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Abstract

This paper addresses indirect sensing in resonant, oscillating, and periodically forced
sensors, where the physical measurand is not directly available as a static output but is
encoded in the dynamic response of the device. The sensor and its excitation are described
as a single autonomous system, in which the excitation phase and the slowly varying
measurand define a compact state representation after the decay of transients. Within this
setting, delayed samples of the available output define an observation map that can be
inverted, under suitable smoothness and observability conditions, to reconstruct the mea-
surand in a deadbeat-like fashion. Compared with a preliminary conference study based
on a simplified scalar-output RLC benchmark, the present work extends the formulation
to vector-valued outputs, introduces a local conditioning indicator based on the Jacobian
matrix, and focuses on a micromechanical sensing case with nonlinear electromechanical
transduction. The inverse observation map is approximated by a feedforward neural net-
work trained on synthetic data generated from the autonomous model. The methodology
is applied to a vibratory MEMS gyroscope, where the signed angular rate is reconstructed
from a delayed-output sequence combining the nonlinear capacitive current readout and
the known AC drive reference. The augmented output is introduced to overcome the lack
of observability affecting the raw current signal over signed angular-rate ranges. Numer-
ical results show accurate reconstruction in ideal conditions and provide a preliminary
robustness assessment under additive output noise.

Keywords: takens embedding; oscillating sensors; neural reconstruction; MEMS gyroscope;
indirect sensing

1. Introduction

Resonant, oscillating, and periodically forced sensors are widely used when a physical
quantity must be inferred from the dynamic response of a mechanical, electrical, or elec-
tromagnetic structure. In these devices, the measurand is not directly available as a static
output. Instead, it modifies a dynamic signature of the sensor, such as a resonance fre-
quency, a phase shift, a quality factor, an oscillation amplitude, or the harmonic content
of a forced response. This makes oscillating sensors attractive for high-sensitivity mea-
surements, digital processing, and wireless or remote interrogation, but also makes the
reconstruction problem intrinsically nonlinear and strongly dependent on the adopted
transduction mechanism.
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Examples range from self-oscillating sensors, such as atomic and nuclear-magnetic-
resonance magnetometers, where the target quantity is encoded in the natural oscillation
frequency of the system [1,2], to externally forced resonant sensors, where the excitation
is imposed and the measurand appears in the steady-state response: quartz and SAW
resonator sensors [3], resonant MEMS microsensors [4], MEMS vibratory gyroscopes [5],
and wireless passive LC or RFID-like sensors for harsh environments [6]. Despite their
different physical implementations, these devices share a common feature: after transients
have decayed, the useful information is carried by a low-dimensional oscillatory response
whose shape depends on the unknown physical parameter.

Conventional reconstruction strategies usually rely on sensor-specific analytical mod-
els and dedicated signal-processing pipelines; representative approaches include coherent
demodulation-based methods [7], Kalman-filter-based observers [8], and direct model
inversion. Demodulation techniques are widely adopted because of their simplicity, ro-
bustness, and limited dependence on an accurate sensor model; however, the low-pass
filtering stage required for coherent demodulation inherently introduces latency and lim-
its the achievable bandwidth, and these schemes are generally tailored to the estimation
of a single quantity, without naturally providing access to additional dynamic states of
the resonator. Model-based observers, such as Kalman and Extended Kalman Filters, ex-
ploit a state-space representation of the sensor dynamics to reconstruct multiple physical
quantities simultaneously, but their performance strongly depends on the accuracy of the
underlying model and on the appropriate tuning of the process and measurement noise
covariance matrices. In addition, since the filter recursion must be executed in real time,
the complexity of the sensor model that can be embedded in the observer is bounded by the
available online computational budget. Direct model inversion reconstructs the quantity of
interest directly from the sensor dynamics, but is typically highly sensitive to measurement
noise and model inaccuracies.

The objective of the present work is to provide a common reconstruction workflow,
based on delay-coordinate embedding and learned inverse mapping, that transfers across
heterogeneous resonant sensing technologies while remaining independent of the specific
transduction principle. Within this workflow, the learned inverse mapping can be con-
figured to estimate several physical quantities simultaneously from the same embedded
representation, without designing a dedicated pipeline for each target variable, and, unlike
Kalman-based approaches, it does not require tuning of the process and measurement noise
covariance matrices, a task that can be quite challenging in practice. Moreover, since the
inverse map is learned offline, the model used to generate the training data can be made
arbitrarily complex and accurate without affecting the online computational cost, which
reduces to a single forward evaluation of the trained network. These features motivate the
use of Takens’s delay-embedding framework [9,10], in which the sensor and its excitation
are treated as a single autonomous dynamical system, and the measurand is reconstructed
from a finite sequence of delayed output samples.

The sensor excitation is embedded into the model, while the measurand is regarded as
a slowly varying state over the considered observation window. Under suitable smoothness
and observability assumptions [11], delayed samples of the available output define an
observation map from the compact sensor state to a finite-dimensional output manifold.
If this map is injective and sufficiently well conditioned, the current state can be recovered
in a deadbeat-like fashion by approximating its inverse [12,13].

Since the analytical inverse of the delay map is generally unavailable, the inverse
reconstruction is learned from synthetic data generated from the autonomous sensor
model. A feedforward neural network is used as a practical function approximator, while a
local observability indicator, the minimum eigenvalue of ] ' J, is introduced to assess the
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conditioning of the delay-output map through a compact numerical measure of local rank
deficiency or poor conditioning. This analysis not only represents a necessary condition
test but can also provide support in the selection of excitation frequencies, sampling times,
operating ranges, and design of sensor parameters.

While a preliminary version of this work was presented in a conference paper focused
on a simplified temperature-dependent RLC benchmark [14], the present article builds on
the same delay-embedding idea and extends it toward a more realistic micromechanical
sensing problem: the formulation is expanded from scalar outputs to vector-valued outputs,
allowing the reconstruction algorithm to exploit additional measured channels or known
reference signals; the observability analysis is reformulated through a local conditioning
indicator based on the minimum eigenvalue of ] ' J; and the application study is focused
on a vibratory MEMS gyroscope in which the signed angular rate is reconstructed from an
augmented delayed-output sequence.

The MEMS gyroscope benchmark is selected because it introduces a physically mean-
ingful observability issue that does not arise in the preliminary scalar-output RLC setting:
the signed angular rate is encoded in the oscillatory sense response generated by Coriolis
coupling, while the capacitive current readout alone may lead to sign ambiguities over the
considered state domain. This makes the benchmark suitable for showing the role of output
augmentation, in which the nonlinear capacitive readout is combined with the known AC
drive reference, providing phase information and improving the informativeness of the
delay-output map.

The remainder of the paper is organized as follows. Section 2 introduces unified
autonomous models for self-oscillating and externally forced sensors. Section 3 presents the
delay-embedding reconstruction strategy, its extension to vector-valued outputs, the local
observability indicator, and the neural inverse approximation. Section 4 applies the method-
ology to a MEMS vibratory gyroscope for signed angular-rate reconstruction, including
ideal reconstruction and a preliminary robustness test under output noise. Finally, Section 5
summarizes the main results and discusses future developments.

2. Typical Resonator Models

As discussed in the Introduction, oscillating sensors can be broadly divided into two
categories. Self-oscillating active sensors exhibit a natural limit-cycle oscillation, whose
frequency or orbit depends on the target variable. Forced-oscillating sensors, instead, are
driven by an external periodic input and converge to an attractive oscillatory steady state
associated with the forcing signal. In both cases, let p € R"» denote the target variable,
or vector of target variables, w = [w; w;] " € R? the oscillator coordinates, and y(t) € RY
the available output vector. The case 1, = 1 corresponds to the reconstruction of a single
physical quantity, such as the angular rate in the MEMS gyroscope benchmark considered
in this work, while g > 1 allows the reconstruction algorithm to exploit multiple measured
channels or known reference signals available from the excitation electronics.

Since the target variable is assumed to evolve slowly compared with the intrinsic sensor
dynamics, i.e., there is a clear time-scale separation, it is treated as a constant parameter
over the finite observation window used for reconstruction. When the time variation in p is
not negligible over this window, the induced non-stationarity can be addressed through
overembedding techniques, where the delay-coordinate space is enlarged so as to implicitly
account for the additional parameter degrees of freedom [15].
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2.1. Self-Oscillating Active Sensor Model

A self-oscillating sensor can be represented by

a(t) = (p)u(t) s<p>=[w?p) —“;W] [0@P=1 y=hwp)

Here and in the following, the output map # is allowed to be vector-valued, namely
h(-) € RY. The initial-condition constraint forces the trajectory of w to remain on the unit
circle, so that the oscillation can be equivalently described by a single phase variable.

2.2. Forced-Oscillating Sensor Model

For a forced-oscillating sensor, the excitation is generated by an autonomous oscillator
and injected into the sensor through a known input map:

—w

w(t) = Sw(t) 5—[2 .

] lo(@)> =1 u=u(w) 2)
The forced sensor dynamics are described by

x(t) = f(x,p,u)  y=h(xp) 3)

where x denotes the internal sensor state. In the forced case considered here, the input
is not an arbitrary unknown signal, but an imposed periodic excitation generated by the
exosystem (2). The role of w is therefore to make the forced sensor autonomous and to keep
track of the excitation phase. The corresponding augmented state is the following:

X:[XT pT wT}T @)

The reduction of the forced dynamics to a compact autonomous representation relies
on an attracting steady-state response. Following Stark’s invariant-graph framework for
forced systems [16], we assume that, for each fixed value of the slowly varying parameter
p and for each prescribed forcing trajectory u(w), the forced subsystem is contractive with
respect to its initial state. Thus, the response asymptotically loses memory of its initial
internal condition and becomes uniquely determined by the forcing phase and by the
parameter value x = ¢(w, p).

Under this assumption, the asymptotic forced response is represented by an attracting
invariant graph, describing the steady-state response reached after transient decay, where
the dependence on p is the target variable to be reconstructed: once the transients have
vanished, the internal sensor state is constrained by the imposed excitation phase and
by the slowly varying measurand. The convergence toward the graph is assumed to be
sufficiently fast with respect to the forcing period 27t /w and with respect to the time scale
over which p varies. Hence, over the finite delay window used for reconstruction, p can be
regarded as constant. The forced sensor can then be restricted to its steady-state invariant
graph, leading to the reduced representation.

w(t) =Sw(t)  JwO)*=1  x()=¢@wp) y=hle(wp)p)=hwp) ©

The contractivity assumption restores the deterministic one-to-one dependence of
the observations y on the forcing state w and p. As all trajectories collapse onto a low-
dimensional manifold governed by the forcing dynamics and the target variable, Takens’s
embedding theorem can be applied directly to reconstruct the target parameter [9,10].
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2.3. Unified Oscillating Sensor Model

Under the frozen-parameter approximation introduced above, the measurand can be
regarded as constant over the delay-embedding window used for reconstruction. Therefore,
after transient decay in the forced case, both self-oscillating and forced-oscillating sensors
can be treated within the following reduced autonomous description:

p(t)=0 a(t)=S(p)w(t) [wO0)|*=1 y=nh(wp) (6)
| 0 —w(p)
S(p) = L"(P) 0 ] )

Here p(t) = 0 is again a local, finite-window assumption rather than global constancy
of the measurand. In self-oscillating sensors w(p) may depend on the measurand, whereas
in forced-oscillating sensors w is imposed by the external excitation and is independent
of p. The sensor-excitation system is assumed to satisfy the structural conditions required
by the method, namely sufficient smoothness of the dynamics and output map, local state
distinguishability from output trajectories, and the time-scale separation stated above, all
ensured at the design stage.

3. Nonlinear Deadbeat-like Reconstruction via Neural-Network
Approximation

Under the invariant-graph reduction introduced in Section 2, the relevant state space
for forced sensors is the compact manifold parameterized by the excitation phase and by
the slowly varying measurand: the delay-embedding framework is therefore applied to the
reduced state (8, p), with dimension n = 1 + n,, after the exponentially decaying internal
transients have been removed by the fiber-contraction property.

In the remainder of this section, and in the MEMS benchmark considered in Section 4,
the formulation is specialized to the scalar-measurand case n;, = 1. The main difficulty lies
in the output function h(w, p), which may be highly nonlinear and sensor-dependent. Since

the oscillatory state w = [w (t) wy(t)]"

evolves on the unit circle, it can be equivalently
parameterized by a single phase-angle variable ¢(t); the redundant two-dimensional
oscillator description is therefore replaced by the compact state x = (¢, p), where p is
the slowly varying scalar target variable, so that the effective autonomous model has
dimension n = 2 on the invariant oscillatory manifold. The corresponding Jacobian of
the delay-output map then has two columns, associated with the phase coordinate and
with the target variable. Extensions to multiple target variables are conceptually possible,
but would require the corresponding increase in the compact-state dimension and of the
number of independent sensitivity directions to be reconstructed.

Under the smoothness and observability assumptions stated in Section 2, the delay-
embedding framework ensures that the compact state (9, p) can be reconstructed from
a finite stack of delayed output samples, provided that a suitable sampling period T; is
selected. In the scalar-output case, Takens’s generic embedding bound gives m = 2n +1
delayed samples. Since nn = 2 in the present setting, m = 5 sampling instants are retained.
It should be emphasized that the dimension entering this bound is the intrinsic dimension
of the compact invariant set, and not the dimension of the full augmented state x in (4).
In the forced case the internal sensor state x, and hence the augmented state ), may be
high-dimensional; however, by the fiber-contraction property of Section 2 all trajectories
asymptotically lose memory of their initial internal condition and collapse onto the attract-
ing invariant graph, whose intrinsic dimension is n = 1+ n,, equal to 2 in the present
scalar-measurand setting. The embedding dimension is therefore governed by the dimen-
sion of this low-dimensional attracting set, on which the post-transient dynamics actually
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evolve, rather than by the dimension of the full transient or augmented state. The value
m = 5 should be interpreted as the generic scalar-output embedding bound associated with
the compact state dimension n = 2, rather than as an arbitrary tuning parameter. In the
vector-output case, a smaller number of sampling instants may be sufficient for specific
systems, because each instant provides g output components. Nevertheless, the same value
m = 5 is retained as a conservative baseline and as a common design choice across scalar
and vector-valued outputs. The practical informativeness of the resulting delay vector also
depends on the sampling time T, the excitation frequency, and the considered operating
range. If T is too small, consecutive samples are nearly identical, and the columns of the
Jacobian of the delay map may become poorly independent. If T is too large, the delay
window increases and may become less compatible with the frozen-parameter approxima-
tion, while also increasing the risk of aliasing. A natural reference scale for this choice is the
oscillation period of the phase variable ¢, Ty = 27t/ w: the sampling time should be neither
too small nor too large with respect to Ty, and can then be increased or decreased from this
baseline according to the local conditioning analysis introduced below.
The resulting observation map is

y(t) h(8(t), p)
y(t+Ts) h(8(t +Ts), p)
Y(t) = |y(t+2Ts) | = H(8(t),p) = |h(d(t+2T),p)| € R (8)
y(t +3T,) h(9(t +3T,), p)
y(t + 4T,) h(9(t +4T,), p)

where each block y(t + kTs) = h(d(t + kTs), p) belongs to RY. Therefore, the scalar case
g = 1leads to the usual five-dimensional delayed-output vector.

Themap H : X C R? — Y C R is characterized numerically by repeated simulations
of the sensor system, collecting pairs between the compact state and the corresponding
delayed-output vector. Once this dataset is available, a neural-network function approxima-
tor is trained to approximate the inverse map H 1, thus providing a direct, deadbeat-like
reconstruction of the state from measured output samples. Although observability is as-
sumed to be ensured by design, poor sensitivity of the delay vector to state variations may
still degrade the numerical reconstruction. For this reason, a local invertibility analysis is
introduced below.

3.1. Local Invertibility as a Necessary Condition

A necessary condition for local state reconstruction is the local invertibility of the
observation map H. In differential terms, the Jacobian of H must have full column rank at
every point x € X. Its two columns represent the sensitivity of the delayed-output vector
with respect to the phase coordinate and the target variable: if they are non-null and linearly
independent, small variations along the two state directions produce distinguishable
variations in the output manifold.

In practice, the Jacobian is approximated through finite differences: small perturba-
tions 6¢ and Jp are applied to the phase coordinate and to the target variable, producing
two numerical sensitivity vectors in the delay-output space. For an output dimension g and
m = 5 delayed sampling instants, the Jacobian has dimension 5q x 2 and can be written
as follows:
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09 op
O, oty
09 ap
— oH — a& % 5q%2
J@W®),p) = 5,00 p) = | 55 57| €R 9)
OH, oy
09 op
oHs dHs
L 0%  dp |
Hi(0(t),p) =h(0(t+ (k—1)Ts),p) € RT k=1,...,5 (10)

Each block row in (9) has dimension q x 2. The adopted local observability indicator
is the smallest eigenvalue of the Gramian matrix:

p(6,1) = Amin(17 (8, p)](8,)) a1

A value p(9, p) = 0 indicates that the Jacobian is rank deficient and that the observation
map is not locally invertible at the considered point. In practice, when | is computed
numerically, small positive values signal poor local conditioning of the observation map,
so that its local inversion becomes ill-posed at the considered point. It should be stressed
that p is a necessary-condition indicator rather than a direct quantitative predictor of the
achievable reconstruction error: a vanishing or near-vanishing p certifies that the chosen
parameters and outputs surely produce a local loss of observability and must therefore
be avoided or compensated by enriching the output map, whereas a value sufficiently far
from zero only provides practical evidence of a locally well-conditioned map, without by
itself guaranteeing a given reconstruction accuracy.

Evaluated numerically over the considered state domain, the indicator is not only
diagnostic: it can also be used as a design criterion over admissible parameters, such as
excitation frequency, component values, sampling time, and operating range, in order to
select configurations that avoid nearly degenerate output manifolds.

The indicator p certifies only local invertibility and is therefore a necessary, but not
sufficient, condition for reconstruction. A full-column-rank Jacobian guarantees that in-
finitesimally close states remain distinguishable, but it cannot detect a global ambiguity
in which two states that are far apart in the compact domain are mapped to the same,
or nearly the same, delayed-output stack.

Global injectivity could be probed directly through pairwise-distance arguments: over
a representative sampling of the state domain, the distance

IH (xi) — H(x;) | (12)

in the delay-output space is compared with the separation of the corresponding states,
and any pair of well-separated states yielding nearly coincident output vectors reveals an
overlap between distinct branches of the delay-output manifold. Such overlaps are invisible
to the local indicator and must be excluded or removed by enriching the output map, for the
inverse to be well defined. A concrete instance arises in the MEMS benchmark of Section 4,
where a sign symmetry of the raw capacitive readout maps opposite angular rates onto the
same delayed-output stack; the output augmentation introduced there separates the two
manifold branches and restores injectivity over the signed operating domain.

In practice, this pairwise test involves two nontrivial choices: the threshold below
which two delayed-output stacks are declared indistinguishable, which should account
for the expected measurement noise and for the local conditioning of the map, and the
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density of the state sampling, which must be fine enough to prevent overlaps between
distinct branches from passing undetected between adjacent samples. In the present
benchmark, the overlap is structural and, owing to the symmetry of the adopted state
grid, the indistinguishable states fall on sampling nodes, so the test detects the overlap at
essentially any resolution; a formal, resolution-aware criterion for generic configurations is
left to future work.

3.2. Neural-Network Function Reconstruction

The final step consists of approximating the inverse map that recovers the compact
state from the measured delay vector by training a neural-network function approximator
on the collected state-output dataset. Radial Basis Function neural networks are well
suited to this type of problem, because they approximate smooth nonlinear maps through
localized units and can be trained effectively in low-dimensional settings [17,18]; in the
present work, a feedforward architecture is used as a practical approximation tool for the
inverse map. Feedforward networks are, moreover, universal function approximators [19]:
any continuous map on a compact domain can be approximated to arbitrary accuracy, so
that, whenever the achieved reconstruction accuracy is not satisfactory, it can in principle
be improved by increasing the complexity of the network.

The network is trained on a sufficiently dense synthetic dataset, so as to capture
the nonlinear structure of H~! while preserving generalization over the considered state
domain; once calibrated, the learned map is used to estimate the state variables, in particular
the target physical parameter p, from measured stacks of delayed output samples.

4. Application to a MEMS Vibratory Gyroscope

To assess the proposed indirect sensing framework on a micromechanical oscillating
system, the methodology is applied to a Coriolis vibratory MEMS gyroscope [5,20,21],
belonging to the class of externally forced oscillating sensors introduced in Section 2.
Its response is generated by an actuated micro-oscillator with one drive mode and one
orthogonal sense mode, while the target variable is the signed angular rate, denoted by ().

The operating principle is the following: the proof mass is forced to vibrate along
the drive axis and, when the device is subjected to an angular rate about the sensitive
axis, the Coriolis effect excites the orthogonal sense mode, so that the angular rate is
not measured directly, but is encoded in the oscillatory response of the sense coordinate.
To make the benchmark closer to a realistic MEMS transduction chain, the measured signal
is not assumed to be the ideal sense displacement x; () but the nonlinear capacitive readout
current generated by the variation in a parallel-plate sensing capacitance.

In this benchmark, the angular rate that is to be reconstructed is allowed to take both
positive and negative values. As detailed below, this signed operating domain introduces
an observability issue when only the raw current readout is considered: changing the sign
of () reverses the Coriolis-induced sense response, but this effect can be compensated by a
phase shift of 7 in the excitation angle 8, so that the reconstruction problem is affected not
only by local sensitivity, but also by a possible global non-injectivity of the observation map.

4.1. Electromechanical Model and Raw Capacitive Readout

Let x,4(t) denote the displacement along the drive axis and x,(t) the displacement
along the sense axis. The MEMS gyroscope is modeled as a two-degree-of-freedom micro-
oscillator, in which the drive motion is generated by electrostatic actuation and the sense
motion is excited by the Coriolis coupling induced by the angular rate. Following stan-
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dard lumped-parameter MEMS gyroscope models [20,21], the mechanical dynamics are
written as
ma¥q(t) + cata(t) +kaxa(t) = Fa(t) (13)

ms¥s(t) + csXs(t) + ksxs(t) = —2msQ%4(t) 4 kgxq(t) (14)

where m; and m; are the effective drive- and sense-mode masses, c¢; and c; are the viscous
damping coefficients, k; and ks are the stiffness coefficients, F;(t) is the drive actuation force,
and k,x,4(t) represents a possible parasitic quadrature or stiffness-coupling contribution.
The Coriolis term —2m;Q%4(t) couples the drive velocity into the sense-mode dynamics.

In a capacitive MEMS gyroscope, the drive force can be generated by comb-finger
electrostatic actuation. Assuming a biased drive voltage

Vd(t) = Ve + Z]aC(t) (15)

and retaining the useful first-order actuation term, the drive force is approximated as
proportional to the AC component:

Fi(t) = G vac(t) (16)

where G, is an electromechanical actuation gain depending on the comb-finger geometry,
the dielectric permittivity, and the DC bias voltage.
The AC drive voltage is generated by the autonomous exosystem

0 —wo
wo 0

w(t) = Sw(t) S= [ ] vac(t) = VacEw(t)  E= [1 0] (17)

For ||w(0)]|? = 1, this gives

w(t) = l‘;ﬁgg:)}] (1) = wot + 8(0)  vac(t) = Ve cos (1) (18)

The product between the electromechanical drive gain and the AC voltage amplitude is
denoted by
FO = deac Fd(t) = FoEZU(t) (19)

Introducing the first-order state variables

z1(t) xq(t
Cam] |
0= 1200 = |
Z4(t) xs(t

)
t; 20)
)

the mechanical part of the gyroscope becomes

£1(8) = za(0) 1)

2a(t) =~ L za(1) - ,’;‘;zm) + %Ew(t) (22)

£3(1) = za(0) 23)
k

(1) = —zy(t) - :7?3“) = 205(t) + 2Lz (1) (24)
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The angular rate () plays here the role of the target variable p of the general formulation
and is treated through the frozen-parameter approximation of Section 2: it is not globally
constant, but over each delay-embedding window it satisfies the slow-drift conditions, so
that the reduced model is written locally as Q(t) = 0.

The raw electromechanical readout is constructed from the capacitive sense transducer.
The sense displacement changes the gap of a parallel-plate capacitance, modeled as

eoernswyh

Cs(xs) = Gt (25)

where ¢ is the vacuum permittivity, ¢, is the relative permittivity, n; is the number of
sensing plates, wy, is the plate overlap length,  is the device thickness, and g; is the
nominal sense gap. The admissible motion is assumed to satisfy gs + x5(t) > 0 so that the
capacitance remains well defined.

Under a constant sensing bias voltage V¢, the capacitive readout current is as follows:

. dC Xs(t
is(t) = Voffths = _Voffsosrnswph% (26)
(85 +xs(t))
. Z4(t)
is(t) = —Keap———"—= Keap = Vigeoernswyh (27)
(85 +23(1))° ’

Since a constant readout gain only rescales the measured signal and does not affect the
injectivity properties of the delay map, the capacitive readout is normalized by the nominal
gap. The raw normalized current output is therefore defined as

o zy(t)
Ye(t) = —g5 7(& ) (28)

By stacking the mechanical state and the excitation state, the dynamic sensor-excitation

&t = [Z(”} (29)

whereas the angular rate () is treated as an additional frozen parameter over the recon-

state is written as

struction window, consistently with the frozen-parameter approximation introduced above.
Equivalently, one may define the parameter-augmented state

Salt) = |w(t) Qt) =0 (30)

At steady state, the mechanical variables converge to an attractive oscillatory response
parametrized by the forcing phase and by the angular rate. Consequently, in analogy with
the general framework introduced in Sections 2 and 3, the effective compact state used for
delay-embedding reconstruction is x = (¢, (2), where ¢ denotes the forcing phase and () is
the signed angular rate to be reconstructed.
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4.2. Raw-Output Non-Observability and Augmented Output Map
For analysis, the scalar raw-output delay map is first defined as
Ye(t)
ve(t+Ts)
ye(t) = |ye(t+2Ts) | = He(8(1), Q) (31)
ye(t +3Ts)
ye(t +4Ts)
with H : X C R? — R®. The corresponding Jacobian is the following:
JdH, o0H. 0H, 52
9,0) = 9,Q0) = < ¢l e R 32
Je0,0) = (0,0 = | B 90k @)

Its numerical approximation is exploited to assess local invertibility through the
indicator p. (9, Q) associated with the mapping H,.

If the normalized current signal (28) is used as the only measured output, two distinct
observability issues arise over a signed angular-rate range. The first one is a local loss of
information around Q) = 0. Indeed, by neglecting the parasitic input term in (14), the sense
response is driven only by the Coriolis contribution, whose amplitude is proportional to
Q). Therefore, when () = 0, the raw capacitive output loses the phase-dependent sense
response, and the forcing phase & cannot be reconstructed from y, alone. This degeneracy
is also visible through the local Jacobian, since the delayed-output map becomes poorly
sensitive to variations of the compact state near the sign change in Q).

The second issue is instead a global non-injectivity of the raw-output delay map.
For nonzero angular rates, changing the sign of () reverses the sign of the Coriolis-induced
sense oscillation. However, the same output sequence can be generated by shifting the forc-
ing phase by 7, leading to the symmetry y.(9, Q) = y.(¢ + 71, —Q)). As a consequence, two
states that are far apart in the compact state domain may generate identical delayed-output
stacks. This ambiguity is not necessarily detected by a purely local analysis, because the
indistinguishable states are generally not infinitesimally close.

In vibratory gyroscopes, this type of ambiguity is commonly handled through coherent
demodulation, which requires a phase-recovery or phase-reference circuit synchronized
with the drive motion and provides the phase information needed to distinguish the sign
of the angular rate and to recover () from the measured oscillatory response. In the present
delay-embedding framework, the same requirement can be interpreted as the need to
enrich the output map so that the inverse reconstruction is well defined over the whole
(9, Q)) domain. Rather than replacing the raw capacitive readout with a pre-demodulated
signal, the measured output is augmented: the first component is the raw normalized
capacitive current output y.(t), while the second component is the known AC drive voltage
Uac(t), which is phase-synchronized with the capacitive readout:

2 z(t)
w@=k%}:gWﬁmwz )
ac Viac cos 9(t)

Since vac(t) = Vaccos 9(t) is already available from the drive electronics, the aug-
mented output explicitly provides the phase information needed to remove the sign ambi-
guity without introducing an additional measured mechanical quantity.

The augmented delay vector is then constructed by concatenating the five bidimen-
sional output samples:
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]/c(t)
Vac(t)
ye(t+Ts)
Uac(t + Ts)
yalt) = | S0 | = Heo0,0) 69
ye(t+3T)
Vac(t + 3Ts)
ye(t +4T)
| Vac(t +4Ts) |

Thus, the neural inverse map receives a ten-dimensional input vector, while the compact
state to be reconstructed remains two-dimensional:

H,: XCcR> - R  H1:RY 5 R? (35)

The corresponding Jacobian and local observability indicator are

— aHﬂ _ aHu aHlZ 10x2
Ja(9,0) = = 2(8,0) = {819 aQ} €R (36)
0a(8,€2) = Amin (17 (8,)Ja(8,2)) 37)

Compared with the raw scalar output, the augmented output includes direct information
on the drive phase and is therefore designed to address the global sign ambiguity affecting
the raw current readout.

The disambiguation provided by the augmented map relies on vac(f) = Vac cos 9(t)
being phase-synchronized with the capacitive readout. Since the drive-reference and sense
channels are acquired through distinct electronic paths, a residual phase offset A® between
them may be present in practice. A constant offset shifts the apparent drive phase and,
because the recovery of the angular-rate sign rests on the relative phase between the two
channels, a sufficiently large or slowly drifting A can partially re-introduce the very sign
ambiguity that the augmentation is meant to remove. The reconstruction is thus expected
to tolerate small and stable phase errors, which can be absorbed by calibration or learned
by training the inverse map over a range of reference offsets, while still requiring adequate
synchronization of the reference channel; a quantitative assessment of this tolerance is left
to future work.

4.3. Data Generation and Neural Reconstruction in Ideal Conditions

For the MEMS gyroscope benchmark, the synthetic dataset is generated over the
rectangular state domain defined by the forcing phase and the signed angular rate:

¥ € [0,2m) Q € [Omin, Omax] = [—6, 6] rad/s (38)

A uniform N X N grid is selected over this domain, with Ny = N = N, yielding
Nstates = N? state-output pairs for training. Since the density of the training grid
is a key hyperparameter of the proposed approach, three grid sizes are considered,
N € {100,150,200}, and the resulting networks are first compared in ideal conditions
in order to select a reference configuration for the subsequent analysis under output noise.
For each state (8, ()), the corresponding delayed output stack is generated in the steady-
state oscillatory regime, and the nonlinear readout (28) is evaluated algebraically at the
corresponding delayed phases.
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The finite-difference perturbations used to compute the Jacobian-based local observ-
ability indicators are selected according to a grid-relative criterion.

Qmax - Qmin

(519:17?\]—7; QN =n No

7=10"3 (39)

The raw-output map H, and the augmented-output map H, are evaluated over the
same state grid, so that the effect of adding v,. can be assessed directly.

The fixed physical and operating parameters adopted for the MEMS benchmark are
summarized in Table 1. The values define a representative numerical configuration in-
spired by lumped-parameter and envelope models of capacitive MEMS gyroscopes [20,21],
rather than the exact reproduction of a specific fabricated device. The sense gap is taken
consistently with the geometric data reported in [20], while the modal frequencies and
quality factors are selected within a realistic weakly damped split-mode operating regime
and are used to compute the equivalent stiffness and damping coefficients. The quadrature
coefficient is set to zero in order to isolate the Coriolis-induced contribution.

Table 1. Representative physical and operating parameters used for the MEMS gyroscope benchmark.

Parameter Unit Value
My = m; ke 0.89-10-°
fa Hz 3535
J2 Hz 3554

Qy - 22,320
Qs - 24,195
kq N/m 439.06
ks N/m 443.80
4 Ns/m 8.86-10~7
Cs Ns/m 821-10"7
kg N/m 0

K N 6.79-10°8
s m 9.46-10°°
Vac A 1

wo rad/s 27tfy

Ts s 20-107°
m - 5

The sampling time was selected with respect to the excitation period, rather than as
an independent arbitrary parameter. In the adopted MEMS configuration, the excitation
frequency is wy = 27t f;, with f; = 3535 Hz. Therefore, the excitation period is Ty ~ 282.9 us.
The selected value Ts; = 20 us gives

L ~ 0.0707 (40)
To
corresponding to approximately 14.1 sampling intervals per excitation period. Equivalently,
the phase advance between two consecutive delayed samples is woTs ~ 0.444rad ~ 25.45°.
Thus, consecutive delayed samples are sufficiently separated in phase to provide non-
redundant information on the oscillatory response, while still being collected over a short
time interval. Since m = 5, the total delay-embedding window is

Temp = (m —1)Ts = 80 us ~ 0.283Ty (41)
which spans approximately 101.8° of the excitation cycle. This provides a compromise

between informativeness of the delayed-output stack and compatibility with the frozen-
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angular-rate approximation over each reconstruction window. This criterion also indicates
that, if the excitation frequency or operating range were changed, the sampling time should
be re-evaluated.

As a first qualitative check, the first sampled value of y(t) is plotted over the state
rectangle (9, Q)) (Figure 1). The surface vanishes around Q) = 0 and changes sign consis-
tently with the signed Coriolis excitation; by itself, however, it does not remove the global
ambiguity between opposite angular rates and phase-shifted trajectories.

x107

x

modulated readout tension y [V]

angle 6 [rad] angular rate Q [rad/s]

Figure 1. First sampled value of the raw normalized capacitive readout over the MEMS state
rectangle. The surface corresponds to y (8, Q) before output augmentation.

The local observability indicator p. (8, Q) for the raw scalar stack is then evaluated
(Figure 2). The resulting surface highlights the loss of rank where the angular rate changes
sign, confirming that the raw-output map is locally ill-conditioned near (2 = 0; away from
this region, the map is locally well conditioned, yet the global sign ambiguity still persists.
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Figure 2. Local observability indicator p (¢, Q) = Amin(J/ J¢) for the raw scalar MEMS output stack.
The raw output stack has a dimension of 5.

The same analysis is repeated for the augmented output stack (34) (Figure 3). In this
case, the Jacobian has dimensions of 10 x 2 since each of the five delayed samples contains
both the current output and the known AC drive voltage. The resulting indicator shows the
improved local conditioning obtained by adding the drive-reference channel to the mea-
sured output. However, this local full-rank property remains a necessary, but not sufficient,
condition for global invertibility of the observation map over the whole (¢, ) domain.
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Figure 3. Local observability indicator p,(¢, Q) = Amin(J,; J2) for the augmented MEMS output
stack. The augmented output stack has dimension 10 and alternates y. and vac.

Because the observation map is available pointwise on the sampling grid, the global-
injectivity test of Section 3 can be carried out directly: for every pair of well-separated grid
states the distance || H(x;) — H(x;)|| between the corresponding delayed-output stacks is
evaluated, and any nearly coincident pair is flagged as a manifold overlap, while states
closer than a few grid steps in either ¢ or () are excluded so that only genuinely distinct
states are compared. Carried out on the (¢,Q)) grid, this test sharply separates the two
output choices. For the augmented ten-dimensional output, no well-separated pair pro-
duces a coincident stack: the number of such matches is zero over the entire grid, and the
minimum pairwise distance between well-separated states remains strictly positive, of the
order of 10~%. For the raw five-dimensional output, instead, the same test returns for
essentially every state exactly one well-separated partner with a coincident output stack,
rising to two partners in the neighborhood of ¢ = 7, while the minimum pairwise distance
collapses to the numerical floor, of the order of 10~'8. This quantitatively confirms the
manifold overlap induced by the sign symmetry y.(9, Q) = y.(¢ + 7, —Q)) and shows that
the output augmentation removes it by separating the two manifold branches over the
signed operating domain.

After the observability assessment, the augmented state-output pairs are used to train
a neural approximator of the inverse map. The network input is the ten-dimensional
delayed vector y,(t), while the target output is the compact state (¢, Q2).

For reproducibility, the neural-network implementation details are specified as follows.
The inverse map is approximated in MATLAB by a fully connected feedforward neural
network implemented through feedforwardnet ([50,20,101), i.e., three hidden layers
with 50, 20, and 10 neurons; the hidden-layer transfer functions are set to radbas and the
output layer uses purelin. Training relies on the Levenberg-Marquardt backpropaga-
tion algorithm (trainlm) with the mean squared error (mse) as the performance function,
while input and output preprocessing use the standard MATLAB functions associated
with feedforwardnet, including mapminmax scaling. The adopted configuration is moti-
vated as follows. For the smooth function-approximation and regression task considered
here, the Levenberg—Marquardt backpropagation algorithm is among the fastest and most
reliable training methods for small- and medium-sized networks, which is the regime
of the present architecture; the corresponding MATLAB default (trainlm) was therefore
retained rather than replaced by a generic first-order optimizer. The architecture itself was
not the result of an exhaustive search: a target reconstruction accuracy was prescribed
in terms of an RMSE threshold, and the reported configuration was retained because it
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met this specification on the validation set. The random seed was set to 1 before network
initialization, so that the reported metrics are reproducible across training runs.

For each training grid, the corresponding network is assessed on a separate validation
set that does not share any state with the training data. In contrast with a validation
grid that reuses the training phase values, here the validation states are taken at the
midpoints between every pair of consecutive training samples in both coordinates, so
that no validation point lies on a training node along either the phase or the angular-rate
axis. For a training grid of size N x N this yields a validation grid of (N —1) x (N —1)
points, each located at the center of a training cell, i.e., at the point farthest from the
surrounding training nodes and hence the most demanding location for interpolation
within the operating range. Denoting by 8 and ' the training grids, the validation
samples are

t t tr tr
i aval _ O + 9%
j 2

ﬁyal — 5 ,

i,j=1,...,N—-1 (42)
and the full validation set is the Cartesian product of these midpoint values. This is a
stricter generalization test than evaluating the network off-grid along the angular rate only,
since every validation state is now genuinely unseen in both coordinates.

The separation between validation and training states is quantified through the nearest-
neighbor distance in normalized compact-state coordinates. Because the validation sam-
ples are cell-center midpoints, the nearest distance from the training grid is one half
of the training step along each coordinate, so that, unlike a phase-on-grid validation,
the phase distance is now strictly positive. For the adopted 150 x 150 grid this gives
donn =~ 2.09- 1072 rad, donn = 4.0 - 1072 rad /s and dporm NN =~ 4.71-1073.

Table 2 reports the ideal-conditions accuracy for the three training densities. On the
coarsest grid (N = 100) the validation error exceeds the training error by more than two
orders of magnitude (ratio ~ 190): the network fits the training nodes accurately but
interpolates poorly between them, so the 100 x 100 sampling is too coarse to constrain
the inverse map over the cell interiors. Increasing the density closes this gap rapidly.
At N = 150, the validation RMSE drops to 8.0 - 10~° rad /s with a validation-to-training
ratio of 1.74 and at N = 200 to 4.3 - 10~° rad /s with a ratio of 1.09, i.e., an essentially closed
generalization gap. The error-versus-density behavior thus exhibits a marked knee at
N = 150, where most of the accuracy improvement is already attained, whereas moving to
N = 200 only halves the RMSE at the cost of a substantially larger training set, which grows
as N2. For this reason, the 150 x 150 network is selected as the reference configuration for
the subsequent analysis under output noise: it delivers a near-saturated generalization
accuracy, of the order of 10~*rad/s, at a moderate dataset size. This confirms that the
augmented delay-embedding representation provides enough information to reconstruct
the signed angular rate directly from the measured output stack (Figure 4).

These results show that the proposed delay-embedding and neural inverse-learning
workflow can be effectively applied to a micromechanical angular-rate sensor, the key
additional step being the construction of an output map that preserves the information
needed to distinguish signed angular rates, here achieved by augmenting the nonlinear
current output with the known AC drive voltage.
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Table 2. Ideal-conditions angular-rate reconstruction accuracy versus training-set density. Each
network is trained on an N x N grid and evaluated on the (N — 1) x (N — 1) off-grid midpoint
validation set. RMSEy; is the error on the training grid and the last column is the validation-to-training
error ratio. The 150 x 150 configuration is adopted for the subsequent analysis.

N  Val Grid Anorm NN RMSE;, RMSE MAE MAXE RMSE/RMSE;,
[rad/s] [rad/s] [rad/s] [rad/s]
100 99 x 99 7.07-1073 559-10° 1.06 - 102 1.36-1073 1.52-1071 189.7
150 149 x 149 4711073 459-107° 8.00-10~° 414-10° 1.12-1073 1.74
200 199 x 199 354.1073 390-107° 426-107° 3.02-10°° 3.81-10¢ 1.09
25 x107
= training grid (150 x150)
—— midpoint validation (149 x149)
,L
15—
g oar
é 0 P B N\
B -05
L
sk
-2 | | | | | ]
6 -4 -2 2 4 6

0
Real angular rate [rad/s]

Figure 4. Angular -rate estimation error as a function of the true signed angular rate, for the adopted
150 x 150 network. Two curves are shown: the reconstruction error evaluated on the training grid
(150 x 150) and on the off-grid midpoint validation set (149 x 149). For each curve, the solid line is
the mean of the error over the phase coordinate at each angular-rate value, and the shaded band
denotes £1 standard deviation over the phase. The network is trained on the augmented output
stack containing the raw capacitive readout and the AC drive reference.

4.4. Robustness Assessment Under Output Noise

The previous validation was performed under ideal conditions, using delayed-output
stacks generated from the same nominal MEMS model adopted for training. To further
assess the practical robustness of the proposed reconstruction procedure, an additional test
is introduced, in which the neural network is kept fixed after being trained on the nominal
noise-free dataset: the observed degradation is therefore not compensated by retraining
and directly reflects the sensitivity of the learned inverse map to non-ideal validation data.
Retraining on noisy data could, in principle, further robustify the reconstruction, but is
left to future work, since it would require substantially larger and more representative
training datasets.

The first test evaluates the effect of additive measurement noise on the capacitive
readout. As in the ideal case, each reconstruction relies on a single delayed-output stack of
five samples, which spans only 80 us and therefore provides one instantaneous estimate of
the angular rate, intrinsically sensitive to the noise affecting the current readout. However,
since the angular rate is, by assumption, slowly varying with respect to the drive oscillation,
consecutive instantaneous estimates can be combined over time to attenuate the noise
without significantly affecting the reconstructed signal. This is obtained by post-filtering
the sequence of reconstructed angular rates with a first-order low-pass filter, rather than
by modifying the trained network. Both this post-filtering stage and the low-pass stage
of coherent demodulation rest on the same underlying principle: they attenuate the high-
frequency measurement noise by exploiting the assumption that the quantity of interest,
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here the slowly varying angular rate (), is band-limited, and both therefore limit the
achievable bandwidth. If anything, the comparison is slightly less favorable to the present
approach: in coherent demodulation the noise acts on the measured signal and its effect on
the estimate is transparent, whereas here the way the measurement noise on the current
readout is remapped onto the reconstructed state by the nonlinear network is not known
a priori; the cut-off frequency cannot therefore be derived in closed form and must be
selected empirically, as a compromise between noise rejection and preserved bandwidth.

To reproduce a realistic time evolution, the validation is organized into independent
runs. In each run the angular rate () is held constant while the drive phase ¢ evolves
in time. A new angular-rate estimate is produced from each non-overlapping window
of five samples, i.e., every Test = 5Ts = 100 pus, and Nryn = 150 consecutive estimates
are collected per run. One run is generated for each of the 149 validation angular rates
of the adopted 150 x 150 configuration. As in the ideal validation, the white Gaussian
perturbation is applied only to the current-readout entries, while the drive-reference entries
are kept noise-free, since v,c(t) is generated by the excitation electronics and acts as a
synchronization signal:

Je(t+kTs) = ye(t+kTs) + &, e ~N(0,07), k=0,...,4 (43)

The noise standard deviation 0y, is set to a conservative 0.5% RMS perturbation of the
current output, as typical values are around 0.2%.

Let Q[k] denote the sequence of instantaneous angular-rate estimates produced along
a run. The filtered estimate Q)[k] is obtained through the first-order low-pass filter

O = Ok 1] + (O~ 1] - Ok ~1)), &= "= =2nf T (44)

obtained by forward-Euler discretization of the continuous-time first-order differential
equation Q)+ O = O, with time constant T = 1/ (27tf.) and cut-off frequency f.. The cut-
off is a design parameter: it must be high enough to preserve the bandwidth of the
angular-rate signal of interest and low enough to suppress the readout noise. The filter
is initialized at zero, so that the first samples of each run describe the start-up transient.
The reconstruction accuracy is then evaluated on the steady-state portion of each run,
namely the last Ni,;; = 50 filtered samples.

For each run—that is, for each of the 149 validation angular rates—the root-mean-
square error (RMSE) is evaluated on the steady-state portion defined above, together
with its normalized counterpart (NRMSE), obtained by dividing the per-run RMSE by the
corresponding true angular rate. Runs with || < 0.5rad/s are excluded from the NRMSE
statistics, since the normalization is ill-defined near ) = 0. A Monte Carlo validation
with Nypc = 30 independent noise realizations is performed; the mean and the standard
deviation of each metric over the realizations are reported separately. The same noise
realizations are reused across all cut-off frequencies, so that the effect of f. can be compared
fairly. The results are summarized in Table 3; the corresponding steady-state error profile
across the validation angular rates at f, = 200 Hz is shown in Figure 5.

Without post-filtering, the instantaneous per-window estimate yields an RMSE of
about 1.33 - 10~ ! rad /s (= 7.6° /s). The low-pass post-filtering reduces this error substan-
tially, and the residual error decreases monotonically as the cut-off is lowered, trading
angular-rate bandwidth for noise rejection (Table 3). At the representative operating
point f. = 200 Hz, which preserves a wide angular-rate bandwidth, the filtered RMSE is
3.39-10"2rad/s (=~ 1.94° /s), with a normalized error of the order of 1.5%. A lower cut-off
can be adopted whenever a narrower angular-rate bandwidth is acceptable, at the cost of a
slower response. The adopted cut-off values are also consistent with the angular-rate band-
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width typically required in MEMS-gyroscope applications: although vibratory gyroscopes
can provide output data rates on the order of 1 kHz, the useful measurement bandwidth in
common motion-sensing devices is usually confined to the 100-200 Hz range [22].

Table 3. Filtered angular-rate reconstruction metrics under additive white Gaussian measurement
noise, with standard deviation equal to 0.5% of the RMS current-readout amplitude, applied to
the MEMS current-readout channel of the adopted 150 x 150 network, for several low-pass cut-
off frequencies f.. Mean and standard deviation are reported over Nyjc = 30 noise realizations.
The first row reports the unfiltered instantaneous estimate. NRMSE statistics exclude runs with
| < 0.5rad/s.

fe [Hz] RMSE Mean RMSE Std NRMSE Mean NRMSE Std
[rad/s] [rad/s]
no filter 1.325-1071 - - -
500 5.624 -10~2 7.22.10~* 2.55% 0.05%
300 4213-1072 6.01-107* 1.89% 0.05%
200 3.386-1072 5.56-10"% 1.51% 0.04%
150 2.910-1072 545.10* 1.28% 0.04%
100 2.367 - 1072 546-10* 1.03% 0.04%
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Figure 5. Steady -state filtered reconstruction error as a function of the true signed angular rate
(fc = 200 Hz), for the adopted 150 x 150 network. Markers and error bars denote the mean and the
standard deviation of the error over the last Ni,;; = 50 filtered samples of each run.

The residual filtered error is characterized by two contributions of very different
magnitude. First, the intrinsic imperfection of the learned inverse map: applying the
same post-filtering pipeline to the noise-free runs yields a filtered RMSE of only about
2.6 -107°rad /s (maximum deviation 7.9 - 10~ rad /s), which reflects the accuracy of the
reconstruction at phase values not contained in the training grid. Since this noise-free floor
lies more than three orders of magnitude below the RMSE obtained under noise, the filtered
error is entirely dominated by the measurement noise rather than by the reconstruction
itself. Second, the noise contribution does not fully vanish under low-pass filtering: because
the inverse map is nonlinear, a zero-mean perturbation of the output does not produce
a zero-mean angular-rate error, so a velocity-dependent bias remains, of the order of
1.4-1072rad/s on average, that a linear filter cannot remove. These observations indicate
that, while simple post-filtering already brings the reconstruction error to the same order
of magnitude as specialized model-based estimators, a further reduction would require
a model-based recursive estimator, such as a Kalman filter exploiting the delayed-output
stack as a noisy full-state measurement, or a re-training of the inverse map directly on
noisy data.
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It is instructive to relate these figures to dedicated model-based estimators for vibra-
tory gyroscopes. In [23], for instance, the rotation rate of a parametrically excited micro
gyroscope is reconstructed through a two-stage Extended/Unscented Kalman filtering
scheme, attaining an angular-rate error of the same order of magnitude as the one ob-
tained here after post-filtering. A direct quantitative comparison is difficult, since the two
studies rely on different sensor configurations, excitation schemes and noise conditions:
the reference is therefore qualitative, and a specialized estimator, explicitly tailored to
a specific device and its excitation, could potentially reach a somewhat lower error for
that configuration.

4.5. Real-Time Feasibility for Embedded Deployment

Although neural-network-based methods are often perceived as computationally
demanding, this limitation is unlikely to hinder the proposed approach in the case of MEMS
gyroscope sensors. According to recent surveys, feedforward neural networks (FNNs)
implemented on FPGA platforms achieve inference times of the order of 1 us per sample,
even for relatively complex high-precision architectures [24]. Since the proposed model also
belongs to the FNN class, comparable inference latencies are expected, although the exact
execution time depends on the network architecture and on the hardware implementation.

For MEMS gyroscope applications, typical sampling frequencies lie in the kHz range.
Consequently, the time available for processing each sample exceeds the reported inference
latency by several orders of magnitude, indicating that online deployment is feasible with-
out sample decimation or any reduction in the sensor data rate. While an implementation-
specific benchmark is beyond the scope of this work, the computational complexity of the
proposed method does not appear to constitute a practical obstacle to real-time operation
in the considered application domain.

5. Conclusions

This paper proposed a delay-embedding procedure for indirect sensing in oscillating
and periodically forced sensors. The sensor and its excitation are modeled as a single
autonomous system, in which the measurand is a slowly varying state over the recon-
struction window, and the excitation is described by a phase variable; delayed output
samples then define an observation map whose inverse is approximated by a feedforward
neural network. With respect to the scalar-output conference prequel, the formulation
was extended to vector-valued outputs, allowing additional channels or known reference
signals to be exploited. The method was applied to a vibratory MEMS gyroscope for signed
angular-rate reconstruction, a micromechanical sensor with nonlinear electromechanical
transduction in which the raw capacitive current alone does not yield a well-posed prob-
lem over a signed domain, since opposite angular rates become indistinguishable after a
phase shift in the excitation. This was resolved by augmenting the output with the known
AC drive reference, which supplies the missing phase information without an additional
mechanical measurement.

The Jacobian-based indicator Apmin (] T]) served as a local necessary condition: the
augmented map proved better conditioned than the raw one, and in ideal conditions the
learned inverse reconstructed the signed angular rate with small errors. A preliminary
robustness assessment was also carried out: under additive white Gaussian noise on the
current channel, the instantaneous per-window estimate is perturbed, but since the angular
rate is slowly varying, a first-order low-pass post-filtering of the reconstructed sequence
brings the error back to the order of magnitude of specialized model-based estimators.

The objective of the proposed method is complementary to that of dedicated model-
based estimators: rather than maximizing accuracy for a single device, it provides a

https://doi.org/10.3390/s26144504


https://doi.org/10.3390/s26144504

Sensors 2026, 26, 4504

21 of 22

References

common reconstruction workflow that transfers across heterogeneous oscillating sensors,
does not require tuning of process- and measurement-noise covariance matrices, and can
in principle reconstruct additional internal states or physical parameters from the same
embedded representation.

Throughout this study, the sensor model has been assumed to be accurately known,
and robustness to parametric uncertainty has been deliberately left outside the scope of
the analysis. This choice mirrors the established practice for vibratory MEMS gyroscopes,
where parameter deviations induced by fabrication tolerances, aging, and environmental
conditions are a well-known and nontrivial issue: they are conventionally handled either
through dedicated calibration procedures, which identify or compensate the actual device
behavior, or through adaptive and observer-based schemes that estimate the uncertain
parameters online. The latter, however, are subject to an observability requirement which,
in the adaptive literature, takes the form of a persistent-excitation condition, enforced by
specific control and parameter update laws [25]. The proposed framework offers a natural
route to the same goal: since the delay-embedding formulation can host additional slowly
varying states, drifting physical parameters can in principle be appended to the compact
state and estimated jointly with the measurand. Exploiting this potentiality is left to future
work and requires a preliminary observability verification: depending on the admissible
parameter range, local observability may either hold natively under the present single-
frequency interrogation or need to be enforced by enriching the exosystem signal that
excites the sensor with additional frequency components to restore the persistent-excitation
requirement of adaptive schemes. As for the measurand itself, this local verification is
necessary but not sufficient, since the practical reconstructability of the augmented inverse
also rests on the global injectivity of the delay-output map.

Future work could proceed along four directions. First, global injectivity can be
investigated more systematically through pairwise-distance or manifold-overlap analyses,
complementing the local indicator; in the present work, threshold identification and grid-
point density still need to be formally addressed. Second, the influence of sampling time,
embedding dimension, excitation frequency, and reference-channel synchronization needs
further study. Third, to address noise robustness, more advanced estimation schemes could
be used, such as a Kalman filter exploiting the delayed-output stack as a noisy full-state
measurement, or a re-training of the inverse map on noisy data, to further reduce the
residual error and recover the full internal state. Fourth, the method should be validated
on higher-fidelity simulations and, ultimately, on experimental sensing chains.
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