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Abstract: We discuss the optimal Lipschitz continuity for almost minimizers of the one-phase Bernoulli-type energy
functional

Jp(uvﬂ) = /S\) (|vu|P + X{u>0}) d.’E, p > 17
where () is a bounded domain in R™ and « > 0.
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1 INTRODUCTION

In this paper, we deal with almost minimizers of the one-phase Bernoulli-type energy functional

Ip(u, ) = /Q (IVul? + X{us0y) dz, p>1, (1)

with 2 a bounded domain in R™ and » > 0. In particular, we discuss their optimal Lipschitz regularity. This

result has been recently proved by the authors in [18] under the condition p > max nz—fQ, 1} . We recall
that the Lipschitz continuity in the case of p = 2 was already established in [15].

The case p = 2 has been extensively studied in the literature, before in the context of minimizers and
then in the framework of almost minimizers. Regarding minimizers, they were first studied in [1], where
the Lipschitz regularity of minimizers and the regularity of “flat” free boundaries were established. Later,
Caffarelli, in [3, 4, 5], developed a viscosity approach to the free boundary problem associated with .J5 (see
(1) above) in the two-phase setting. His work led the way to a vast literature on this problem, both in the
one-phase and two-phase forms. We refer to [13] for a comprehensive survey about such literature.

Almost minimizers, when p = 2, were more recently attached. Specifically, in [11] and [8], David and
Toro, and David, Engelstein, and Toro extended, at least in the one-phase case, using variational techniques,
the pioneer results in [1] in the context of almost minimizers. The Lipschitz continuity of almost minimizers
was actually proved, in [11], in the more general case of a two-phase energy functional, together with the
uniform rectifiability of the free boundary, see [8]. The results in [11, 8] in the one-phase setting were
also obtained by De Silva and Savin in [15], exploiting viscosity techniques. More precisely, following the
ideas contained in [17], they first show that almost minimizers are “viscosity solutions” to the associated
free boundary problem in a more general sense. This property roughly means that almost minimizers satisfy
comparison in a neighborhood of a touching point whose size depends on the properties of the test functions.
In other words, they do not necessarily solve an infinitesimal equation, but in the macro scale, there are some
effective ellipticity and a mean value principle. Once the authors have proved this property, they employ
the techniques developed by De Silva in [12] to study the regularity of the free boundary. We mention
[9, 10, 16, 14] as further contributions on almost minimizers.

Concerning the general case p > 1, minimizers of Jp, as in (1), were investigated in [6], in which the
regularity of the free boundary near flat points was achieved. The Lipschitz continuity for minimizers was
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more recently established in [19]. There, the authors also presented a proof of the Lipschitz regularity when
p = 2, without using monotonicity formulas. We cite [20] as well, where a discrete version of the Weiss
monotonicity formula for .J,, was proved for p close to 2. The viscosity approach for one-phase problems
governed by the p-Laplace or p(x)-Laplace operator was developed in [26] and [22, 21] respectively. More
specifically, in [21], the authors showed the Lipschitz regularity of viscosity solutions of nonhomogeneous
one-phase problems and some regularity properties of their free boundaries. We also quote [7, 24, 30, 28,
29, 31, 2, 27, 25] for regularity results in free boundary problems for the p-Laplacian.

Before the recent paper [18], see also the Ph.D. thesis of the third author [23], almost minimizers for
p # 2, to the best of our knowledge, had not been fully investigated. Precisely, in [18], we have proved the
optimal Lipschitz continuity of almost minimizers to .J,, with p > max{%, 1}. Our approach has been
inspired by [15]. We hope that our work can encourage further investigations in this direction. For instance,
it would be interesting to understand better whether or not the condition p > max{f—fz, 1} is essential to
have a Lipschitz regularity result.

In this paper, we present our Lipschitz regularity result in [18] in Section 2. In the next and final section,
we focus on the strategy of the proof and its main differences with respect to [15].

2  MAIN RESULT
In this section, we state our main result concerning the optimal Lipschitz regularity for almost minimizers

to Jp,. We start by recalling the definition of almost minimizers, see [18].

Definition 1 Let x > 0 and 3 > 0. We say that u € WP(Q) is an almost minimizer for J, in Q, with
constant k and exponent 3, if u > 0 a.e. in ) and

Jp(u, By(x)) < (14 r0°)Jp(v, By(x)), ©)

for every ball B,(z) such that By(x) C ) and for every v € WP (B,(z)) such that v = u on dB,(z) in
the sense of the trace.

We are now ready to present our main theorem. The precise statement reads as follows, see [18].

Theorem 1 Let p > max {%, 1} and u be an almost minimizer for Jy, in By with constant k and expo-
nent (3.
Then,

HVUHLOO(Bl/g) < C( ||VUHLP(31) + 1)’

where C' > 0 is a constant depending on n, p, k and .
In addition, u is uniformly Lipschitz continuous in a neighborhood of {u = 0}, namely if u(0) = 0 then

|[Vu| < C  in By,

for some C > 0, depending only onn, p, k and (3, and ro € (0, 1), depending onn, p, k, 8 and ”quLp(Bl).

3 STRATEGY OF THE PROOF

In this section, we expose the strategy of the proof of Theorem 1, pointing out its main differences with
respect to the proof of the correspondent result in [15].

A dichotomy-type result is the key step to obtaining the Lipschitz continuity. The dichotomy property
says that either average of the energy of an almost minimizer to .J,, decreases in a smaller ball or the distance
between its gradient and a suitable constant vector becomes as small as we wish. In other words, either
the average of the energy of an almost minimizer decreases in a smaller ball, or the almost minimizer is
arbitrarily close to a linear function. Once the dichotomy is established, the next step is to show that one of
two alternatives can be improved. More precisely, if an almost minimizer is close to a linear function, in a
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ball, in the sense of the average of the energy, it is closer to a possibly different linear function in a smaller

ball. The iteration of this improvement, together with the dichotomy property, finally leads to the Lipschitz

2n
n+2’ 1

The main difficulty in proving the Lipschitz continuity is the following one: if vy and vy are the p-
harmonic replacements of two functions u; and us, then it is not true that vy + vy is the p-harmonic re-
placement of u; + us. This situation generates significant technical complications since it is intrinsically
connected with the nonlinear nature of the p-Laplacian. We end up with this issue because, in [15], the
authors often use harmonic replacements as competitors. The fact that this property holds, instead, for har-
monic replacements allows, in [15], to achieve estimates for the average of their energy, exploiting Schauder
estimates. In our case, we need to show that the sum of p-harmonic replacements taken into account solves
an equation for which C'>* estimates hold. This is true using a linearization technique, together with the
assumptions of the dichotomy. We refer to [18] for the details. The difficulty we have just described appears
in the proof of the improvement of dichotomy’s second alternative.

regularity of almost minimizers to .J,,, when p > max

Another difference with respect to [15] concerns the lower bound on p, p > max {nz—j:Q, 1} , for which
n+2’
show, instead, that, with the strategy explained above, we obtain the Lipschitz continuity for

our result holds. For this purpose, we do not prove that the result is not true for 1 < p < max { 2n 1} . We

n+27 n+27
comes again from the proof of the improvement of dichotomy’s second alternative. In particular, it is a
consequence of an estimate of the measure of an almost minimizer zero level set, which is a nonlinear term.

Technically, for p > 2 we achieve

p > max{ 2% 1% . Let us focus now on the origin of this threshold. The lower bound p > max { 2n 1}

|{U = 0} N Bl/2| < ClEp+6,

with C; and ¢ universal. This inequality turns out to be crucial to get the improvement of the second
alternative. The key point is that p + & > p from the universality of §. In the case 1 < p < 2, the term
{u=0}N By /2| appears, instead, with exponent p/2. Thus, arguing as in the case p > 2, we have

H{u=0}n 31/2‘p/2 < Clgp(p+5)/2,

with § = np—jp since we exploit the Sobolev-Poincaré inequality. Requiring then that p(p + 6)/2 > p, as in

2n

Py, which yields the lower bound on p.

the case p > 2, we achieve p >
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