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Abstract. Several algebraic criteria, reflecting displacement properties of transformation
groups, have been used in the past years to prove vanishing of bounded cohomology and
stable commutator length. Recently, the authors introduced the property of commuting cyclic
conjugates, a new displacement technique that is widely applicable and provides vanishing
of the bounded cohomology in all positive degrees and all dual separable coefficients. In this
note we consider the most recent along with the by now classical displacement techniques
and we study implications among them as well as counterexamples.

1. Introduction

The study of the vanishing of bounded cohomology H, (—; —) has attracted a lot
of interest from the very beginning of the theory, since it is a useful tool in geo-
metric topology [18] and rigidity theory [8], and it characterises certain algebraic
properties of groups. The first result in this direction is the celebrated character-
ization of amenable groups by Johnson [22]: A group I is amenable if and only
if its bounded cohomology is zero for all dual Banach I'-modules and all positive
degrees. Similarly, one can characterise finite groups as the ones whose bounded
cohomology is zero in all positive degrees and for all Banach modules [16]. The
vanishing of the bounded cohomology in low degrees and trivial real coefficients
(i.e. endowed with the trivial I"-action) has already strong algebraic consequences.
For instance, via Bavard Duality [2] the stable commutator length of a group I'
is zero if H,}(r; R) = 0. Finally, groups with trivial bounded cohomology in all
positive degrees can be used to compute explicitly some full bounded cohomol-
ogy rings [11,14,30]. This is the case for example of Thompson’s group F, whose
bounded cohomology is trivial in positive degrees and real coefficients. This fact
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can be used to compute the bounded cohomology ring of Thompson’s group 7,
leading to Hy (T; R) = R[x], where x denotes the Euler class [14,30].

Many vanishing results for the (bounded) cohomology available in the literature
are based on displacement techniques. Such approaches for ordinary (co)homology
date back to works by Anderson [1] and Fisher [15] in the context of homeomor-
phism groups, as well as to Mather’s proof of the acyclicity of the compactly
supported homeomorphisms group of R", Hj>1(Homeoc(R"); Z) = 0 [25]; and
to Wagoner’s work on classifying spaces in algebraic K-theory [34]. Based on
the work of Mather, Baumslag—Dyer—Heller introduced a large class of acyclic
groups called mitotic groups [3]. Then Varadarajan [33] and Berrick [5] inde-
pendently extended that class to the larger family of binate groups (that includes
dissipated groups such as Homeo(R")). In the bounded context the first displace-
ment techniques appeared in the work by Matsumoto and Morita about the bounded
acyclicity of the group Homeo (R") [27] (recall that a group is boundedly acyclic
if its bounded cohomology is zero in all positive degrees and trivial real coeffi-
cients). Later Kotschick introduced the notion of commuting conjugates [13,23],
a displacement property of a group I' that readily implies the vanishing of the
stable commutator length of I'. Kotschick’s result has been recently extended by
showing that the property of having commuting conjugates actually implies that
the second bounded cohomology group with trivial real coefficients is zero [13].
Moreover, approaches close to the one of Matsumoto and Morita also show that
binate groups are boundedly acyclic [14,24]. Finally, some new displacement tech-
niques have been recently introduced in the study of X5P-boundedly acyclic groups,
i.e. groups with zero bounded cohomology in all positive degrees and all separable
dual modules [11,30]. These new dynamical properties are called commuting cyclic
conjugates, or commuting Z-conjugates in a special case [11]. A similar dynamical
property appears in the work of Monod [30], which we refer to as having conjugates
in commuting 7 -conjugate.

The goal of this note is to compare all the different notions that have been
introduced in the literature so far and explain which kind of vanishing result they
provide. The largest portion of this paper is devoted to the construction of several
examples of groups satisfying a certain combination of properties. In order to avoid
cluttering, we group the comparison into three diagrams involving properties that
are closely related: see Figs. 1, 2 and 3. The main result of this paper is that each of
these diagrams is correct: The inclusions hold, and each of the regions formed by
intersections is non-empty. The property of being mitotic is a bit of a special case,
since it is an algebraic criterion that does not have a clear dynamical counterpart,
so it will be treated separately.

Plan of the paper

In Sect.2 we recall the main definitions. More precisely, in Sect.2.1 we recall the
definition of bounded cohomology and stable commutator length. Then Sect.2.2
is devoted to the study of boundedly acyclic groups. Here we recall the notions
of binate, mitotic and dissipated groups (Paragraph 2.2.1), commuting conjugates
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c. Zec.
c. Z/n c.

Fig. 1. Commuting conjugates, commuting cyclic conjugates, commuting Z-conjugates and
commuting Z/n-conjugates

c. Zec.

dissipated

Fig. 2. Commuting Z-conjugates, conjugates in commuting Z-conjugate and dissipated

binate

dissipated

Fig. 3. Commuting conjugates, binate and dissipated
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(Paragraph 2.2.2), commuting cyclic conjugates, commuting Z/n-conjugates and
commuting Z-conjugates (Paragraph 2.2.3), as well as conjugates in commuting
Z-conjugate (Paragraph 2.2.4).

Section 3 contains the new results about the relations between the different
displacement properties. In Sect.3.1 we show that Fig. 1 is correct. In particular,
we will construct examples of groups with commuting 7Z/2-conjugates that do
not have commuting Z-conjugates (Proposition 3.3); however in order to stress
how common this behaviour is, we provide more natural examples in Sect.3.2
(Proposition 3.7; see also Proposition 3.17 in Sect. 3.4). In Sect. 3.3 we show that
Fig.2 is correct; and in Sect.3.4 we show that Fig.3 is correct. In Sect.3.5 we
discuss how mitotic groups fit in the picture.

Section 4 contains some open problems about displacement properties and
bounded acyclicity with trivial or separable dual coefficients.

2. Definitions and inclusions

In this note, I" will always denote an abstract discrete group. Some of the material
recalled here is standard, and more detail can be found in e.g. [10,16,29].

2.1. Bounded cohomology and stable commutator length

Given a group I', a normed ' -module E is a normed vector space endowed with a
I"-action by linear isometries. A Banach I' -module is a normed I"'-module whose
underlying metric is complete. In this note the Banach I'-module R is always
assumed to carry the trivial ['-action. Given a normed I'-module E, its dual E’
carries naturally a contragredient I"-action: (g - A)(v) = A(g~ 1) for every A €
E’,v € E, g € T'. This makes E’ into anormed I"-module, which is always Banach.
We call modules arising this way dual.

Given a normed I'-module E, the bounded cohomology of T with coefficients
in E, denoted by Hy (I'; E), is defined as the cohomology of the bounded cochain
complex (¢°(I"**1; E)T'; §*), where §° denotes the standard simplicial coboundary
operator (which sends bounded functions to bounded functions) and £°(I"'**1; E)'
denotes the subcomplex of invariant functions of £2(ret E).

A classical result by Johnson shows that amenable groups can be characterised
as those with trivial bounded cohomology in all positive degrees and all dual coeffi-
cients [22]. On the other hand, the vanishing of the degree two bounded cohomology
with trivial real coefficients is much more common than amenability, and provides
useful information about the algebraic structure of the group. Indeed, given a group
I" we can define the commutator length of an element g € I'":=[T", '] < I, denoted
by cl(g), as the minimal integer n € N such that g can be written as the product of
n commutators. The stable commutator length of an element g € I' is then defined
as follows [10]:

scl(g) = lim S8

n——+00 n
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Bavard [2] showed that the the stable commutator length is identically zero on I'’
if and only if the comparison map in degree two:

comp®: HA(; R) — H*(I'; R),

which is the map induced by the inclusion of the bounded cochain complex into
the ordinary one, is injective. This result witnesses that groups with zero second
bounded cohomology with real coefficients have zero stable commutator length.

The vanishing of second bounded cohomology with trivial real coefficients is
more robust than the vanishing of stable commutator length. For instance, the fact
that the vanishing of second bounded cohomology is stable under taking central
extensions, while the vanishing of stable commutator length is not, is of crucial
importance in the study of the spectrum of simplicial volume [13,20,21]. Moreover,
if the second bounded cohomology with trivial real coefficients is zero, one can
deduce strong consequences for the rigidity of circle actions [9,17,26].

2.2. Boundedly acyclic groups

In this note we are interested in boundedly acyclic groups [11,31], i.e. groups with
zero bounded cohomology in positive degrees:

Definition 2.1. (Boundedly acyclic groups) A group I' is boundedly n -acyclic if
Hlf (I'; R) = 0 for all integers 1 < k < n. It is boundedly acyclic if n = co.

Similarly, a group I" is X*P-boundedly acyclic if H lf (I'; E) = 0O for all integers
k > 0 and all separable dual Banach I'-modules E.

Recall that by Johnson’s Theorem amenable groups are characterised by the van-
ishing of bounded cohomology with all dual coefficients. Therefore X*P-bounded
acyclicity is in some sense the strongest vanishing property that one can hope for
in non-amenable groups. Still, it has very strong consequences in rigidity theory,
see [11, Section 6].

In the sequel we describe some criteria for bounded acyclicity and X%°P-bounded
acyclicity. We also show some implications among the different vanishing results.

2.2.1. Binate, mitotic and dissipated groups A wide class of acyclic groups are
the binate groups introduced independently by Berrick [5] and Varadarajan [33]
(who called them pseudo-mitotic). This class of groups includes groups arising
from geometry and topology as well as from combinatorial group theory.

Definition 2.2. (Binate groups) A group I' is binate if for every finitely generated
subgroup H < I, there exists ahomomorphism f: H — I' suchthat[H, f(H)] =
1, and an element ¢ € T" such that’ f(h) = h - f(h) forallh € H.

Remark 2.3. Here and in the sequel, we write 'g:=rgt .

Two special cases of binate groups have received special attention. The first
class is the one of mitotic groups introduced by Baumslag, Dyer and Heller [3]:
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Fig. 4. Ad Remark 2.7: H is a finitely generated subgroup of I', supported on the ball on the
left, and 7 is an element all of whose powers displace this set, supported on the rectangle.
Note that since ¢ is supported on the rectangle, the translates of the balls must shrink in size.
The group f(H) acts diagonally on all translates of the support of H

Definition 2.4. (Mitotic groups) A group I is mitotic if for every finitely generated
subgroup H < I there exist 71, 7, € I such that [H,"H] = 1 and 2h = h - "' h for
allh € H.

In other words, the homomorphism f: H — I in the definition of binate
groups is required to be a conjugate of the given embedding.

Mitotic groups are very suitable for constructions in combinatorial group theory.
However, they do not appear naturally in geometry and dynamics (we will discuss
this more in Sect. 3.5). A much more common class of binate groups, which contains
the most natural examples of homeomorphism groups, is the class of dissipated
groups:

Definition 2.5. (Boundedly supported groups) Let I be a group of bijections of a
set X, written as a directed union of a direct system of subsets (X;);c7, which we
call bounded sets. The group I' is boundedly supported if every element g € T
satisfies supp(g) C X; forsomei € I.

Definition 2.6. (Dissipated groups) Let X and (X;);c; be as above, and let I" be
a boundedly supported group of bijections of X. A dissipator for I' and X; is an
element #; € T" such that

(M ’(XpH)NX; =vforall p > 1;
(2) For every g € I' supported on X;, the element f(g) defined as

f(g) = r‘."g on t,'p(Xi), for every p > 1;
id  elsewhere

belongs to I'.

The group I is dissipated if there exists a dissipator for I and X; forevery i € I.

Remark 2.7. (Dissipated groups are binate) Dissipated groups are binate [6], as
displayed in Fig. 4.
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Dissipated groups typically arise as groups of compactly supported homeomor-
phisms [32]. Historically, the most important example in the context of bounded
cohomology is the group of compactly supported homeomorphisms of R”: Indeed,
based on the work by Mather in the case of ordinary (co)homology [25], Matsmu-
moto and Morita proved that the comparison map comp* : Hl’f (I'; R) - HXNT; R)
isinjective in all positive degrees [27]. This was the first example of a non-amenable
boundedly acyclic group.

The same strategy then became available for binate groups: since they are
acyclic [5], it is sufficient to show that their comparison map is injective in all
positive degrees in order to conclude that binate groups are boundedly acyclic.
This approach was first applied by Loh to the case of mitotic groups [24] and then
more recently to all binate groups:

Theorem 2.8. (Binate groups are boundedly acyclic [14]) Binate groups are
boundedly acyclic.

We have now covered the properties in Fig. 3 and the corresponding inclusions,
except for commuting conjugates, which is the subject of the next paragraph.

2.2.2. Commuting conjugates, second bounded cohomology and stable commuta-
tor length  The next displacement property that appeared in the literature is the
one of commuting conjugates, which is the weakest and most natural one. This
notion was introduced by Kotschick [23, Proposition 2.2] for studying the stable
commutator length, and then deeply investigated in the context of second bounded
cohomology [13]. Kotschick’s results are phrased with slightly different assump-
tions [23, Proposition 2.1], but the underlying property is the following:

Definition 2.9. (Commuting conjugates) The group I" has commuting conjugates
(abbreviated c. c.) if for every finitely generated subgroup H < I thereexistst € I’
such that [H,'H] = 1.

As in the case of binate groups, this property arises very naturally in the case
of boundedly supported groups.

Example 2.10. (Commuting conjugates) Let X be a set with bounded subsets
(Xi)ier, and let I be a boundedly supported group of bijections of X such that
for every i € I there exists t; € I" such that X; N¢#;(X;) = @. Then I" has commut-
ing conjugates, as displayed in Fig.5.

It is immediate from the definition that mitotic groups have commuting con-
jugates. Moreover, Example 2.10 shows that dissipated groups have commuting
conjugates. This completes the inclusions in Fig.3. We will discuss the missing
examples in order to prove the correctness of Fig. 3 in Sect. 3.4.

The simple property of commuting conjugates was shown by Kotschick to imply
vanishing of stable commutator length:

Theorem 2.11. (Commuting conjugates implies vanishing of scl [23]) Let I" be a
group with commuting conjugates. Then the stable commutator length vanishes
identically on T".
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Fig. 5. Ad Example 2.10: H is a finitely generated subgroup of I', supported on the ball on
the left, and 7 is an element that displaces this set, supported on the rectangle

As we mentioned earlier, by Bavard Duality [2] this result is equivalent to the
injectivity of the comparison map in degree two [16, Corollary 2.11]. This was then
strengthened to the vanishing of the whole second bounded cohomology group:

Theorem 2.12. (Commuting conjugates implies vanishing of Hb2 [13])
Let T be a group with commuting conjugates. Then T is boundedly 2-acyclic.

2.2.3. Commuting cyclic conjugates, commuting Z-conjugates and commuting
Z/n-conjugates 'We now move to the properties in Fig. 1. For a group to have
commuting conjugates, there needs to be no extra structure on the sets of elements
t that appear in the definition. However, in order to obtain the vanishing of bounded
cohomology in higher degrees, we have to require that the sets of conjugates are
well organized [11]. This leads to the definition of commuting cyclic conjugates:

Definition 2.13. (Commuting cyclic conjugates [11]) The group I" has commuting
cyclic conjugates (abbreviated c. c. c.) if for every finitely generated subgroup
H < TI' thereexist t € I' and n € Z>» U {oo} such that [H, ’pH] = 1 for
1 < p <nand[H, "] = 1. Here we read that t* = 1.

Let us formulate explicitly the naturally occurring case when 7 is infinite:

Definition 2.14. (Commuting Z-conjugates [11]) The group I' has commuting Z
-conjugates (abbreviated c. Z c.) if for every finitely generated subgroup H < I
there exists t € I" such that [H, lpH] = 1forall p > 1.

Example 2.15. (Commuting Z-conjugates) Let X be a set with bounded subsets
(Xi)ier,and let I" be a boundedly supported group of bijections of X such that for
every i € [ there exists t; € I such that X; N tiP(Xi) =@forall p > 1.Then T’
has commuting Z-conjugates, as displayed in Fig. 6.

The previous example shows that dissipated groups have commuting Z-
conjugates (whence, commuting cyclic conjugates). This explains one inclusion
in Fig.2.

The main advantage of commuting Z-conjugates over dissipated is that in the
former case the existence of elements acting simultaneously on infinitely many com-
ponents of support is not required. This recalls the Aristotelian distinction between
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Fig. 6. Ad Example 2.15: H is a finitely generated subgroup of I', supported on the ball on
the left, and # is an element all of whose powers displace this set, supported on the rectangle.
Note that since 7 is supported on the rectangle, the translates of the balls must shrink in size

actual and potential infinity [30, p. 664]. As a specific instance of this, certain
groups of diffeomorphisms or piecewise linear homeomorphisms have commuting
Z-conjugates, but they cannot be dissipated, because of the singularity that forms
at the accumulation point of the shifted copies of bounded sets [23, p. 402].

In turn, the advantage of commuting cyclic conjugates over commuting Z-
conjugates, is that one only needs elements that shift a bounded set a finite num-
ber of times, as long as the corresponding dynamics is well-behaved. This allows
to encompass transformation groups that preserve an additional structure, which
makes it impossible for a single element to shift sets infinitely many times; we will
see a clear example of this in Sect. 3.2. We specialize the definition of commuting
cyclic conjugates to describe the situations where finite orbits of shifted bounded
sets suffice.

Definition 2.16. (Commuting 7 /n-conjugates) Let n > 2. The group I has com-
muting Z/n -conjugates (abbreviated c. Z/n c.) if for every finitely generated
subgroup H < T there exists t € I" such that [H, v H]l=1forl < p < n, and
[H, "] = 1.

All the examples arising from geometry, combinatorial group theory, dynam-
ics and algebraic topology that are known to have commuting cyclic conjugates
are actually instances of either commuting Z-conjugates or commuting Z/2-
conjugates [11]. On the other hand, it is possible to construct more complicated
examples via combinatorial group theory (Sect.3.1).

Example 2.17. (Commuting Z/2-conjugates) Let X be a set with bounded subsets
(Xi)ier, and let I" be a boundedly supported group of bijections of X such that for
every i € [ there exists #; € I" such that X; N#;(X;) = ¥ and tl.2 fixes X; pointwise.
Then I" has commuting Z/2-conjugates, as displayed in Fig.7.

Recall that groups with commuting conjugates have zero second bounded coho-
mology (Theorem 2.12). As anticipated before, the notion of commuting cyclic con-
jugates, which slightly strengthens the notion of commuting conjugates, implies a
much stronger vanishing result:
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Fig. 7. Ad Example 2.17: H is a finitely generated subgroup of I', supported on the ball
on the left, and ¢ is an element that displaces this set, and whose square fixes the same set
pointwise, supported on the rectangle

Theorem 2.18. (Commuting cyclic conjugates implies X*-bounded acyclic-
ity [11]) Let T be a group with commuting cyclic conjugates. Then T is X%P-
boundedly acyclic.

This result already shows that the vanishing of the bounded cohomology in the
case of dissipated groups goes beyond trivial real coefficients:

Corollary 2.19. (Dissipated groups are X*“”-boundedly acyclic) Dissipated groups
are X°P-boundedly acyclic.

Note that it is not known whether all binate groups are X**P-boundedly acyclic
(Problem 4.1).

2.2.4. Conjugates in commuting Z-conjugate A similar condition to commuting
Z-conjugates was previously introduced by Monod [30, Corollary 5]. For conve-
nience, we give it a name here:

Definition 2.20. (Conjugates in commuting Z-conjugate) The group I" has conju-
gates in commuting 7, -conjugate (abbreviated c. c. Z c.) if there exists a subgroup
A < T and an element ¢ € I" such that:

() [A, Al =1forall p > 1;
(2) Every finite subset of I" is contained in a conjugate of A.

Example 2.21. (Conjugates in commuting Z-conjugate) Let X be a set with
bounded subsets (X;);cs, and let I' be a boundedly supported group of bijections
of X such that there exists ig € I and 7y € I" such that:

(D) Xiy Nt (Xip) =@ forall p > 1;

(2) For all j there exists s; € I" such that X; C s;(X;).

Then I has conjugates in commuting Z-conjugate, as displayed in Fig. 8.

Also groups having conjugates in commuting Z-conjugate have vanishing
bounded cohomology for all separable coefficients:
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Fig. 8. Ad Example 2.21: A is a subgroup of I', supported on the ball on the left, and 7 is
an element that displaces this set, supported on the smallest rectangle. Given a finite subset
of I, the union of the supports of its elements is contained in the middle rectangle, which
is the image of the support of A by an element s. The element s is in turn supported on the
largest rectangle

Theorem 2.22. (c.c.Z c. implies X*?-bounded acyclicity [30]) Let I' be a group
with conjugates in commuting 7Z-conjugate. Then I" is X*P-boundedly acyclic.

This result is in fact a consequence of the last unjustified inclusion in Fig.2,
which we prove here:

Lemma 2.23. (c.c.Z c. implies c. Z c.) Let I" be a group with conjugates in com-
muting Z-conjugate, then I also has commuting Z-conjugates.

Proof. Let H < T be finitely generated. Then there exists s € I" suchthat H < *A.
Let ty be as in the definition of c.c.Z c. and let r := . Then for all p > 1 we
have

(H," H = [H, (stfs” ) H(s15 "s™ )]
<[sAs™, (sté’sil)sAsfl(sto_psfl)]

—s[A Al =1, 0
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This concludes the proof of all the inclusions in Figs. 1, 2 and 3. In the next
section we will discuss the counterexamples witnessing strict inclusions, and we
will exhibit groups lying in the intersections.

3. Interactions between the properties

In the previous section, we have shown that all of the inclusions from the diagrams
in Figs. 1, 2 and 3 hold. In this section, we show that every non-empty area in the
diagram does indeed contain a group.

3.1. Correctness of Fig. |

We will exhibit the following examples:

(1) A group with commuting conjugates that does not have commuting cyclic con-
jugates (Proposition 3.6).

(2) A group with commuting cyclic conjugates that does not have commuting Z/n-
conjugates, nor commuting Z-conjugates (Proposition 3.3).

(3) A group with commuting Z/n-conjugates that does not have commuting Z-
conjugates (Proposition 3.3).

(4) A group with commuting Z-conjugates that does not have commuting Z/n-
conjugates for any n (Proposition 3.5).

(5) A group which has commuting Z-conjugates and commuting Z/n-conjugates
(Example 3.1).

The last item is the most straightforward:

Example 3.1. (c. Z c. and c. Z/n c.) Consider the group Homeo, (R?). It has com-
muting Z-conjugates [11, Corollary 5.19], as well as commuting Z/2-conjugates
[11, Corollary 5.11 and its proof]. It is straightforward to adapt the proof to show
that it has commuting Z/n-conjugates for every n > 2.

We proceed with a general construction that allows to treat the second and third
items of the previous list, and moreover shows that the parameter » in the definition
of commuting Z/n-conjugates does indeed make a difference.

We fix a sequence n = (n1, na, ...), where each n; € Zs,. Set I'g to be an
arbitrary finitely generated non-abelian group, and define by induction I';41:=I"; 2
Z/njy1. Recall that this denotes the standard restricted wreath product &,,,,I'; %
Z/n;y1. The standard embeddings I'; — I';;1 make this into a directed system of
groups, and we denote by I'j, their directed union.

Lemma 3.2. For every prime p, the group 'y has commuting 7./ p-conjugates if
and only if p divides n; for infinitely many indicesi. In all cases, I'y has commuting
cyclic conjugates.
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Proof. First, suppose that p divides n; for infinitely many indices i. Let H < T’
be a finitely generated subgroup. Then H < I'; for some j. By hypothesis there
exists i > j such that p divides n;, say n; = kp for some 1 < k < n;. We consider
I'i =Ti—1Z/n;, and let t denote the generator of Z/n;. We claim that t* satisfies
the conditions in the definition of commuting Z/ p-conjugates for H. First, for all
1 < g < p we have [H, ’qu] < [Fi_l,’kqf‘i_l] = 1,since 1 < kq < kp = n;.
Secondly, t"p = i = 1, and so clearly [H, tkp] = 1. This shows that I';, has
commuting Z/ p-conjugates.

Conversely, suppose that I'y has commuting Z/ p-conjugates. We will show that,
for all 7, there exists j > i such that p divides n;. Since I'; is finitely generated,
there exists ¢+ € I'y that satisfies the conditions in the definition of commuting
Z/ p-conjugates for I';. Let j be such that t € I';; we pick ¢ so that j is minimal.
Since I'; is not abelian, ¢ cannot belong to I';, otherwise [[';, 'T;] = [I7;, I';] # 1.
This shows that j > i. We claim that p divides n;.

We consider the group I'j = I'; 1 2 Z/n}, and notice that I'; < I'; ;. The
element  can be written uniquely as r = s¥b, where b € F;”_ 1» s is the generator of
Z/njand0 < k < n;.If k = 0, then the action of t = b by conjugacy onI"; | isthe
same as the action of the 0-th component of b, that we call ¢'. Since I'; < I'j_1, the
element ¢’ satisfies the conditions in the definition of commuting Z/ p-conjugates
for I';,and ¢’ € I"j_y, which contradicts the choice of # with minimal ;. It follows
that k # 0. Now 7 can be written uniquely as s*’b’, where again b’ € T’ ;li It

sk # 1, then ’1)1”]-,1 = I'j_1, which is a different copy of I'j_1, and thus has
trivial intersection with it. It follows that also *” I'; has trivial intersection with I';;
therefore [I';, t”] # 1. So s = 1, which implies that p is not a unit modulo 7,
and since p is prime, it must divide 7.

We have shown that, if I, has commuting Z/ p-conjugates, then for all i there
exists j > i such that p divides nj, i.e. p divides infinitely many n;, which
concludes the proof.

The fact that ', has commuting cyclic conjugates follows directly from the
construction: Every finitely generated subgroup H is contained in some I';, and we
can choose n = n;41 and ¢ to be the generator of Z/n;+1 < I'j41. O

This allows to provide the following examples:

Proposition 3.3. (c. c. c. vs. ¢. Z/n c. and c. Z c.) There exist groups with the
following properties:

e For every non-empty set of primes P there exists a group that has commuting
7./ p-conjugates if and only if p € P;

o There exists a group that has commuting cyclic conjugates, but not commuting
Z/n-conjugates for any n > 2;

e Both cases can be chosen not to have commuting Z-conjugates.

Proof. We enumerate P as p; < p2 < ...,andsetn;:= ]_[j<l- pj-ByLemma 3.2,
the resulting group I'y, has commuting Z/ p-conjugates if and only if p divides n;
for infinitely many i, which happens exactly when p = p; for some i.
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If instead we take n; to be an increasing sequence of primes, then by Lemma 3.2
the resulting group I'y, does not have commuting Z/ p-conjugates for any prime p.
Note that if a group has commuting Z/n-conjugates, then it has commuting Z/m-
conjugates for every divisor m of n, and so the more general statement follows.

For the last item, we claim that if we start the construction with a finitely
generated non-abelian torsion group I'g, then the resulting groups I', will not have
commuting Z-conjugates. By induction, each I'; is torsion, and therefore so is I'y.
Suppose by contradiction that there exists ¢ € I'y such that [Tg, g ['g] = 1 for all
p > 1. Since I'y, is torsion, taking p to be the order of  we obtain [["g, ['g] = 1,
which contradicts the choice of I'y as non-abelian. O

Remark 3.4. (Non-abelian torsion groups do not have c. Z c.) The previous argu-
ment shows that in fact non-abelian torsion groups cannot have commuting Z-
conjugates.

In particular, the previous proposition shows examples of groups with commut-
ing Z/2-conjugates that do not have commuting Z-conjugates; we will see more
naturally occurring examples in the next section. Next, we show:

Proposition 3.5. (c. Z c. not c. Z/n c.) The group Homeo.(R) has commuting
Z-conjugates but does not have commuting 7./ n-conjugates for any n > 2.

Proof. The group Homeo. (R) is dissipated and hence has commuting Z-conjugates
by Example 2.15 (see also Example 3.8 below). We show now that it does not have
commuting Z/n-conjugates for any n > 2.

Let H < Homeo(R) be the copy of Thompson’s group F acting on (0, 1) and
fixing the rest of R pointwise. Note that H is finitely generated and acts minimally on
(0, 1). If H commutes with ¢, it follows in particular that (0, 1) = (0, 1). Since ¢
is compactly supported it preserves the orientation, and thus #*(0) = 0, (1) = 1.
Similarly we deduce that 7(0) = 0 and (1) = 1. Thus ' H is also supported on
(0,1) = #(0, 1) and acts minimally on it. Let now 7 € H be an element whose
only fixed point in (0, 1) is 1/2. Because ' H commutes with k, it must preserve
its fixed point set and thus fix 1/2. This contradicts the minimality of the action of
"H . 1t follows that H and ' H do not commute. i

Note that this result is in striking contrast with the case of Homeo, (RZ) dis-
cussed before in Example 3.1.

Finally, we provide an example of a group with commuting conjugates that does
not have commuting cyclic conjugates.

Proposition 3.6. (c.c.notc.c.c.) Let I'1:= Homeo.(R), and let I'> be a group with
commuting conjugates that does not have commuting Z-conjugates. Then I'1 x I'p
has commuting conjugates but does not have commuting cyclic conjugates.

For example, ['; may be chosen as one of the groups in Proposition 3.3.

Proof. The group I':=I"1 x I'; has commuting conjugates because each factor does.
Now the proof of Proposition 3.5 shows that there exists a finitely generated
subgroup H; < I'y, such that if [H],tf] = 1 for some n > 2 and some t; € I'y,
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then [H;,"Hy] # 1. The assumption on I'; implies that there exists a finitely
generated subgroup H> < I'; such that for all #, € I'; there exists p > 1 such that
[Hy. " Hyl # 1.

Suppose by contradiction that I' has commuting cyclic conjugates, and let
H:=H; x H;. Since I' has commuting cyclic conjugates, there exists t = (¢1, 1) €
Tandn € ZsyUf{oo} such that [H;, " H;] = 1forall 1 < p < n,and [H;, "] = 1,
fori = 1,2.If n < oo, the statement with i = 1 contradicts the property of Hy; if
n = 0o, the statement with i = 2 contradicts the property of H>. O

3.2. More examples with commuting 7,/2-conjugates but not commuting
Z-conjugates

We will focus on an example of great interest in K -theory and homological sta-
bility: The infinite general linear group GL(R). The group GL(R) has commuting
cyclic conjugates (in fact commuting Z/2-conjugates) [11, Corollary 5.45 and its
proof]. On the other hand, we are going to show that the infinite general linear
group GL(R) cannot have commuting Z-conjugates. The proof is based on the fact
that the displacing element in GL(R) has to conserve the dimension (of the matrices
in the finitely generated subgroup). For this reason, a similar argument does also
apply to some other groups that preserve a quantity [11], including e.g.

e The group Diff¢ o (R2) (conservation of volume);
e The stable mapping class group Féo (conservation of genus).

For linear groups note that our argument needs an appropriate notion of dimension
or rank. For example, the general linear group of the cone of a ring is dissipated,
and in particular it has commuting Z-conjugates [4, pp. 84-85].

Proposition 3.7. (c. Z/2 c. not ¢. Z c.) The group GL(R) has commuting 7./2-
conjugates but not commuting Z-conjugates.

Proof. The fact that GL(R) has commuting Z/2-conjugates has already been
proved [11, Corollary 5.45 and its proof]. We are left to show here that GL(R)
does not have commuting Z-conjugates.

Let {e1, ez, ...} denote the standard basis elements of U,,cnyR”, and let H be
the copy of GL;(Z) acting on Rzzz(el, e7) and fixing all other e;. Note that H <
GL(R) is finitely generated. We compute via block multiplication the conjugation
of an element of GL(R) by an element of H:

X0\ (AB)(x'0\_ (XxAx!'XxB
or7J\cpJ\ o 1)”\cx!' D)

where X € GL,(Z). Testing with both

~10 10
X:(o 1) and (0-1)
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we see that an element in the centralizer of H must have B = C = 0 and A
diagonal. Moreover, testing with
10
= (11)

we see that A must be a scalar multiple of the identity. It follows that for every g in
the centralizer of H, the action of g on R? = (1, e») is by scalar multiplication.

Let r € GL(R) be such that [H,”H] = 1. Then the action of H on R? is
by scalar multiplication. For the same reason, the action of H on tR? is also by
scalar multiplication. Since the action of H on R? has no one-dimensional invariant
subspace, this shows that R? N rR? = {0}.

Now suppose that there exists # € GL(R) such that [H, "H ]=1forall p > 1.
Then the previous paragraph implies that R? N ?R? = {0} for all p > 1. It follows
that 1”1 R>NtP2R? = {0} forall p; # p». Therefore the spanof {tPe, tPes | p > 1}
is infinite-dimensional. But this is not possible since ¢ € GL, (R) for some n. Thus
GL(R) does not have commuting Z-conjugates. O

3.3. Correctness of Fig.2

We will exhibit the following examples:

(1) A group with commuting Z-conjugates that is not dissipated and does not have
conjugates in commuting Z-conjugate (Proposition 3.15).

(2) A group with conjugates in commuting Z-conjugate that is not dissipated
(Example 3.9).

(3) A dissipated group that does not have conjugates in commuting Z-conjugate
(Proposition 3.13).

(4) A group with conjugates in commuting Z-conjugate that is also dissipated
(Example 3.8).

We start with two well-known examples:

Example 3.8. (c. c. Z c. and dissipated) The group Homeo. (R) is dissipated [5,25]
and has conjugates in commuting Z-conjugate [28,30].

Example 3.9. (c. c. Z c. not dissipated) The derived subgroup F’ of Thompson’s
group F [12] has conjugates in commuting Z-conjugate [30]. However it is not
dissipated, in fact it is not binate. This is a combination of the computations of its
homology [19] (that is non trivial) and the fact that binate groups are acyclic [5,33].
In fact, it can be argued that F’ is not binate analogously to the proof of Proposition
3.15 below, without appealing to homological results.

We now move on to the two remaining examples, which will stem from the
same construction. We construct two groups I' < G inside Homeo.(R). We start
with I1:=(0, 1) and 'y = G the copy of Thompson’s group F (which is finitely
generated) acting minimally on /; and fixing its complement.
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Suppose by induction that we have defined a group G; supported on a bounded
interval [; and containing a finitely generated subgroup I';. We choose an ele-
ment 7,41 € Homeo.(R) with connected support, such that #;41(f;) N I; = .
For simplicity, we denote I/”:=t,,(I;) for all p € Z, and note that since 4
is orientation-preserving, the intervals Il.p are pairwise disjoint. We denote by
G¢ the group of homeomorphisms g supported on the disjoint union of inter-
vals {Iip }pez such that the restriction of g on Il.p coincides with the action of an

element of +1 G;. Note that we are allowing elements of G{’ to act simultane-
ously on infinitely many intervals, and therefore G’ is naturally isomorphic to
[1; Gi- Weset Giyy :=(G?, ti1+1) which is naturally isomorphic to the unrestricted
wreath product G; Wr Z. We also set I'; ;-1:=(I';, t;+1), which is naturally isomor-
phic to I'; : Z, seen as a subgroup of G; : Z < G; WrZ = G;4. Finally, we set
lip1:=supp(ti+1) = supp(I'i11) = supp(Gi1).

LetI" < G < Homeo.(R) be the directed unions of the I'; and the G; respec-
tively. It follows from the construction that:

Lemma 3.10. The group G is dissipated, and the subgroup I' < G has commuting
Z-conjugates.

The following lemma will be useful:
Lemma 3.11. For eachi € N, the subgroup I'; < G; is normal.

Proof. We proceed by induction on i € N, the case i = 1 being tautological.
Suppose by induction that I'; is normal in G;. Consider

Fiy1 = EBFi X (tiy1) < Gig1 = G % (tiy1).
Z

Note that it suffices to show that @zI"; is normal in G}’ and invariant under the
action of #;41. The latter is clear. Now a direct sum is normal in its corresponding
direct product, and by induction hypothesis I'; is normal in G;. Thus

@Figl—[FiﬁnGisz”. -
Z Z Z

The key observation is the following:

Lemma 3.12. For every g € G and every i € N, we have that either

eg(IHNIi =0, or
0 2(lj))=1,%G; =G;and 8T; =T.

Proof. We prove the claim by induction on d = (j — i) € Z where i is as in the
statement, and j is such that g € G;.If j <1, then g is supported on /; and belongs
to G;, so g(I;) = I; and 8G; = G; are trivial, and 8T"; = I'; follows from Lemma
3.11.
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Now suppose that g € G;41,1.e.d = 1. By construction G;41 is isomorphic to
G; Wr Z, with t; 1| representing the stable letter. The copy of G; sitting at the lamp
labelled by k is supported on Il.k and fixes pointwise its complement, in particular
it fixes pointwise Il.e for all £ # k. We write g = tikHb for some b € G} and
k€ Z.If k # 0, then g(I;) = tf, \b(I;) =t (I;) = I} which is disjoint from ;.
Otherwise, g = b preserves /;, and the action of g by conjugacy on G; is the same
as the action of the 0-th component of g, which belongs to G;. Therefore §G; = G;
and 8T"; = I}, as in the first paragraph.

Now suppose thatd > 1,i.e. j—1 > i.Since [; C Ij_1,ifg(I;—1)NIj—1 =1,
then we are done. Otherwise, the above argument shows that g(/;—1) = I;—1, and

there exists an element 7 € G ;1 such that g I = h| Iy and therefore the
actions of g and / by conjugacy on G j_; coincide. Then we can apply the induction
hypothesis to 4 and conclude. O

We are now ready to provide one more example for Fig. 2:

Proposition 3.13. (Dissipated not c. c. Z c.) The group G is dissipated, but does
not have conjugates in commuting Z-conjugate.

Proof. Let T';, G, t;, " and G be as in the construction above. We have already
seen in Lemma 3.10 that G is dissipated.

Now suppose by contradiction that G has conjugates in commuting Z-conjugate.
So there exist A < G and ¢t € G with the following properties:

(1) [A,""Al=1forall p > I;
(2) Every finite subset of G is conjugate into A.

Letn € Nbesuchthatt € G,. The second property implies that there exists s € G
such that °T",, < A, since I', is finitely generated. By Lemma 3.12, we split into
two cases. First, suppose that s(Z,) N I, = . Then t commutes with °T",, because
they are supported on disjoint intervals, and so [*T,, ' ¢CT,)] = [*Tp, Tl # 1,
because T',, is not abelian. In the other case, s(I,) = I, and °T,, = I';, and so
again [*T,,, 'CT,)] = [T, 'Ty] = [T, Tyl # 1, where the last equality follows
from Lemma 3.11. In both cases, [T, (°T;)] # 1 and thus [A,’A] # 1, which
contradicts the defining property of 7. O

Finally, we will show that I' fits the last remaining non-empty region in Fig.2:
It has commuting Z-conjugates, but it is neither dissipated nor it has conjugates in
commuting Z-conjugate.

Lemma 3.14. Let g € . Then the support of g is a disjoint union of finitely many
intervals.

Proof. We prove this by induction ontheindexi € Nsuchthatg € I';. Ifi = 1,then
g is an element of Thompson’s group F' acting on the interval, and so the statement
is well-known [12]. Now suppose that this is true up to I';, and let g € I'; 4.
Then we can write g = tl.kHb for some b € @zI['; and some k € Z. If k£ # 0,
then supp(g) = supp(fi+1) = Ii+1, which is an interval. Otherwise, g = b is the
product of finitely many elements in conjugates of I'; supported on disjoint sets,
and so the induction hypothesis applies. O
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Proposition 3.15. (c. Z c. not dissipated and not c. c. Z c.) The group I has com-
muting Z-conjugates, but is not dissipated (in fact, it is not even binate) and does
not have conjugates in commuting Z-conjugate.

Proof. We have already seen in Lemma 3.10 that I has commuting Z-conjugates.
It follows from (a shorter version of) the argument of Proposition 3.13 that I does
not have conjugates in commuting Z-conjugate.

Suppose by contradiction that I' is binate. Consider I'j < I', which is finitely
generated and supported on /1, and let g € I'1 be an element of full support. By
assumption, there exists a homomorphism f: I'j — I" such that [Ty, f(I'1)] =1
and t € [ such that ' f(g) = g - f(g). By Lemma 3.14, there exist finitely many
disjoint intervals I, . .., I, whose union equals the support of f(g). Now, I'| acts
minimally on I, so f(I'1) fixes /] pointwise; in particular /; is disjoint from I; for
2 <k < n.Itfollows that g - f(g) is supported on the disjoint union /1 U --- U [,,.
This gives t (b U---U I,) = I} U---U I,, a contradiction. |

3.4. Correctness of Fig. 3

We need to exhibit the following examples:

(1) A binate group that does not have commuting conjugates (Proposition 3.19).

(2) A group with commuting conjugates that is not binate (Example 3.16).

(3) A binate group with commuting conjugates that is not dissipated (Corollary
3.18).

We leave the first item for the end, and start with the other two examples, which
are well-known.

Example 3.16. (c. c. not binate) We have already seen in Example 3.9 that F’
has conjugates in commuting Z-conjugate but is not binate. In particular F’ is an
example of a group with commuting conjugates that is not binate.

For the next example, we go a little further:

Proposition 3.17. Hall’s universal locally finite group has the following combina-
tion of properties:

(1) It is mitotic;
(2) It has commuting 7./ n-conjugates for every n;
(3) It does not have commuting Z-conjugates.

We immediately deduce:

Corollary 3.18. (Binate and c. c. not dissipated) Hall’s universal locally finite
group is binate, has commuting conjugates, but is not dissipated.
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Proof of Proposition 3.17. Recall that Hall’s universal locally finite group U is a
countable locally finite group such that every finite group embeds into U, and such
an embedding is unique up to conjugacy. It is easy to deduce from this universal
property that U is mitotic [5].

Let H < U be a finitely generated subgroup, which is therefore finite. By
the first property, there exists an embedding ¢: H * Z/n — U. By the second
property, there exists s € U such that h = t(h) for all h € H. Let tp denote the
generator of Z/n. Then :=°1(1o) satisfies the required properties. First [H, " H] =
[u(H), "0 (C«(H))] = *[H,"0 H] = 1 forall 1 < p < n;and " = (1) = 1,
soclearly [H, "] = 1. This shows that U has commuting Z/n-conjugates for every
n.

On the other hand, U does not have commuting Z-conjugates because of being
a non-abelian torsion group (Remark 3.4). O

Finally, we construct a binate group that does not have commuting conjugates.
In particular, this will be an example of a binate group that does not fit into either of
the main categories of binate groups, namely mitotic and dissipated groups, since
both of these have commuting conjugates (for different reasons).

We use a standard construction to embed groups into binate groups, called
binate towers [5]. For a group I', we let

b(M):=(I xT,d | (1, g) = (g, g) forall g € ).

We can describe b(I") as an HNN-extension with base I' x I' and associated
subgroups I'1:={1} x I’ and Ar:={(g,g) € ' x ' | g € T'}. We denote by
I'_:=I" x {1} and note that I'_ embeds into b(I"). This allows to iterate this con-
struction by setting bO(F):zF and b (I'):=b(b'~1(I")) foralli > 1,and to construct
the group B(I") as the directed union of {*(I")};en. The group B(T") is called the
universal binate tower over I', and it is the basic example of a binate group. We
will show that any such construction gives the desired example:

Proposition 3.19. (Binate towers do not have c. c.) For every finitely generated
group T, the binate tower B(I") does not have commuting conjugates.

The key claim is the following structural result about the functor b.

Lemma 3.20. Let T be a group, identified with its image ' < T' x I' < b(I").
Then every element 1 # h € T'_ fixes a unique vertex in the Bass—Serre tree of
b(T"), which is the vertex fixed by I' x T.

Proof. Let T be the Bass—Serre tree for the HNN-extension expression of b(I"). It
has a unique orbit of vertices and exactly two orbits of oriented edges. For a suitable
choice of base vertex v, incoming edge e and outgoing edge f, the stabilizer of
vis I' x T, the stabilizer of e is Ar, and the stabilizer of f is [';. Moreover, all
incoming edges are permuted by I x I, therefore their stabilizers are conjugates of
Ar inI" x I', and similarly for outgoing edges and I';. It follows that a non-trivial
element 7 € T'_ does not belong to the stabilizer of any edge adjacent to v, and
therefore fixes no other vertex of 7. O
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Proof of Proposition 3.19. Let I be a finitely generated group. Up to replacing I"
by b(I"), and noticing that B(b(I")) = B(I"), we may assume that " is non-abelian.
Suppose by contradiction that (I") has commuting conjugates. Then there exists
t € B(') such that [T, 'T'] = 1, and by construction there exists i > 0 such that
t € b'(I"). We choose ¢ so that i is minimal. Then i > 1, for otherwise 7 € I and
[[,'T] = [I,T] # 1.

We see b (') as b(b'~1(I")) and notice that I is identified with a subgroup
of ¥V I(I')_ < b~ (") x b'~1(I') < b/ (I"). By Lemma 3.20, if we denote by v
the vertex in the Bass—Serre tree that is fixed by b ~!(I") x b'~1(T"), then v is the
unique vertex fixed by I". Therefore ‘T fixes the vertex v and no other vertex. On
the other hand ’T" centralizes I", and therefore must preserve the fixed point set of
I'. Tt follows that v = v, and so ¢ belongs to the stabilizer of v in bi(I), that is
b'~1(I") x b'~1(I"), which allows to write r = r_t, as a product of its projections
onto the two factors. Now the conjugation by #; on I' < b'~!(I")_ has no effect,
and therefore 7_ satisfies [[,"-T'] = 1. Butz_ € b'~! (I")_, which is the standard
copy of b’ ~I(I") in B(T"). This contradicts the minimality of i and concludes the
proof. O

3.5. Mitotic groups

Mitotic groups form an important class of binate groups; However they are fun-
damentally different from the examples of boundedly supported groups with dis-
placement properties that we have been mostly interested in. For example, one can
show that if I" is a boundedly supported group acting on a space X which exhibits
commuting conjugates as in Example 2.10, and I" is moreover mitotic, then the
support of every finitely generated subgroup of I' can be written as the disjoint
union of an arbitrarily large number of open sets. However, we are unable to show
that this situation cannot occur. In particular, the following problem is an obstacle
for fitting mitotic groups into Fig. 3:

Problem 3.21. (Dissipated and mitotic group) Does there exist a dissipated group
that is also mitotic?

As for the interactions with other properties, it is clear that mitotic groups
have commuting conjugates, and Hall’s universal locally finite group witnesses
that mitotic groups need not have commuting Z-conjugates (Proposition 3.17).
However, the following remains open:

Problem 3.22. (Mitotic implies c. c. c¢.) Let I' be a mitotic group. Does I" have
commuting cyclic conjugates?

‘We propose a natural candidate for a counterexample to Problem 3.22. Follow-
ing Baumslag—-Dyer—Heller [3, Section 5], for a group I', we denote by m(I") its
standard mitosis, namely

m(D):=( x T,s,d |*(g, 1) = (1,8),%(1, &) = (g, 8))-
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We can describe m (I") as the fundamental group of a graph of groups whose under-
lying graph is a wedge of two circles, with unique vertex group I' x I" and with both
edge groups I'. Now I" embeds into m (I") by first embedding into the first factor of
I' x I". We can thus iterate this construction by setting m’(I") = m(m'~!(I")), and
we denote by . (I") the directed union of {m'(I")};en, which is called the standard
mitotic embedding of I'. Then w(I") is mitotic [3, Lemma 5.4], and thus binate. This
construction can be seen as the mitotic analogue of the binate tower construction
that we used for Proposition 3.19.

Problem 3.23. (Mitotic tower of free group has c. c. c.) Let Fy denote a non-abelian
free group. Does (Fy) have commuting cyclic conjugates?

We suspect that it does not. At least, it is easy to show that 1 (Fy) does not have
commuting Z-conjugates:

Proof. If u(Fy) has commuting Z-conjugates, then there exists ¢t € w(Fg) such
that [ Fy, P F] = 1 forall p > 1. Since Fj has trivial center, it follows that (Fg, )
contains a copy of @y Fi, which has infinite cohomological dimension. Hence, if
i € Nis such that ¢ € m’(Fy), it follows that m’(F) has infinite cohomological
dimension as well.

However it is easy to see that cd(m(I")) = 2cd(I") for every group I' [7,
Proposition 6.12]. Therefore cd(m!(F;)) = 2¢, which contradicts the previous
paragraph. O

Despite the similarity of the problem, adapting the argument from Proposition
3.19 to show that mitotic towers do not have commuting cyclic conjugates presents
a challenge. Namely, a crucial step in the proof that 8(I") does not have commuting
conjugates is the fact that the image »'~1(I") — b'(I") intersects trivially all edge
stabilizers in the corresponding Bass—Serre tree. This is however not the case with
m'~1(I') — m!(I"), where the image is identified with an edge stabilizer, and in
fact can be shown to fix infinitely many edges.

4. Problems

We conclude this note with a list of intriguing problems about bounded acyclicity
(see Sect. 3.5 above for more problems). The first problem focuses on binate groups,
that we know to be boundedly acyclic (Theorem 2.8), but we do not know whether
they are also boundedly acyclic for all separable coefficients:

Problem 4.1. (Boundedly not X%P-boundedly acyclic groups) Are binate groups
X%P-boundedly acyclic? More generally, are there groups that are boundedly
acyclic for trivial real coefficients, but that are not X**P-boundedly acyclic? If
yes, how can we detect the non-vanishing of the bounded cohomology for certain
separable coefficients?

Due to Theorem 2.18, a natural candidate of a binate group that is not X5P-
boundedly acyclic is the binate tower construction, since such groups do not have
commuting cyclic conjugates: In fact they do not even have commuting conjugates
(Proposition 3.19).



Displacement techniques in bounded cohomology

Problem 4.2. (X*°P-bounded acyclicity of binate towers) Are universal binate tow-
ers B(I") always X*P-boundedly acyclic?

Another possible approach for constructing a boundedly acyclic group which
is not X**P-boundedly acyclic goes via commensurability.

Lemma 4.3. If A < T is a finite index subgroup, then A is X**P-boundedly acyclic
if and only if T is X°P-boundedly acyclic.

Proof. For every Banach I'-module E, the restriction H;'(I"; E) — Hj}(A; E) is
injective [29, Proposition 8.6.2]. Therefore if A is X**P-boundedly acyclic, then so
isT.

Conversely, let E be a dual separable A-module. Eckmann—Shapiro induc-
tion [29, Proposition 10.1.3 (i)] yields a dual I'-module L°°(T, E)A such that
Hy' (A E) = Hp(I's L(T, E)™) forall n > 0. Let R be a set of right coset rep-
resentatives, so that I' = AR. ThenforallA € A,r € R, f € L*°(T, E)A it holds
fOr) = Af(r) [29, Notation 2.4.7]. So the map

LT, E)* — EWALL f s (f()rer

is an isomorphism of Banach spaces. Since E is separable, this shows that
L(T, E) is separable. So if T is X*P-boundedly acyclic, then

0= Hj(I'; LT, E)) = H}(A; E)
for all n > 1, which shows that A is X*P-boundedly acyclic. O

The first direction also works with trivial coefficients, since the module does
not change along the way: If A is boundedly acyclic, then I' is boundedly acyclic.
However, the other direction really needs the change of coefficients, which can be
witnessed by explicit examples in degree 2 [11, Remark 2.4]. Therefore, if " is a
boundedly acyclic group containing a finite index subgroup that is not boundedly
acyclic, then I" is not X%*P-boundedly acyclic.

Problem 4.4. (Commensurability invariance of bounded acyclicity) Is bounded
acyclicity invariant under commensurability?

Another challenging problem is to understand whether the weakest notion of
commuting conjugates is already enough to ensure bounded acyclicity. More pre-
cisely, it would be interesting to investigate the following:

Problem 4.5. (c. c. versus bounded acyclicity) Let " be a group with commuting
conjugates. Is I' a boundedly acyclic group, or even an X**P-boundedly acyclic
group? If the answer is negative, how can we show non-vanishing of the higher
bounded cohomology groups, or of second bounded cohomology with non-trivial
coefficients?

Note that our examples of groups with commuting conjugates but without com-
muting cyclic conjugates are obtained as products of X5°P-boundedly acyclic groups
(Proposition 3.6); therefore they are also X*°P-boundedly acyclic, as can be deduced
from a spectral sequence argument with appropriate coefficients [29, Proposition
12.2.2] (or variations of it [31, Corollary 4.2.1]).
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