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Abstract

We present UNDI, an open-source program to analyse the time depen-
dent spin polarization of an isolated muon interacting with the surrounding
nuclear magnetic dipoles in the context of standard muon spin rotation and
relaxation spectroscopy experiments.

The code can perform both exact and approximated estimates of the
muon polarization function in presence of external fields and electric field
gradients on the nuclei surrounding the muon.

We show that this tool, combined to ab initio estimations of the electric
field gradient at the nuclei interacting with the muon, can become a valuable
complement to supercell based identifications of muon sites in crystals when
large nuclear magnetic moments are present in the sample. In addition, it
allows to properly investigate physical properties influenced by the presence
of a non-negligible electric field gradient such as avoided level crossing reso-
nance, nature of the ground state, disentanglement of electronic and nuclear
magnetic moments or charge ordered states.

The efficiency and effectiveness of this method is shown along the lines
of three realistic examples.

Keywords: Muon Spin Rotation and Relaxation Spectroscopy; Spin
Hamiltonian; Data analysis; Density Functional Theory; Magnetism;
Python 3
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PROGRAM SUMMARY
Program Title: UNDI
Developer’s respository link: https://github.com/bonfus/undi

Licensing provisions: GPLv3
Programming language: Python
Nature of problem: To simplify and potentially automate the analysis of the nu-
clear contribution to muon polarization functions in crystalline materials.
Solution method: A python library that provides a set of tools to efficiently solve
the spin Hamiltonian describing the interaction between the muon and its neigh-
bouring nuclei. The code provides the time development of the spin polarization
of the muon subject to external fields and accounts for quadrupolar interactions
at the nuclear sites. The solution is sought at quantum level accuracy and Hilbert
spaces with dimension up to one million can be handled, thus providing accurate
results for all standard experimental conditions.

1. Introduction

Muon spin rotation and relaxation spectroscopy (µSR) is an experimental
technique that uses the spin of muons as extraordinary sensitive probes of
magnetic fields, capable of detecting down to 10−4 T [1]. In magnetic mate-
rials it is used in a similar fashion to Nuclear Magnetic Resonance (NMR),
but with the notable difference that the muon is injected into the sample
already 100% spin polarized. This is a great advantage with respect to NMR
since it removes the need for applying external magnetic fields to polarize and
perturb the nuclear spins. The time evolution of the muon polarization can
be detected by counting the spatial distribution of positrons emitted in the
muon decay process, again without the need of detecting a radio-frequency
signal as in NMR experiments. In addition, it can be used with virtually any
material provided that the muon stops in the target sample. The drawback
is that the position occupied by the muon is generally unknown.

In systems with well characterized magnetic order, the occupied site(s)
may be identified by comparing the experimental local field with the estimate
obtained from the dipolar interaction of the muon with the spin polarized
electronic orbitals. This is only possible, however, when the contact hyperfine
field at the muon site is known to be negligible.

First principles simulations have been proposed as a general solution and
have already been extensively used to tackle this problem [2, 3, 4, 5, 6, 7],
but their adoption requires some effort, especially due to the fact that in
standard experimental conditions, the muon is an extremely diluted charged
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particle in a periodic system. A compromise must be done in order to accu-
rately describe the hosting material and, at the same time, to get rid of the
periodicity effects when accounting for muon related properties. This is most
commonly done with the supercell approach that still requires non-negligible
computational efforts [8, 9].

An alternative method is to exploit the known details of the nuclei sur-
rounding the muon to obtain information on the interstitial positions that it
can potentially occupy. These studies must be performed in the paramag-
netic phase where magnetic fluctuations of electronic origin average out on
the time scale probed by the muon, but, at the same time, in a temperature
range where thermally activated muon diffusion does not hinder the dipolar
interaction with nuclear magnetic moments. Luckily, this situation is not so
uncommon, since thermally activated muon diffusion is very often observed
at temperatures higher than magnetic ordering.

This approach has indeed already been pursued and described in liter-
ature, with the most common strategy being the adoption of the secular
approximation for the dipolar interaction of the muon with the surrounding
nuclei in the presence of applied fields. However, an approximated but fast
and accurate method to calculate muon polarization functions at full quan-
tum level has been introduced by Celio about 30 years ago and it requires
seconds to run on modern hardware1 [11]. A general and efficient implemen-
tation would allow the widespread adoption of this approach to routinely
evaluate the nuclear contributions to µSR signals. Despite its simplicity,
such a tool is still not available to the general public as an open-source soft-
ware package to the best of our knowledge.

For this reason we developed and shared UNDI (mUon Nuclear Dipolar
Interaction), a program that calculates the polarization function of muons
in solids using both exact or approximated solutions based on the method
described in Ref. [11]. In addition, in metallic materials, we show that sim-
ple ab initio based estimates performed on the unperturbed lattice already
provide the most relevant contributions to the Hamiltonian describing the
muon-sample interaction without having to revert to long supercell simula-
tions [9].

1The author of Ref. [10] reported that a single calculation took about an hour on a 30
years old VAX 8600 system.
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2. Muon-nuclei interaction

The problem that we wish to solve with UNDI is described by the follow-
ing Hamiltonian:

H = HZ,µ +
N∑
i

HZ,i +Hdip,i +HQ,i +
N∑
i,j>i

Hdip,ij (1)

where the sum extends over N nuclei, and

HZ,µ = −h̄γµIµ ·Bext (2)

HZ,i = −h̄γiIi ·Bext (3)

Hdip,i =
µ0h̄

2

4π
γiγµ

(
Ii · Iµ
r3
− 3(Ii · r)(Iµ · r)

r5

)
(4)

Hdip,ij =
µ0h̄

2

4π
γiγj

(
Ii · Ij
r3ij
− 3(Ii · rij)(Ij · rij)

r5ij

)
(5)

HQ,i =
eQi

6Ii(2Ii − 1)

∑
α,β∈{x,y,z}

V αβ
i

[
3

2

(
Iαi I

β
i + Iβi I

α
i

)
− δαβI2i

]
(6)

where HZ,µ and HZ,i are the Zeeman interactions for the muon and for each
nucleus subject to the field Bext, Hdip,i is the dipolar interaction between
the muon and the nuclei and Hdip,ij is the dipolar interaction between the
nuclei i and j. Finally, HQ,i is the quadrupolar interaction, with Vi being
the electric field gradient (EFG) at nuclear site i. In Eqs. 3-6, Ii is the spin
operator of nucleus i, characterized by a the gyromagnetic ratio γi, in Eq. 2
Iµ is the spin operator of the muon, that has gyromagnetic ratio γµ, and r
is the vector from the muon to the various nuclei while rij is the distance
between nuclei i and j. In general, in light of the r−3 decrease in the strength
of the dipolar interaction, the sum is limited to a few nearest neighbors of
the muon and the dipolar interaction between the various nuclei can often
be neglected.

In standard experimental conditions, the nuclear moments are not mag-
netically ordered and the muon stops inside the sample with a defined initial
spin polarization directed as:

sµ =
Iµ
Iµ

(7)
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The system can be described by the following density operators:

ρ = ρµ ⊗
I
D

(8)

ρµ =
1

2
(I + sµ · σ) (9)

where σ are Pauli operators, I is the identity operator, D =
∏N
i (2Ii + 1)

and second term in the tensor product of Eq. 8 is a consequence of the
weakness of the nuclear interactions with respect to thermal energy.

In the Heisenberg representation, the evolution of the operators repre-
senting the muon spin is given by

h̄
dσ(t)

dt
= i [H,σ(t)] (10)

and the experimentally acquired data is the projection of the muon spin
along a given direction d

P (t)d = Tr{ρσ(t) · d} (11)

In order to correctly reproduce the muon polarization as a function of
time, in general, an estimate of the EFG present on the nuclei (with spin
larger than one half) interacting with the muon is required. In addition, the
muon itself will generate an EFG on the nuclei of the hosting material. The
relative importance of this last term with respect to bulk EFG drastically
depend on the system under the study. Influencing factors are both the
electron density of the system and the amount of distortion introduced by
the muon. Independent determinations of the EFGs in the system with NMR
measurements or ab initio calculations are two strategies that can be used to
acquire further information on this point. Here we follow the latter option
and we discuss it later with the help of some examples.

When the Hilbert space associated with H becomes exceedingly large, the
approach first proposed by Celio [11], which is based on a Trotter approxi-
mation for the computation of the time evolution of an initial state prepared
as a random superposition of basis functions, can be used to speedup the
simulation. The method has already been described in details and we refer
the reader to the original reference or the book by Alain Yaouanc and Pierre
Dalmas de Réotier for additional details [12]. Here we provide a very concise
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description to present the relevant aspects of the algorithm discussed in the
following sections.

First, one notes that, if the last term in Eq. 1 can be neglected, the
interaction can be rewritten as

H =
N∑
i

HZ,µ

N
+HZ,i +Hdip,i +HQ,i =

N∑
i

Hi (12)

and in this form, the time evolution operator reads

U = exp
(
−iH

h̄
t
)

= lim
k→∞

[
N∏
i=1

exp
(
−iHi

k

t

h̄

)]k
(13)

where the last term in Eq. 13 is the Trotter expansion. In order to avoid
the computation of the matrix elements of σ(t), the problem is tackled in
the Schrödinger picture by evolving in time a wave-function obtained from
the following random superposition of the basis states |ul〉 of the system:

|φ〉 =
dH/2∑
l=1

√
4

dH
eiλl |ul〉 (14)

where dH is the dimension of the Hilbert space and λl is chosen at random
from a uniform distribution with endpoints [0, 2π). It can be shown [11] that,
as a consequence of the linearity of the Schrödinger equation, the expectation
value of the muon spin on the time evolved states |φ〉 is the sum of two
contributions, the exact one and an additional term that scales as 1/dH
and depends on the initial (random) choice of coefficients λ. This last term
averages out after multiple iterations of the algorithm.

Convergence with respect to the number of repetitions to be performed is
generally fast (for example, only 4 repetition are needed for the 8192 dimen-
sional Hilbert space of the example on copper discussed below). On current
consumer-level hardware, this method becomes faster than full Hamiltonian
diagonalization already for matrices of a few hundreds elements’ size.

An interesting phenomenon that UNDI allows to simulate is avoided level
crossing resonance (ALCR). The topic has been covered extensively in liter-
ature and we refer the reader for example to Ref. [13]. In brief, when the
Zeeman energy levels generated by a longitudinal external field match the
quadrupolar splitting on nuclei with spin one or greater experiencing an EFG,
the muon depolarization is enhanced. This is the phenomenon revealed by
the various examples discussed in this manuscript.
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3. Description of the code

UNDI calculates the muon polarization as a function of time, Eq. 11,
assuming the initial muon polarization sµ to be along ẑ.

As a consequence, an external field applied along the direction of the muon
spin polarization, called longitudinal field in µSR nomenclature, should be
applied along ẑ, while a field perpendicular to ẑ will represent a so-called
transverse field.

Since powder averages are most often required, a function to rotate all
quantities defining the sample, namely the atomic coordinates and the EFG
tensors, is provided. This simplifies the alignment of a given direction with
the initial muon polarization. It is also possible to rotate the initial polariza-
tion of the muon, but keeping it fixed simplifies the identification of external
fields directions. Indeed the sample rather than the muon polarization and
external field is actually rotated in real experiments.

3.1. Dependencies and installation

UNDI is a Python code based on NumPy [14] and QuTip [15, 16], which
are both extensively used and actively developed libraries.

The code accepts as an input a list of dictionaries that contain all the
details of the system to be simulated. Information about nuclear properties
are obtained through the Mendelev python package [17] but all the details can
be overridden in order to accommodate, for example, averages over arbitrary
isotopical compositions.
The latest stable version of UNDI, version 1.0 at the time of writing, can be
installed using the Python Packaging Index (pip) with the following com-
mand:

pip i n s t a l l undi

The project’s GitHub repository is located at https://github.com/bonfus/
undi.

3.2. Sample and environment definition

The current version of the code accepts the following input descriptors
that should be provided as the keys of a dictionary describing each nucleus
in a list of nuclei:

– Position : 3D vector, the position of the nucleus or the muon in
Cartesian coordinates.
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# This is a linear F-mu-F along z
r=1.17 * angtom
atoms = [

{’Position’: np.array([0., 0., 0.]),
’Label’: ’F’},
{’Position’: np.array([0., 0., r ]),
’Label’: ’mu’},
{’Position’: np.array([0., 0., 2*r]),
’Label’: ’F’}

]

Figure 1: Minimal input data for UNDI. This input can be used to reproduce the results
presented in Ref. [18] for a linear F-µ-F structure. The variable angtom equals 10−10 and
is used to specify the coordinates in SI units.

– Label : string, this can be either ’mu’, a chemical symbol or the isotope
name, for example Al or 63Cu.

– Spin : real, the spin of the nucleus or of the muon (optional).

– Gamma : real, the gyromagnetic ratio of the muon/nucleus (optional).

– ElectricQuadrupoleMoment : real, the nuclear quadrupole moment
(optional).

– EFGTensor : 3D matrix, the EFG tensor in Cartesian coordinates (op-
tional, default zero).

All details are optional except for the Label and the Position. Missing
information are taken from the Mendelev package and the most abundant
isotope is selected by default. A message warns the user when multiple
isotopes should be considered or when the potentially interacting nuclei are
only a fraction of the natural occurring isotopes (in both cases the threshold
is set to 99% relative abundance). All quantities should be provided and are
returned by the code in SI units. A self-explanatory example of input data
is shown in Fig. 1.

An external field can be applied in any direction. This is shown in the
next section.

3.3. Running a simulation

The muon polarization projected along the ẑ direction is obtained by
first defining the interactions and then computing the expected signal either
exactly or with the approximation already introduced.
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The system is first described by initializing the MuonNuclearInteraction
class, for example:

MNI = MuonNuclearInteract ion ( nuc l e i , e x t e r n a l f i e l d
= [ 0 . , 0 . , 0 . 0 0 1 ] )

In the previous line we have initialized the system with the set of nuclei
contained in the list of dictionaries nuclei and a longitudinal external field
of 1 mT is applied.

The expected signal is then obtained as

s i g n a l = MNI. p o l a r i z a t i o n ( t imes )

where times is a 1D NumPy array containing the list of times to be used for
the computation of the muon polarization.

Alternatively, the approximated signal is obtained with

s i g n a l = MNI. c e l i o ( times , k=2)

where k is the coefficient in the Trotter approximation of Eq. 13. This
command should be repeated a number of times depending on the dimension
of the Hilbert space. The convergence of the algorithm is discussed in detail
with the examples described later.

3.4. Documentation

All functions are documented and multiple examples that reproduce some
informative results already published in literature are available in the online
manual [19].

4. Examples

In this section we discuss a few examples to show how UNDI can be
used in conjunction with ab inito methods to check or identify muon sites in
crystals or to predict experimental features.

4.1. Copper

As a first very simple example, let us consider the calculation of the polar-
ization function of a muon in the octahedral void of FCC Copper. We would
like to compare the exact result, which includes Cu-Cu dipolar interactions,
to the approximated one, originally obtained by Celio [11, 20], where the
dipolar interaction between the nuclei has to be neglected.
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Figure 2: Muon spin polarization along the [111] direction for a Cu FCC crystal as a
function of time for various applied longitudinal fields reported in the legend. The exact
results obtained including (black dotted lines) or exluding (gray dash-dotted lines) Cu-
Cu dipolar interaction are compared with the approximated ones (continuous lines). Cu
atoms occupy a position with cubic symmetry and the EFG is actually generated by the
muon. Four repetitions of the approximated algorithm were used in this case.
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The Hilbert space is 8192 dimensional and therefore it can also be treated
exactly on modern personal computers. In Fig. 2 the expected muon polariza-
tion is obtained for the initial spin polarization s of the muon aligned with
the [111] direction of a single crystal sample and an external longitudinal
field with values ranging from 0 to 10 mT is applied. The exact and approx-
imated methods are compared. The results show minimal discrepancies and
the ALCR occurring at about 8 mT is clearly visible.

Notably, in this case the small EFG generated by the muon becomes
clearly detectable owing to the fact that in bulk copper Cu occupies a site
of cubic symmetry and the EFG is zero by symmetry. Since accurate com-
putational estimates of the EFG produced by the muon have been reported
already 40 years ago [21, 22] there is little interest in reproducing those results
here and therefore we move to more interesting cases.

4.2. MnSi

A more involved example is presented using MnSi as a test case [20, 23,
24]. The magnetic order and the muon site in this compound have been
meticulously described in a number of recent publications, that have eventu-
ally clarified the uncertainty related to the presence of two interstitial muon
sites [20]. Multiple experimental and computational evidences have con-
firmed that only a single muon site is occupied in the sample, differently
from previous indications [25].

Here we give yet another confirmation of the position of the muon site
based on the dipolar interaction between the muon and Mn atoms in the sam-
ple. In order to do so the EFG at Mn sites must be estimated in first place
and we opt for using Density Functional Theory (DFT) implemented with
a full-electron basis set. The details of the simulations are given in the ap-
pendix. In the principal axis system, V PARA

zz is estimated to be 1.6 1021V/m2

for the spin-degenerate case while it decreases to V FM
zz = 3.1 1020V/m2 when

a ferromagnetic order, resembling the low temperature and long wavelength
helical order, is considered providing reasonable good agreement with the
estimate available in literature [26] and showing the substantial role of spin
degrees of freedom. Indeed it is worthwhile to mention that the EFG was
unexpectedly found to be temperature dependent. This was understood to
be a consequence of the coupling between charge-density and spin-density
fluctuations explained by Takahashi and Moriya [27].

Fig. 3 compares the predicted polarization function of the muon using
the known muon site [28, 29, 30] and the bulk EFG estimated in this work
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Figure 3: Expected muon polarization in presence (absence) of the EFG on Mn atoms
in MnSi obtained from both a ferromagnetic and a paramagnetic electronic state. In
the simulation Mn is in (0.138,0.138,0.138) while the known muon site has fractional
coordinates (0.532, 0.532, 0.532). When considering only the bulk EFG as estimated from
DFT, the best agreement with the experiment is obtained with a muon position slightly
closer to the three nearest neighbouring Mn nuclei, namely (0.56, 0.56, 0.56).
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(both FM and spinless case), with the experimental data taken at 150 K
published in Ref [20]. While the curve obtained without taking into account
the quadrupolar interaction drastically overestimates the depolarization, a
better agreement is found when adding the bulk EFG. A small but notice-
able deviation still exists. This is partially due to the discrepancy between
the ab initio and the experimental EFG, but predominantly arises from the
neglected contribution originating from the muon, which has been shown to
be a small perturbation by comparison of the µSR and NMR data [20], but
will break the symmetry of the EFGs at the Mn sites. We mention that a
perfect agreement is recovered by shifting the muon position slightly closer to
the nearest neighbouring Mn atoms, thus proving an estimate of the accuracy
based only on the data from the unperturbed crystal.

Interestingly, the zero field polarization function can also be used to
identify the possible muon sites. This has been attempted for example in
La2−xSrxCuO4 [31], starting from the previous knowledge of a handful of
possible muon sites.

Here we compute instead the expected signal for a grid of 10 × 10 × 10
positions in the unit cell. While faster options are available 2, this exam-
ple shows that arbitrarily accurate quantum simulations as implemented in
UNDI can already be used to this aim. Indeed the whole simulation, that also
requires powder averages, takes a few hours on a single core of a consumer
level laptop.

In order to find the candidate sites we calculate the sum of the squared
deviations between the experimental points of Fig. 3 and the calculated signal
for each position of the grid in the time window between 0 and 5 µs. Each
simulation is performed by searching for the nearest neighboring Mn nuclei
up to 1.6 times the shortest bond length (roughly corresponding to a 1/4
ratio between the strength of the dipolar interaction for the nearest and the
farthest Mn nucleus) or up to 5 nearest neighbours. The convergence of the
Celio method is checked at runtime for each point and the powder average
is performed with the method of Ref. [32]3. Interstitial positions closer than
1 Å to Mn or Si atoms are rejected.

The set of positions that best reproduce the experimental signal are shown

2For example, it has been shown that for sufficiently large spins a classical approach is
accurate enough and very efficient. Alternatively, the secular approximation can be used
to estimate the second moment of the field distribution causing the depolarization.

3The implementation available in Ref. [33] was actually used.
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Figure 4: Set of points providing the best agreement with the experimentally measured
zero field µSR data in MnSi. The color code from yellow to red reflects best to worse
match. The green sphere is the known muon site.

in Fig. 4 where we only add the points that have up to twice the best sum
of square deviations from the experimental data. The known muon position
is also visible as a green sphere. Two interstitial positions are found to be
compatible with the zero field µSR observations: the best match is found
with interstitial points shown in yellow, very close to the known muon site,
while a second set of points (orange) lies just slightly more than 1 Å far from
Si atoms. This second best match is unlikely to be present given the short
muon to Si distance. A third set of points (red) is again located close to the
known muon site.

Incidentally, similar results and conclusions were obtained in Ref. [25],
which however required a single crystal sample and a number of transverse
field measurements.

4.3. CeB6

The magnetic and electronic ordering of CeB6 is still matter of study
about 40 years after the first characterizations [34, 35, 36, 37, 38, 39, 40, 41].
More precisely, the nature of an antiferroquadrupolar (AFQ) order taking
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a) b)

Figure 5: In a) zero field and longitudinal field muon spin polarization in CeB6, with the
initial muon polarization along the [111] direction. The EFG at B sites is obtained from
DFT. The dotted and dashed lines, barely visible, show the signal from the symmetry
equivalent sites. These lines should overlap perfectly and the deviations are a measure of
the convergence of the algorithm. In b) the ALCR is shown as a dip in the integrated
polarization as a function of applied field. The continuous line is obtained from the
simulations shown in a), where the EFG on 11B is from the first principles simulation
performed without the spin degrees of freedom. The dashed and dotted lines are generated
from the muons a two interstitial sites made inequivalent by the the antiferromagnetic
ordered discussed in [46].

place at TQ, a few K above a first-order magnetic transition, is still a matter
of debate [42, 43, 44, 45]. In a recently published letter [46], Barman et
al. propose that an orbital-ordered AFQ state originates from crystal field
splitting and spin-orbit coupling. Kadono et al. [47] tried in vain to probe
the AFQ transition by collecting longitudianl field µSR data aiming at a
precise determination of the EFG on B atoms above and below TQ that was
instead shown to be insensitive to the transition.

The muon site in this compound4 has been reported to be in the middle
of the line joining Ce atoms (see inset of Fig. 5b). UNDI can be used to verify
this result, but since the possibility to identify muon positions has already
been shown with the previous example, we skip this task here.

We start instead by reproducing the ALCR using the EFG at B nuclei
obtained with a simulation performed using the unit cell and disregarding
the spin degree of freedom. The muon has 8 nearest neighbouring B nuclei
that we consider entirely as 11B, with spin 3/2. The approximated approach

4Also in this case the muon site was identified by estimating the muon interaction with
the nuclear moments of the neighbouring B atoms in the paramagnetic phase
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is mandatory in this case and a single repetition is sufficient to converge the
algorithm. The ALCR is expected to happen at Bext ∼ 3.8 mT from NMR
estimates [48, 37] of B EFG while, using the ab initio estimate, we observe
it at about 4 mT (Fig. 5).

Using the prescriptions of Ref. [46], described in the appendix, with a
full potential DFT approach we do properly obtain an antiferromagnetic
ground state with 0.7 µB magnetic moment on Ce atoms, but the consequent
electronic charge distribution differs from the one presented by in the original
reference [46]. The modulation of the EFG on B nuclei is tiny and the overall
change is also very small. This is shown in Fig. 5b where the difference in the
ALCR obtained from the two electronic states is close to the sensitivity of
the experimental technique, thus in agreement with the experimental findings
[47]. A further exploration of the electronic states of CeB6 and their effect
on ALCR µSR experiments is beyond the scope of this paper and is left for
future work.

5. Conclusions

We have presented UNDI, a tool for simulating the muon polarization
function originating from the dipolar interaction between the muon and the
nuclei in crystalline materials. The tool has a rich yet easy and intuitive
input syntax that allows to describe the details of the sample under study
either obtained experimentally or with computational approaches.

With the help of a few examples we have shown the potentialities of
this software for µSR data analyses, especially when combined with ab ini-
tio based estimates of EFGs, which are, in general, easier to obtain than
hyperfine coupling constants [49, 50].

The examples also served as a bird’s eye view on the multiple potentiali-
ties of an accurate analysis of muon nuclear interactions for the determination
of the physical properties of the sample under the study, such as the disen-
tanglement of magnetic interactions of electronic and nuclear origin or the
accurate estimation of the influence of charge ordered states on µSR signals.

For these reasons, UNDI is a precious companion to standard µSR data
analyses.

6. Acknowledgments

We thank Prof. Roberto De Renzi and Prof. Giuseppe Allodi for helpful
manuscript revisions. We gratefully acknowledge also technical support by

16



Ricardo Piccoli. We finally acknowledge ISCRA C allocation at CINECA
(Award no: HP10CJLG7W, 2019), the STFC Scientific Computing Depart-
ments (SCARF) cluster and the HPC resources at the University of Parma.

Appendix

The details of first principles simulations discussed in this paper are sum-
marized in the following paragraph.

All simulations where performed with the full-potential linearised augmented-
plane wave code Elk [51]. The highq option was always set and a Monkhorst-
Pack grid of 8 × 8 × 8 points was used for MnSi and the unit cell of CeB6.
The 2 × 2 × 2 supercell of CeB6 was simulated with the standard accuracy
parameters of the Elk code, but using a ratio between empty and valence
states of 29% and a highly refined 7× 7× 7 Monkhorst-Pack grid. Following
[46], we set up an antiferromagnetic state with propagation vector (1

2
, 1
2
, 1
2
)

using two inequivalent Ce atoms and enforcing f electrons’ localization with
DFT+U [52], with a Hubbard U=3 eV and J=1 eV.

Convergence with respect to the spherical orbital expansion of the inner
part of the muffin tin was checked and lmaxi=3 was set in all cases. All
simulations were performed with the Perdew-Burke-Ernzerhof exchange and
correlation functional [53].
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M. C. Hatnean, G. Balakrishnan, T. Lancaster, Magnetic phases of
skyrmion-hosting gav4s8−ysey (y = 0, 2, 4, 8) probed with muon spec-
troscopy, Phys. Rev. B 98 (2018) 054428. doi:10.1103/PhysRevB.98.
054428.
URL https://link.aps.org/doi/10.1103/PhysRevB.98.054428

[6] T. Lancaster, F. Xiao, B. M. Huddart, R. C. Williams, F. L. Pratt,
S. J. Blundell, S. J. Clark, R. Scheuermann, T. Goko, S. Ward, J. L.
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