.

Let Cy be the cyclic group of order k. For any partition L, F n define C;, as the
product of the cyclic groups Cy, fori =1,...,z. Itactson {1,...,n} in the natural
way. Consider a marked partition (L, H,) and define Nz, g, as the group that permutes
the blocks of L, with the same labels. The group Ny, gy, is a product of symmetric
groups. Call Z;, y, the semidirect product Cr, X N, u, .

Example 2.3 Let (L., H,) be the marked partition L, = (5,5,5,5,1,1,1) I 23
and H, = (xy,xy,xy, 1,x,x,x). The group Cr, = (Z/57)* < &3 is generated by
(1,2,3,4,5),(6,7,8,9,10),(11,12,13, 14, 15), and (16,17, 18, 19,20). The subgroup
Np.n, = 63 x 63 is generated by the permutations (1,6)(2,7)(3,8)(4,9)(5,10),
(1,11)(2,12)(3,13)(4, 14)(5, 15), (21,22), and (21,23). Finally, Z;, p, is a group
isomorphic to (Z/571 &3) x Z/57Z x 3.

Given two representations V, W of two groups G and H respectively, define the
tensor representation V XI W of G x H by the vector space V @ W with the action
&MV @ w) = g(v) ® h(w).

We define the following one-dimensional representations. Let , be a faithful character
of the cyclic group and ¢y, the character of Cp, = Z/\\Z x - -- x Z/ \Z given by

def
()OL* é Sgnl’l |CL* : (()OAI & e & (PAr)'
Recall that the degree deg of 1,x,y,xy are respectively 0,1,1,2. Let ay, g, be the

one dimensional representation of Nz, g, = &, X --- x &, defined on generators by

def A+deg(h)+1
ar, g, (o) = (—1)Mdee?rl

where o is the permutation that exchange two blocks of size A and label h. Set &, g,

. . . Z
to be the one dimensional representation of Z;, y, such that ResCLL*‘H* L. H, = PL.

z
and ResNLLi"ZIZ ar, v, -

Algebraic & Geometric Topology XX (20XX)
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We define |L.| = n — t for a partition L, = (Aq,..., ;) of n and for a mark H, the
numbers |H,| = Y i_, deg(h;) and ||H,|| = |{i | hi = x}| — |{i | hi = y}|.

Definition 2.4 Let (L., H,) be a marked partition and set p = |L.| and g = |H,]|.
Define Ay, g, C AP as the G, -subrepresentation generated by the following element:

t )\,’—1

def
mp, H, = | |(hi)1[+1 | | Wi i+ 15
i=1 j=1

where [; = Y, Ak

Theorem 2.5 ([3, Theorem 3.15]) The &, -representation A”*Y decomposes as

A= B AL n,.

|L«|=¢
|Hx|=p

Moreover:
~ S,
AL*,H* XQ C= IndZL*’H* EL*,H*-

Remark 2.6 Observe that:
e The n-Lie operad over the complex numbers is described as the &, -representation
induced from C,, by a faithful character.

e The direct sum over the natural numbers of all homological KriZ models is
isomorphic to the Chevalley-Eilenberg complex CE(gg[1]), where the Lie
algebra gg is H'(E; C) ® Lie,.

These two facts gives a conceptual explanation to Theorem 2.5. For references see
[8, 21, 20].

Example 2.7 Consider the marked partition (L., H,) of Theorem 2.3. We have
|L.| =16, |H.| =9 and ||H.|| = 3. The element generating A;, g, is the following:
mr, H, = X1Y1X6Y6X11Y11X21X22X23W1 2W3 3W3 4W4 5W6 7W7 8W8 9W9 10*

"W11,12W12,13W13,14W14,15W16,17W17,18W18,19W19,20

The characters associated with (L., H,) are shown in the following table.

(1,2,3,4,5) | (16,17,18,19,20) | (1,6)(2,7)(3,8)(4,9)(5,10) | (21,22)
® (s (s
o 1 —1
3 (s (s 1 -1

Algebraic & Geometric Topology XX (20XX)
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2.3 Decomposition into G,, x SL,(Q)-representations

Let T = {H,} = Q* be the maximal torus in SL,(Q) generated by the diagonal matrices
H, = (6 t(_). ) . Let V| be the irreducible representation QZ with the standard action
of matrix-vector multiplication and let V;, = SKV| be the irreducible representation
given by the symmetric power of V;. The representation V; has dimension k + 1
and can be view as Q[x, y]x, ie the vector space of homogeneous polynomials in two
variables. The action of 7 on the monomials is given by H, - xyk—¢ = p2a—kyayk—a

thus V; decomposes, as representations of 7’
k
e) Vi =P VQa—h),
a=0

where V(2a — k) is the subspace where H; acts with character **~*, ie the subspace
generated by x*y¢. The algebraic group SL,(Q) is reductive, so by [24, Theorem
22.42] each representation of SL(Q) is semisimple. The Fundamental Theorem [24,
Theorem 22.2] says that each irreducible representation of SL,(Q) is isomorphic to the
representation V; described above, for an unique k € N.

As a consequence we can decompose a representation V of SLy(Q) using its de-
composition V = @,czV(a) as representation of 7: indeed V = @keNVzem" as
representation of SLy(Q), where my = ny — ny. By setting V =V, ® V,,, we obtain
the following formula for n < m:

Vm & Vn = Vm-‘,—n S¥ Vm+n—2 G---D Vm—n'

As observed in Section 2.1, the group SL»(Q) acts trivially on w;j forall 1 <i<j<n
and the two dimensional subspace generated by x; and y; is isomorphic to V; as
representation of SL,(Q).

We will use the decomposition of Theorem 2.5 to obtain a decomposition of A™" into
S, x SLy(Q)-modules. Define A%? as the following direct sum:

def
Aﬁyq — @ AL* ,H* .

IL«|=q
|He|=p, ||Hx||=a

Let E = (1) € SL»(Q) and consider the map ¢: AP¢ — AP defined by v — v—E-v.
Notice that «(x;) = 0, «(y;) = x; and «(w;;) = 0, for all i # j, hence it induces a

1 . Pq pq
restricted map ¢,: A" — A, oy

Lemma 2.8 For all a > 0, the map ., is surjective.

Algebraic & Geometric Topology XX (20XX)
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Proof Let W be airreducible SL,(Q)-representation in A”>¢ and notice that «(W) C W.
By the arbitrariness of W, it is enough to prove that W N A‘Zﬁz is contained in Im ¢, .

Since W =2 V. for some k, we can reduce to workin V. If k < a+2 ork #Za mod 2,
then the torus T acts with weight a + 2 on A[a’fz. The weight a 4 2 does not appear in
W, therefore W N AL, = 0. Otherwise, k = a + 2+ 2b for some b € N and WNAYY,
is the one dimensional vector space generated by the image of x*t>*2y? € V. The

identit
y xa+1+byb+1 b
d—E) —— =x*
( ) . X Y,

completes the proof. a

Theorem 2.9 The algebra A*" decomposes as &, x SLy(Q)-representation in the
following way:

P
AP @keuu X V,.
a=0

Moreover, dimker v, is the difference between dim A7? and dim A”'Y, .

Proof The assertion on the dimension of ker ¢, follows from Theorem 2.8. Let W, be
the S,, x SLy(Q)-subrepresentation generated by ker ¢,. It is isomorphic to ker¢, X'V,
because all elements in ker ¢, are of highest weight a. Thus A”4 2 " W, and the
sum is direct since the SL,(Q)-representations V, are pairwise non-isomorphic. We
have proven that A4 D @Z:O W, and W, = ker ¢, X V,. We complete the proof by a
dimensional reasoning:

p 14
dimAPY = ) dimAPY = —dimAf? +2) " dim A4
a=—p a=0

p p
= Z(dimAZ’q —dimAYY ) a+ 1) = Z dimker ¢, - dimV,

a=0 a=0
P
= dim 5 W..
a=0
Since AP and @"_ W, have the same dimension, they are equal. |

Define the &,,-invariant subalgebra of A>" by UA™" and of B" by UB™". Obviously
we have UA™* = UB™* ®qg D*. We use the previous calculation to compute UA™"

Corollary 2.10 For g > p + 1 we have UAP? = 0.

Algebraic & Geometric Topology XX (20XX)



The cohomology rings of the unordered configuration spaces of elliptic curves 1009

Proof Let 1, be the trivial representation of &,,. We use Theorem 2.5 to show that
<]]‘n7Ap7q>6n = 0
for ¢ > p + 1. Indeed, it is enough to prove that

<]l”’ Indgn*ﬂ* SL*,H*>G,, =0

for all (L., H,) with |L.| = ¢ and |H.| = p. By Frobenius reciprocity we have

S S
<]1nalndan*yH* EL*7H*>6}1 = <ReSZLn*,H* 1”7§L*,H*>ZL*,H*

Since the representations in the right hand side are one-dimensional the value of
(1,, Indg" .. &L..H.)e, is non zero if and only if &7, &, = 1.

By definition &, g, = 1 is equivalent to ¢y, = 1 and oz, g, = 1. From the fact that
wr = sgn, only for k = 1,2, ¢y, = 1 ifandonly if \; = 1,2 foralli=1,...,¢.
The condition oy, g, = 1 implies that the only marked blocks of (L, H,) that appear
more than once are the ones with \; = 2 and deg(h;) = 1 or the ones with \; = 1 and
deg(hi) # 1.

Consequently, (1,,IndS" & H.)e, # 0 onlyif L, = (29,1"7249) and the degree of

ZLy Hy
h; is 1 for i < g, this implies p > g — 1 contrary to our hypothesis. a
Corollary 2.11 For g > p + 1 we have UB"? = 0. a

3 The additive structure of the cohomology

We compute the cohomology with rational coefficients of the unordered configuration
spaces of n points, taking care of the mixed Hodge structure and of the action of SL,(Q).
The integral cohomology groups are known only for small # in [25, Table 2], where a
cellular decomposition of ordered configuration spaces is given. In this section, we use
the calculation of the Betti numbers of C*(E) to determine the Hodge polynomial in the
Grothendieck ring of SL,(Q).

Observe that H'(C'(E)) = H'(F"(E))®" by the Transfer Theorem. Define the series
1+ uv?
(1 _ u2v3)2

and let T,,(u, v) be its truncation at degree n in the variable u.

T(u,v) = =1+ 2> + v + 3 + 2007 + ..

The computation of the Betti numbers of unordered configuration space of n points in
an elliptic curve was done simultaneously by [11], [23], and [27] in different generality.
We point to the last reference because [27, Theorem] fits exactly our generality.

Algebraic & Geometric Topology XX (20XX)
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Theorem 3.1 The Poincaré polynomial of C*(E) is (1 + 1)*T,_1(t, 1).

We use the notation Vi¥v" to denote a vector space V in degree k with a Hodge structure
of weight 4. The Grothendieck ring of SL,(Q) is the free Z-module with basis given
by [V] for all finite-dimensional irreducible representations V of SLy(Q) and product
defined by the tensor product of representations.

Definition 3.2 The Hodge polynomial of C"(E) with coefficients in the Grothendieck
ring of SL,(Q) is

2n 2 .
3 [WkH CEQpy iy Q)] wivk,

i=0 k=i
where Wy H'(C"(E); Q) is the weight filtration on H'(C"(E); Q). The ordinary Hodge
polynomial is
2n  2i

Z 2 dimg <WkH (C"(E); Q)/Wk,lHi(C”(E); Q)> utvk,

i=0 k=i
We prove a stronger version of Theorem 3.1.
Theorem 3.3 The Hodge polynomial of C"(E) with coefficients in the Grothendieck
ring of SL,(Q) is
15 [5)-1
(3) Vol + [Viluv + [Volu?v?) [Vl 4+ ) [V Qa2
i=0 i=1

and the ordinary Hodge polynomial is (1 4 uv)>T,_(u,v).

Figure 1 represents the module H*>*(UB) that corresponds to the right factor of eq. (3).

3.1 Some elements in cohomology

Definition 3.4 Let o, @ € AL!, 3 € A2 be the elements
def
a= Z (Xi — XKWk h

ik<h
__ def
a= Z()’i — Y)Wk,
ik<h
def
B = Z Bxi — x5 — 20V — Y)Wk h
ijk<h

where the sum is taken over pairwise distinct indices i, j, k, h with k < h.

Algebraic & Geometric Topology XX (20XX)
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q Vq 6] Vq qul
g—1 Vo1 Vyn
3 Vs Vs

2 Vo vy 2 Vo Vi
1 Vi Vo 1 Vi1 Vo
0 Vo 0 |V

o1 2 3 --- ¢ 01 2 3 ... qqg+1

(a) Case n = 2g + 1 odd. (b) Case n = 2q + 2 even.

Figure 1: The algebra H**(UB) as representation of SL,(Q).

Notice that the elements « and @ are defined only for n > 2 and § for n > 3.
Remember that 7,5 € D! were already defined as > o;xiand > y;.

Lemma 3.5 The element o belongs to UB"!, is non-zero, and dov = 0.

Proof First observe that o = Y, , _,, uijwi,n € B'. Forall o € &, we have

oo = Z Us (i), o (k) Wak),o(h) = O
ik<h
since U (i),0(k)Wo(k),o(h) = Uo(i),oc(h)Wo(k),o(h) in A. The elements XiWk,h and XgWg,p are
linearly independent, so it is enough to observe that the coefficient of x3wi > is 1. This
proves that « # 0. Finally, we compute da:

da = E X dwy p — X dwi p
ik<h

= > xilx — )0k — a) + XeXn Ok — i)
ik<h

= § XiXkYk — XiXpYk + XeXnYk
ik,h

= — inxh)’k =0,

i,k,h

where all sums are taken over pairwise distinct indices and the first two with the
additional condition k < h. |

Algebraic & Geometric Topology XX (20XX)
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Lemma 3.6 The element (3 belongs to UB'2, is non-zero, and ds =0.

Proof Observe that
B = Z (ui j + 2u; g Ivjwr p € B
i k<h
and that o3 = 8 for all 0 € &,, by the relations u;iwy = u;pwi,p and vjgwi, =
vihwkn- Consider the map ¢: A — Q defined on generators by ¢(wi») = 1,
p(x3) =1 and p(y4) = 1 and zero on the other generators. The map ¢ is well defined

and o(B) = 3, thus 8 # 0. Using the computation in the proof of Theorem 3.5, we can
observe that d( kak 3xi(y; — yk)wkvh) = 0. The claim d = 0 follows from:

d(8) = d (o0 + 2005 — v
Jk,h

= Z Xy dwpen + Xk — Xp)yn — 2x19%0 Yk — Yn) — 2XkYkXnYh
Jk<h

= ijijkyk — XiYjXpYk + XjVkXkYh — 2XkYiXnYk — XkYiXnYh
Jikih

where the indexes of the sums are pairwise distinct. |

Lemma 3.7 For n > 2q the element o4 is non-zero.

Proof We show that the coefficient of the monomial m = xjwj 2x3W3 4 . . . X2g—1W2g—1,2¢
(defined for n > 2q) in o is non-zero for n > 2q. Initially, we will prove that the
coefficient is

“) ag = q! Z sgn(o)(2 — n)|FiXU\2q—|Fixa|’
ce6,

then that a, # 0 for n > 2q.
We start with the following identity:
q
q
ot = (33 —xpa) = S TT(D =50 )i
J<k ik TK I=1 ijk

where the sum is taken over all multi-indexes J = {ji,...,j,;} and K = {ki,...,k;}
with j; < k; forall [ = 1,...,q. Since, for all [ = 1,...,q, the pair of indexes
(21 — 1,2l) appear in the monomial m, the monomial m arise only in the terms with the

Algebraic & Geometric Topology XX (20XX)
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following property P: there exist o € &, such that j; = 20(l) — 1 and k; = 20(]) for
all l=1,...,q. We further manipulate it:

Z ﬁ( Z (i — sz)) Wik = Z ﬁ( Z (xi — x20(1)71)) Was(h—1,20(])

K)EP I=1 i#j,k €6, I=1 i£20(l)—1,20(])
q
=q! H( > - x21—1)>w21—1,21
I=1 i#21—1,21
q
=gq! (2 Z X2i—1 + Z xi—(n— 2)x21—1>f«021—1,217
=1 i=l,..q i>2q
i#l
where the last equality is obtained using xjwj x = xxwj k. Since the variable x; with i > 2¢
does not appear in m, the coefficient a, is equal to the coefficient of xyx3,...,x24—1 in

g' T, (2 22z %21 — (= 2)x2-1) . We have:

q q
112D xin = =2xa1) = > [ [ cowrron

=1 il oEG, =1
q
= Z SgnJHCg(l)Jle_l
0e6, =1
q
= > seno@—n) ol T [Ty,
o€, =1

where ¢,y =2 —nif k = [ and ¢;; = 2 otherwise. Putting all together we obtain
Equation 4.

We claim that

©) > senopd ol = (= 1IN+ g - 1,
oe6,

since both sides are the determinant of the matrix

x 1 --- 1
1 x --- 1
11 - x

The left hand side of eq (5) is obtained by using the Laplace formula for the determinant
and the right hand side by relating the that determinant to the characteristic polynomial
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11
(—t)q_l(q — 1) of the matrix < el
i1

2 — n |Fixo] —nna-1,2g —
ag=q12" ) Sg“(")( 2n) ) :q!2q<7n>q ( qz n)

o€,

) . We use eq (5) with x = 2%” to obtain:

Thus a, = (—1)7g'n9='(n — 2g) that is non-zero for n > 2gq. O

Lemma 3.8 Forn > 2q + 1 the element o~ 3 is non-zero.

Proof Let us rewrite 5 as
B= > xywin—2n—3) Y i +xydwis — (1= 3) Y xiyiknt
iy k<h ik<h ik<h

+2(n—2)(n—3) > Xy h-
k<h

Let b, be the coefficient in a?~! 3 of the monomial

X1W12X3W3 4 -« - X2g—1W2g—1,29Y2g+1-

This monomial is defined for n > 2¢ + 1 and we will show that b, # 0 for n > 2g + 1.
The number b, coincides with the coefficient of the same monomial in the product

a?™! ( > xywrn —2n—3) Y Xkyiwk,h)-
ijk<h ik<h
With further manipulation, we obtain that b, is the coefficient of the above monomial
in the expression

—1
3afyrg+1 + nad E XKWk hY2g+1-
k<h

Using the computation in the proof of Theorem 3.7 we obtain
by = 3(=1)g!n""'(n — 29) + ng(~1)*" (g — D!n"(n — 2¢ +2)
=2(—=1)gn?'(n — 29 — 1).

The number b, is non zero for n > 2q + 1. O

Proof of Theorem 3.3 It is enough to prove that the Hodge polynomial of UB in the
Grothendieck ring of SL,(Q) is

5 g o
Z [Vi]u21v3l + Z [Vi,l]u2’+lv3’+l
i=0 i=1
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Observe that Imd?” = 0 for ¢ > p + 1 by Theorem 2.11. From Theorem 3.5 and
Theorem 3.7 we have that the elements o* for 2k < n generate as SL(Q)-module a
subspace of dimension at least k + 1 in H**(UB, d). Analogously, from Theorem 3.6
and Theorem 3.8 the elements of '3 for 2k + 1 < n generate as SLy(Q)-module a
subspace of dimension at least k in H"1(UB, d). Since the Betti numbers of UB"*
(Theorem 3.1) coincides with the above dimensions, we have that H**(UB) =2 Vu? 3k
and H2k+l(UB) o~ Vk_1u2k+lv3k+l . 0O

4 The cohomology ring

In this section we determine the cup product structure in the cohomology of C"(E) and
we prove the formality result.

In the following we consider graded algebras with an action of SL,(Q). We will write
(x; | i € Dsr,(q) for the ideal generated by the elements Mx; for all M € SL,(Q) and all
iel.

Theorem 4.1 The cohomology ring of C"(E) is isomorphic to

. S'Vilb
AV ® il ]/(al%lj,aL%Jbvbz)SLz(@)7

where a is a non-zero degree-one element in V(1) C V| and b an SL,(Q)-invariant
indeterminate of degree 3.

Proof It is enough to prove that H (UB) = §°V; [b]/(aL%J , aL%Jb, bZ)SLZ(Q). Define
the morphism ¢ : S'Vl[b]/(aL%J , aL%Jb, bz)SLz(@) — H'(UB) that sends a, b to «, 8
respectively. It is well defined because H*(UB) = 0 for k > n and 5% = 0 since it
has odd degree. The map ¢ is surjective since H*(UB) is generated by o' and o/ as
SL;(Q)-module by Theorem 3.3. A dimensional reasoning shows the injectivity of the
map . d

Corollary 4.2 The cohomology H'(C"(E)) is generated as an algebra in degrees one,
two and three.

Proof A minimal set of generators is given by o, @, 3,7, 7. O

Corollary 4.3 The space C"(E) is formal over the rationals.
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Proof We prove that UB is formal. Consider the subalgebra K** of UB"* generated
by «, @, 8 endowed with the zero differential. It is concentrated in degrees (i, ) and
(i,i + 1) because 5% = 0. Since K N Imd = 0 (Theorem 2.11), K — UB is a
quasi-isomorphism. The fact that K = H(UB) implies that the algebra UB is formal.
As a consequence UA is formal. The space C"(E) is formal since our model UA is
equivalent to the Sullivan model. a
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