Aerospace Science and Technology 167 (2025) 110713

Contents lists available at ScienceDirect

Technology

Aerospace Science and Technology

journal homepage: www.elsevier.com/locate/aescte

Original article
Cooperative transportation using rotorcraft: Swing state estimation and
control

Elia Costantini ~, Emanuele L. de Angelis ", Fabrizio Giulietti

University of Bologna, Department of Industrial Engineering (DIN), CIRI Aerospace, Forli, 47121, Italy

ARTICLE INFO ABSTRACT

Communicated by Christian Circi A cooperative transportation scenario is examined wherein two rotorcraft jointly carry a suspended payload.
The equations of motion are first derived using the Lagrangian approach, under the assumption that the coupled
slung-load system is represented by three point masses connected via two massless, rigid cables. The system is
identified as underactuated, with a remaining degree of freedom corresponding to the swinging motion of the
payload. An observation model is then formulated, enabling direct estimation of the oscillation angle from a
minimal set of measurements, specifically the positions of both rotorcraft and their accelerations in the local
horizontal plane. Data fusion is achieved through the application of a Fading Gaussian Deterministic Filter, the
theoretical foundations of which were recently investigated by one of the authors. The proposed methodology
is numerically validated in a high-fidelity simulation environment, where the multirotors are modeled as rigid
bodies, accounting for viscous—elastic cable dynamics, aerodynamic disturbances, and rotor forces and moments
computed via Blade Element Theory. The estimated swing angle and its rate are demonstrated to serve as effective
feedback variables for payload stabilization. To this end, a control strategy is introduced to achieve simultaneous
minimal-swing formation-keeping and trajectory-tracking maneuvers, offering improved flight characteristics
and reduced overall energy consumption.

1. Introduction While the use of a single aerial vehicle may suffice for certain appli-
cations, a range of transportation tasks, such as lifting payloads exceed-
ing the capacity of a single rotorcraft or maintaining functionality in the
event of vehicle failure, necessitate the use of cooperative multi-agent
systems. Consequently, cooperative payload transportation has garnered
considerable attention in the literature. Depending on the adopted con-

In aerial delivery operations, two principal methods are commonly
employed [1]: the payload may be either rigidly affixed to the vehicle
or suspended via a cable. The rigid attachment approach is the most
prevalent, typically realized through the use of clamps or by leverag-

ing a sufficiently large fuselage. However, this solution often results in trol strategy, cable-suspended cooperative transportation methods are
increased take-off weight and may be unsuitable for transporting large typically categorized into two frameworks: UAV-based (decentralized)
payloads or for missions requiring aerial delivery where landing is not ~ and payload-based (centralized). In both approaches, the stabilization
feasible [2,3]. Alternatively, suspended payload configurations offer the of payload oscillations is of paramount importance, and many proposed
advantage of enabling aerial delivery without the need to land, thereby solutions draw inspiration from the field of overhead crane control [5].
enhancing mission efficiency while preserving rotorcraft performance In decentralized frameworks [6-101, primary emphasis is placed on
and system simplicity. Nevertheless, the introduction of a suspended maintaining UAV formation, treating payload swing as a perturbation
mass generates disturbance forces and moments that significantly influ- that complicates position control. For instance, [6] proposes a passivity—
ence the dynamics of the carrier platform, rendering the system under- based formation control strategy, demonstrating that the system admits
actuated and challenging to control. Moreover, the resulting oscillations a continuum of equilibria and proving stability for all configurations in
can pose risks to both the payload and surrounding infrastructure due which the cables remain taut. In [7], payload mass is assumed to be un-
to potential collisions [4]. known and the formation is subjected to wind disturbances. The control
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design is supported by a Lyapunov-based analysis, and its performance
is validated through simulations and field experiments. A Lyapunov-
based controller for aerial co-manipulation with two UAVs is presented
in [8], while [9] employs a nonlinear control strategy based on feed-
back linearization to enable trajectory tracking, swing mitigation, and
obstacle avoidance in a two-UAV formation. In [10], the authors pro-
pose a controller capable of achieving simultaneous trajectory tracking,
formation maintenance, and swing suppression for a system modeled as
three point masses connected via two linear—elastic cables. Theoretical
guarantees of local exponential stability are provided under the assump-
tion of a two-time-scale behavior: fast dynamics govern formation and
swing stabilization, while slow dynamics describe trajectory tracking.

In centralized architectures [11-15], the primary objective is pre-
cise trajectory tracking of the payload, considering the full dynamic
coupling among system components. This coupling introduces substan-
tial challenges for control design. For example, [11] adopts a modeling
approach rooted in the theory of reconfigurable cable-driven parallel
robots, addressing full system dynamics. A multi-objective controller
for trajectory tracking, formation keeping, and collision avoidance is
proposed in [12], employing two helicopters to transport a point-mass
payload. In [13], a sub-optimal LQR-PID controller is introduced to
minimize swing by aligning the velocities of the payload and UAVs in a
designated formation. A hierarchical approach is taken in [14], wherein
the payload, considered the leader, computes the net force and torque
required to follow a trajectory, and a tension—distribution problem is
solved using sequential least-squares programming. In [15], a reinforce-
ment learning framework is explored, combining centralized training
and decentralized execution with a reward function that integrates both
positive and negative reinforcements.

Accurate estimation of payload’s position relative to the formation is
critical for effective anti-sway control. Various sensing strategies have
been proposed in the literature, with optical feedback systems being par-
ticularly common. These often involve motion capture devices, which,
while highly accurate, are associated with increased complexity, cost,
and limited practicality in operational environments [16]. An alterna-
tive is the use of onboard vision systems, though they introduce draw-
backs such as increased weight, power demand, computational load,
and susceptibility to environmental variability [17,18]. Non-optical so-
lutions have also been explored, including the use of inclinometers at-
tached to the payload [19], and potentiometers installed on the vehicle
to measure appendage orientations in aerial manipulation tasks [20].
High—precision GNSS-based methods are also feasible, provided that
both the payload and vehicles are equipped with dedicated receivers
[21].

With respect to the estimation algorithms, different methods have
been evaluated in the past, each offering different trade-offs in terms
of computational complexity, robustness to disturbances, and sensor
requirements. The Extended Kalman Filter (EKF) has been among the
most commonly adopted techniques, owing to its simplicity and effec-
tiveness in nonlinear systems. Some of the authors of the present work
have developed a nonlinear EKF [22] that relies solely on onboard IMU
measurements to estimate swing angles and cable forces, while com-
pensating for external aerodynamic disturbances such as wind. Such an
approach is validated in both simulation and experimental flight tests,
demonstrating improved robustness and energy efficiency. In parallel,
other researchers have employed the Unscented Kalman Filter (UKF) to
better capture the effects of nonlinearities and sensor noise, especially in
dynamic transport scenarios [23]. In such a case, the UKF has been com-
bined with adaptive schemes, allowing real-time tuning of noise covari-
ances to accommodate changing flight conditions. To enhance robust-
ness in the presence of bounded disturbances and model uncertainties,
some works have implemented zonotopic state estimators. In [24] this
approach has been applied to estimate the position and orientation of
suspended loads, integrating the estimator within a discrete-time state—
feedback mixed H,/H control scheme. Results have confirmed strong
performance under limited a priori knowledge of disturbances, albeit
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with increased computational requirements. More recently, researchers
have integrated estimation and control within perception—aware frame-
works. Li et al. [25] have proposed a Perception—-Constrained Model
Predictive Control (PCMPC) architecture that fuses monocular vision
and IMU data to estimate cable dynamics at high frequency, while en-
suring visibility constraints are maintained. This approach has achieved
precise trajectory tracking in visually constrained environments while
reducing onboard computational burden and preserving estimation ac-
curacy in cluttered or occluded scenes. Although less explored in this
specific context, Moving Horizon Estimation (MHE) has also been rec-
ognized as a powerful tool for managing nonlinearities and constraints.
While MHE has been successfully applied in related UAV applications,
its adoption in suspended-load transport scenarios has remained limited,
primarily due to its computational cost and implementation complexity.
However, recent advancements in embedded optimization solvers and
parallelized MHE implementations have begun to make real-time ap-
plication more feasible, particularly for systems with short prediction
horizons [26]. Complementary to model-based approaches, researchers
have also explored learning-based estimation. In [27] a learning-based
hybrid model is presented that combines first—principle dynamics with a
neural predictor that captures unmodeled residual forces/torques, stem-
ming from payload dynamics, for multirotor UAVs. The hybrid model
is integrated into an MPC framework and is validated both in simula-
tions and real-world experiments. Results show significant reduction in
force/torque estimation errors, if compared to pure learning-based esti-
mators where neural networks or hybrid physics-informed models have
been trained to infer load dynamics from flight data. Although these
methods have demonstrated potential in capturing unmodeled dynamics
and compensating for sensor delays, challenges related to their general-
izability and safety assurance remain unresolved, limiting their current
applicability in safety—critical aerial systems.

This study introduces a novel method for estimating the swing state
of a payload suspended and transported cooperatively by two rotorcraft.
The coupled slung-load system is first modeled using the Lagrangian
formulation, with a tailored parameterization of payload position that
captures its oscillatory dynamics. The resulting system is shown to be un-
deractuated. Linearization is performed about the hovering equilibrium
with the payload at rest. An observation algorithm is then developed
to infer the swing angle and its rate based solely on measurements
of vehicle acceleration in the horizontal plane. The estimation task
is approached via the Fading Gaussian Deterministic Filter (FGDF), a
technique offering optimal configuration tuning to minimize estimation
error in the presence of model uncertainties and measurement noise.
Within this framework, the filter provides globally optimal performance
within its class, as detailed in [28,29].

The estimated swing states are subsequently employed within a
proportional feedback controller designed to stabilize payload oscilla-
tions in a decentralized manner. The controller structure builds on the
framework introduced in [5], and is conceived as a modular addition
to existing rotorcraft guidance, navigation, and control (GNC) loops,
which address formation geometry maintenance, trajectory tracking,
and obstacle avoidance [30]. Furthermore, a complementary method is
proposed for estimating payload mass using only basic attitude measure-
ments from onboard sensors, extending the applicability of the proposed
control scheme to scenarios where payload mass is uncertain or varies
over time, as in search and rescue, construction, or aerial firefighting
missions [31].

The effectiveness of the proposed approach is validated through nu-
merical simulations in a realistic test case involving a formation of two
octarotors. A detailed dynamic model is employed, incorporating actu-
ator characteristics and a blade-element representation of rotor aerody-
namics. Sample delivery tasks are simulated under non-ideal conditions,
including elastic cables, environmental disturbances, model uncertain-
ties, and sensor noise.

The contributions of this work are multifold: 1) payload swing esti-
mation is achieved without requiring dedicated hardware beyond stan-
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dard onboard inertial measurement units (IMUs); 2) the FGDF method-
ology ensures robustness against external disturbances and unmodeled
dynamics [29]; 3) a procedure is introduced to estimate the three-
dimensional aerodynamic disturbance force acting on each vehicle, en-
hancing estimation reliability in adverse wind conditions [22]; 4) pay-
load mass estimation from simple sensor data broadens the method’s
applicability to variable-mass missions.

From a practical perspective, the controller is demonstrated to be
compatible with widely used commercial off-the-shelf (COTS) solu-
tions, such as the PX4 autopilot platform [32]. Furthermore, the re-
cursive estimation algorithm can be implemented on board a single
vehicle with limited inter-agent communication requirements. Thanks
to the specific problem parameterization, the method remains conceptu-
ally simple while offering rich physical insights. Its general formulation
makes it applicable to a variety of rotorcraft configurations, yielding im-
provements in flight stability, operational safety, and energy efficiency.
Although the proposed estimation filter relies on a linearized representa-
tion of the coupled rotorcraft-payload system, it effectively captures the
essential dynamics with satisfactory accuracy, while maintaining a no-
tably low computational burden. This balance between model simplicity
and estimation fidelity makes the method particularly well-suited for
real-time onboard implementation. It is acknowledged that the filter
may lose precision under extreme flight conditions involving large pay-
load swings or highly aggressive maneuvers. However, such scenarios
fall outside the scope of the present study. The intended application do-
main encompasses future air delivery and industrial logistics operations,
where flight trajectories are required to be smooth and conservative to
minimize the risk of damage to both the payload and the surrounding
environment. Moreover, the proposed control strategy inherently rein-
forces the robustness of the estimation framework by actively limiting
both the amplitude of oscillations and the magnitude of inertial accel-
erations, thereby ensuring that the system operates within a dynamic
regime consistent with the assumptions underpinning the observer de-
sign.

2. System modeling
2.1. Reference frames

First, an Earth-fixed North-East-Down frame, F = {Og; X5, Y. 25 )
is considered according to the definition in [5]. Provided P, is the cen-
ter of gravity of the i-th agent, two sets of right-handed orthogonal
reference frames are introduced:

1. two Body-fixed frames, Fp; = { P;;xp,,¥3p;,Zp;}, i = 1, 2. The lon-
gitudinal axis xp; is positive out the nose of the i-th rotorcraft in
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Fig. 1. Multirotor body-fixed reference frames.

its selected plane of symmetry, zp,; aims in the direction of fuse-
lage/frame bottom, and y; completes a right-handed triad;

2. arotorcraft structural reference frame, Fg = {Og;Xxg,y 5,25}, used
to locate the center of gravity and all vehicle components: axes are
parallel to the body—fixed frame axes, such that x ¢ = —xp, ys = yp,
and zg = —zp. Stationlines (ST) are measured positive aft along
the longitudinal axis. Buttlines (BL) are lateral distances, positive
to the right, and waterlines (W L) are measured vertically, positive
upward. In what follows, without loss of generality, a sample mul-
tirotor configuration is considered. In such a case, Og lies on the
top surface of frame and is aligned vertically with drone geometric
center over the xg — yg plane.

A sketch of the i-th rotorcraft including the selected reference frames
is reported in Fig. 1. Vector transformation between Fp and Fp; is
provided by the rotation matrix T g(,) [51, where ; = [¢;, 6;, w;]"
defines the attitude of the i—th vehicle through the classical ‘roll’, ‘pitch’,
and ‘yaw’ angles that characterize the ZYX Tait-Bryan extrinsic rotation
sequence [33]. In what follows, the subscript ‘E’ will be dropped for
simplicity.

2.2. Equations of motion

Let ry = [ry;, ry, Iz T be the position of the i-th agent and v; =
[V Uy UZ,.]T its velocity with respect to the inertial frame. A sus-
pended load with mass m; is connected in P, by a cable to the i—th agent.
The drones and the suspension cables are assumed to be identical. The
dynamics of each agent as expressed in F is described by:

= o= (mgt it S W

1 1
where m is the mass of the rotorcraft, g = [0, 0, g]” is the local grav-
itational acceleration vector, f); = [fy,. fJ’l[’ fui]T is the force in-
duced by the load on the i—th rotorcraft through the cable, and f,; =
[fy dp f va,’ /2 4 17 is vehicle aerodynamic disturbance, that accounts for
the contributions of rotorcraft frame drag and rotor in—plane forces. The
thrust vector f; =[f,, fyc,’ fzc,-]T’ directed along zp; and pointing
upwards, represents the only control input to Eq. (1). It is assumed that
the i—th cable is connected to the center of gravity of the i—th agent, such
that f;; has no effect on attitude motion. Each cable is modeled as mass-
less, under the assumption that its mass is negligible compared to the
total mass of the system. It is further treated as a perfectly rigid element
of constant nominal length L, implying no deformation under load and
the ability to transmit both tensile and compressive forces, akin to an
ideal rigid link, although, in practice, the transmission of compressive
forces through cables is highly improbable.
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Fig. 2. Definition of oscillation angle ¢.

With respect to payload position r; = [ry, ry, r,;]7, an ad hoc pa-
rameterization is adopted which stems from the approach in [29]. Let
P,, be the midpoint between P; and P,, with position r,, = (r; +r,)/2
(see Fig. 2.a). Define y =r; —r, and p = (y/y) X zg, where y = ||y||
and ‘X’ is the cross—product operator. Consider the reference frame
Fy ={Py;Xy.yy.2y} with axes x;; = B/, yy =v/y, and zy =
Xy Xy = (B/B) X (r/1), provided § = ||B. Note that y, and z
lie on the local vertical plane I' that contains the vehicles, while x
identifies the direction orthogonal to I', as shown in Fig. 2.b. Vector
transformation between ¥ and Fj; is provided by the rotation matrix
Tpy =[xy Yy 2zyl, where unit vector components are expressed in
Fr as

xH=[r”—ryz,rxz—rxl,O]T/ﬂ 2)
y”:[rxl_rx2”y1_ry2”Z1_’z2]T/7 3
Zg = [“(rxl _rx2)<rzl _rzz)’ _(ry| _ryz)(er _rZZ)’ C)

(rxl _VXZ)2+ (ryl _ryz)z]T/(ﬂy>

with

2 2
ﬂ:\/(rxl_rXZ) +(ry1_ry2) ()
y=\/(rx1 —r,(2)2+(ryl —)‘y2)2+(rZl —rzz)2 (6)

Let 1 =1/ ||I|| be the unit vector directed from P,, to P,, where [=r;—r,,
and ||I|| = v/ L? — y2 /4. Payload position is parameterized through the
angle —7 < { <z, { # +7/2, obtained from load rotation about y.
Given I =Ty 1y, it is 1y = [sin¢, 0, cos¢]” and payload position is
calculated as a function of ¢, ry, and r,. It follows:

rp=r,+ || Ty lsing, 0, cos¢]” @

=(ry+ry)/2+ (\/L2—y2/4) T gy [sin¢, 0, cos¢|"

Let A= [r]T rg {17 € R7 be a vector of generalized coordinates. The
Lagrangian equation with respect to 4 is [29]:

d (0E 0E
([ =)-== 8
dt(aj) " ®
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where E = K — U is Lagrangian function and = € R’ is a vector of gen-
eralized forces. K is system kinetic energy, given by

1 T, T, 1 T
K=§m(r1rl+r2r2)+§m,rlr, 9

where #; denotes load velocity as obtained from Eq. (7), namely:
vy

244 L2 —y2

+ (\/L2 —y2/4) {TEH [sin¢, 0, cos 1T

+ Ty [cosg, 0, —sin¢]" ¢}
With respect to time-derivatives T pj; and 7 in Eq. (10), it is Tpyy =
[y Yy zpg), where iy =(Bp—Bp)/F yu=(rv—r7)/r* and
2y =[(BF=BP) /P (r/r)+[(ry —v7)/v*] x (B/B) while

P = (1 +F)/2 - Ty [sing, 0, cos¢]" 10

B=ry, = Fyye iy =i 0] an

p= [(fxl —fxz)(rx1 —ra)+ (fyl _fyz)(ryl _ryz)]/ﬁ 12

F= [P, =Py Py = Py oy =] (13)

7= [(i'xl —fo)(rxl ~re) + (fyl _fyz)(”yl =ry,) as
+ (72 =2 (ra = ra)| /7

Potential energy U is related to the vertical displacement of the agents
and the suspended load:

U:—mg(rzl+rz2)—m1grzl (15)

Given the energy contributions in Egs. (9) and (15) and taking into
account the state of the load as described by Egs. (7) and (10), the La-
grangian equation is manipulated into the system:

A=p, MAV)p+CApp+GA =1 (16)
where u = [v] v] {]" € R7. For the sake of brevity, the highly-
nonlinear and lengthy expressions of terms M (1), C(4, u), and G(4)
are not detailed in the present framework but can be made available to
the reader upon request. The generalized force vector 7 =17, + 7, € R’
is made of a control contribution, 7, =[f c1T f cg 0]7, and a disturbance
term, 7, =[f [,IT f dzT 017, that mostly accounts for the aerodynamic drag
of the multirotor.

3. Swing state estimation
3.1. System linearization

Lety =[7y. 7y 0]” be the prescribed mutual distance vector between
the two agents of the formation, with components expressed in F,

selected such that 7 = /72 + 7}% < 2 L. The system in Eq. (16) is lin-

earized about the equilibrium (y, iz), where y = ar T = [rIT (r, —
7)7 0,517 € R!4 is representative of a hovering flight where the three
point-masses lie on the local vertical plane I' (see Fig. 2), provided
the aerodynamic disturbances are a constant, fd] and ]‘dZ' The term
=[] a]]" € R represents the proper equilibrium force, where it; =
fe,+fq andi,=f. +f, Insuchacasel =0, £ =0, and Agent 2 is
required to maintain the prescribed position 7, = r; —¥. The generalized
equilibrium force is obtained as 7 = 7, + T4, = G(1). Let M =2m+m, be
the total system mass and define & =2 (1 — i) + 1. Taking into account
the first 6 components in 7, the proper equilibrium force #@; is obtained
as

o [emarn, _em&rn,  gm)”
"lavar =2 oAz 2

while the control force generated by the i-th agent is

a7
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Fo=1le 1 T2l =01 (18)
Theorem 1. Consider the slung-load system described by Eq. (16). The equi-

librium point (y, ), characterized by Eq. (17) and obtained by the control
force in Eq. (18), satisfies the second—order equation:

al-m[2+bl-m,+c,-=0 (19)
where

a; = g4_2 <% — tan? d,-) (20)
b=-g 51-M+(f_Z +mg)tan’ @ (21)
¢ =f—fd[ +fy24,- - (f_zd,- +mg)2tan25zl- (22)

for i=1,2, provided @&; > 0 is the angle between —z and the i-th equi-
librium control force fc,» In the case when the agents of the formation are
multirotors, it follows a; = arccos(cos ¢; cos 8,), provided #j; = [p;, 0;, w17
is the equilibrium attitude of the i—th agent.

Proof. See Appendix A. []

Remark 1. Assume the disturbance force components fxd," fydi, and
Va ,, can be estimated and the attitude variables ¢; and 0, are measured
in a hovering condition. Eq. (19) can be solved to estimate m, in all those
cases where payload mass is uncertain or not known a-priori. In this
respect, an initial hovering maneuver can be planned where the forma-
tion is stabilized in the desired equilibrium condition and the estimated
payload mass ; is computed as a steady-state solution to Eq. (19).
For values of practical application, two real-distinct solutions are ob-
tained, between which the negative one is excluded. The analysis can
be performed for either vehicle, nominally leading to the same solution
even though different disturbances and attitude variables characterize
the multirotors. As an alternative, without loss of generality, Agent 1
can be assumed as the formation leader where all necessary informa-
tion converge to allow all estimation procedures. With respect to the
estimation of disturbance forces, different methods are available in the
literature, where disturbance observers (DOBs) are typically designed
to support the control action in rejecting both external disturbances and
effects of model uncertainties [34].

Remark 2. To prevent singularities in the proposed mathematical for-
mulation, a constraint is imposed on the design of the prescribed mutual
distance vector between the two agents, namely 7 = /72 + 775 <2L.
Assuming Agent 1 is stabilized at r; and Agent 2 lies at r| — 7, the de-
terminant of M (A) becomes:

4

=2
det(M) = 25 my (2m; +m) L* + 7 <L2 - %)] (23)
Y

Given m, m;, and L, the configuration becomes ill-posed when det(M ) =
0, which situation occurs for values of 7 that satisfy the equation:

m* 7t —dm* L*7* —4m; (2m;+m) L* =0 (24

that does not depend on the particular swing state of the payload. The
4-th order polynomial in Eq. (24) has only one real positive root, given
by 7* =2 L+/1+m;/(2m). Since 7* > 2 L, the suggested constraint al-
lows for a well-posed and safe configuration of the formation.

Let y=[AT uT1T eR™ and u = [ulT u;]T € R be the state and in-
put vectors respectively describing the dynamics in Eq. (16), linearized
about the considered equilibrium condition. The standard state-space
representation y = Ay + Bu is derived where A € R'*X!* is the state
matrix,
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0757 I;
Ag1 Agp o Agg
A=l Ay Agp o Agg | , (25)
H : <7
| Aug Aua - Apg
and B € R!**6 is the input matrix,
[ 07><6
B Bgy Bgy, ... Bgg 26
=| By, By, ... Bog (26)
Biyy Bisp .o Bug

In the present framework, I 18 the unit matrix with dimension p, while
0, is the null matrix with dimension ¢ X r. The components of matrices
in Egs. (25) and (26) are detailed in Appendix B.

3.2. Filter recursive equations

Let x = [¢, £]T € R? be the state vector representing payload os-
cillation dynamics only. The linear time-invariant state-space model
x= Ag X+ Bg u is extracted from Egs. (25) and (26), where

R o

and

Bgz[ 0 0 0 0 0 0

(28)
By Buy Bugs

Biy4 Bus Biys
The considered dynamic model is reformulated into difference equa-
tions where the true state vector x*) at time k propagates according
to x*+D = @W x® 4 Wk y®) The state transition matrix for the es-
timation algorithm is obtained as ®* = ® = exp (AC At), where At =
ty41 — i is the sampling interval. The control-input model is calculated
as P :W:Agl(cb- I,)B;.

The linearization of system dynamics in Eq. (16) provides addi-
tional information related to vehicles acceleration on the local horizon-
tal plane. As an example, the following equation is obtained for Agent 1:

T
aj=a,[rlr}] +Bu+i¢ (29)

_ T _ - . . T - .
where a; = [axl,ayl,az]] = [le, Dy, Uzl] is the acceleration of

Agent 1 as expressed in F, provided

ay=| Ag; A9y Agz Agy Ags Agg |, (30)

Bi=| Byy Byop Byz Bgy Bys Byg | (31)

and 4, = [A8’7, Ag7, O]T are matrix subsets of A and B, with e}, | €
R3*6, and A; € R*¥!. It is noted from Egs. (2)-(4) that the ad hoc refer-
ence frame 7y in the equilibrium condition is defined by unit vectors
%y =17y —¥x 01T /7, ¥y = [¥x» 7, 017 /7, and 25 = [0, 0, 1]7. By ap-
plying the transformation Ty =T IT5 g =%y ¥u Zzg]" tobothsides
of Eq. (29), one obtains

T
Toe <a1 —a [rlTrzT]T—ﬁlu> = [%c, 0. 0] (32)
where the definition of 4, is accounted with the values of Ag; and Ag;
in Appendix B. Assume that, at time k the input u®® is known while ac-
celeration a(lk) and position information r* and r(zk) are made available
from sensors. Equation (32) infers the observability of oscillation angle
¢ from acceleration and control contributions along x; only. Hence,
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by focusing on the first component, one obtains the measurement ¢, of
swing angle, namely

2m _ k URGAE
G = e i (ai)—al [ (33)

The observation z®) = C,(,,k) tracks the considered dynamic process as
in z® = Hx®, where H = [1 O] is the time-invariant observation
matrix. Measurements are assumed to be corrupted by noise v(©) with
variance R, that is z¥) = H x®) 4 v(®), The estimation problem is solved
by a set of Kalman-like recursive equations where the gain matrix is
computed through the formal minimization of a cost function, with no
other assumption [28]. The approach follows that proposed in [29],
where the FGDF is described in detail. The same nomenclature is here
adopted.

Remark 3. Input u® in Eq. (33) is assumed to be known, accounting
for both disturbance and control forces. With respect to the knowledge
of control force, an approximate solution is provided for a multirotor
platform, based on the approach in [22]. Starting from the definition in
Sec. 2.2, the i—th vehicle control force is expressed as f,, = —T;zp; =
TE @) 10,0, —T,-]T, where T; is net thrust generated along zp;. Taking
into account Eq. (1) and including the estimated external disturbance
f‘di, the reconstructed thrust magnitude 7 is calculated as

Ti=Hmai_mg_}.l[_.?d[H (34)

where g is measured gravity acceleration and f,i is the estimated
force induced by the load on the i-th multirotor. Under the simpli-
fying assumption that maneuvers are performed near the equilibrium
(y, m), it is possible to assign mg + fII_ ~ —ii;, where @; is retrieved
from Eq. (17). Reconstructed control force for filtering purposes is thus
u; = Tg @) 10,0, —T,-]T, provided #; is obtained from measured atti-
tude and T, = ‘ ma; + i; — ]d’_ H Extension of the proposed method to
conventional helicopter configurations can be conceived with minimum
effort by accounting for both tail rotor and main rotor contributions in
the estimation of net control force.

Fig. 3 suggests a suitable architecture for the implementation of
FGDF in a real application scenario. Without loss of generality, Agent 1
is assumed to be the leader, where both payload mass and swing state
estimation routines are computed. On condition that each vehicle is
equipped with a DOB, the amount of transmission data is reduced to
a minimum, that includes position r, and reconstructed input force u,
(from Agent 2 to Agent 1) and estimated swing state X (from Agent 1 to
Agent 2), the latter being available to generate a common payload con-
trol action. With respect to the disturbance observation and the control
force estimation respectively discussed in Remarks 1 and 3, an alterna-
tive method of practical application will be proposed in Sec. 4, based on
the particular control strategy of PX4 standard [32].

4. Results
4.1. Simulation platform

Simulations are performed in Matlab® environment with a 4th—order
Runge-Kutta solver frequency of 500 Hz [35]. The agents of the forma-
tion are two identical octarotors modeled as rigid bodies. The modeling
follows the same approach and nomenclature adopted in [10], where
the selected platform, characterized by a planar set of contra-rotating
propellers, is described in detail. For the sake of brevity, only relevant
system parameters are listed in Table 1. The payload is assumed to be
a point mass attached through a hook point H, distinct from rotorcraft
center of gravity. The payload is affected by aerodynamic drag, pro-
vided A, =7n R12 is the frontal area of an equivalent sphere with radius
R, =0.5 m and drag coefficient C;, =0.5:
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Fig. 3. Suitable architecture for FGDF implementation.

Table 1
Relevant system parameters.

Parameter Symbol Value Units

Multirotor

Mass m 70 kg

Center of gravity position STAp=BLp 0 m
WLy -0.15 m

Moments of inertia Ji 10.61 kgm?
Iy 10.31 kgm?
Jys 19.74 kgm?
Jiy 0.037 kgm?
Jis -0.043 kgm?
Jys -0.003 kgm?

Center of pressure position ~ STAcp=BLcp 0 m
WLep 0125 m

Frame drag areas A=A, 0.22 m?
A; 1.03 m?

Propeller

Number of blades ny, 2

Radius R 0.5 m

Mean aerodynamic chord ¢ 0.086 m

Chord @ 75% R 75 0.103 m

Lift curve slope a 5.9 rad~!

Pre—cone angle ag 0 rad

Root pitch angle 0y 0.7854 rad

Total twist 0, -0.6981 rad

Load

Mass m 100 kg

Reference area A, 0.785 m?

Drag coefficient (sphere) Cyy 0.5

Cable

Nominal length L 15 m

Hooke’s constant K 90950 Nm™!

Damping coefficient C 215 Nm™'s

Hook point position STA,; =BLy 0 m
WLy -0.2 m
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Fig. 4. The i-th multirotor control scheme based on PX4 autopilot architecture
[32].
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Air parameters are calculated by the International Standard Atmosphere
(ISA) model as a function of altitude [36]. Local gravitational data are
provided by the World Geodetic System 1984 model as a function of
vehicle latitude, longitude, and altitude [37]. Let ¢; =r;, — r; be the
vector describing the orientation and length of the i—th cable. The force
f1; in Eq. (1) is calculated by the equation

f1i=(KAL,+CAL)) ¢ (36)

where K is the elastic constant, AL; = ||¢;|| = L and AL, are, respec-
tively, the elastic deformation and its time derivative, and &, = ¢;/ ||c;]|
is a unit vector. With respect to the classical Hookes’ model in [10],
cable internal damping is accounted by coefficient C. The dynamics of
each electric propulsion unit, comprising an Electronic Speed Controller
(ESC) and a brushless motor, are represented by a first-order transfer
function with time constant z,,, = 0.06 s, capturing both electrical and
mechanical non-idealities. This transfer function maps the commanded
rotor angular rate to the actual rate delivered by the motor shaft.

4.2. Control system design

A controller is designed and empirically validated to fulfill 1)
formation—keeping and trajectory-tracking, 2) inter-agent collision
avoidance, and 3) active payload stabilization. Control tasks are per-
formed, without loss of generality, through a cascaded algorithm based
on PX4 architecture and notation [32]. Such control solution is known
to stabilize the i-th octarotor according to different flight modes that
include the tracking of an Earth—fixed set—point position r, , velocity
Usp,» or acceleration ay, (see Fig. 4, where ag,_c) is the acceleration
set-point generated by the available Velocity Controller). With re-
spect to formation control, assume the i-th vehicle is required to keep
a prescribed distance from a reference point P,, identified by vector po-
sition r,.(t) and moving with velocity v, = f,. Provided D; is the i-th
agent required position, glven by r;, itis r, + d,=r;andr,+d,=F,
where d; = [d;, dy . dZ,] and d = [d dZ_] respectlvely 1nd1-
cate the current and the requ1red relative dlstance between the i-th
agent and the reference point (see Fig. 5). It is assumed that, when
the i—th agent reaches the desired position D;, formation midpoint P,
exactly tracks P.. Based on the definition of ¥ in Sec. 3.1, it follows
d, =-d, =1[7,/2.7,/2.0]" and the set—-point position in Fig. 4 be-
comes ry, =F; =r.+d;.

Desired acceleration a

sp;?

- T . .
sp = asp 0 Agp, s ag, 1 for the i-th multiro

tor is designed as

—qve CAC PC
ag, = aip’_ )+ aﬁp’_ )+ agpl ) 37)
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Fig. 5. Definition of current (P;) and desired (D,) position of the i-th agent.
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D

lision Avoidance Control capabilities, and ay,
Control strategies.

With respect to agiAc), the method proposed in [30] is adopted,
based on the definition of potential function

CAC
accounts for formation stabilization, a( 5p )

(PC)

where a; provides Col-

implements Payload

2

V,(y) = % [M] (38)

YTy RW,

where R;,, <7/2 is the radius of a sphere, centered at P,, representing
a safety zone for the i—th agent. The acceleration contribution allowing
for inter-agent collision avoidance is thus:

a0 =¢ K, VV( (39)

where K, > 0 is a control gain and

_(7—7)"7—7”2_ yll7 =7l
(rr-r,)  (r-r,)

is the gradient of potential function in Eq. (38) with respect to y. In the
present case, it is R,,, =2 m and K, =0.05 m?/s2.
The proposed payload controller is structured as

(40)

|

ag;’f> = (k,C+kg&)xp, (41)

being directed over the local horizontal plane in the direction of x,
where k, and k; are positive gains and ¢ and ¢ are estimated through
the FGDF. In the present framework, it is k,= 9 m/(rad s?) and ky=2
m/(rads).

4.3. Measurement setup

Non-ideal sensing behavior is considered where noise, bias, and sen-
sor positioning errors are introduced and described from a numerical
standpoint. Onboard computer is located in ST Ap;y = BLp;x =0m
and W Lp;y = —0.1 m, with axes aligned with 7 p—axes. To simulate the
effects of sensor noise, zero-mean Gaussian white noise is added to each
Euler angle and angular velocity measurement, with standard devia-
tions o, = 0.018 deg and 6, = 0.095 deg/s, respectively. The body-fixed
accelerometer readings are obtained by adding white Gaussian noise
with 6, =0.015 m/s? and constant bias b, =[0.015, —0.01, 0.002]7
m/s* and b, = [—0.004, 0.007, =0.02]" m/s? to the simulated values
of Vehicle 1 and 2, respectively. Error is also considered for vehicle
position and velocity expressed in Fj, provided standard deviations

c =0.074 m and o] xy = 0.009 m/s affect the motion over the
xy

acc

P
local-horizontal plane, while ¢, =0.034 m and o | = 0.005 m/s

characterize the vertical channel The onboard computer operates at a
frequency of 100 Hz (sample time At =0.01 s) and a fixed time delay,
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Fig. 6. Case 1: (a) stabilization of formation error, (b) static estimation of payload mass.

t; =0.04 s, is accounted for local processing and communication issues
between the agents of the formation. Note that, among all broadcast
signals, the reference trajectory information (provided, for example, by
a ground control station) must be included. Same consideration holds
for the mutual transmission of agent position data to reconstruct the
Xy = Xxpy(ry, ry)-term in Eq. (41).

Based on the particular control strategy of PX4 standard in Fig. 4,
a simple yet effective method is adopted to retrieve the input force
value, u; = f.; + f4;- Assuming ideal electric motors, the thrust value

is computed as T, = m

ag, ) By accounting for attitude dynamics,
the generated control force as expressed in F is finally estimated as
f‘ci = Tg (@) 10,0, —7~",»]T. With respect to the analysis of external dis-
turbances, it is noted that velocity controller in Fig. 4 is based on a
simple PID implementation [32], where the error between the set—point
and the measured velocity is transformed into the desired acceleration

vCe) _  (vO) Vo) Ze)
Asp; = Asp; P + Asp; SPi
‘D’ respectively denote the proportional, integral, and derivative con-
tributions. Under the hypothesis of quasi-steady external disturbances,

based on the capability of integral contributions to reject external dis-

; +a >’ where the subscripts ‘P’, ‘I’, and

turbances [38], it is assumed that }'di =—-m ag/,ic) e Hence, estimated
input force is given as &, =T . (#,) [0, 0, =T;]" —m ag‘_c) ,

4.4. Performance indicators

Indicators are defined to characterize the performance of the closed—
loop system with and without the auxiliary support of PC.

* Maneuver time, f,. It is the total time required to conclude
a prescribed maneuver, based on a stop criterion. Define §; =
(64 8y, 6,17 =d; —d; and €; = [, €., €,,]" =v, —v; as the
relative position and trajectory error variables, respectively. The
simulation starts at t = 0 s and is assumed to be concluded when
two conditions are simultaneously satisfied: 1) the formation con-
trol residual error e, = H [61T elT 62T 62T]|| falls below 0.2, provided §;
and €; are expressed in m and m/s, respectively, and 2) the absolute
value of { remains bounded below 0.5 deg for a prescribed time of
5s.

Average swing angle, {,,. It is calculated as {,, = I(t,)/t,, where
the integral

rm
Ity = / ()] ds 2)
0

is evaluated over maneuver time interval and provides an indication
of how much and how long payload position P, remains far from the
local vertical plane T'.

Total propulsive energy, E,,,,. It is the mechanical energy delivered
by electrical motors to propellers, calculated by the integral

1
m g
Epropz/zpshj(s)ds (43)
o /7!

where Py, ; = Q; Q; is the output shaft power generated by the j-th
motor, j =1,...,8, obtained from required torque Q; and angular
rate Q; under the assumption of null friction torque. In the present
case, E,, is calculated for Agent 1 only.

4.5. Test cases

Consider the desired formation identified by 7 = [0, 10, 0]7 m. It
follows d; = —d, =0, 5, 0]” m, provided 7, = 0 m and 7, =10 m. Since
7 =|I7ll <2 L =15 m, the designed formation is well-posed according
to Remark 2 (in this case 7* =2 L /1 + m;/(2m) ~ 39.28 m).

The first simulation case (‘1”) is described to validate the forma-
tion acquisition capabilities and the payload mass estimation method
discussed in Theorem 1 and Remark 1 while agic) =0 m/s’. The
octarotors are required to leave the initial state defined at 1 =0 s
by r(0) = [2, 5.2, —18]" m, ry(0) = [-4, —5.2, —18]" m, and v,(0) =
v,(0) = [0, 0, 0]” m/s, with ¢(0) = 3.6 deg and ¢(0) = 0 deg/s. The ini-
tial attitude is represented by n,(0) = —1,(0) = [8.89, —5.19, 0] deg. The
reference point is a constant, r,.(t) = [0, 0, —20]" m, and the desired
yaw angle is vy, = w,,, =0 deg. The maneuver is performed in the
presence of a constant wind w = [-2, 1.5, 0]7 m/s, with components
expressed in 7. During the maneuver, performed with a prescribed
60 s duration, Eq. (19) is solved on board Vehicle 1 and the solution
fy = (=b; +
error e, is plotted as a function of time, showing correct stabilization
of formation geometry. In Fig. 6.b, the estimated payload mass is re-
ported, provided a low—pass filter is applied to the computed value, as
obtained by a first-order transfer function with time constant z; p = 0.5
s. After a rapid initial transient (¢ < 2 s), the algorithm reaches plausible
values and stabilizes to a steady-state solution. By averaging the last 10

A /b% —4ay c;)/(2ay) is considered. In Fig. 6.a, the residual
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s of data, one has 1, = 99.76 kg, which infers satisfactory accuracy. It
is noted that mass estimation error (—0.24%) accounts for the presence
of a hook point that is distinct from vehicle’s center of gravity, which
goes against the hypotheses at the basis of proposed algorithms (and is
responsible for the high—frequency oscillations in Figs. 6-8). The esti-
mation of control and disturbance forces plays a fundamental role, as it
was pointed out in Remarks 1 and 3. In this respect, Figs. 7 and 8 report
a comparison between real and estimated values for Vehicle 1, which
reaches the steady-state measured attitude identified by ¢, = 7.88 deg,
6, = —0.71 deg, and @, = arccos(cos ¢; cosd;) = 7.91 deg. During the
maneuver, payload oscillation is excited according to Fig. 9, until the
rest condition is practically acquired. The system results to be evidently
underdamped, provided dissipative effects are (directly) generated by
payload aerodynamic drag and (indirectly) by the stabilization of for-
mation speed errors, €; and €,.

The second maneuver (‘2’) is adopted as a test case to perform filter
tuning, based on payload mass value 7, estimated above. The octaro-

tors leave the initial state defined by r(0) = [0, 5, —201" m, r,(0) =
[0, =5, —20]7 m, and v,(0) = v,(0) = [0, 0, 0] m/s, with the payload
at rest in the absence of wind. The initial attitude is 7,(0) = —1,(0) =
[8.38, 0, 0] deg. The reference point is a constant, r,.(t) =[20, 0, —201"
m, and the desired yaw angle is y, = y,,, =0 deg. Dynamic system
matrices in Egs. (27) and (28) are, respectively:

00 0
0 0 -0.5051

00

-3
0 0 10

0 1 0
A= [—1.1876 0] - Be= [—0.5051
(44)

The state-transition matrix is computed by Matlab® matrix exponential
function expm(-), according to the method in [39]:

0.9999  0.010 ] 45)

®= [—0.01 19 0.9999

The control-input model is:
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Fig. 10. Case 2: (a) formation error stabilization and (b) estimation convergence for the nominal covariance matrix.

_[-0.0025 0 0O
~[-0.5051 0 0

-0.0025 0 0

1075
-0.5051 0 O 10

r (46)

For the sake of brevity, the tuning and scaling procedures detailed
in [29] to find the globally-optimum FGDF configuration are not de-
scribed. Final results are directly provided, where g = 0.998 is the best
fading factor at which the estimated measurement noise covariance
matrix R satisfies R = R* ~ R, where R* and R are, respectively,
the assigned and the true noise covariance values. In the present case
R=1.98-107° rad? and the assigned value is R* = 1.95- 107> rad?. The
algorithm is initialized with null state vector and nominal error covari-
ance (E7)0 = diag(8, 9) - 1078, The time history of formation residual
EZC) =0 m/s? is reported in Fig. 10.a, provided that
maneuver time is ¢,, = 71.2 s. Filter stabilization occurs as in Fig. 10.b,
where the trace of the nominal covariance matrix E (and, therefore,
the gain of the estimator) sets on a constant value. With respect to fil-
ter performance, a comparison is reported in Fig. 11 between the true,
the filter—estimated, and the measured oscillation angle according to

e, in the case when a

10

Table 2

Case 2: summary of performance indicators.
index without PC with PC error [%]
t,, [s] 71.2 42.1 -40.9
I(t,) [degs] 299.71 172.03 -42.6
£, [degl 4.21 4.08 3.1
E,,, [kJ] 995.7 589.6 -40.8

prop

Eq. (33). In Fig. 12 satisfactory performance of the recursive algorithm
is assessed also for the estimation of oscillation rate.

In the case when PC is activated according to Eq. (41), based on
the feedback of estimated variables, the same maneuver is concluded
with 7,, =42.1 s. The beneficial effect of agﬁ,c) is also evident in Fig. 13,
where oscillation variables are shown to be rapidly damped. With re-
spect to other performance indicators, Table 2 summarizes main results
and computes percentage errors. It is noteworthy that a 40.8% reduction
of required energy is obtained thanks to PC strategy.
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Fig. 12. Case 2: comparison between the real and the estimated oscillation rate.

In the last simulation case (‘3”) the octarotors start from a hov-
ering condition characterized by r;(0) = [2, 0, —201" m and r,(0) =
[-2, 0, —20]7 m with the payload at rest in the presence of steady wind
w =[-0.5, 2, —1]" m/s. Desired formation geometry and FGDF equa-
tions are reconfigured with 7 = [4,0,0]7 m and null set-point yaw
angles. The tuning, scaling, and initialization parameters given above
for the estimation algorithm are left unchanged to validate filter config-
uration robustness with respect to (at least bounded) formation geom-
etry variations. Reference trajectory is defined by r,(t) = [t, 2, =20]7
m (v,() = [1,0,0]” m/s) for t <20 s and r,.(t) = [2¢ — 20, 0, —20]"
m (v,(t) =2, 0, 017 m/s) for t > 20 s. An additive disturbance signal
agf,)]) =[-3, 0, 0]7 m/s? is assumed to perturb Eq. (37) for i =1 during
time interval 30 <t <31 s, thus simulating a short-term malfunction of
control system in Agent 1. Provided the focus is posed on speed track-
ing capabilities, Condition 1 in Sec. 4.4, that defines maneuver time,
is here adapted to the reduced—order speed error e,; = ”[elT eZT]”, re-
quired to fall below 0.02 m/s. Fig. 14.a reports the time history of error
e, = |I¥ — rll, showing stabilization of close formation for R,, =1 m.

11

Table 3

Case 3: summary of performance indicators.
index without PC with PC error [%)]
1, [s] 60.4 44.8 -25.7
I.(,) [degs] 62.60 34.76 -44.5
. [deg] 1.04 0.78 -25.2
E [kJ] 845.6 630.5 -25.4

prop

The beneficial effect of CAC is evident during time interval 30 <t <31s
(see gray areas), where safety margin with respect to eventual collision
is guaranteed. In Fig. 14.b, the speed error e, is plotted with satisfac-
tory accuracy of the speed-tracking capabilities. Table 3 resumes main
indicator values with evident advantages of the proposed estimation
and control strategy, especially in terms of required energy and ma-
neuver time. Finally, Fig. 15 depicts the true oscillation angle and rate
as obtained with and without PC, showing reduced swing in the former
case.
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5. Conclusions

The cooperative transportation of a payload using two identical ro-
torcraft was investigated. The system, comprising three point masses
connected by two rigid, massless cables and subject to external dis-
turbances, was first modeled through a Lagrangian formulation. The
resulting equations of motion were subsequently linearized around a
hovering equilibrium in which the payload remains stationary. These
equations were then reformulated to enable estimation of the payload’s
swing state (specifically, its angle and angular rate), based on measure-
ments of the vehicles’ accelerations in the inertial frame. To this end,
a recursive estimation algorithm known as the Fading Gaussian Deter-
ministic Filter was employed.

The proposed methodology was validated numerically within a high—
fidelity simulation environment involving heavy-lift octarotors tasked
with maintaining formation geometry, following prescribed trajectories,
and avoiding inter-agent collisions. The estimated swing states were in-
tegrated into a closed-loop feedback control scheme designed for active

12

stabilization of the payload. A practical implementation strategy was
also outlined, leveraging commercially available autopilot systems. Re-
sults demonstrated that the inclusion of swing state feedback not only
enhances delivery accuracy but also leads to reductions in maneuver
time and energy consumption across a range of operational scenarios.
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Appendix A. Proof of Theorem 1

The angle @; > 0 between —z; and the i-th equilibrium control force
[, is given by:

Vi T,
fzﬂi

After squaring both members of Eq. (47) and taking into account
Egs. (17) and (18), one has:

< sm&T >2+< gmbty >2
oarz—p aarz-p2

2
- <—% —fzd_> tan’@; =0

tan@; = — 47)

(48)

Since .fiz =land 72 = )73 + 73, Eq. (48) is finally manipulated to obtain
the polynomial expression in Eq. (16), where payload mass m, is col-
lected. In the case when the agents of the formation are multirotors, f o
is directed along zp;, such that cosa; represents the element with po-
sition (3, 3) of the direction cosine matrix T p(#);) defined in Sec. 2.1.
For the selected attitude representation, irrespective of set—point yaw

13

angle ;, it is cos & = cos ¢; cos f;, where ¢, and 0, are the equilibrium
roll and pitch angles, respectively [22].

Appendix B. Elements of matrices A and B

In what follows, the elements of matrices A and B respectively de-
fined in Egs. (25) and (26) are listed.

gm (2M 12 —m;’/yz)

A =— =—Aga=—A11=A114
2m(2M L2 —m7?) AL =72
(49)
Agn = STy (50)
82 ="
2(2M L2 —my?)4L2 - 72
=—Ags=Ag;=—Ajp=A| 5=—Ap 1 =Any,
4 gm;y, L? B 1)
=— =—Aq.=A =— 51
R 2m L2 +m7?) 86 =A113 116
gmyy,
87= Sy AT (52)
gmy (2ML2 —m)'/z)
Agr=— =—Ags=—Apry=A;s
2m(2M L2 —my?) \/4 L2 - 72
(53)
Ags= g7y L =—Agg=Aps=—-A (549
i @m L2+ m7?) 96=4123 12,6
gmy
91="> LE = Ay (55)
A gmi7:L” =—Ajs=Ap, =—A
10,1 m(3 2 —7) 2 M L —m7?) 104 =413 134
(56)
Ay, = gmi7, L’ =—Aps=Apz,=—A
102=" G0 —7) M —m7) 105 =A132 13,5
(57)
A gm M L? A Apss=A
103 =~ =—A4106 = —4133 = 4136
m(2m; L2+ my?) \/4 L2 — 72
(58)
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A7=0=A137=A141 = A=Az =As=Aus=Anues (59
sM

P S— - ©0)
my/4L% 7?2
m; (m + m,) L’y
By, = - =B14 (61)

my (m+m) L*7, 7,
Bg,=— B —B —B o
8.2 m[4ml M L4+ m2y? (4 12— 72)] 9,1 11,5 14 (62)

m (m+m,)L2)7x VA4 L2 72

= =B =—-B =-B
8.3 mlm ML 427 (4 02— 7] 10,1 116 134
(63)
2 (n 72 _ 2
mys (2L —7y
Bgy=~ 17 = ) ——= =Bi1,1 (64)
2[4m M LY+ m2 72 (4 L2 - 72)]
m 77y (217 =72
Bgs = 177y ) =Bgy=B ;=B (65

C2[Am M LA+ 272 (412 = 72)]

B, = MR oT)VAL -7 (66)
ST 2fam M LA+ m2 2 (412 - 7))

= _BIO,4 = —Bn,s = 313,1

By,= L — my (m+my) L7 =B 67)
PUm mlam ML w2 (402 -72)] 7
+m;) L2, /4 L2 — 72
By; = i (m ) 5, ! =Bjgp=—Bie=—Bi;s
’ m[4m1ML4+m2}72(4L2—}72)] ’ ’ ’
(68)
m 7, (217 ~7%)
By 5= =By, (69)

C2[dm M LA+ 272 (412 = 72)]

5 m 7, (2L* =72 V4 L2 - 72 70
ST oam M LA+ 272 (412 - 72)]

=-Bjos5=—B33=B3,
B =l_ m; (m+m,)L2(4L2—;72) _3 1)
T m mlam M LA 422 (412 -72)] PO

m (212 -7) (412 - 7?)

B = =B (72)
OO o lam ML 2 (402 —72)] 7
V2
By =—————— =B, (73)
my\/4L? -7
7x
Biyy=—————==By; (74)
my\4L?-7?
Biy3=B46=0 (75)

Data availability
Data will be made available on request.
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