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Electro-Osmotic Non-Isothermal Flow in Rectangular Channels

with Smoothed Corners

M. Lorenzinia,∗

aAlma Mater Studiorum Universitá di Bologna - DIN - Via Fontanelle 40, Forĺı- I-47121 - ITALY

Abstract

Microchannel heat sinks are able to provide high cooling capabilities in terms of heat

flux rates. This makes them particularly interesting for the thermal management of

electronic components such as CPUs, which have high power density and small di-

mensions. Pressure drop of the coolant across the microchannels may, however, be

significant and give rise to viscous heating, thereby preventing the practical use of

these devices. When the coolant is a polar fluid and the channel walls possess a net

electric charge, an alternative means of moving the fluid is through an applied external

electric field. The flow which originates is called electro-osmotic (EOF). EOF does not

require moving parts, is free of vibrations and does not need lubrication, but is subject

to Joule heating of the fluid and has flow and heat transfer characteristics which differ

from those of pressure-drive flows. In spite of several previous investigation on EOF, no

attention has been paid to the changes in velocity and temperature distributions caused

by modifying the base cross-section of the channels which may be circular, rectangular

or polygonal, thanks to the current capabilities of microfabrication. This work inves-

tigates numerically the influence of smoothing the corners of the cross-section at fixed

hydraulic diameter on the values of the Poiseuille and Nusselt numbers for the laminar,

steady and fully developed, electro-osmotic flow in a rectangular channel subject to uni-

form heat flux and Joule heating. Several aspect ratios are considered, as are different

values of the ratio of Joule heating to heat flux through the walls. The results highlight
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a very slight increase of the Poiseuille number with the radius of curvature, whereas the

Nusselt number experiences a significant improvement. Correlations are obtained for

both the Poiseuille and Nusselt number as a function of the radius of curvature, aspect

ratio and Joule heating-to-heat flux ratio.

Keywords: Electro-osmotic flow, microchannel, rounded corners, heat transfer

enhancement

1. Introduction1

In the last two decades microchannels have been the subject of a large body of funda-2

mental research and gradually evolved into constitutive elements of so-called micro-flow3

devices (MFDs), as can be easily realised when comparing older reviews on the subject,4

[1, 2], to more recent ones [3–5].5

In spite of some research still being addressed to fundamental subjects [6–11], MFDs6

have now progressed beyond the level of prototypes and find applications in several7

fields [12], e.g. micro heat exchangers (MHXs) are employed in air conditioning sys-8

tems [13] and heat pumping equipment [14]. Among other applications, microchannel9

heat sinks are able to provide high cooling capabilities in terms of heat flux rates. This10

makes them particularly interesting for the thermal management of electronic devices,11

owing to the ever-increasing compactness of the latter and, subsequently, power density.12

Even for very low flow rates, though, pressure drop across such devices may be signifi-13

cant, especially when liquids are employed as coolants, with the reduction in hydraulic14

diameter of the ducts quickly leading to viscous heating of the fluid circulated [15] and15

unviable pumping costs.16

At small scales, however, flow devices can take advantage of micro-effects such as electro-17

osmosis, which allows the motion of a liquid relative to a charged surface, induced by18

an applied external potential gradient across a microchannel [16, 17]. When the coolant19

used is a polar fluid and the channel walls have a net electrical charge, an uneven charge20

distribution develops in the liquid, which may be used to move it by applying an elec-21

tric field at the two ends of the channel, which acts on a layer of mobile ions close to22



the walls. The flow which originates is called electro-osmotic (EOF). EOF represents23

a method to circulate the fluid alternative to pressure gradient, which is applicable24

just when channel dimensions drop. EOF do not require moving parts, do not produce25

noise nor vibrations and do not need lubrication. Also, liquid reservoirs tiny volumes,26

making them ideal for direct connection to the chips. EOF have been reported to27

yield experimental Nusselt numbers about 10% larger than pressure-driven flow (PDF)28

for the same geometry, although Joule heating may become significant when applied29

voltage between the electrodes increases beyond a certain threshold [18]. Further ad-30

vantages of EOF lie in the straightforwardness of its operation through voltage signals31

sent to electrodes as compared to the complications of manfacturing and controlling a32

micro mechanical pump. Among drawbacks, the velocity profiles differs significantly to33

that of pressure-driven flows, the chemical composition at the interface exerts a strong34

influence on it, and the circulation of ions causes Joule heating in the fluid, which35

partly offsets its cooling capabilities [16]. Electro-osmotic flows in microchannels have36

received considerable theoretical attention, both for traditional geometries, such as cir-37

cular ducts and parallel plates [19, 20], but also for more complex geometries such as38

polygonal, elliptical and triangular ducts [21–23] and the use of electro-osmotic pumps39

(EOPs) has been investigated both theoretically and experimentally [24–27] to circulate40

a polar fluid through the channels of heat sinks with the specific purpose of electronics41

cooling, [18, 28, 29]. The use of non-Newtonian fluids ([30, 31]) and nanofluids has also42

been investigated in more recent years, [32].43

Concerning the single microchannel, which is the building block of every MHX, sev-44

eral aspects have been the subject of investigation. The circular geometry was one45

of the earliest to be investigated, as per the work of Rice and Whitehead, [19], who46

dealt with non-negligible thickness of the EDL compared to the classical treatment by47

Smoluchowski and predicted a maximum in the apparent viscosity of the flow (the so-48

called electro-viscous effect). Maynes and Webb studied the convective heat transfer49

for purely electro-osmotic [33] and both pressure and electro-osmotically driven flows,50

[34] considering the relative extension of the Debye length to the channel half-width,51



indicated with Z. Their analysis was limited to circular and parallel-plate ducts and to52

fully-developed velocity profiles and revealed how the temperature profile and Nusselt53

number strongly depend on the values of Z, of the non-dimensional Joule heating and,54

where applicable, on the relative magnitude of the external electric field to pressure55

gradient imposed. For simple geometries, Moghadam ([35] obtained the exact solution56

for the entrance region of a circular capillary considering the contribution of viscous57

dissipation, which was compared to Joule heating. The results outlined a decrease of58

the Nusselt number in the entrance region and a possible temperature overshoot near59

the wall due to high velocity gradients.60

Vocale et al. [23] investigated numerically the fully-developed, isothermal flow in trian-61

gular microchannels for both purely electro-osmotic and combined pressure- and electro-62

osmotically driven cases. Their results remarked the strong influence on the velocity63

field of the aspect ratio and of the electrokinetic diameter of the duct: in particular,64

the former affects the maximum achievable flowrate, whilst the latter determines the65

maximum pressure gradient which may be overcome. The role of the relative ratio of66

pressure forces and electrical forces acting on the fluid was also discussed and charac-67

teristic curves for EOPs with triangular channels were obtained. Vocale et al., [22],68

also carried out a numerical study on the non-isothermal electro-osmotic flow in elliptic69

ducts under so-called H1 thermal boundary conditions (i.e. uniform heat flux and uni-70

form temperature over the heated perimeter) for different aspect ratios, electrokinetic71

diameters and relative magnitude of Joule heating to heat flux through the walls, Mz,72

also comparing the results with those for rectangular cross-sections of similar aspect73

ratios. Their results highlight again a strong influence of the aspect ratio and of the74

electrokinetic diameter, with the Nusselt number increasing with the latter quantity.75

Joule heating affected the heat transfer adversely, but was negligible for Mz ≤ 0.1.76

From the above analysis it can be appreciated how several aspects of electro-osmotic77

flow in microchannels have been investigated, in particular referring to the type of fluids78

involved, the relative magnitude of the external electric field, the type of flow (purely79

electro-osmotical or a combination of electro-osmosis and pressure gradident) and ge-80



ometry of the channels, which can take several forms (circular, trapezoidal, rectangular,81

etc.) thanks to the current development of micro-fabrication technologies. Optimising82

the cross-section can lead to better performance in terms of heat transfer, pressure83

drop or entropy production, yet, to the Author’s best knowledge, no analysis has been84

carried out so far as regards the smoothing of corners of the cross-section, which has85

been demonstrated to generate improvements in the transport phenomena, sometimes86

with increases in heat transfer that overcome those in frictional losses, [36, 37], and has87

already been investigated for pressure-driven flows in microchannels with and without88

viscous dissipation, [38–40]. To this purpose, a purely electro-osmotic, fully developed89

flow of a Newtonian fluid in a microchannel of base rectangular cross-section subject to90

H1 boundary conditions is numerically analysed. Several aspect ratios are considered,91

starting from square ducts to configurations resembling parallel plates, and several val-92

ues of Mz are also studied. The corners of the reference geometry are progressively93

rounded and the effect of the change of cross-section on the Poiseuille and Nusselt94

numbers, which are related to the parameters of interest by simple correlations. The95

results can also be used to optimise the channels e.g. in terms of performance evaluation96

criteria ([41]).97

2. Model of the EOF98

Electro-osmosis refers to the bulk fluid motion observed through capillaries or mi-99

crochannels when electric fields are applied across them. A detailed description of the100

phenomenon and of its treatment can be found in the excellent book by Kirby, [16],101

a more succinct treatment is given in [17, 42]. As mentioned earlier, bulk movement102

of the fluid in EOF is the result of the application of an external electric field which103

interacts with the locally non-uniform charge density close to the walls. The problem104

can receive an intergral, one-dimensional treatment considering the bulk fluid motion105

only, replacing the phenomena occurring at the wall-fluid interface with an effective106

slip velocity condition, [16], or the phenomena in the tiny region where charge density107

is non-uniform, the so-called electric double layer (EDL) may be treated to various108



degrees of complexity. In this work the so-called Gouy-Chapman EDL model will be109

adopted, which consists of some simplifying assumptions. The model assumes that the110

EDL is at equilibrium, so that electrostatic forces balance Brownian thermal motion.111

As a result, the net charge of the walls, deriving from adsorption and ionization, is112

balanced by a mobile diffuse charge density. The two regions form the electric double113

layer, and the potential on the ideal plane of separation is called Stern potential, ζ:114

since measuring the actual electric potential at the wall is ridden with experimental115

difficulties, the Stern potential is used instead as a boundary condition. To describe116

and predict the behaviour of EOF in the Gouy-Chapman approximation, the model117

must therefore determine the charge distribution within the fluid, the resulting electric118

potential distribution, the velocity and temperature fields.119

2.1. Ion distribution120

It is assumed that the velocity for the i-th particle at a given point is given by the121

sum of three components, the mean flow velocity of the electrolyte, ~v, the velocity of122

the ions acted upon by the electric field, ~vdrift, and the diffusion velocity, ~vdiff , which123

is generated by Brownian motion:124

~vi = ~v + ~vdiff + ~vdrift (1)

Concentration ci for the i-th ionic species is obtained writing the steady-state mass125

balance in the absence of species generation, Eq. (2)126

∇ · (Di∇ci)−∇ · (ci~v)−∇ · (ci ~vdrift) = 0 (2)

where the diffusion velocity has been expressed in terms of diffusion coefficient, Di127

and concentration gradient, by using Fick’s law. If an electrostatic force ~Fes generated128

by an electric field ~E is exerted on the ions, it is assumed that they move with a drift129

velocity such that130

(3)~vdrift = µF~es 



where µ is the electron mobility. ~Fes can be expressed for irrational electric fields131

in terms of the electric potential ψ for a ion of valence zi as132

Fes = zie ~E = −zie∇ψ (4)

where e is the magnitude of the unit electron charge. The electric field and gra-133

dient concentration generate two currents, called drift current and diffusion current134

respectively, which must balance out at equilibrium:135

Jdrift = −µρ∇ψ Jdiff = −D∇ρe (5)

In Eq. (5) ρe is the charge density. Assuming that ions can be treated as point136

charges, Maxwell-Boltzmann statistics holds and the diffusion coefficient can be related137

to the Boltzmann constant, κB and thermodynamic temperature, T by the so-called138

Einstein-Smoluchowski equation139

D = µκBT (6)

Substituting Eq. (6) into Eq. (3) and recalling Eq. (4), the drift velocity becomes140

~vdrift = −zieci
κBT
∇ψ (7)

Since the fluid can be assumed as incompressible, ∇ · ~v = 0, and Eq.(2) yields141

∇2ci −
~v

Di

· ∇ci +∇ ·
(
zieci
κBT
∇ψ
)

= 0 (8)

Equation (8) can be expressed in non-dimensional form through the hydraulic di-142

ameter Dh, the mean concentration of the i-th species, c0 and the norm of the velocity143

vector ||~v|| by introducing the quantities below144

∇2∗ = D2
h∇2 ∇∗ = Dh∇ Pem =

||~v||
Di

Dh c∗i =
ci
c0
||~v|| · îv = ~v (9)



so that

∇2∗c∗i − Pemîv · ∇∗c∗i +∇∗ ·
(
ziec

∗
i

κBT
∇∗ψ

)
= 0 (10)

By further assuming that the mass Peclet number, Pem is negligible (i.e. no diffusive145

mass transport along the axial direction), one obtains146

∇∗
(
∇∗c∗i + c∗i∇∗

(
zie

κBT

))
= 0 (11)

It can be proven that the solution of Eq.(11) is given by147

c∗i = exp

(
∓ zie

κBT
ψ

)
(12)

where the sign depends on whether concentration refers to co-ions or counter-ions148

respectively.149

2.2. Electrical potential150

Knowledge of the concentration of co-ions and counter-ions allows the calculation151

of the net free charge density, ρe in the fluid:152

ρe = zie (c+ − c−) = −2ziec0 sinh

(
zie

κBT

)
(13)

which is employed in the Poisson equation ∇ · ε ~E = −ρe to obtain the electrical153

potential ψ154

∇2ψ =
2ziec0
ε

sinh

(
zie

κBT

)
(14)

where the electrical permittivity ε is assumed to be constant. Two more non-155

dimensional quantities are introduced, namely156

x∗ =
x

Dh

∗ =
zie

κBT
(15)

and Eq.(14) becomes157

∇2∗ψ∗ = (λDDh) sinh (ψ∗) (16)



where λD =
√

2e2c0z2i /εκBT is the Debye-Hückel parameter, reciprocal to the Debye158

length. The latter quantity is a property of the electrolyte solution, i.e. the bulk fluid,159

and gives an estimate of the thickness of the EDL. To solve Eq.(16) the value of the160

potential on the Stern plane, ζ, is used as a boundary condition, thus neglecting the161

thickness of the compact layer. In non-dimensional form162

∗(x∗ ≈ 0) = ψ∗0 = ζ∗ =
zie

κBT
ζ (17)

Observing Eqs.(16) and (17) it is apparent that ψ∗ depends on the geometry, on ζ∗163

and on λDDh.164

2.3. Velocity field165

The non-dimensional velocity distribution in the channel is obtained from the so-166

lution of the Navier-Stokes equation. The assumptions made in this work are steady,167

fully-developed laminar flow of a Newtonian fluid with thermophysical properties inde-168

pendent of temperature inside a microchannel of uniform cross-section, Ac, with rigid,169

non-porous walls and of length L. Further, no pressure gradients act along the flow170

direction and the only body force present is an external electric field along the channel171

axis, z, ~Eext = Ez îz. As a consequence, only the velocity component along z is non-172

zero, and its magnitude at each point of the cross-section depends on the other two173

coordinates: ~u = uz (x, y) îz, which is written as u. The momentum transport equation174

µ∇2~v + ρe ~Eext = ~0 (18)

only has one component along z and can be written in non-dimensional form intro-175

ducing the quantities below176

y∗ =
y

Dh

A∗c =
Ac
D2
h

u∗ =
u

U
, E∗z =

EzL

ζ
(19)

So that177

∇2∗u∗ =
2n0zeζD

2
h

µUL
= ME∗z sinh ( ∗) (20)



The normalizing velocity U is chosen such that M = 1, and Eq. (20) becomes178

∇2∗u∗ = E∗z sinh (ψ∗) (21)

The boundary conditions for the problem are given by the no-slip velocity condition179

at the walls:180

uwall = u0 = 0⇒ u∗0 = 0 (22)

Considering how Eq.(21) was obtained, it is immediate to recognise that the non-181

dimensional velocity depends on the geometry, the zeta potential the product of λD182

times Dh and the external electric field.183

2.4. Temperature Field184

The temperature distribution is obtained from the energy equation, once the velocity185

field has been determined. Joule heating caused by the current density flux ~j operates186

as a source term qg, which results from the scalar product of ~j = κ0 ~Eext, κ0 being the187

electrical conductivity of the fluid, and the electric field ~Eext188

qg = ~j · ~Eext = κ0E
2
z (23)

A thermally fully-developed, steady flow is assumed, so that the variation of local189

temperature T (x, y, z) along the flow direction can be related to the variation of bulk190

temperature Tb(z):191

∂T

∂z
=
dTb
dz

(24)

The variation of the bulk temperature with the axial coordinate is obtained by an192

energy balance over a fluid element occupying a length dz of the channel193

q′dz + κ0E
2
zAcdz = ρubAccpdTb (25)



so that194

∂T

∂z
=
q′ + κ0E

2
zAc

ρubcpAc
(26)

where ub is the bulk velocity, ρ is the fluid density and cp the specific heat capacity195

at constant pressure. The energy equation for the problem is therefore196

u

(
q′ + κ0E

2
zAc

ubAc

)
= κ∇2T + κ0E

2
z (27)

with κ thermal conductivity of the fluid. The non-dimensional form of Eq.(27) is197

obtained after definition of the non-dimensional temperature and of Mz198

T ∗ =
κ (T − Tw)

q′
Mz =

κ0E
2
zD

2
h

q′
(28)

with Tw temperature at the heated perimeter. Mz relates Joule heating over a199

cross-section to the heat flux along its perimeter, and is analogous to the Brinkman200

number, which compares viscous dissipation and heat transfer between fluid and walls.201

Equation(27) becomes202

u∗U

ub

(
1

A∗c
+Mz

)
= ∇2∗T ∗ +Mz (29)

The bulk velocity ub can be related to U , which was used as a normalisation variable203

through the definition of bulk velocity itself, and yields204

ub =
U

A∗c

∫
A∗

c

u∗dS∗ (30)

To solve Eq. (29) boundary conditions must be specified; for the present study,205

the so-called H1 (i.e. uniform heat flux along the channel’s axis, q′, and uniform tem-206

perature over the heated perimeter of the cross-section) condition was chosen. The207

constraint on temperature at the walls in non-dimensional form is208

T ∗
∣∣∣
P ∗
h

= 0 and

(
∂T

∂n̂

)
P ∗−P ∗

h

(31)



for the heated and the unheated portion of the perimeter, P ∗, respectively. The209

condition on the non-dimensional line heat flux is given by specifying a value for Mz.210

In view of the above discussion, the temperature field is dependent on the flow field211

and on the heat flux over the cross-section, so that one can express this as212

T ∗ = T ∗ (geometry, ζ∗, κDh,Mz)

It is to be remarked that the dependence on the non-dimensional external electric213

field E∗z has disappeared; this is due to the presence of the u∗/ub ratio: in the momen-214

tum transport equation the term E∗z introduces but a scaling factor in the solution,215

which appears both in u∗ and in ub.216

Knowledge of the velocity and temperature fields allow the computation of the Poiseuille217

and Nusselt numbers, which are related to the momentum and heat transfer character-218

istics of the problem. It can be demonstrated that Poiseuille number is given by219

Po = − 2U

P ∗ub

∫
P ∗

∂u∗

∂n̂∗
dP ∗ (32)

Similarly, the Nusselt number is given by Eq. (33):220

Nu = − 1

P ∗h

∫
A∗

c
u∗dA∗c∫

A∗
c
T ∗u∗dA∗c

(33)

where the ratio U/ub has been expressed by means of Eq.(30). It is to be noted that221

the definition of the Poiseuille and Nusselt numbers make the introduction of the bulk222

velocity ub necessary.223

2.5. Geometry investigated224

The starting geometry is rectangular with sharp corners, which are progressively

rounded, up to the maximum allowable radius of curvature for a given aspect ratio, β.

With reference to Fig.1, the non-dimensional radius Rc and β are defined as:

β =
2a

2b
Rc =

rc
a

(34)



Figure 1: Rectangular cross-section with rounded corners.

The cross-sectional area Ac, the perimeter P and the hydraulic diameter, Dh, the latter225

used as reference dimension together with the channel length L, are given by:226

Ac = a2
[

4

β
−R2

c (4− π)

]
(35)

P = 4a

[
1 +

1

β
− 2RC

(
1− π

4

)]
(36)

Dh =
4Ac
P

= a

4
β
−R2

c (4− π)

1 + 1
β
− 2RC

(
1− π

4

) (37)

When the optimal radius of curvature of the cross-section is sought in terms of227

e.g. Performance Evaluation Criteria [41] or Entropy Generation Minimisation [43] one228

further geometry constraint must be applied [40, 44], either on the reference side, cross-229

section, heated perimeter or hydraulic diameter, this is not the case for the computation230

of the Poiseuille and Nusselt numbers.231

2.6. Methodology for the Numerical Solution232

In this paper the fully-developed electro-osmotic flow of an aqueous solution subject233

to joule heating and heat transfer through a microchannel of rectangular cross-section234

is modelled and numerically investigated. The starting configuration was that with235

sharp corners, which were progressively smoothed until the maximum value of the non-236

dimensional radius of curvature, i.e. Rc = 1.0 in steps of 0.1, for four aspect ratios,237

namely β = [0.1, 0.25, 0.5, 1], which cover the range from square channels (β = 1) to238



a shape approaching the parallel plate configuration (β = 0.1), where it is expected239

that the actual shape of the corners loses its influence on the velocity and temperature240

distributions. The ratio of Joule heating to heat transfer from the walls was also241

varied, from negligible to quite significant, Mz = [10−3, 10−2, 10−1, 0.3, 0.6, 1]. Two242

different hydraulic diameters, Dh = 3µm and Dh = 24µm were considered with the243

same channel length, namely L = 0.01m. The fluid is de-ionised, ultra-filtered water244

(DIUF) the electrolyte concentration, Stern potential and electrical field intensity are245

those already employed in [24, 25, 44] and, in non-dimensional form, correspond to246

λDDh = 9.85 and λDDh = 78.40, ζ∗ = 7.92, E∗z = 5000.247

Equations (16), (21) and (29) were solved with the boundary conditions specified by248

Eqs. (17), (22) and (31); for the latter, the whole perimeter is heated. A commercial249

finite-element solver, Comsol Multiphisics R© was used for the computations. The two-250

dimensional domain was discretised with a triangular, unstructured grid employing251

boundary layer at the walls to have a satisfactory resolution where gradients are the252

steepest, whilst a much wider mesh sufficed in the central region, since contrary to the253

case studied in [45] the EDLs do not overlap.254

Grid independence was checked against the values of the Poiseuille number, because the255

Nusselt number was found to reach a constant value at a lower number of elements: the256

difference in Po for a rectangular section with sharp corners between a mesh with 9624257

nodes and one with 45220 nodes was 0.6%, whereas between 45220 and 193800 nodes it258

was 0.1%. Therefore, the intermediate value was chosen as a satisfactory compromise259

between accuracy and computational time. For the cases investigated in this work, the260

maximum number of cells used was ≈ 5 ·104. The simulation of each configuration took261

a negligible computational time (a few minutes in the worst cases).262

Numerical verification of the volumetric flowrate for the case of a triangular cross-section263

was carried out against the results of [21], with results analogous to the ones reported264

in [23]: discrepancies between simulation and benchmark data fell within ±0.7%.265



3. Results and discussion266

Figure 2: Electrical potential for aspect ratio β = 0.25, sharp corners and λDDh = 9.85 (left) and

λDDh = 78.40 (right).

Figure 3: Velocity field for aspect ratio β = 0.25, sharp corners and λDDh = 9.85 (left) and λDDh =

78.40 (right).

The electrical potential distribution, velocity field and temperature field for β = 0.25267

and sharp corers are shown in Figs.2, 3 and 4 respectively for λDDh = 9.85 (left) and268

λDDh = 78.40 (right). It can be appreciated how the velocity profile is much flatter for269

the higher value of λDDh: for higher hydraulic diameters and unchanged Debye length,270

as is the case here, the EDL occupies a much smaller portion of the channel, which271



Figure 4: Temperature field for aspect ratio β = 0.25, sharp corners and λDDh = 9.85 (left) and

λDDh = 78.40 (right).

results in smaller velocities and smaller flowrates, because most of the electrolyte is272

dragged along, hence the flat velocity profile in the central portion of the cross-section.273

Although the temperature profiles appear similar, an analysis of the numerical values274

reveals higher temperature gradients at the wall for the larger hydraulic diameter,275

which is reflected in the values of the Nusselt numbers. The considerations above are276

qualitatively valid for all values of the remaining parameters, Mz, β and Rc.277

β Po Nu

0.10 166.74 8.60

0.25 164.65 7.28

0.50 162.63 6.09

1.00 161.78 5.52

Table 1: Values of Po and Nu for cross-sections with sharp corners, negligible joule heating, λDDh =

9.85, Mz = 10−3.

278

Both Poiseuille and Nusselt numbers increase with λDDh, i.e., all other quantities279

being equal, with the hydraulic diameter. As an example, for β = 0.25, Mz = 10−3,280



Po (Dh = 3µm) ≈ 165, for Po (Dh = 24µm) ≈ 956; for heat transfer under the same281

conditions, Nu (Dh = 3µm) ≈ 7.3, Nu (Dh = 24µm) ≈ 8.7.282

Since the analysis of the transport coefficients as represented by the Poiseuille and283

Nusselt numbers yields the same qualitative trends for both hydraulic diameters, the284

considerations to follow will be made based on Dh = 3µm, i.e. λDDh = 9.85. Table285

1 shows the Poiseuille and Nusselt numbers for sharp corners, Mz = 0.001 and all the286

aspect ratios analysed in this study: it is clearly seen that both quantities decrease as287

β increases.

Figure 5: Poiseuille number versus non-dimensional radius of curvature for two aspect ratios, β = 0.25

and β = 1.

288

The trend of Po as a function of the radius of curvature is presented in Fig.5, where289

both the results of computations (black-edged green dots) and the fitting curve have290

been plotted. In this case, the value of Joule heating does not affect the Poiseuille291

number, as all properties are independent of temperature within the bonds of this292

study. Therefore, only the aspect ratio has been considered as a parameter and two293

different cases (β = 0.25 and β = 1) have been plotted. It is clear that the frictional294

losses are almost unaffected by the smoothing of the corners and over all the cases295

considered the maximum percentage increase experienced is 0.3%. As a consequence,296

the frictional losses can be said to remain unaffected by smoothing of the corners.297

298



Figure 6: Nusselt number versus non-dimensional radius of curvature for two aspect ratios, β = 0.25

and β = 1 and Mz = 0.001 and Mz = 1.

For the thermal problem, the Nusselt number is also affected by the value of Mz:299

this is why Fig.6 shows four plots, for two aspect ratios (β = 1 and β = 0.25) and300

for Mz = 0.001 (negligible Joule heating compared to heat transfer) and Mz = 1.301

As was to be expected, the Nusselt number increases with the non-dimensional radius302

of curvature, the more significantly the smaller the aspect ratio: for β = 0.25 the303

maximum increase is 7%, whilst for β = 1 the increase is around 13%. This trend is304

also slightly increasing with Mz: for Mz = 1 the maximum increases in the Nusselt305

number are around 16.9% for β = 1 and 9.0% for β = 0.25. As was to be expected from306

its definition, Eq.(28), the value of Mz has a negative influence on the heat transfer.307

Indeed, increasing Mz while keeping Ez and Dh fixed means to decrease the heat flux308

per unit length, which affect the Nusselt number consequently. The decreasing trend309

of Nu versus Mz is reported in Fig.7: it can be seen that it is suitably approximated310

by a linear fit and that varying the aspect ratio only results in a change of the slope,311

which becomes steeper as β decreases. The trend is also unaffected by the value of Rc312

which only changes the constant and the slope coefficient, if slightly.313

This behaviour is readily explained considering the definition of Mz, Eq.(28): if the314



Figure 7: Nusselt number versus Mz for two aspect ratios, β = 0.25 and β = 1 and Rc = 0.5.

velocity field is to remain unaffected and therefore its influence on the temperature315

profile unchanged, Mz can only vary due to a change in the heat flux at the wall, that316

is directly related to the temperature gradient normal to the wall itself, to which, in its317

non dimensional form, the Nusselt number is proportional. As a consequence there is318

a linear dependence between Nu and Mz, the former decreasing as the latter increases.319

3.1. Correlations for Po and Nu320

In order to supply the designer with a handy tool for the determination of the321

Poiseuille and Nusselt numbers for the case investigated in this work, suitable corre-322

lations are suggested. In [38, 39, 46, 47], correlations were given as a function of the323

non-dimensional radius of curvature Rc with coefficients depending on the aspect ratio324

β in the absence of viscous dissipation; when the latter was present, the Nusselt number325

took a more involved, fractional form which could also account for entry effects through326

the Peclet and Graetz numbers. For the case of electro-osmotic flow, the results of the327

investigation allow to express the Poiseuille number in the form328

Po (β,Rc) =
3∑
i=0

d (β)i ·R
i
c (38)

with the values of d reported in Table 2.329



β d3 d2 d1 d0

0.10 1.0021 -2.2436 1.7481 166.7673

0.25 1.8031 -4.0977 3.0084 164.6838

0.50 3.1482 -6.7290 4.2784 162.7916

1.00 3.6206 -7.1418 3.7754 161.8478

Table 2: Coefficients for the Poiseuille number, Eq.(38).

.

For the Nusselt number, the corresponding polynomial form

Nu (β,Rc) =
n∑
i=0

d (β)i ·R
i
c (39)

would not account for the influence of Mz, which basically brings a linear decrease330

in Nu, as discussed above. It was therefore chosen to express Nu as a linear relationship331

Nu (β,Rc,Mz) = Nu0 (β,Rc)− |CMz |Mz (40)

with coefficients given in Table 3. It must be noted that Nu0 is very close to the value332

obtained for a given geometry (in terms of radius of curvature and aspect ratio) but333

not exactly matching: this is due to Eq.(40) resulting from a best fit of the computed334

data; deviations are negligible in all cases.335

4. Conclusions336

The electro-osmotic flow in microchannels of rectangular cross-section with pro-337

gressively smoothed corners has been studied for fully-developed flowand H1 thermal338

boudary conditions. The main findings of the work are summarised belwo:339

- The potential, velocity and temperature field are influenced by the non-dimensional340

hydraulic diameter λDDh: the larger its value, the flatter the profile and the lower341

the velocities in the microchannel;342



β

1 0.5 0.25 0.10

Rc Nu0 CMz Nu0 CMz Nu0 CMz Nu0 CMz

0 5.514 0.601 6.090 0.710 7.269 1.052 8.557 2.017

0.1 5.724 0.601 6.242 0.702 7.388 1.059 8.627 2.017

0.2 5.890 0.586 6.382 0.702 7.488 1.051 8.681 2.015

0.3 6.015 0.581 6.492 0.702 7.571 1.042 8.731 2.015

0.4 6.105 0.572 6.578 0.692 7.641 1.038 8.769 2.009

0.5 6.165 0.560 6.642 0.681 7.699 1.035 8.804 2.007

0.6 6.204 0.551 6.688 0.668 7.741 1.026 8.828 1.993

0.7 6.230 0.537 6.715 0.660 7.771 1.021 8.845 1.989

0.8 6.251 0.530 6.734 0.654 7.788 1.012 8.860 1.984

0.9 6.264 0.530 6.734 0.646 7.789 0.998 8.864 1.977

1 6.271 0.526 6.720 0.638 7.781 0.987 8.865 1.966

Table 3: Coefficients for the Nusselt number, Eq.(40).

- Both the Nusselt and Poiseuille numbers increase as the aspect ratio β of the343

channel decreases;344

- The Poiseuille number is almost unaffected by the non-dimensional radius of cur-345

vature of the corners, it does increases with Rc but negligibly so (below 0.4%).346

This means that rounding the corners does not increase friction losses nor, sub-347

sequently, pumping power.348

- The Nusselt number is affected in a far more significant way by the value of Rc,349

with the effect waning as the aspect ratio β decreases; this is to be expected, since350

for low β the section resembles more and more closely that of parallel plates, and351

the side walls and corners loose in significance.352



- The increase of Nu is monotonical, although the trend tends to flatten out for Rc353

higher than 0.7.354

- The maximum increase in the Nusselt number is about 13% for negligible Joule355

heating, and increases with Mz, almost reaching 17% for Mz = 1.356

- Polynomial correlations have been obtained for the Poiseuille and Nusselt number,357

which cover the cases considered in this study.358
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