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We calculate the quantum gravitational corrections to the Mukhanov-Sasaki equation obtained by the
canonical quantization of the inflaton-gravity system. Our approach, which is based on the Born-
Oppenheimer decomposition of the resulting Wheeler-DeWitt equation, was previously applied to a
minimally coupled inflaton. In this article we examine the case of a nonminimally coupled inflaton and, in
particular, the induced gravity case is also discussed. Finally, the equation governing the quantum evolution
of the inflationary perturbations is derived on a de Sitter background. Moreover the problem of the
introduction of time is addressed and a generalized method, with respect to that used for the minimal
coupling case, is illustrated. Such a generalized method can be applied to the universe wave function when,
through the Born-Oppenheimer factorization, we decompose it into a part that contains the minisuperspace
degrees of freedom and another that describes the perturbations.
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I. INTRODUCTION

Inflation [1] was originally introduced to overcome the
fine-tuning problems affecting the old hot big bang cosmol-
ogy. Today, 40 years after its introduction, by inflation we
mean a very articulated framework potentially capable of
connecting many aspects of the very early Universe to the
present day, low energy, observations [2]. Since the micro-
physics behind inflation is still unknown, people generically
speak of the inflationary paradigm and its theoretical
description is formulated in many different ways.
Any inflationary model describing the cosmological

evolution during the very early stages of our Universe must
supply at least 60 e-folds of accelerated expansion and,
during such a phase, the quantum fluctuations of thevacuum,
which are believed to generate the seed of the large scale
structure we observe today, are stretched beyond the causal
horizon giving rise to a nearly scale independent spectrum of
perturbations [3]. Any successful model of inflation must
provide a dynamical mechanism that, independently of
the initial conditions, satisfies to the above requirements.
Moreover, depending on the formulation chosen for the

inflationary paradigm, other observable outcomes may be
generated by the accelerated phase such as primordial
gravitational waves and black holes (which today may
constitute part of the dark matter content of our Universe
[4]). Because of its high energy origin inflation can provide
an answer tomany fundamental problems ofmodern physics
such as the origin of the dark components of the Universe or
the description of quantum gravity and can fill the huge gap
between the physics at Planck scales down to the standard
model and classical general relativity (GR).
It is an accepted belief thatGR is an effective descriptionof

gravity at large distances (low energy). At Planck energies
the classical description provided by GR must include new
effects arising from quantum mechanics and a new descrip-
tion of themicroscopicworld at the Planck length could even
be possible [5]. Quantum effects could generate new oper-
ators, irrelevant at low energies, such as higher powers of
curvature and any theory sector containing a scalar field
(such as the Higgs field [6]) may couple to gravity non-
minimally, drive inflation, and/or dynamically affect the
“effective” Newton’s constant. The latter case had been
investigated many years before inflation was introduced
and was originally called induced gravity (IG) since the
gravitational field equations were a consequence of (were
“induced by”) the quantum behavior of some scalar field on
the curved background [7]. Later on [8], it was realized that
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such a model could, in principle, drive inflation and become
GR at low energies (in the presence of a suitable potential).
induced gravity is thus a natural candidate for the description
of the very early Universe, including inflation and quantum
effects. The addition of nonperturbative quantum gravita-
tional corrections to such a class of models would lead to
an even more complete description of inflationary physics
close to Planck energies. In this article we consider such a
possibility as we canonically quantize the minisuperspace
(homogeneous) degrees of freedom (d.o.f.) and then study
the evolution of the vacuum fluctuations on the homo-
geneous background. The method employed was already
applied to the GR case in a series of articles [9] and is based
on the quantization of the Hamiltonian constraint leading to
the Wheeler-DeWitt (WdW) equation for the wave function
of the Universe [10]. After a decomposition à la Born-
Oppenheimer (BO) [11] for the total universewave function,
one is led to a quantum equation for the homogeneous d.o.f.,
which includes the backreaction of the quantum fluctuations,
and an equation for the wave function of each mode of the
quantum fluctuations that also depends on the minisuper-
space variable. In this context we illustrate a general method
for the introduction of the classical time in this latter
equation, based on the solution of the Hamilton-Jacobi
(HJ) equation for the minisuperspace variables. This method
is a generalization of that used in the GR case and can be
applied to a class of solutions of the homogeneous WdW
equation, which cannot be nontrivially decomposed into a
gravitational part and a homogeneous inflaton part [12].
Finally we apply our method to the de Sitter case, which,

for IG, is givenby a quartic potential. The equationgoverning
the evolution of each mode of the vacuum fluctuation is
found to be the same as is obtained for GR and de Sitter (with
a constant potential for the scalar field). This result is derived
by evaluating the nonadiabatic effects emerging from the
BO decomposition perturbatively and showing that, at least
in the de Sitter case, the inflationary spectra are invariant with
respect to the Jordan to Einstein frame transition even when
the quantum gravitational corrections are included. This
result is nontrivial and is complementary to that obtained in a
previous article, [12], where such an equivalence was shown
only for the homogeneous d.o.f.
The article is organized as follows. In Sec. II we review

the basic equations and introduce the formalism. In this
section we first apply the BO decomposition to the inflaton
gravity system and we then illustrate how time can be
introduced in this context so as to finally derive the MS
equation with quantum gravitational corrections included.
In Sec. III we apply the formalism to the de Sitter case and
finally in Sec. IV we illustrate our conclusions.

II. BEYOND THE MINISUPERSPACE
APPROXIMATION

Let us consider a nonminimally coupled scalar field on a
curved, spatially flat, spacetime described by the following
action,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
U
2
Rþ 1

2
∂μϕ∂μϕ − VðϕÞ

�
; ð1Þ

where U ¼ ðM2 þ ξϕ2Þ. The above action can be decom-
posed into a homogeneous part plus fluctuations around it.
In what follows we only consider the scalar fluctuations of
the metric. They are associated with the scalar field and can
be collectively described in terms of a single, Mukhanov-
Sasaki (MS) field vðx; tÞ. The full Lagrangian density
governing the evolution of the homogeneous variables and
perturbations is given by

L ¼ −L3

�
3U

a _a2

N
þ 6ξϕ _ϕ

a2 _a
N

−
a3 _ϕ2

2N
þ a3NV

�
þ
X
k

Lk; ð2Þ

where the dot denotes the derivative with respect to a
generic time variable associated with the lapse function N
and Lk is the Lagrangian of the k-mode of the Mukhanov-
Sasaki variable vk, which here describes scalar perturba-
tions.1 Let us note that, on working in a flat 3-space, and
considering both homogeneous and inhomogeneous quan-
tities, one must introduce an unspecified length L (see [9]
for more details). In what follows we set L ¼ 1. The
Lagrangian Lk takes the form

Lk ¼
1

2
ðv0k − ω2

kv
2
kÞ ð3Þ

with

ω2
k ¼ k2 −

z00

z
ð4Þ

when the conformal time (N ¼ a) is chosen. The time
dependent mass term for the scalar perturbations z00=z
in this context is defined in terms of the homogeneous
classical d.o.f as

z≡ a2ϕ0

a0

�
1þ 6ξ2ϕ2

U

�
1=2
�
1þ ξaϕϕ0

a0U

�
−1

ð5Þ

and is a function of time. Moreover, the MS variable vk, in
the uniform curvature gauge, is

vk ¼
za0

aϕ0 δϕk; ð6Þ

where δϕk is the Fourier transform of the inflaton field
fluctuations.

1A formally identical contribution can be added to describe the
tensor perturbations.
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The definition of the momenta mixes the velocities of the
homogeneous d.o.f. in the minisuperspace approximation
(see [12]) and one has

πa ¼ −6Ua0 − 6ξϕϕ0a;

πϕ ¼ −6ξϕaa0 þ a2ϕ0; πk ¼ v0k: ð7Þ

Correspondingly the velocities are

ϕ0 ¼ Uπϕ − ξaϕπa
a2ðU þ 6ξ2ϕ2Þ ;

a0 ¼ −
aπa þ 6ξϕπϕ
6aðU þ 6ξ2ϕ2Þ ; v0k ¼ πk: ð8Þ

The system Hamiltonian is finally

H ¼ π2ϕ
2a2

U
U þ 6ξ2ϕ2

−
ξϕπaπϕ

aðU þ 6ξ2ϕ2Þ

−
π2a

12ðU þ 6ξ2ϕ2Þ þ a4V þ
X
k

Hk; ð9Þ

withHk¼ 1
2
ðπ2kþω2

kv
2
kÞ. Given the invariance of the system

with respect to time reparametrization, the Hamiltonian
H is 0.
The canonical quantization of the matter-gravity system

then leads to the following Wheeler-DeWitt equation, in
the coordinate representation, where, for simplicity, we
consider a suitable ordering for the kinetic terms:�

1

12U
∂2
A þ ξ

U
∂A∂F −

1

2ϕ2
∂2
F þ a6

�
1þ 6ξ2ϕ2

U

�
V

þ a2
�
1þ 6ξ2ϕ2

U

�X
k

Ĥk

�
Ψða;ϕ; ½vk�Þ ¼ 0; ð10Þ

with A≡ ln a, F≡ lnϕ. In the limit ξ → 0 (U → MP
2) the

above equation becomes�
1

12a2MP
2
∂2
A −

1

2a2ϕ2
∂2
F þ a4V þ

X
k

Ĥk

�
×Ψða;ϕ; ½vk�Þ ¼ 0; ð11Þ

which is its correct GR limit. On the other hand in the limit
MP → 0 (U → ξϕ2) the WdW equation (10) becomes�

1

12ξ
∂2
A þ ∂A∂F −

1

2
∂2
F þ a6ð1þ 6ξÞϕ2V

þa2ϕ2ð1þ 6ξÞ
X
k

Ĥk

�
Ψða;ϕ; ½vk�Þ ¼ 0; ð12Þ

and its correct IG limit is recovered.

Let us now perform the following BO decomposition
where the homogeneous d.o.f. are factorized with respect to
the wave function of the perturbations,

Ψða;ϕ; ½vk�Þ ¼ Ψ0ðA;FÞ
Y
k

χkðA;F; vkÞ: ð13Þ

Let us note that each mode of the perturbations is described
by the corresponding wave function, which also depends
on the homogeneous d.o.f.

A. BO decomposition

The BO decomposition was originally applied in atomic
physics and consists of factorizing the total wave function
of atoms and molecules in a part for the “slow” d.o.f.
(nuclei) and a part for the “fast” d.o.f. (electrons), the latter
depending on the slow variables as well. To the leading
order in the adiabatic approximation the BO decomposition
then leads to a system of coupled Schrödinger equations
that can be solved analytically. Nonadiabatic terms, at the
next to leading order, determine nonadiabatic transitions
between quantum levels, otherwise neglected in the adia-
batic approximation. The same BO approach has been
successfully applied to the inflaton-gravity system by
usually associating to the scale factor the role played by
the nucleus in atomic physics and to matter (homogeneous
inflaton and perturbations) that of the electrons. The
nonadiabatic contributions that arise in the decompositions
are, in this context, associated with the quantum gravita-
tional effects. Such effects in the common semiclassical
treatment of the evolution of inflationary perturbations are
neglected.
In contrast with [9], where only the scale factor depend-

ence was factorized, here we followed a more general
approach that, in principle, can be applied to systems where
the wave function of the slow (gravitational) d.o.f. cannot
be, nontrivially, factorized. Moreover in scalar-tensor
theories the role of the scalar field (besides being the
inflaton) is tightly intertwined with gravity since it dynami-
cally determines Newton’s constant and induces its dynam-
ics through quantum effects.
In order to proceed with the BO decomposition let us

first rewrite the WdW equation in a compact form as� X
α;β¼1;2

Gαβ∂α∂β þ a60e
6AV þ a20e

2Ah
X
k

Ĥk

�
×Ψða;ϕ; ½vk�Þ ¼ 0; ð14Þ

where X ¼ ðA;FÞ (X1 ¼ A, X2 ¼ F), ∂α ≡ ∂Xα and

G≡ 1

2

� ð6ξÞ−1 1

1 −g

�
ð15Þ

is the metric of the homogeneous minisuperspace.
Moreover, let us set
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g ¼ U
ξϕ2

; h ¼ U þ 6ξ2ϕ2

ξ
; V ¼ hV ð16Þ

and from here on we use the Einstein summation con-
vention in order to keep the notation as compact as
possible. The BO decomposition is performed by splitting
the total wave function using the ansatz (13). Then an
equation for the homogeneous wave function Ψ0 can be
obtained by projecting out the inhomogeneous d.o.f., i.e.,
by contracting the WdWequation with

Q
k χ

�
kðA;F; vkÞ and

integrating over
Q

k dvk. The resulting equation is

Gαβ

�
∂α∂β þ

X
k

�
2hχkj∂αχki

�
∂β þ

X
j≠k

hχjj∂βχji
�

þ hχkj∂α∂βχki
��

Ψ0

þ
�
a60e

6AV þ a20e
2Ah
X
k

hχkjĤkjχki
�
Ψ0 ¼ 0; ð17Þ

where

hχkjÔjχki≡
Z þ∞

−∞
dvk χ�kða;ϕ; vkÞRðÔÞχkða;ϕ; vkÞ ð18Þ

and RðÔÞ is the coordinate representation of the operator
Ô. Henceforth, in order to keep the notation compact, we
use the same notation for quantum operators independently
of the representation used. This latter equation correctly
reproduces that for minisuperspace [12] when one neglects
the backreaction of the inhomogeneities on the homo-
geneous part in the above equation (17). In the present
context, the backreaction is given by the semiclassical
contribution of the energy density of the inhomogeneities
and consists of the sum of the averaged Hamiltonians Hk
plus the nonadiabatic contributions that describe the quan-
tum gravitational effects. These contributions are expected
to be small during inflation when the homogeneous inflaton
energy density is usually assumed to be, by far, the leading
contribution.
One then finds the equations for the modes χk. These

equations can be obtained by multiplying the gravitational
equation by χk and then subtracting the WdW equation
multiplicated by

Q
j≠k χ

�
j and integrated over

Q
j≠k dvj. The

resulting equation is

Gαβ

�
2ð∂αΨ0Þð∂β − hχkj∂βχkiÞχk þΨ0ð∂α∂β

− hχkj∂α∂βχkiÞχk þ 2Ψ0

�X
i≠k

hχij∂αχii
�

× ð∂α − hχkj∂αχkiÞ∂βχk

�
þ a20e

2AhΨ0ðĤk − hχkjĤkjχkiÞχk ¼ 0: ð19Þ

Let us now define the recurrent expression hχkjÔjχki≡
hÔik. The expression (19) is the equation for the wave
function of the k-mode of the MS field and in the present
form also contains the dependence on the modes different
from k. Equations (17) and (19) are equivalent to the WdW
equation (14). They can be simplified by rephasing Ψ0 and
χk as follows:

Ψ0 ≡ Ψ̃0eiθðA;FÞ; χk ≡ e−iθkðA;FÞχ̃k; ð20Þ

with

θðA;FÞ≡ i
X
j

Z
A;F

h∂αijdX̄α; θkðA;FÞ

≡ i
Z

A;Fh∂αikdX̄α: ð21Þ

Let us note that the above line integrals are independent of
the contour of integration chosen provided no singularities
are present in the domain of integration (and this is
generally the case) [11]. Moreover, one has

∂αθðXÞ ¼ i
X
j

h∂αij; ∂αθkðXÞ ¼ ih∂αik: ð22Þ

In terms of the redefined wave functions the homogeneous
equation (17) takes the form

Gαβ∂α∂βΨ̃0 þ
�
e6AV þ e2Ah

X
k

h ˆ̃Hkik
�
Ψ̃0

¼ Gαβ
X
k

h∂αχ̃kj∂βχ̃kiΨ̃0; ð23Þ

where h ˆ̃Oik ≡ hχ̃kjÔjχ̃ki and the right-hand side contains
the quantum gravitational effects on the total backreaction
of inhomogeneities for the homogeneous background. On
neglecting such inhomogeneities one recovers the WdW
equation for the minisuperspace variables.
The equation for the perturbations finally becomes�

Gαβ

�
2
∂αΨ̃0

Ψ̃0

∂β þ ð∂α∂β − hg∂α∂βikÞ
�

þ a20e
2AhðFÞðĤk − h ˆ̃HkikÞ

�
χ̃k ¼ 0; ð24Þ

and, in contrast with (19), it only contains a single k-mode.
Therefore, from here on, we omit the external subscript k to

keep the notation compact (h ˆ̃Oik → h ˆ̃Oi).
Let us note that the expression Gαβð2∂αΨ̃0=Ψ̃0Þ∂β is

related to the introduction of time [9]. It is given by four
contributions,
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2Gαβ ∂αΨ̃0

Ψ̃0

∂β ¼
1

6ξ

∂AΨ̃0

Ψ̃0

∂A þ ∂FΨ̃0

Ψ̃0

∂A þ ∂AΨ̃0

Ψ̃0

∂F

− gðFÞ ∂FΨ̃0

Ψ̃0

∂F: ð25Þ

We observe that�
1

6ξ

∂AΨ̃0

Ψ̃0

þ ∂FΨ̃0

Ψ̃0

�
∂A ¼ i

Ψ̃0

�
aπ̂a þ 6ξϕπ̂ϕ

6ξ
Ψ̃0

�
a∂a

ð26Þ

and�∂AΨ̃0

Ψ̃0

− gðFÞ ∂FΨ̃0

Ψ̃0

�
∂F ¼ i

Ψ̃0

�
ξϕaπ̂a −Uπ̂ϕ

ξϕ
Ψ̃0

�
ϕ∂ϕ:

ð27Þ
In the semiclassical limit, to the leading order in ℏ,
quantum operators can be replaced by their classical
counterparts, leading to

ðaπ̂a þ 6ξϕπ̂ϕÞΨ̃0 ≃ −6ξa a0hΨ̃0;

ðξϕaπ̂a − Uπ̂ϕÞΨ̃0 ≃ −ξa2ϕ0hΨ̃0; ð28Þ
where the quantities on the right-hand side in (28) are the
classical (time dependent) variables. Therefore, in such a
limit,�
1

6ξ

∂AΨ̃0

Ψ̃0

þ ∂FΨ̃0

Ψ̃0

�
∂A ¼ Gα1 ∂αΨ̃0

Ψ̃0

∂1 ≃ −iða2a0hÞ∂a;

ð29Þ�∂AΨ̃0

Ψ̃0

− gðFÞ ∂FΨ̃0

Ψ̃0

�
∂F ¼ Gα2 ∂αΨ̃0

Ψ̃0

∂2 ≃ −iða2ϕ0hÞ∂ϕ;

ð30Þ

and

2Gαβ ∂αΨ̃0

Ψ̃0

∂βχ̃kða;ϕ; vkÞ ≃ −ia2h
∂
∂η χ̃kðaðηÞ;ϕðηÞ; vkÞ;

ð31Þ

where the homogeneous variables must be evaluated on the
classical trajectory χ̃kðaðηÞ;ϕðηÞ; vkÞ≡ χ̃kðη; vkÞ. Let us
note that the first term in Eq. (24), in the classical limit
for the homogeneous system, plays the role of the time
derivative and, with the Hamiltonian term Ĥk, gives the
standard Schrödinger equation for the perturbations. The
second term in Eq. (24) describes the quantum gravitational
effects and is peculiar to the Wheeler-DeWitt equation,
which is a second order PDE. In the context of nuclear

physics and within the standard BO approximation, an
analogous contribution arises. It is associated with non-
adiabatic transitions and originates from the kinetic term
(i.e., a second order partial derivative) of the slow d.o.f.
Finally the expectation value of the Hamiltonian in (24) can
be simply reabsorbed by a phase redefinition of the wave
function χ̃k.

B. Introduction of time

As we already pointed out the emergence of time in
Eq. (24) is related to the derivative of the homogeneous
wave function and is therefore a consequence of the BO
decomposition. We have also observed [see (31)] that the
emerging “flow” of the time is defined by the trajectories
in the ðA; FÞ manifold (i.e., the configuration space of the
homogeneous variables) described by the tangent vector

∂η ¼ ηA∂A þ ηF∂F ≡ ηα∂α; ð32Þ

where ηA and ηF are functions defined on the configuration
space and corresponding to the classical velocities ηA ¼ ∂Acl∂η
and ηF ¼ ∂Fcl∂η . The integral curves ðAðηÞ; FðηÞÞ, solutions
of the system 8<:

dA
dη ¼ ηAðA;FÞ
dF
dη ¼ ηFðA;FÞ ; ð33Þ

represent the classical solutions and the corresponding
tangent defines the (classical) time flow. The solutions
of (33) depend on two integration constants. The resulting
curves form a congruence on the configuration space
(minisuperspace).
Let us note that the emergence of time is associated with

some classical limit of the state described by the homo-
geneous wave function Ψ0. If the matter-gravity system
maintains a purely quantum behavior a classical time
cannot be introduced and no real advantage can be obtained
from the BO approach. For example, a well-defined
classical behavior in minisuperspace is recovered in the
leading order of the WKB approximation or in the large a
limit for some quantum solutions to the homogeneous
WdW equation [12]. The introduction of time depends
on the quantum fluctuations around the classical trajectory
due to the intrinsic quantum nature of the matter-gravity
system. When such fluctuations are small they can be
treated perturbatively and the classical limit is well defined.
The presence of large quantum fluctuation destroys the
classical evolution and signals that the system is in a highly
quantum (nonclassical) state.

C. Hamilton-Jacobi equation

In order to obtain the classical flow of the time, one
needs the functions ηα, defined over the configuration space
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(and corresponding to the minisuperspace). These func-
tions can be calculated from the general solution of the
classical HJ equation. From the classical Hamiltonian
H ¼ Hðπa; πϕ; a;ϕÞ, given by expression (9) (without
including the inhomogeneities), we derive the following
HJ equation for the HJ function Wða;ϕÞ∶

Hð∂aW; ∂ϕW; a;ϕÞ ¼ 0: ð34Þ
From the solutions of the HJ equation one can easily obtain
the expressions for the velocities in terms of the minisuper-
space variables. An exact general solution for (34) can
be obtained in the IG case for potentials of the form
V ¼ λM4−nϕn starting from the ansatz

W ¼ ν ln
a
a0

þ lnωðxÞ; ð35Þ

where x≡ a3ϕ
nþ2
2 . Thus,

∂AW ¼ νþ 3
d lnω
d ln x

; ∂FW ¼ nþ 2

2

d lnω
d ln x

ð36Þ

and the HJ equation becomes�
d lnω
d ln x

�
2
�
3

4ξ
−

ðn − 4Þ2
8ð1þ 6ξÞ

�
þ
�
d lnω
d ln x

��
1

ξ
þ n − 4

1þ 6ξ

�
ν

2

þ
�

ν2

12ξð1þ 6ξÞ − λM4−nx2
�
¼ 0: ð37Þ

This first order differential equation can be solved alge-
braically for d lnω=d ln x and then integrated to obtain

ωðxÞ ¼ D̃xÃ exp

"
�
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B̃þ C̃x2
p

−
ffiffiffiffĩ
B

p
tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C̃

B̃
x2

s !#
ð38Þ

with

Ã ¼ −

h
1þ ðn−4Þξ

1þ6ξ

i
h
1 − ξðn−4Þ2

6ð1þ6ξÞ
i ν
3
; ð39Þ

B̃ ¼ Ã2 −
2ν2

3½6ð1þ 6ξÞ − ξðn − 4Þ2� ; ð40Þ

C̃ ¼ 4ξλM4−n

3
h
1 − ξðn−4Þ2

6ð1þ6ξÞ
i ; ð41Þ

and D̃ is an integration constant. In the n ¼ 4 limit the
expressions above are further simplified and, in particular,
one obtains

d lnω
d ln x

¼ −
ν

3
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ξν2

3ð1þ 6ξÞ þ
4ξλx2

3

s
: ð42Þ

The classical velocities can be obtained from (8) with
πa ¼ ∂aW and πϕ ¼ ∂ϕW. For the n ¼ 4 case one has

ϕ0

ϕ
¼−

ν

x2=3ð1þ 6ξÞ ;
a0

a
¼−

1

6ξx2=3

�
ν

1þ 6ξ
þ 3

d lnω
d lnx

�
:

ð43Þ

The constant ν parametrizes different sets of trajectories on
the configuration space, the de Sitter (inflationary) attractor
trajectory corresponding to ν ¼ 0. The expressions (43)
then take the form

ϕ0

ϕ
¼ 0;

a0

a
¼

ffiffiffiffiffi
λ

3ξ

s
aϕ: ð44Þ

D. Auxiliary vector

We already observed at the end of the subsection A
[see (31)] that

∂η ∼
2iGαβ

a2h
∂αΨ̃0

Ψ̃0

∂β; ð45Þ

where the approximate equality becomes exact in the
semiclassical limit and to the leading order in ℏ. Higher
order contributions in i∂αΨ̃0=Ψ̃0 must be interpreted as
quantum gravitational effects related to the definition of
time and, if small, can be treated perturbatively. The time
derivative is defined by the classical trajectories (32) on the
configuration space and can be expressed in terms of the
derivatives of the HJ function W,

∂η ≡ ηβ∂β ¼
2Gαβ

a2h
ð∂αWÞ∂β: ð46Þ

Let us note that W is the phase of the wave function Ψ̃0

when the semiclassical solution of the homogeneous WdW
equation is considered. For such a case the definitions of
time originating from (45) and (32) coincide and the so-
called WKB time is recovered. On the other hand the above
definition of the time flow can be applied to more general
solutions of the homogeneous equation that substantially
differ from the semiclassical ones and then need a more
careful treatment.
Once time is formally introduced by (45) one recovers, to

the leading order, the Schrödinger equation governing the
evolution for the wave function of the inflationary pertur-
bations. Such an equation is equivalent to the MS equation
for the operator v̂k calculated on a classical background
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(indeed it is the same equation but in the Schrödinger
representation).
If one is interested in calculating the quantum gravita-

tional corrections to the semiclassical MS equation things
are more involved. From the definition (32) of the time flow
one can introduce an “auxiliary” vector satisfying

∂τ ≡ τA∂A þ τF∂F ≡ τα∂α; with ½∂η; ∂τ� ¼ 0; ð47Þ

where the normalization of ∂τ is unspecified and can be
fixed arbitrarily. Let us note that ∂τ is not defined in a
unique way and, for example, ∂τ þ c∂η still satisfies the
condition (47). The components of the auxiliary vector, by
definition, must satisfy the following equations:�

ηAð∂Aτ
FÞ þ ηFð∂Fτ

FÞ − τAð∂Aη
FÞ − τFð∂Fη

FÞ ¼ 0

ηAð∂Aτ
AÞ þ ηFð∂Fτ

AÞ − τAð∂Aη
AÞ − τFð∂Fη

AÞ ¼ 0:

ð48Þ

In the n ¼ 4 case ηα ¼ ηαðxÞ with x ¼ ðaϕÞ3 and therefore

∂Aη
α ¼ ∂ ln x

∂ ln a
dηα

d ln x
¼ 3

dηα

d ln x
¼ ∂ ln x

∂ lnϕ
dηα

d ln x
¼ ∂Fη

α:

ð49Þ

The conditions (48) can then be satisfied by setting
τA ¼ −τF ¼ τ−10 ¼ const. One then has the following
auxiliary vector field,

∂τ ¼ τ−10 ð∂A − ∂FÞ; ð50Þ

which is associated with a new coordinate. The coordinates
ðη; τÞ can now be adopted to parametrize the configuration
space and can be related to ðA;FÞ by the following change
of variable,

A ¼ τ

τ0
þ AclðηÞ; F ¼ −

τ

τ0
þ FclðηÞ; ð51Þ

where

Aþ F ¼ AclðηÞ þ FclðηÞ ð52Þ

is a function of η only. By inverting the relations (46)
and (50) one has

∂A ¼ 1

ηA þ ηF
ð∂η þ ηFτ0∂τÞ;

∂F ¼ 1

ηA þ ηF
ð∂η − ηAτ0∂τÞ: ð53Þ

Let us note that while ∂η is a vector tangent to the classical
trajectories in minisuperspace, ∂τ is not associated with any
particular direction. The two vectors are necessary in order

to estimate the quantum gravitational corrections to the MS
equation originally parametrized by ða;ϕÞ. Locally, given∂η,
one can always find a vector orthogonal to it (here the
orthogonality means the orthogonality with respect to the
minisuperspace supermetric) and the quantum gravita-
tional effects may be “projected” on these two directions.
Physically ∂η generates the time flow on the classical
trajectory and the associated quantum corrections are the
fluctuations along such a trajectory. On the other hand the
quantum corrections on the orthogonal direction describe
the fluctuations away from a given classical trajectory.When
one performs the BO decomposition factorizing only one
homogeneous d.o.f. and then using it as the “classical clock”
for the rest of the system, by construction only the quantum
fluctuations along the classical trajectory are present.
If one now considers the de Sitter attractor (44) the

above expressions are simplified and one obtains ηF ¼ 0,

ηA ¼
ffiffiffiffi
λ
3ξ

q
aϕ, and

∂A ¼ 1

ηA
∂η; ∂F ¼ 1

ηA
∂η − τ0∂τ: ð54Þ

For such a case ∂τ given by (50) is orthogonal to ∂η

globally. We adopt this definition of τ in the following
sections.

E. The modified MS equation

The equation for the wave function of the perturbations
is (24). In such an equation the terms related to the
introduction of the time are

−
2Gαβ

a20e
2AhðFÞ

∂αΨ̃0

Ψ̃0

∂βχ̃k

¼ iðηα∂α þ qα∂αÞχ̃k ≡ ið∂η þ qα∂αÞχ̃k; ð55Þ

and contributions proportional to iðqα∂αÞχ̃k should be
considered as quantum corrections emerging from the
definition of time. Equation (24) also contains “pure”
quantum gravitational contributions (originating from non-
adiabatic effects) given by

ðQ̂ − h ˆ̃QiÞχ̃k ¼
Gαβ

a20e
2AhðFÞ ½ð∂α∂β − hg∂α∂βiÞ�χ̃k: ð56Þ

Solving the full quantum equation (24) is a hopeless task.
One still may search for a solution perturbatively. To the
leading order one has�

−i
∂
∂ηþ ðĤk − hĤkiÞ

�
χ̃kðη; vkÞ ¼ 0; ð57Þ

where, in Ĥk, a ¼ aðηÞ and ϕ ¼ ϕðηÞ are the classical
trajectories on minisuperspace. One may now redefine
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χk;s ≡ exp

�
−i
Z

dη0hĤki
�
χ̃k ð58Þ

and obtain the standard MS equation�
i
∂
∂η − Ĥk

�
χk;s ¼ 0: ð59Þ

This equation can be solved exactly in some cases (for
example on a de Sitter background) or in the slow roll
approximation. On then following a perturbative approach,
the quantum gravitational corrections can be evaluated
using the leading order solution. Let us note that the
solutions of (59) are functions of η and not of the auxiliary
parameter τ. Therefore, the quantum gravitational effects
are only generated by the derivatives with respect to the
classical time flow ∂η and not ∂τ. In the first order equation,
all the contributions arising from ∂τ can be ignored. If ∂τ is
chosen as the direction orthogonal to the classical trajectory
we conclude that, within the perturbative approach, the
fluctuations away from the classical trajectory must be 0.

III. APPLICATION TO DE SITTER EVOLUTION

One may apply the method described above to de Sitter
evolution and IG. Such a case is relevant as it describes
inflation to the leading order in the slow roll approximation
and many expressions simplify. One may then easily check
how quantum gravitational corrections to the primordial
power spectra can be calculated without having too com-
plicated expressions. In IG the stable de Sitter attractor exists
only for a quartic potential. Correspondingly the scalar field
(at least classically) is constant and takes a value that is
arbitrary and only depends on the initial conditions. We only
consider the solutions corresponding to the above-mentioned
attractor and ignore those that describe the transient phase
with the scalar field slowing down and approaching the
attractor asymptotically. Classically the formulas relevant
for this case have been presented in Secs. II and III. The
auxiliary vector has been already calculated and its relation
with the coordinate basis vectors on the configuration space
is given by (54). The general full perturbation equation (24)
takes the following, compact, form,

½−iðηα þ qαÞ∂α þ ðĤk − hĤkiÞ þ ðQ̂ − h ˆ̃QiÞ�χ̃k ¼ 0;

ð60Þ

where Q̂ is defined by (56) and qα is defined implicitly
by (55).
For the de Sitter attractor, the time derivative is

∂η ¼ ηα∂α with

ηF ¼ 0; ηA ¼
ffiffiffiffiffi
λ

3ξ

s
aϕ≡ aH: ð61Þ

H ¼
ffiffiffiffi
λ
3ξ

q
ϕ, the corresponding auxiliary vector is ∂τ, and

they are related to ∂A and ∂F by the following relations:

∂A ¼ 1

aH
∂η; ∂F ¼ 1

aH
ð∂η − aH∂τÞ: ð62Þ

Let us note that aH ¼
ffiffiffiffi
λ
3ξ

q
expðAþ FÞ and, see (52), is a

function of η only. Moreover, when ∂F acts on a function
of η (and not τ) one has ∂FfðηÞ ¼ 1

aH ∂ηfðηÞ. Therefore,

Gαβ∂α∂β ¼
1þ 6ξ

12ξ

�
1

a2H2
∂2
η −

1

aH
∂η

�
ð63Þ

and the perturbations equation then becomes�
−i
�
1þ qA þ qF

aH

�
∂η þ ðĤk − hĤkiÞ

þ ½∂2
η − h∂̃2

ηi − aHð∂η − h∂̃ηiÞ�
12ξa4H2ϕ2

�
χ̃k ¼ 0; ð64Þ

where the quantities aH and aϕ are functions of η evaluated
on the inflationary attractor. Let us note that, to the leading
order, the above equation becomes (57) and h∂̃ηi ¼ 0.
Let us now evaluate the quantum corrections associated

with the introduction of time. They are given by

ðT̂ − h ˆ̃TiÞχ̃k ≡ −i
�
qA þ qF

aH

�
ð∂η − h∂̃ηiÞχ̃k; ð65Þ

where the quantities qα are implicitly defined by (55) and
are thus given by

qβ ¼ 2i
a2h

Gαβ ∂αΨ̃0

Ψ̃0

− ηβ: ð66Þ

On the inflationary attractor Ψ̃0 is a function of x≡ a3ϕ3

(see [12] for the details). Let us rephase it as

Ψ̃0 ≡ ψq expðiWÞ; ð67Þ

where W is the Hamilton Jacobi function that satisfies (34)
with ν ¼ 0 and Ψ̃0 satisfies the homogeneous WdW (23)
where, for simplicity, we neglect the backreaction of the
perturbations (recovering the WdW equation in mini-
superspace). The rephased wave function ψq satisfies the
following equation,

2i
dW
d ln x

d lnψq

d ln x
þ i

d2W
d ln x2

þ d2 lnψq

d ln x2
þ
�
d lnψq

d ln x

�
2

¼ 0;

ð68Þ

where the first two terms usually give the leading con-
tribution in the semiclassical (ℏ → 0) expansion and lead to
the van Vleck determinant. One finally obtains
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qA ¼ i
2ξa2ϕ2

d lnψq

d ln x
; qF ¼ 0 ð69Þ

for the inflationary attractor we are considering. In contrast,
on neglecting the last two terms in (68) (and then following
the prescription for the standard WKB approximation), the
expression for ψq can be easily calculated in terms of W
and one has d lnψq=d ln x ¼ −1=2. In this latter case, the
quantum effects are inversely proportional to ξϕ2. Let us
note that qA only depends on x and is therefore a function
of η only.
The existence of exact solutions for IG and a power law

potential also allows an explicit calculation of the above
quantum gravitational corrections. In [12] we found the
following exact solution for IG with a quartic potential:

Ψ̃0 ¼
�
a
a0

�
ν

χðxÞ; ð70Þ

where

χðxÞ ¼ xq½c1JrðAxÞ þ c2YrðAxÞ�; ð71Þ

with x ¼ a3ϕ3, A ¼ ð4
3
ξλÞ1=2, r ¼ q ¼ 0, and Jr, Yr are

Bessel functions. Let us note that the superpositions of the
Bessel functions generally mix contracting and expanding
universes. The solution corresponding to the classical
evolution on the de Sitter attractor corresponds to ν ¼ 0.
In the limit for large ζ≡ Ax ¼ 2ξϕ2a3H one has

JrðζÞ ∼
1ffiffiffiffiffiffiffiffi
2πζ

p
�
eiðζ−π

4
Þ
�
1 −

i
8ζ

−
9

128ζ2
þO

�
1

ζ3

��
þ c:c:

�
ð72Þ

and

YrðζÞ∼
1ffiffiffiffiffiffiffiffi
2πζ

p
�
−ieiðζ−π

4
Þ
�
1−

i
8ζ

−
9

128ζ2
þO

�
1

ζ3

��
þc:c:

�
:

ð73Þ

Let us now consider the linear combination with c2 ¼ −ic1,
which corresponds to the expanding phase. Then, following
the procedure for the introduction of time, we find

−
2Gαβ

a2h
∂αΨ̃0

Ψ̃0

∂β ¼ −
ζ

2ξaϕ2

∂ζχ

χ
∂a: ð74Þ

If we keep the leading and next to leading contribution in

∂ζχ

χ
∼ −i

�
1 −

i
2ζ

þ � � �
�

ð75Þ

for large ζ then

−
ζ

2ξaϕ2

∂ζχ

χ
∂a ≃ ia2H

�
1 −

i
2ζ

�
∂a ≃ i∂η þ

1

2ζ
∂η ð76Þ

and thus

iqα∂α ¼
1

2ζ
∂η: ð77Þ

This last contribution is proportional to ðξϕ2Þ and is
identical to that obtained with the WKB approximation.
Let us note that the quantum gravitational corrections
evaluated in terms of η and the auxiliary variable τ only
depend on aϕ, which is a function of η only, and on the first
and second order derivatives in ∂η and ∂τ. Therefore, the
resulting “modified” MS equation admits solutions of the
form χk;s ¼ χk;sðηÞ (without any functional dependence
on τ). Therefore, to the leading order, one recovers the
usual MS equation having solutions that depend on the
classical time η. To the next to leading order the quantum
gravitational corrections are evaluated perturbatively with
the leading order solution and therefore the perturbed
solution is a function of η only. Thus the quantum gra-
vitational corrections associated to the direction orthogonal
to the time flow are necessarily 0 and one is left with those
parallel to the classical trajectory.
Finally one can rephase χ̃k according to the prescription

(58), express (64) in terms of χk;s [which satisfies the
conventional Schrödinger equation (59) to leading order],
and obtain��

−i
∂
∂ηþ Ĥk

�
−

i
2ξa3Hϕ2

d lnψq

d ln x
ðĤk − hĤkisÞ

þ 1

12ξa4H2ϕ2
ðhi∂ηĤkis − i∂ηĤkÞ − ðĤk − hĤkisÞ2

þ hĤ2is − hĤki2s þ iaHðĤk − hĤkisÞ
�
χk;s ¼ 0; ð78Þ

where now hÔis ≡ hχk;sjÔjχk;si. On also considering the
van Vleck contribution to the introduction of time and
defining ξϕ2 ¼ m̃2

P=6 (the effective value of the Planck
mass in the IG framework), one obtains�

i
∂
∂η − Ĥk

�
χs ¼

1

2m̃2
P
ðΩ̂k − hΩ̂kisÞχs; ð79Þ

where

Ω̂k ¼
1

a4H2

�
2hĤkisĤk− Ĥk

2− i
dĤk

dη
þ4ðaHÞĤk

�
: ð80Þ

Let us note that formally this result is the same as the one
for the de Sitter solution in GR with the identification of m̃P

and mP ≡
ffiffiffi
6

p
MP where the former is proportional to the

effective Planck mass, which depends on the expectation
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value of the scalar (inflaton) field and the latter is propor-
tional to the Planck mass.
Furthermore on expressing the modified MS equa-

tion (79) in terms of the Einstein Frame d.o.f. ã, ϕ̃, η̃,
ṽk with

ã ¼
ffiffiffiffiffi
6ξ

p
mP

aϕ; ϕ̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6ξ

6ξ

s
mP ln

ϕ

MP
;

H̃ ¼ mPffiffiffiffiffi
6ξ

p H
ϕ

ð81Þ

we observe that

aH ¼ ã H̃ ⇒ η ¼ η̃ and vk ¼ ṽk; ð82Þ

and therefore one recovers exactly the equation already
found for GR [9]. We can therefore conclude that, on even
including the quantum gravitational corrections and in the
pure de Sitter case, the primordial spectra are invariant with
respect to the Jordan to Einstein frame transformation.
Indeed the de Sitter evolution is invariant with respect
to frame transformations and the primordial spectra calcu-
lated without the quantum gravitational corrections are
the same (this latter property of the primordial spectra is
valid independently of the background evolution chosen).
Such an invariance holds also when quantum gravitational
corrections are included. Let us note that the fact that such
an equivalence holds at the quantum level (at least for
the de Sitter case) also confirms the consistency of the
approach adopted here for the introduction of time in a
matter-gravity system with two minisuperspace variables
playing the role of the “classical clock.”

IV. CONCLUSIONS

Nonminimally coupled scalar fields are ubiquitous in
cosmology, in particular, when energies become very high
since a nonminimal coupling generally emerges from
quantum effects. It seems therefore natural to study their
quantum behavior (in particular, during inflation with the
scalar field playing the role of the inflaton) in the presence
of the quantum gravitational effects that are usually ignored
(or included in an effective description) in the inflationary
era and calculate the evolution of the inflationary spectra.
Theories with nonminimally coupled scalar fields are
usually included in the class of modified gravity theories
since such scalar fields affect Newton’s constant and can
modify gravitational attraction even at long distances.

Furthermore, there exists a mapping between the d.o.f.
of such theories and those of general relativity with a
minimally coupled scalar field, which is called Jordan
to Einstein frame mapping. The mapping is often used
since performing calculations in the Einstein frame is
usually easier and the results can be finally translated
into the Jordan frame through the inverse mapping. This
“equivalence” is known to hold at classical and semi-
classical levels but at the full quantum level the complete
equivalence of the two frames is not clear [13].
In this article the technique already employed in a series

of articles [11] for a minimally coupled inflaton and
standard general relativity is applied to inflation with a
nonminimally coupled inflaton. Such a technique leads to a
MS equation with quantum gravitational corrections. The
resulting quantum corrections can then be calculated
explicitly for different inflationary models and the resulting
inflationary spectra obtained. Moreover the full quantum
equivalence between the Einstein and the Jordan frame
can be investigated case by case (at least in the canonical
quantization context and within the approximation scheme
followed). As an application we calculated the corrections
on a de Sitter background. The MS equation obtained
reproduces correctly that of [11] in the minimally coupled
limit and the resulting spectra are invariant in both frames.
This latter result is a consequence of the fact that the de
Sitter evolution is frame invariant and is nontrivial when the
quantum gravitational correction is included. While the full
equivalence must be demonstrated we feel our result, true
for de Sitter and to the first order in the quantum gravi-
tational corrections, is a relevant contribution to the debate.
Furthermore we discussed the problem of the introduc-

tion of time in the context of quantum cosmology by
generalizing the approach adopted in [11]. The full scheme
presented can be applied to cases more general than pure
de Sitter; in particular, more general inflationary potentials
should be considered and more realistic inflationary evo-
lutions (including first order correction in the slow roll
approximation) studied as was already done for the
minimally coupled case [9]. For such a case the general
scheme for generalizing the de Sitter results to slow roll
inflation was illustrated and the results obtained are
quite different from those expected in the semiclassical
approximation.
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