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We present additional information on (1) the properties of the stabilizer entropy, (2) the tensor
network computations, (3) the extraction of the critical measurement rates, (4) the scaling collapse,
(5) an analogous setup with T-gates replaced by CCZ-gates, (6) a conjectured phase diagram in p
vs. η for β = 1, (7) a conjectured phase diagram in p vs. β for η = 1, and (8) an argument for
coincident entanglement and nonstabilizerness transitions.

1. Properties of the stabilizer entropy

The stabilizer Rényi entropy is a recently introduced
nonstabilizerness monotone [1]. It can be computed nu-
merically even for a large number of qubits [2–4] and
is also experimentally accessible [5]. In this section, we
briefly state some of its key properties to allow easy ac-
cess to the main results of the paper.

For three common choices of α, the stabilizer Rényi
entropy [as defined in Eq. (2) of the main text] reads

Mα(|ψ〉) =


log2 (|{P ∈ PN : 〈P 〉ψ 6= 0} |)−N α→ 0

−
∑
P 2−N 〈P 〉2ψ log2

(
〈P 〉2ψ

)
α→ 1

− log2

(∑
P 2−N 〈P 〉4ψ

)
α = 2

(S1)
where P ∈ PN is the group of all N–qubit Pauli strings
with +1 phases. We list some key properties of the sta-
bilizer α–Réney entropies, alongside the references that
contain the respective proofs:

(i) Faithfulness: Mα (|ψ〉) = 0 if and only if |ψ〉 is a
stabilizer state (see Ref. [1]).

(ii) Stability under free operations: For any unitary
Clifford operator C and state |ψ〉 it holds that
Mα(C|ψ〉) =Mα (|ψ〉) (see Ref. [1]).

(iii) Additivity : Mα (|ψ〉 ⊗ |φ〉) =Mα (|ψ〉) +Mα (|φ〉)
(see Ref. [1]).

(iv) Bounded : For any N -qubit state |ψ〉 it holds that
0 ≤Mα(|ψ〉) < N (see Ref. [1]).

(v) Mα′(|ψ〉) <Mα(|ψ〉) for α′ > α (see Ref. [6]).

(vi) The stabilizer entropies consitute a lower bound
to the so-called T–count t(|ψ〉) of a state:
Mα (|ψ〉) < t(|ψ〉) (see Ref. [7]).

(vii) For α > 1/2 the stabilizer entropies constitute a
lower bound to the so-called “robustness of magic”:
Mα (|ψ〉) < Rψ (see Refs. [1, 8]).

2. Tensor network computations

Figures 3 and 4 in the main text are based on tensor
network calculations of 512 trajectories for each combina-
tion of various T-gate scaling prefactors η, measurement
rates p, and system sizes N . The sets of possible values
are η ∈ {0.5, 1.0, 2.0, 4.0, 8.0}, p ∈ {0.14, 0.16, . . . , 0.34},
and N ∈ N = {8, 12, 16, 24, 32, 48, 64, 92, 128, 184},
where we however exclude N ∈ {92, 128, 184} for p ∈
{0.14, 0.16}. All computations assume β = 1. We start
each trajectory in the |00 . . . 0〉 state and evolve it as a
matrix product state (MPS) using the Julia language ver-
sion of the tensor network package iTensor [9, 10]. Each
of the random 2-site Clifford gates are generated indepen-
dently by 30 alternating layers of a random choice of (1)
random single site Clifford gates, (2) the swap operation,
(3) the controlled-not operation acting on the left qubit,
and (4) the controlled-not operation acting on the right
qubit. The single site Clifford gates are directly sampled
from the 24 different gates of the Clifford group. As a
singular value truncation strategy we use a combination
of both a relative and an absolute threshold of ε = 10−6

and χ = 256, respectively. To check convergence with
respect to these thresholds we have performed the same
computations (for a subset of parameter sets) substitut-
ing the thresholds with ε = 10−5 and χ = 128. We found
that the results did not change significantly compared to
the errors due to the statistics of the finite number of
trajectories.

For every qubit and every time step we independently
apply a T-gate with probability q = η/Nβ . The appli-
cation of a measurement occurs analogously with proba-
bility p. The outcome of each measurement is, however,
weighted by the Born rule and we renormalize the state
after the projection.

At every 8th time step we compute the Schmidt coeffi-
cients between the left and the right half of the chain, as
well as the Pauli string distribution. The Schmidt coeffi-
cients are obtained by bringing the orthogonality center
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FIG. S1. Time evolution of the stabilizer 2-Rény entropy
M(t) of 512 trajectories (gray lines) and their average (thick
solid black line).

FIG. S2. The squared residuals per degree of freedom as a
function of the measurement rate p for the nonstabilizerness of
a hybrid circuit with T-gate density q = η/Nβ , where η = 2.0
and β = 1.0.

of the MPS to site N/2 and performing a singular value
decomposition between site N/2 and N/2 + 1. To obtain
the Pauli string distribution we implement the method
explained in [3]. We found that a sample size of 128 Pauli
strings is sufficient for a good estimate of the stabilizer
2-Rény entropy. From the Schmidt coefficients and the
Pauli string distribution we calculate the von-Neumann
entropy E(t) and the stabilizer 2-Rény entropy M(t).

In Fig. S1 we show the 512 trajectories ofM(t) as gray
lines and their average M̄(t) for η = 2.0, p = 0.18, and
N = 64. We can see that M̄(t) reaches a steady state
after about 50 time steps for these parameters. For all
parameter sets considered in this paper we find that the
approximate steady state is reached before t = 2N time
steps. To extract the approximate steady state value of
M̄(t) and Ē(t) we average over all values of M(t) and

FIG. S3. The logarithm of F as a function of the measurement
rate p for the nonstabilizerness of a hybrid circuit with T-gate
density q = η/Nβ , where η = 2.0 and β = 1.0. The blue dia-
mond symbols show ln[F (p)] calculated for the discrete set of
computed measurement rates p and the solid blue line shows
a linear interpolation. The vertical solid black line shows the
extracted critical measurement rate pc. The vertical dashed
black lines indicates the estimated error σpc .

E(t) from time t = 2N to t = 4N . Because we have
each one value of M̄(t) and Ē(t) for every 8th time step
this means that the approximate steady states M̄ss and
Ēss are determined as an average over P = N/4 values.
The error bar for each of these approximate steady states
shown in Fig. 3 of the main text is the standard deviation
of this distribution. The computations were performed
on the Cineca HPC Marconi cluster with 2×24-cores Intel
Xeon 8160 CPUs and consumed a total of 36k CPUh.

3. Extraction of critical measurement rates

As explained in the main text we fit the data computed
in the previous section to the function f(N) = a + bNγ

with the constraint that γ > 0 for the power law and γ ≤
0 for a function that approaches a constant, to see which
law fits the data best. For each curve and fitting function
we perform a weighted least square fit and extract the
squared residuals per degree of freedom χ2/dof, where

χ2 =
∑
N∈N

M̄ss(N)− f(N, afit, bfit, γfit)

σ(N)
, (S2)

with the computed steady state expectation value of non-
stabilizerness M̄ss(N) and the error σ(N) of each data
point. The degree of freedom (dof) is the number of
data points minus the number of fit parameters. We find
that using the standard deviation computed above often
leads to a χ2/dof ' 0.05 which signals that we have over-
estimated the error. Assuming that the distribution of
averaged values from time t = 2N to t = 4N is approxi-
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FIG. S4. Linear extrapolation of F-test results for pc of the
nonstabilizerness transition. The circles mark the F-test re-
sults as a function of 1/N̄ , where N̄ are the largest system
sizes included in the data.

mately uncorrelated, the standard deviation needs to be
rescaled by a factor of 1/

√
P . In Fig. S2 we plot χ2/dof

against the measurement rate p for the power law and
the constant fit functions using the rescaled standard de-
viation. In addition to this, we also plot χ2/dof for fits
of a logarithmic scaling function flog(N) = a + b ln(N).
For each fit we use the data points corresponding to the 7
largest available system sizes. We can clearly see that for
small measurement rates the power law scaling fits the
data best, while at large rates the function approaching a
constant fits best. Moreover, using the rescaled standard
deviation, for all p the best fits have a χ2/dof close to the
optimal value of 1. To extract the critical measurement
rate we plot in Fig. S3 the logarithm of

F (p) =
Eext(p)

Earea(p)
, (S3)

which is the ratio of E(p) = χ2/dof for the power law
and constant scaling fits. We connect the discrete data
points with a linear interpolation and quote the measure-
ment rate at which ln[F (pc)] = 0 as the critical measure-
ment rate pc. We estimate the error of this value to be
(p+ − p−)/2 where p± are such that ln[F (p±)] = ±1.
Finally, to mitigate finite size effects we redo this extrac-
tion of pc with restricted data only including steady state
values up to a system size of N̄ = 92, 128, 184. We plot
the results against 1/N̄ in Fig. S4, and extrapolate the
obtained values towards 1/N̄ → 0 with a linear fit. The
same analysis is done independently for both nonstabiliz-
erness and entanglement, and for different T-gate density
prefactors η. Figure 4 in the main text summarizes the
results of these calculations.

Finally, we extrapolate the power law exponents γ for
the available data in phase II to 1/N̄ → 0 in a similar way
as done for pc in Fig. S4, and plot the result in Fig. S5.
We find that the power law exponent appears to depend
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FIG. S5. Extrapolated power law exponent γ for the nonsta-
bilizerness in phase II for β = 1.
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FIG. S6. Scaling collapse of nonstabilizerness M(p,N) data
for T-gate prefactor η = 2.0, multiple system sizes N , and
multiple measurement rates p, assuming a critical measure-
ment rate of pc = 0.216. For this data and assumed pc we
find an optimal critical exponent of ν = 1.35.

on the distance to the phase boundary between phase II
and phase III.

4. Scaling collapse

To confirm the critical nature of the measurement rates
for the nonstabilizerness transition extracted through the
above analysis we perform a scaling collapse. For a given
pc and exponent ν we plot M(p,N)−M(pc, N) against
x = (p−pc)N1/ν . We then fit a piecewise linear function
G(x) to the data in the same way as explained in detail
in appendix A of Ref. [11]. For each value of η and pc we
compute in this way the optimal exponent ν. Figure S6
shows an example of such an optimal scaling collapse
for η = 2.0 and pc = 0.216 which results in an optimal
exponent of ν = 1.35.
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FIG. S7. Extracted critical exponent of the non-stabilizer
phase transition for (a) various T-gate density prefactors η
and (b) CCZ-gate density prefactor η̃. A constant fit to the T-
gate case values results in an overall critical exponent estimate
of ν = 1.6± 0.3 (indicated as the gray shaded region).

In Fig. S7(a) we show the exponents ν that result from
the critical measurement rates for different T-gate pref-
actors η presented in Fig 4. For each η the expected
value and standard deviation of ν is calculated from the
distribution of pc, which is assumed to be Gaussian with
a width given by the estimated error. Although the criti-
cal values pc systematically increase with larger values of
η, the critical exponent appears to land consistently at
1.6± 0.3. This confirms the expectation that the critical
rates may depend on the details of a model but critical
exponents do not.

5. Monitored Clifford circuits interspersed with
CCZ-gates

To showcase the generality of the above model and mo-
tivated by a recent experiment [12] we repeat the entire
analysis (for η = 2.0) replacing T-gates with CCZ-gates.
Figure S8 shows the average steady state entanglement
and nonstabilizerness for this CCZ-gate doped circuit
(analogous to Fig. 3 of the main text). While one expects
that the details of the nonstabilizerness phase transition,
such as the critical rate pc, may depend on such details of
the circuit, we expect that the nature of the transition,
reflected in the critical exponent ν, is the same. Perform-
ing the F-test and scaling collapse presented above yields
results consistent with this expectation. While the criti-
cal measurement rate for the nonstabilizerness transition
is different from the corresponding T-gate case, the crit-
ical exponent does not change significantly, as shown in
Fig. S7(b).
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FIG. S8. Numerical results for the average steady state en-
tanglement (a) and nonstabilizerness (b) versus system size
N for several different measurement rates p and CCZ-gate
density q(N) = η/Nβ with η = 2.0 and β = 1.
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FIG. S9. Sketch of a conjectured phase diagram (p vs. η) for
β = 1. The roman numbered phases correspond to the phases
introduced in the main text. The four black dashed lines
mark the nonstabilizerness phase transitions in four different
scenarios listed in the text. In scenario 1 the entanglement
and nonstabilizerness phase transition would coincide for all
η and phase II would thus completely disappear.

6. Conjectured phase diagram for p vs. η

To complete the phase diagram of Fig. 4 of the main
text, we discuss the sketch of a speculative phase diagram
for the full range of η ∈ [0,∞) with β = 1 shown in
Fig. S9.

A first non-trivial question is the limit of η → 0+,
for which we would conjecture that both phase transi-
tions merge to coincide at pentgl.

c , following the argument
laid out in section “8. Argument for coincident entan-
glement and nonstabilizerness transitions” below. Here
pentgl.
c = 0.15995(10) is the critical measurement rate of

the entanglement phase transition in the pure Clifford
circuit (i.e. η = 0) [13, 14]. This would imply that from
η → 0+ to η = 0 the nonstabilizerness makes a discon-
tinuous jump from a power law to zero for p < pentgl.

c .
Then, for finite values of η, our numerical results sug-
gests a shift of the nonstabilizerness transition while the
entanglement phase transition stays unchanged. Again,
the arguments laid out in section 8 below would suggest
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that the transitions coincide and both stay unchanged.
However, compared to the η → 0+ case the argument
appears to be applicable only with additional caveats.

Finally, for η → ∞ there are at least four different
plausible scenarios:

1. The argument laid out in section 8 is applicable
for all values of η and hence both phase transitions
coincide for the entire phase diagram (removing the
occurrence of phase II completely).

2. The critical measurement rate for the nonstabi-
lizerness transition approaches a finite value (i.e.
smaller 1) for η →∞.

3. The critical measurement rate for the nonstabiliz-
erness transition approaches 1 only at η →∞.

4. The critical measurement rate for the nonstabiliz-
erness transition approaches 1 already for a finite
value of η.

We indicate all four scenarios in Fig. S9.

7. Conjectured phase diagram for p vs. β

A natural question following from the results for β = 1
from the main text is whether the non-trivial phase tran-
sition we observe persists for a T-gate density that van-
ishes as η/Nβ even if β 6= 1. As a first attempt to answer
this question we consider a simple hybrid quantum cir-
cuit identical to the circuit considered above but with
the two qubit brickwork structure replaced by only sin-
gle site random Clifford gates. In this scenario the total
state is always a product state of single qubits. This al-
lows straight forward analytical considerations that (for
β > 0) yield

M̄ss(N →∞) = η M̄1
1− p
p

N1−β , (S4)

where M̄1 is the average nonstabilizerness of a random
single site stabilizer state after the application of a sin-
gle T-gate. Hence, assuming a non-trivial measurement
rate 0 < p < 1, we find a power law for 0 < β < 1, a
p dependent constant for β = 1, and a vanishing non-
stabilizerness for 1 < β. Figure S10(a) shows the phase
diagram for this simple product Clifford circuit.

Figure S10(b) shows a speculative phase diagram for
the full quantum circuit (including the two qubit Clifford
brickwork structure) at fixed η = 1.0, for which only the
β = 1.0 line has been studied numerically in this work
so far. We lay out some heuristic arguments for this
phase diagram in the following, which—we would like to
stress—is only intended to serve as a starting point for
further analysis and discussions.

We start with the entanglement phase transition,
which we draw to be independent of β because we do
not expect that the sub-extensive density of T-gates for
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FIG. S10. Phase diagram (p vs. β) for the separable hybrid
quantum circuit (a) and a sketch of a conjectured phase di-
agram for the full hybrid quantum circuit (b). The roman
numbered phases correspond to the phases introduced in the
main text. While our numerical results suggest that there
is an immediate phase II between phase I and III for β = 1
for the full circuit, another argument explained in section 8
suggests a direct transition from I to III (dotted line).

β > 0 changes the entanglement phase transition com-
pared to the pure Clifford case. Furthermore, for β = 0,
i.e. an extensive number of T-gates per layer, the setup
may be understood as a proxy to Haar-random circuits,
for which an equal critical measurement rate would be
still consistent with the known results in the literature.

Next we discuss the nonstabilizerness for β < 1. We
conjecture that all cases with p < 1 and β < 1 will lead
to a power law in nonstabilizerness. For this we have the
following argument. Consider the stabilizer Rényi en-
tropy after a single layer of Clifford gates, T-gates, and
measurements, under the assumption of η > 0, p < 1,
and β < 1. As the density of T-gates is q = η/Nβ , there
will on average be a number of ηN1−β T-gates in the first
layer. The application of measurements will then effec-
tively remove a p fraction of them, leaving η(1− p)N1−β

effective T-gates in the first layer. As the state on which
the T-gates act is a product state of paired qubits, each
T-gate will contribute separately to the total stabilizer
Rényi entropy, which follows from its additive property.
Hence after the first step the averaged stabilizer Rényi
entropy grows from M̄ = 0 to M̄ ∝ η(1−p)N1−β . It ap-
pears reasonable to assume (though technically not guar-
anteed) that the application of further Clifford, T-gate,
and measurement layers will not decrease the averaged
value of M̄. Hence, the long time limit of M̄ would then
scale at least as O(N1−β), which for β < 1 then falls into
the category of the power law phase.

For β > 1, on the other hand, it might be that the
effect of T-gates decays slow enough to counteract the
dilute doping of the circuit with T-gates. Assume, for
example, that for low enough measurement rates the non-
stabilizerness induced by a T-gate permeates through the
circuit and persists for times of order exp(N). In Ref. [15]
this is indeed argued to be the case for p < pentgl.

c . Then,
even with the very dilute density of T-gates q = η/Nβ

with β > 1, it would take only O(Nβ+α−1) time steps
with α > 0 to potentially reach a state withM∝ O(Nα).
This means that even for β > 1 the nonstabilizerness
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could indeed still follow a power law for low enough mea-
surement rates.

Finally for β = 1, our numerical results suggest that
the entanglement and nonstabilizerness phase transitions
are separate as drawn in the conjectured phase diagram
in Fig. S9. We note, that the argument laid out in sec-
tion 8 would on the other hand suggest that they should
coincide, which we indicate with the dotted black line in
Fig. S9.

8. Argument for coincident entanglement and
nonstabilizerness transitions

For completeness, we would like to conclude by point-
ing also at a different scenario that cannot be rule out
by our work. Despite the finite scaling analysis, the
1/N → 0 extrapolation, and the conservative error es-
timation carried out in this numerical study, finite size
effect may nonetheless play a role leading the entangle-
ment and nonstabilizerness transitions to coincide.

An approximate argument for why the nonstabilizer-
ness phase transition could be indeed independent of η
and coincident with the entanglement phase transition
has been put forward in Ref. [15] and goes as follows.
Consider the averaged nonstabilizerness of a brickwork
Clifford circuit with projective measurements (with prob-
ability p) and only a single interspersed T-gate. In this
setup one finds a dynamical phase transition between a
phase where the nonstabilizerness decays like exp(−t/τ)
with τ ∝ exp(N) for p < p̃c and a phase where the decay
time τ is independent of N for p > p̃c. Hence, for p > p̃c
the impact of a T-gate onto a stabilizer state vanishes at
a constant time scale of order τ . Because the average dis-
tance in space-time between nearest two T-gates in our
proposed setup for β = 1 is

√
N/η this means that for

p > p̃c the impact of each T-gate typically decays inde-
pendently before overlapping with any other T-gate for
N →∞. This would then imply an overall constant scal-
ing of nonstabilizerness for p > p̃c, independently of η.
The above argument relies on the crucial assumption that
T-gates not only have minimal space-time overlap, but
their overlap is not affecting the dynamics. This implies
that their rare-event statistics is irrelevant. Our numeri-
cal results point to a different scenario, where such rare
events are relevant and make the two phase transitions
distinct, while still satisfying the restriction theorem put
forward in Ref. [16]. This scenario is perfectly compatible
with the numerical simulations reported in Ref. [15], as

they concern highly nonequivalent witnesses of nonsta-
bilizerness. It would be interesting to understand which
physical scenarios lead to such rare events being relevant,
and which ones do not.
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