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ON THE ANALYTIC SINGULAR SUPPORT FOR THE
SOLUTIONS OF A CLASS OF DEGENERATE
ELLIPTIC OPERATORS

PAOLO ALBANO AND MARCO MUGHETTI

ABSTRACT. We study a class of degenerate elliptic operators (which
is a slight extension of the sums of squares of real analytic vector
fields satisfying Hérmander Condition). We show that, in dimen-
sion 2 and 3, for every operator L in such a class and for every
distribution v such that Lu is real analytic, the analytic singu-
lar support of u, singsuppu, is a “negligible” set. In particular,
we provide (optimal) upper estimates for the Hausdorff dimension
of singsuppu. Finally, we show that in dimension n > 4, there
exists an operator in such a class and a distribution u such that
sing supp u is of dimension n.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

We study the (local) analytic regularity for a class of degenerate
elliptic operators with real analytic coefficients. In order to be definite,
throughout this paper we assume that 2 C R" is a bounded domain
(n > 2), let N > 2 be an integer and let

n

X;(x,D) = aj(x)Dy,  (j=1,...,N)

where a;, € C¥(QR), k=1,....n, j=1,...,N and D, = 2=

V-1
We assume

(H) for every z € 2 the dimension of the Lie algebra generated by
Xi,..., Xn and their (possibly iterated) commutators is n.
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We consider the operator

(11) L(x,D) =Y Xi(x, D)by(x)X;(x, D)+

ij=1

Z ¢;(2)X;(z, D) + d(x),

with b;;,¢j,d € C¥(Q;C), 4,7 =1,...,N, and

bis)ij=1,..N + [bjilij=1,.N > ¢,
where ¢ is a positive constant. We consider the following problem:

(P) Let uw € D'(§2) such that Lu is real analytic on a subdomain V' C €.
Is u real analytic in V' possibly except on a negligible set?

We recall that, even taking in (1.1) b;; = ¢;; and b; = d = 0, the
problem of the analytic regularity of the solutions of Lu = f with f
real analytic is open. It is well-known that if L is elliptic on 2, then
singsuppu = () (this is a classical result see e.g. [4], page 207). Here
sing supp u is the analytic singular support, i.e. xo ¢ singsuppu if
and only if u is real analytic near xy. We point out that, as remarked
in [9] page 149, by assuming a constant rank condition, a second or-
der degenerate elliptic operator can be written as an operator sum of
squares of vector fields. Let us also recall that, for sums of squares, if
the coefficients of L are real analytic, Hormander Condition (H) is a
necessary and sufficient condition for the C'* hypoellipticity of L (see
8], Théoreme 2.2). On the other hand, the real analyticity of Lu does
not imply that u be real analytic (see [3]). Then, in general (without
additional assumptions on the operator L), one cannot expect that u
be a real analytic function whenever Lu is.

We refer the interested reader to [6] and [2] for an accurate descrip-
tion of the problem of the analytic hypoellipticity for operators sums
of squares and an updated description of the available regularity re-
sults. In this paper, we take a different attitude: instead of looking for
conditions ensuring the absence of the analytic singularities, we show
that, in low dimension, the set of the analytic singularities is negligible
(of Hausdorff dimension 0 for n = 2 and 2 for n = 3). More precisely,
we prove the following

Theorem 1.1. Let L be an operator of the form (1.1) and let u be a
distribution' defined on €0 such that Lu is real analytic on a domain

V C Q. Then,

Really, by a result of Hormander [9], u € C>°(V).
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(i) If n = 2, u is real analytic on V' possibly except on a discrete set.
(i) If n = 3, sing supp uNV is contained in an analytic set of dimension
2.

It is well-known that the problem of regularity is a microlocal prob-
lem (i.e. it is appropriately formulated in the phase space taking into
account both the singular points and the related frequencies). We point
out that even if our results are stated in a local form they are in essence
microlocal. Indeed, they are based on the following (classical) facts:

(1) the analytic singular support of u is the projection (on the base)
of the analytic wave front set of u, W F(u) (see [10] Definition
3.1 and Theorem 3.2);

(2) WF(u) C WF(Lu) U Char(L) (see [10] Theorem 5.4),

where
Char(L) = {(z,¢) € @ x (R"\ {0}) | X;(z,&) =0,j=1,...,N}.

More precisely, we can reduce our vector fields to local standard
forms and, since we are working in low dimension, we can remove from
the characteristic set suitable regions (due to the fact that these re-
gions do not intersect the analytic wave front set of the distribution
u). In this way, we end up with a subset of the characteristic set whose
projection on the base—containing the analytic singular support of u—
is suitably small.

We recall that the analytic singular support of a solution of Lu = f,
with f real analytic, may be the empty set. For instance, for n =
2, it is well-known that the operator L = D? + x?p D2, where p is
a positive integer, is analytic hypoelliptic. On the other hand, for
L = D? + (2% + 23) D3, there exists a solution of the equation Lu = f,
with f real analytic, such that u is not real analytic at the origin of
R? (see [12]), i.e. singsuppu = {(0,0)} (because of L is elliptic except
at (0,0)). Let us also recall that, in the case n > 3, the projection on
the base of Char(L), 7(Char(L)), may be the whole R™. For instance,
consider L = D? + (D3 + x1D3)?. Then, 7(Char(L)) = R? but every
solution of Lu = f is real analytic where f is real analytic (this can
be seen as a very special case of a more general result see [15, 14]).
It is also well-known, that there exists a solution v (see (3.19)) of
(D% + D3 + 22D3)v = 0 such that singsuppv # 0 (see [3]). One can
easily show that, for such a function, singsuppwv is an analytic set of
dimension 1. On the other hand, in Section 3 we prove that, without
additional assumptions, Theorem 1.1(ii) is optimal. (The optimality of
Theorem 1.1(i) is a consequence of [12].) More precisely, we have the
following
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Proposition 1.1. There exists a solution of equation

(D? + D24+ 22DHu=0 in Rx|—o00,2[xR,
such that sing supp u = {(x1, z2, z3) € Rx] —00,2[xR | 2; = 0}.

For n > 4, the analytic singular support may be a large set. Indeed,
we have the

Proposition 1.2. Let n > 4, then there exists a solution of equation

(Df + (Dy + x1D3)% + ZD]?) w=0

=4
in | — oo, —2[xR?x] — 00, 2[xR"™, such that

sing supp u =] — 0o, —2[xR?x] — 00, 2[xR"™*

2. PROOF OF THEOREM 1.1

Let us begin the proof of Theorem 1.1 by recalling a very special
case of a known result (see e.g. [1] page 61).

Theorem 2.2. (i) Let Q C R? be an open set and let
(22) X1 :DIN Xj:aj<$1,x2>Dm2, j:2,...,N,

be real analytic vector fields satisfying Hormander Condition. Consider
an operator L as in (1.1), suppose that Char(L) is a (real analytic) sym-
plectic manifold and let xo € 7(Char(L)) = {z € Q| 3., a?(z) = 0}.
If there exist £ € {2,..., N}, m a positive integer and U, a neighbor-
hood of xy in R?, such that the functions in (2.2) satisfy

(1) dia;(z) = 0, for every x € U N w(Char(L)), for every j €
{2,...,N} andie {1,...,m—1};
(2) 07'ae(xo) # 0.

Then xq ¢ sing supp u if xo ¢ sing supp Lu.

(ii) Let Q C R? an open set and let X1 = D,,, Xy = Dy+a(xy, T2, 23) Dy,
be real analytic vector fields satisfying Hormander Condition. Consider
an operator L as in (1.1) and suppose that Char(L) is a (real analytic)
symplectic manifold. Then

(z0,&0) E WF(u) if (20,60) ¢ WF(Lu).
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2.1. Proof of Theorem 1.1(i) (i.e. n =2). By Assumption (H), for
every point x € €) there exist a least one vector field, say X, and an
open subset W C V| such that X; is not singular on W. Then, possibly
reducing W, we may rectify the vector field X, using a real analytic
change of coordinates, and we may assume that

X1 =D

Because of the compactness of €, in order to prove the result, it suffices
to show that a solution u has at most finitely many points of non
analyticity in such a set WW. By means of a linear substitution, with
real analytic coefficients, acting on the vector fields we can assume that
the remaining vector fields are of the form

a(xy,xe)Dy or  b(xy,x2)Ds

(for suitable real analytic functions a and b). We observe that Hor-
mander Condition is retained by non-singular linear substitutions with
smooth coefficients. Let us also point out that the operator L w.r.t.
the “new” vector fields takes the form (1.1) for suitable coefficients.
Then the characteristic set of L is given by

Char(L) = {(ZL’I,JZQ,O,gg) | (.Tl,l’g) e W, 52 7£ 0,
bj(l'l,l'g):() VJGJ},

where J C {2,..., N} and bj(xy, x2) is a real analytic function on W,
for every j € J. Set

jeJ
By Assumption (H), for every & € W there exists k € N such that
o B(x)=0, Vj=1,.. . k-1,
oF B(z) # 0.
Let us take z € W N w(Char(L)). Without loss of generality we may
assume that = 0 and that
W =] —6,0[x] — 0,4

(2.3)

We observe that
W Nr(Char(L)) = {x € W | B(x) = 0}.

Using (2.3) and the Weierstrass Preparation Theorem, we find, possibly
reducing W,

(2.4) B(z) = By, x5) = e(zq, 32) (x’f + Z Bj(x2)x’;—j> :
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for (z1,72) € W where e and Bj, j = 1,...,k, are real analytic
functions with B;(0) = 0, j = 1,...,k, and e(z1,x2) # 0 for every
(x1,m9) € W. Set

k
(2.5) flwy,wa) = 2k + ) Bj(wa)ay .

j=1
Then, we have that
(2.6) W Nn(Char(L)) ={zx e W | f(z) =0}.

By the Fundamental Theorem of Algebra, we have that there exist
21(x3), ..., zi(z2) € Csuch that f(zj(xs),z2) =0, for j =1,...,k and
for every xo €] — 0,d[. Then, the discriminant is given by

D(w2) = Wicj(zi(w2) — 2i(22))* (w2 €] =6, 0]).

We observe that D(-) is real analytic on | — §,0[. (Indeed, it is a sym-
metric polynomial w.r.t. the roots z,. Then it can be written as a
polynomial of k variables evaluated at the elementary symmetric func-
tions Sgk) (CCQ) = 21§h1<...<hi§k zhl(xg) c.2h, (1’2), 1 = 1, e k. Then
the analytic regularity of D(+) is a direct consequence of the identities
s (2p) = (1) By(a2), j = 1,....,k.)

Let us suppose that D(xq) = 0 for every x5 €] — 6, 0[ (otherwise we
may directly assume that f is of the same form as f below). Then by
the results in [11] (Théoréme page 18) there exists f of the form (2.5)

but of degree (w.r.t. x1) strictly less than f such that
A= {(z1,22) €] = 6,0 | flw1,29) =0} =
{(x1,25) €] — 6,0 | f(x17$2) = 0},
and the discriminant of f, D(-), is not identically zero on | — 6, 5[. We

have that there exist & functions, (), such that

flay, ) = I (2 — Z(22)).

Then, the set A can be stratified as follows: since D(-) is real analytic,
it vanishes (at most) at finitely many points @4, i = 1,...,¢. Let

(2.7) wij = (3(7),75) € A, i=1,... . Land j=1,...,k,

(these are the strata of dimension 0 where we have no control on the
singularities of u). Let

(ylayQ)eA\{wij ‘ ;i:17"-7£7j:17'-'7k}'
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Then there exist ¢ > 0 and j € {1,...,k} such that y; = Z;(y2), % (")
is a real analytic function in Jys — €,y + €[, and

(2.8) Q=(y)Nm(Char(L)) = Q=(y) N {(Z(x2), 22) | 22 €]ya —&,y2+e[}
where

Qe(y) =ly1 — .y T e[X]ya — e, 42 + €.
The proof of Theorem 1.1(i) is completed if we show that

(2.9)  Q:(y) N{(Z(x2),22) | x2 €]y2 — €, y2 + €[} Nsingsuppu = (.

We observe that Char(L) N7~ 1(Q.(y)) is a symplectic manifold. In
order to apply Theorem 2.2(i) we need to check Assumptions (1) and
(2). By the definition of the set A and (2.8), we deduce that

(2.10)  flz1,22) = ex(w1, x2) (21 — Z(22))*, (z1,22) € Q:(y),

for a suitable ¢ € N and with ey(+) strictly positive in Q.(y). ((2.10) can
be obtained by dividing f by z1 — Z;(22) as many times as possible.)
Then, we find that

bg(l’l,l'g) = 6((1‘1,152)(1'1 — Zj(ZL‘Q))i, (E c J)

where e, are real analytic functions. Hence, there exists (at least) an
index ¢y € J such that e, is always different from zero on Q.(y). This
implies that Conditions (1) and (2) of Theorem 2.2(i) are satisfied with
m = i. Then, by Theorem 2.2(i), we deduce that (2.9) holds and we
conclude that singsuppunV C {w;; | ,i=1,...,¢,j=1,... ,/;} (with
w;; as in (2.7)).

2.2. Proof of Theorem 1.1(ii) (i.e. n = 3). As in the case of n = 2,
we may assume that

(2.11) X1=Dy, ,
X;=> " _sa;s(x)Ds, j=2,...,N,

for suitable real analytic functions a;s, j = 2,...,N and s = 2,3.
There are two cases: either there exists a point xqg € V such that at
xo three of the vector fields X7, ..., Xy are linearly independent or we
are in the complementary case.

In the first case, possibly renaming the vector fields, we may assume
that X, X5 and X3 are linearly independent at zy. Then, we consider
the real analytic function (defined on V')

1 0 0
f(z) =det |0 ag(x) ags(x)
0 a3 (l’) as3 ([L’)
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We have the decomposition
V=AzeV|flz)#0ju{zeV | f(z) =0},
where {x € V | f(z) = 0} is an analytic set of dimension 2.
Hence, since L is elliptic (then analytic hypoelliptic) on the set {z €
V| f(x) # 0}, we conclude that
singsuppuNV C{z €V | f(z) =0},

and the proof is completed.
Then, we may assume that, in V', there are at most two linearly
independent vector fields. Set

A= {x eV YD (aju(2) = 0} .

=2 s=2

We observe that, by Hérmander Condition, V'\ A # (). For any xy €
V'\ A there exists a component, say ass(-), such that as(zg) # 0. Let
us consider the open set

Vi={z eV |an(z)# 0}
Modulo a (non-singular) substitution with real analytic coefficients, we
may assume that
Xl = Dl)
(212) X2 = D2 + bzg(I)Dg
X]’: jg(fE)Dg, j:3,...,N,
for suitable real analytic functions b3, j = 2,..., N.

We remark that, by this substitution, the operator L can be rewritten
once more in the form (1.1). Let us also point out that the characteristic
set is (clearly) unchanged and that also the new vector fields satisfy
Hoérmander Condition.

Case 1: N = 2.
Then

Char(L) N7~ (Vi) = {(x,0, —bas(x)&3,&3) | with x € Vi, & # 0}
and
Char(L)N7~Y(V}) = AUB
where
A= {(x,O, —623(1')53,53) | with z € Vi, 53 7’é O,axlbgg(z) 7é 0}

and

B = {(z,0, =bo3(7)&3,&3) | with x € V1, {3 # 0,0,,bo3() = 0}.
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Then, by Theorem 2.2(ii), AN W F(u) = (), hence
m(A) Nsingsuppu = 0

and m(B) C {x € Vi | Oy bes(x) = 0}. By Hormander Condition
Oy, ba3(x) cannot be identically zero and we obtain that

singsuppu NVy C w(B) C {z € V1 | 04,b23(z) = 0}.
Then, we conclude that
singsuppu NV C{x € V | ag(x)0;,bas(x) = 0}.

It remains to consider the complementary case:
Case 2: N > 2.

We can assume that there exists j € {3,..., N} such that b;3(z) is
not identically zero on V;. Then, we conclude that

singsuppu NV; C w(Char(L)) NVy C {z € Vi | bjs(z) = 0},

and
singsuppu NV C {x € V | ag(x)b;s(x) = 0}.

This completes our proof. O

3. PROOF OF PROPOSITION 1.1

We consider the function

oo 332
(3.13) u(wy, T2, x3) = Z @22V =52 cos(z32"),
n=1

for (x1, x5, x3) € RX] — 00, 2[xR. A direct computation shows that

(3.14) (D} + D3+ 2iD3)u(zy, x9,23) =0 in  Rx] — oo, 2[xR.

We claim that sing suppu = {0} x] — 00, 2[xR. We recall that
singsuppu C {(0, z2, 23) | (22, 73) €] — 00, 2[xR}

(in other words, the analytic singular support of u is contained in the
projection on the base of the characteristic manifold). Then, in order to
complete the proof we show that for every point of the form (0, o, z3),
with (zq,23) €] — 00, 2[xXR, we have that (0, z9,z3) € singsupp u. For
this purpose let us begin with an elementary remark

Lemma 3.1. The set E = {mm/2" | m € Z, n € N} is dense in R.

Proof. For every x € R we have that
(22" /7]« {22"/7}

o - o (n € N)
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(here [a] denotes the integer part of a while {a} stands for the fractional
part of a). Then

["L‘zn/”] |{x2n/”}| T
‘ on Tl = mn — 2n’

(n € N)
and the conclusion follows. O

Then it suffices to show that v is not analytic at every point of the
form (0, z9,23) with o €] — 00,2[ and z3 € E. Let (0,29, 23) with
Ty €] — 00,2[ and x3 € E we claim that

h B
(315) limsup <|D3U(0,.CL‘2,:L‘3)|> = 400,

h— o0 h!
We observe that (3.15) implies that
{0} x] — 00, 2[xE Csingsuppu (C {0}x] — o0, 2[xR),
i.e. singsuppu = {0} x]—o0,2[xR since it is a closed set (and E = R).

Then, let z3 = 7m /2% (with m € Z and ¢ € N) and let k > max{2, (}.
We have that

(3.16) D u(0, z2, x3) Ze” V2 (92 cos(252").

n=1

(Here we used the fact that, for k > 2, D cosz = cos x.) Then, we
find that

(3.17) D2 u(0, zs, z3) Z e(#2=2)V2" (gny2t

n=~+1
l 00
To— n n k n To— n n k k
+ )@ TIVE M cog(wy2") > Y el VRN (2m)2 — g(2f)?
n=1 n=~¢+1

(Here we used the fact that cos(2"x3) = cos(2"‘rm) = 1 for n > (.)
In view of (3.17), we deduce that

(3.18) D2 u(0, 29, 3)| + £(25)2" > e@272V2F (92ky2"
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Using (3.18), the fact that (2)2" /(2F1) = o(1), as k — oo, and 2F >
1
(281)2F | we conclude that

1

1 k 5k
Jim sup (|D§LU(O,xz,x3)!>h > lim <\D§2 )U(O,xg,xs)!> L

P Bl = D 9k

2k

lim e*272 — > lim e™ 22" = 0.
k—o0 (le);k k—o0

Remark 3.1. We point out that the construction of the function u s
based on some theoretical considerations which we think will shed some
light on Formula (3.13). It is well-known that a non-analytic solution
of (3.14) is given by

+o0o 22
(3.19) U(xl, Zo, (ﬂg) — / eipzsef%pe(mfl)\/ﬁ dp.
0

Furthermore, one can show that singsuppv = {0} x| — oo, 1[x{0}. In
order to construct the function u the idea consists in taking a superpo-
sition of the integrand in (3.19) of the form

+o0 22
w(xy, T, x3) = / ePr3e= 3 Pe2=DVP 4(p) dp,
0

for a suitable g which is not analytic at any point of R. A classical
example of such a function is

1 oo
—— —V/27 on
g(x) - ngl e cos(2"x).

We claim that if (0,0, x3) € singsupp w for every xs € R, then (0, x5, x3) €
singsuppw, for every (xy,x3) €] — oo, 1[xR. Indeed, if (0,0,73) €
singsuppw, for a suitable T3 € R, then there exists {3 # 0 such that
(0,0,73,0,0,&3) € WF(w) and

F= {(0,[E2,f3,0,0,§3) | ) 6] — 00, 1[}
is the Hamiltonian leaf through the point (0,0, Z3,0,0,&3). Then, it is
well-known that if FOAW F(w) # 0 then F C W F(w) (see [13] Theorem

4.2). Hence, our claim follows from the fact that w(F') C singsupp w.
A direct computation shows that

oo
w(0,0,z3) = Z 6_2\/276”32n, r3 €R
n=1

(the real part of w(0,0,x3) modulo an irrelevant factor 2 in the first
exponential behaves like the function g) and we conclude that w is not
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real analytic at (0,0,x3) for every xs € R. The function u given in
(3.13) is the real part of w.

4. PROOF OF PROPOSITION 1.2

We observe that in order to prove Proposition 1.2, it suffices to con-
sider the case of n = 4. Indeed, if we find a function u = u(z1, xq, T3, T4)
as in the statement of the proposition, then, for n > 4, by taking
v(xy,...,x,) = u(xy, 9, x3,24) the conclusion follows. Then let us
consider the equation

(4.20) (D7 + (D2 + 21D3)* + Di) u=0 in ]—oo, —2[xR*x] — 00, 2],
and the function

(4.21) u(wy,z9, 73, 74)

o
~ o)A e @1 ts2™ T2 o
_ Z o~ 2sH(@a—2)V2" -2 3 2" cos(w9s2™ + 132"),
n,m,s=1

where (11, T2, T3, 14) €] — 00, —2[xR?x] — 00, 2[. A direct computation
shows that u is a solution of (4.20). As in the proof of Proposition 1.1
it suffices to show that the function u is not real analytic on a dense
set in | — 0o, —2[xR?*x] — 0o, 2[. For this purpose let us take

(4.22) = (—S—,l,wﬁ,ﬂn—},@)

9% " gma " g

with 51,82, m9,72 € N, my, 0y € Z, T4 < 2 and 5;/2% > 2. Arguing
as in the proof of Proposition 1.1, one can show that the set of all the
points as 7 is dense in | — 0o, —2[xR?*x] — 00, 2[. We want to show that

Dh 7 %
(4.23) timsup (2@
h—o0 h!
For
(4.24) k > max{2, g, M2, 2},

we have that

(425) DYu(a)= 3. e ooV @y

n,m,s=1
(2 cos(Tps2™ + T52").
We observe that, in order to prove (4.23), it suffices to show that

1

(4.26) lim <M> T +00.
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We split the sum in (4.25) into two sums:

(4.27) the sum for n,m,s > 1 such that 2" > s2™,
(4.28) the sum for n,m,s > 1 such that 2" < s2™.
We have that )
DZu(z)|\ *
. <| 325‘<x>|> oo
where
; Z;ms elrms (21)2"| cos(Zas2™ + 2527\ 2
B 2k
and
1
‘Z'/r;,ms eVnms (27)2" cos(Tps2™ + T32") ?
11 = o] ,
with

7 om—n 2
wnms =25+ (-@4 — 2) V21 — /2m — %Qn

13

(Here we denote by > the sum for n,m,s > 1 such that (4.27)

n,m,s

holds, while "

n,m,s

stands for the analogous sum under Condition

(4.28).) We claim that I yields a bounded contribution to the limit.

Indeed, if we take n,m and s as in (4.27), we have that

(4.29) 1T + 82" > |7y —1>1

(in the last inequality we used the fact that z; < —2). Hence, by

(4.29), we find

1
= m—ny2 by
S 6—23+(f4—2)\/2n—\/2m—%2"(2n)2k 2
I < n,m,s
- 2%

<

2k|
By using the elementary inequality
e 2t% < e%(2a)", (a>1,t>0),

we have
672"—1(271)2‘“ < 672k<2k+1)2k.

(Z/ e—25H(Za—2)V2"—/2m —2n ! (2n)2k ) o
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Then
Z/ €—2s+(:z4—2)\/27—\/2me—2k<2k+1)2k o
= N 21
% K K\ 2F
—2k (ok+1\2F \ 2
L 25t (T4—2)V2IR /2T T e (2M)
< (Z € ! k| :

Using the Stirling formula, we get

€—2k(2k+1)2k o* e—2k<2k+1>2’€ o B ) Ly
2k| (2k)2* e=2* /7 2k T N (W2k+1)2k1+1

as k — oo. Hence, we obtain that I is bounded.
Let us consider the term II: we split the sum _” into three parts
26‘)7 1 =1,2,3, as described below. To each of these sums corresponds

I1;y (which is defined as IT with " replaced by Z'('l)) Then, we have

(4.30) IT + 11qy + Ty = 113).

Estimate of I/j): in Z'('l) we take the sum >.” with the additional
constraint n < ny (we recall that 7y is defined in (4.22), in particular
it depends only on the point z). We find that

1 1
" _ — 2F 2ﬁ2 2k \ 2F
Iy < (Z ¢ BT ) <( Qk? ) :

with the RHS uniformly bounded w.r.t. k.

Estimate of I[): we take the sum for n,m,s > 1, with 2" < s2™
and the additional constraints n > ns and m < my. Then, by (4.28),
we find

" a2
My < {2 o

1
—s .28 r(om)\2F \ 2F
" —st@—2)VT vz € 7S (2™)
< (Z(z)e ' ' 9k
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Using, once more, the elementary inequality e~*s2° < e~2"(26)2" and
the fact that m < mo, we have
1

/) (B2 T VT €—2k(2k)2k 2k
][(2) < 2(2)6 s+(Z4 T oma2

which is once more a uniformly bounded term w.r.t. k. It remains to
consider

Estimate of [[3): we take the sum for n,m,s > 1, with 2" < s2™
and the additional constraints n > ns, m > msy. Then, we have

1
ok

> (e (27)2" cos(T52™ + T52")
2k!

I[(g) -

L

- —ny2
/('3>e*2s+<m—2>\/2*n—¢2*m—7”1*52§” - 2 (gm2t ) *

2k
(since cos(Z982™ + 732") = 1 for n > ny and m > my). We recall that
51/2% > 2 (see (4.22)), then we may choose s = 5; and
(4.31) n—m=35, (>0).

Indeed, with this choice, we have, in view of (4.22), that z;+s2™" = 0,
whence 2" < s2™. Then, we find

251+ @ -2V VI (g2 2
(4.32) Iz = 57 ,

for every n > ng, m > mo with n —m = 3,.
In particular, we may take

n=2k and m=2k—3, in (4.32),

(we observe that, by (4.24), n = 2k > ny and m = 2k — 55 > ma).
Furthermore, by (4.31), v/2" > /2™ and we find that

]I(g) >

<ezsl+<x4z)ﬁm(2n)zk ) 3

2k!
1
k ok
> (6—251 ((2k)2 ) (Qk)2ke(x4—3)\/22k> ’
- 2k1 '
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By the estimate
(26
>
2k| -

we deduce that i

Then, we conclude

lim IIg > lim e #1398 = 4oo

k—+oco k——+oco
1.e.
“u(7)] *
_ |D% u(z B
P T B

This completes our proof of Proposition 1.2.
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