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 A B S T R A C T

In Cable-Driven Parallel Robots (CDPRs), multiple cables forming closed kinematic chains move 
the end-effector (EE). When the number of cables exceeds the degrees of freedom of the EE , 
the robot is overconstrained (OCDPR). This architecture helps keep cables taut but introduces 
actuation control challenges due to constraint redundancy. Hybrid Position–Force Control 
addresses this by using length-controlled cables to regulate the EE pose and force-controlled 
cables to manage force distribution. A hybrid control turns out to be a fast and intuitive 
solution in which, however, the choice of force-controlled cables influences the Wrench-Feasible 
Workspace. This article introduces the Wrench-Feasible Error-Insensitive Workspace (WFEIW ), 
defined as the set of wrench-feasible poses that can be reached even in the presence of 
length- and tension-control errors. In particular, the paper shows how this workspace, which is 
inherently control-dependent, can be optimized. The WFEIW is analyzed for different 8-cable
OCDPRs, demonstrating the method’s efficacy and generality. Ultimately, the volume of the
WFEIW is used as a cost function to optimize a robot geometry, thus showing how the presented 
method provides a practical synthesis tool for design.

. Introduction

Cable-Driven Parallel Robots (CDPRs) are a type of manipulator where the EE is moved by multiple cables arranged in parallel. 
ypically, cables are spooled on servo-winches attached to the frame and guided to the attachment points on the platform through 
ulley transmissions. This structure offers a high payload-to-power ratio and a simpler mechanical design compared to traditional 
igid-link parallel robots. However, the simplicity of construction introduces a control challenge: cable tensions must remain positive 
o keep the constraints on the platform active, and below an upper limit to prevent mechanical failure [1]. A standard classification 
f CDPRs depends on the number of instantaneously taut cables [2]. When the number of taut cables exceeds the EE degrees of 
reedom (DoFs), the robot is classified as overconstrained (OCDPR). This structural redundancy leads to infinite solutions for the 
nverse static or dynamic equilibrium (if all robot components are considered as rigid), resulting in internal force distribution and 
edundancy resolution challenges [3,4].
Previous research has relied on various techniques to address constraint redundancy in motion control of OCDPRs. Techniques 

uch as Feedback Linearization [5] and Sliding Mode Control [6] ensure positive tension in all cables. Fabritius et al. [7] leveraged 
onstraint redundancy to maintain cable forces close to specified values. Santos et al. developed a Model Predictive Control (MPC) 

I A preliminary version of this paper was presented at the 19th Symposium on Advances in Robots Kinematics, ARK 2024, June 30 - July 4, Slovenia, 
jubljana, 2024 (Idà et al., 2024).
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strategy [8] that minimizes trajectory-tracking errors, and later introduced a Nonlinear MPC [9] that directly addresses the force-
distribution problem, making it suitable for highly dynamical applications. Another common approach is the Hybrid Position/Force 
control in the joint space (HC) [2,10–12], a model-based and quick-to-implement regulator. In this method, a number of cables equal 
to the EE DoFs are length-controlled, while the remaining cables, corresponding to the degree of redundancy, are force-controlled. 
When HC is employed, the choice of force-controlled cables is of primary importance because it influences the motion and tension-
distribution performances of the robot. Moreover, if the control strategy, i.e. the combination of length- and force-controlled cables, 
does not change during task execution, the robot can be designed with only those sensors that are necessary for the regulator, thus 
reducing the hardware costs.

In HC, force-controlled cables are typically used to regulate the tension distribution among cables and maintain them within 
given bounds [13] according to some performance criteria (i.e. active stiffness, minimum energy, or distance to tension bounds). 
The workspace where the robot can balance an assigned external wrench, guaranteeing the satisfaction of tension constraints, is 
called Wrench-Feasible Workspace (WFW ) [14–16]. The tension distribution problem consists in finding the cable tensions such that 
the wrench feasibility constraints are satisfied in a given pose of the EE . Different solutions for this problem were proposed, using a 
closed-form [17,18] or kernel-based algorithms that give a computationally fast solution [19,20], or optimizing robot stiffness [21] 
and accounting for wrench errors [22].

Within the WFW, performance indexes can be evaluated to select the optimal control strategy that ensures the best results in 
terms of performance. For example, Zake et al. in [23] define a Control Stability Workspace to assess the visual servoing controller 
stability in the presence of perturbations. Regarding HC, Mattioni et al. [2] used a performance index called force-distribution 
sensitivity to cable-tension errors to evaluate the maximum tension error caused on length-controlled cables while force-controlling 
the others, and proposed a heuristic method for selecting the force-controlled cables [24].

If the performance index used to choose the most suitable control strategy depends on the robot’s parameters, the latter can 
be modified during the design phase in order to achieve optimal performance. For example, in [25,26], the position of the cable 
attachment points on the platform is optimized to reduce the maximum cable tension, with the aim of limiting the overall installed 
power. While in [27], the platform geometry is optimized to maximize the robot stiffness. The optimization of the CDPR design based 
on a performance criterion evaluated within the robot workspace is a common practice, for example, to maximize the WFW  [28], or 
symmetry [29], or the EE-tilt capability for improved pick and place [30], or dexterity while minimizing cable forces [31]. However, 
these methods do not consider how motion control is realized and how it affects the actual performance of the OCDPR.

This paper extends the work of Idà et al. in [32] where the concept of Wrench-Feasible Error-Insensitive Workspace (WFEIW ) was 
first introduced. The WFEIW  consists of a theoretical tool to evaluate accuracy performance and control-error sensitivity in hybrid-
controlled OCDPRs, even though the analysis framework can be applied to other controllers as well. In the WFEIW, user-defined 
accuracy requirements and cable tensions within predetermined bounds are guaranteed, accounting for sensor-error expectations. 
As demonstrated in [32], the WFEIW  may be significantly smaller compared to the ideal WFW, thus limiting the actual OCDPR
motion capabilities. If a control-based workspace analysis is considered in the design phase, the latter problem can be mitigated. 
The novel contributions of this paper with respect to [32] are:

1. a detailed and thorough mathematical development, which was not reported in [32];
2. the WFEIW  analysis of several OCDPR architectures to illustrate how design choices impact the shape and dimensions of the 
usable workspace;

3. an algorithm for optimal control-strategy selection and design optimization based on the WFEIW  analysis. 

The objective of this work is thus to provide a theoretical tool for OCDPR design and control optimization based on WFEIW  analysis, 
to potentially extend the actual range of motion of the EE . In particular, the two objectives of the optimization algorithm in item 
(3) are: (i) the determination of the most suitable combination of length- and force-controlled cables and (ii) the determination 
of the platform’s geometry (namely the relative position of the cable attachment points on the EE) that maximizes the WFEIW
volume. The former problem is a discrete one, as its unknowns are discrete sets, while the latter is continuous. Since the results of 
the two optimizations are interdependent, a nested optimization problem is implemented where exhaustive search and gradient-
based optimization algorithms are used independently. Several simulations are conducted on well-known OCDPR architectures 
as application examples of the control-strategy and design optimization algorithm. It is worth emphasizing that the optimal 
combination of length- and force-controlled cables found by the optimization algorithm is supposed to be kept unchanged during 
the robot operation. This contrasts with approaches that dynamically adjust the control scheme, such as that proposed in [24] and 
implemented in [12]. Including the control-scheme selection as a design variable to optimize is motivated by resource efficiency 
considerations, since it may reduce the number of force sensors installed in the robot and simplifies its control.

The paper is structured as follows: the robot model and the HC technique are presented in Section 2; Section 3 provides the 
definition of the WFEIW  and computes it for several existing OCDPR architectures; the application of the WFEIW  as a cost function 
for a design optimization algorithm is described in Section 4. Results are discussed in Section 5.

2. Modeling and control

In an OCDPR, the EE has 𝑛𝑑 = 6 DoFs and is moved by 𝑛 > 𝑛𝑑 cables. The degree of redundancy is 𝜇 = 𝑛− 𝑛𝑑 . Cables are spooled 
by winches, routed through a pulley system, and pass through eyelets on the frame before being guided to their attachment points 
on the EE . Cables are assumed to be massless and inextensible, i.e. no sagging or elastic phenomena are considered. Although these 
2
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Fig. 1. OCDPR model.

assumptions may limit the direct applicability of the results presented in Sections 3 and 4 to some OCDPR architectures (especially 
large-scale OCDPRs, where the catenary effect and elasticity may be significant [33,34]), they are sufficient to prove the main thesis 
of this paper. Extending the analysis to account for more complex cable models is left as a future study.

𝑂𝑥𝑦𝑧 is an inertial frame, whereas 𝑃𝑥′𝑦′𝑧′ is a mobile frame attached to the EE (Fig.  1(a)). The EE pose can be described by a 
vector 𝜻 = [𝐩𝑇 𝝐𝑇 ]𝑇 , where 𝝐 is a minimal orientation parameterization. The attachment point of the 𝑖th cable on the platform is 
denoted with 𝐴𝑖, with its constant position vector in the mobile frame being 𝑃 𝐚′𝑖 . The exit point 𝐵𝑖 of the 𝑖th cable at the eyelet is 
identified by the position vector 𝐛𝑖 in the inertial frame. Denoting the rotation matrix between the EE frame and the inertial frame 
with 𝐑(𝝐) the cable vector 𝝆𝑖 = 𝐴𝑖 − 𝐵𝑖 can be expressed as: 

𝝆𝑖 = 𝐚𝑖 − 𝐛𝑖 = 𝐩 + 𝐑𝑃 𝐚′𝑖 − 𝐛𝑖 with 𝑖 = 1,… , 𝑛 (1)

and the geometric constraint of the cable transmission is: 

𝑙𝑖 =
√

𝝆𝑇
𝑖 𝝆𝑖 (2)

where 𝑙𝑖 is the length of the 𝑖th cable. Consequently, the unit vector directed as 𝝆𝑖 is 𝐭𝑖 = 𝝆𝑖∕𝑙𝑖.
The CDPR geometric jacobian Ξ and its rows 𝝃1,… , 𝝃𝑛, can be derived as in [35]: 

Ξ =
[

𝝃1 … 𝝃𝑛
]𝑇 , 𝝃𝑖 =

[

𝐭𝑇𝑖 (𝐚̃′𝑖𝐭𝑖)
𝑇 ]𝑇 (3)

where ̃(⋅) is the skew-symmetric representation of the cross product and Ξ ∈ R𝑛×𝑛𝑑 .

2.1. Hybrid control

If gravity is the only external force acting on the EE , the static model can be formulated as 

Ξ𝑇 𝝉 −𝐖 = 𝟎, 𝐖 =

[

𝑚𝐠
𝐬̃′𝑚𝐠

]

(4)

where 𝝉 ∈ R𝑛 is the cable tension array, and Ξ𝑇  is the so-called structure matrix, i.e. the transpose of the Jacobian matrix. 𝐖 ∈ R𝑛𝑑

is the vector containing the external wrench acting on the platform, in which 𝑃 𝐬′𝑃  is the position vector of the center of mass in 
the local frame (Fig.  1(b)) and 𝐬′ = 𝐑𝑃 𝐬′. To prevent slackness and breakage, cable tensions must be kept within bounded positive 
values, namely 

𝜏𝑚𝑖𝑛 ⪯ 𝝉 ⪯ 𝜏𝑚𝑎𝑥 (5)

where the symbol ⪯ denotes the element-wise inequality.
Finding a set of tensions that satisfies Eq. (4) and the constraints in Eq. (5) is the Tension Distribution (TD) problem, which is 

extensively addressed in the literature [1,17–22]. In order to control both the EE pose and cable tensions, one could use cascade 
feedback controllers, aiming at primarily reaching the target pose while also keeping cable tensions within reasonable errors with 
respect to desired values [9]. An alternative and simpler solution is to use a hybrid Position–Force control in the joint space [12], 
where 𝑛𝑑 cables are length-controlled, aiming at regulating the EE pose, and 𝜇 cables are force-controlled aiming at managing the
TD. Without loss of generality, we assume that the first 𝑛𝑑 cables are length-controlled and the last 𝜇 cables are force-controlled. 
Accordingly, the tension array and the structure matrix can be partitioned as: 

𝝉 =
[

𝝉𝑑
]

, Ξ𝑇 =
[

Ξ𝑑 Ξ𝑐
]

(6)
3
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where 𝝉𝑐 ∈ R𝜇 is the tension array of force-controlled cables, 𝝉𝑑 ∈ R𝑛𝑑  is the tension array of length-controlled cables, and 
Ξ𝑑 ∈ R𝑛𝑑×𝑛𝑑  and Ξ𝑐 ∈ R𝑛𝑑×𝜇 are the corresponding blocks of the structure matrix.

Using the tension distribution formulation in [10], the tension vector 𝝉 can be expressed as: 
𝝉 = Ξ−𝑇𝐖 +Ξ𝑇⟂𝝀 (7)

where Ξ−𝑇  is any inverse satisfying Ξ𝑇Ξ−𝑇 = 𝐈𝑛𝑑×𝑛𝑑  and Ξ𝑇⟂ is a nullspace basis of the structure matrix. For HC, to decouple the 
contribution of length- and force-controlled cables, a specific choice of the inverse and nullspace is adopted in Eq. (7): 

𝝉 = Ξ−𝑇
ℎ𝑐 𝐖 +Ξ𝑇⟂

ℎ𝑐 𝝉𝑐 (8)

where: 

Ξ−𝑇
ℎ𝑐 =

[

Ξ−1
𝑑

𝟎𝜇×𝑛𝑑

]

, Ξ𝑇⟂
ℎ𝑐 =

[

−Ξ−1
𝑑 Ξ𝑐

𝐈𝜇×𝜇

]

(9)

with 𝟎𝜇×𝑛𝑑  and 𝐈𝜇×𝜇 being 𝜇 × 𝑛𝑑 and 𝜇 × 𝜇 null and identity matrices. This formulation ensures that regardless of the adopted 
TD algorithm, 𝝉 can be regulated by only controlling the tension of 𝜇 cables, 𝝉𝑐 while using 𝑛𝑑 cables to regulate the EE pose [2]. 
Moreover, expressing the nullspace basis Ξ𝑇⟂

ℎ𝑐  as in Eq. (9) allows one to obtain a linear dependency of the overall tension distribution 
𝝉 on the tension of force-controlled cables 𝝉𝑐 . Thanks to Eqs. (6), (8) and (9), the relation between length- and force-controlled cables 
is: 

𝝉𝑑 = Ξ−1
𝑑

(

𝐖 −Ξ𝑐𝝉𝑐
)

(10)

3. Wrench-feasible error-insensitive workspace

This section extends the workspace analysis introduced in [32], which forms the basis of the subsequent design optimiza-
tion method. First, the motion-control performance indices for OCDPRs are presented. Then, based on performance analysis, a 
Wrench-Feasible Error-Insensitive Workspace (WFEIW ), where predefined performance targets are likely to be met,1 is defined.

3.1. HC performance analysis

One of the primary goals in robot motion control is achieving accurate position and orientation of the EE . Accuracy can be 
evaluated through kinematic sensitivities, by analyzing how the EE-pose errors are affected by actuator displacement errors. In [36], 
orientational and positional sensitivities to errors in joint variables are best evaluated through a mixed-norm approach (infinity and 
2-norm). However, in this work, the classical kinematic indices proposed in [37] are adopted, because they retain physical meaning 
and require less computational effort. Indeed, the infinity norm is sufficient to determine the upper bounds of the kinematic indices, 
since it represents the worst-case sensitivity.

The kinematic relation between the infinitesimal variation of cable lengths and the infinitesimal variation of the EE pose can be 
expressed as d𝐥 = 𝐉d𝜻 , where 𝐉 = 𝐃Ξ is the analytical jacobian, and 𝐃 depends on the orientation parameterization. Using the same 
partition of the tension array shown in Eq. (6), the cable length array 𝐥 and the analytical jacobian 𝐉 can be expressed as: 

𝐥 =
[

𝐥𝑑
𝐥𝑐

]

, 𝐉 =
⎡

⎢

⎢

⎣

𝐉𝑇𝑑

𝐉𝑇𝑐

⎤

⎥

⎥

⎦

(11)

where 𝐥𝑑 ∈ R𝑛𝑑  and 𝐥𝑐 ∈ R𝜇 denote the length-controlled and force-controlled cable lengths, respectively, with 𝐉𝑑 ∈ R𝑛𝑑×𝑛𝑑  and 
𝐉𝑐 ∈ R𝑛𝑑×𝜇 . As detailed in Section 2.1, length-controlled cables impose the desired motion and kinematic constraints on the EE , 
whereas force-controlled cables only regulate tension distribution (so as to satisfy the constraints in Eq. (5)). As long as cables are 
inextensible (which is, however, an ideal case), force-controlled cables are not used for EE pose control, and thus their lengths 𝐥𝑐
do not influence the pose variation. Therefore, the EE-pose only depends on the lengths 𝐥𝑑 of length-controlled cables, allowing the 
infinity-norm displacement sensitivity 𝜎𝑝,𝑙𝑑∞  and rotational sensitivity 𝜎𝜖,𝑙𝑑∞  to cable-length unit errors to be defined as: 

𝜎𝑝,𝑙𝑑∞ ≜ max
‖d𝐥𝑑‖∞=1

‖d𝐩‖∞ 𝜎𝜖,𝑙𝑑∞ ≜ max
‖d𝐥𝑑‖∞=1

‖d𝝐‖∞ (12)

The use of the infinity norm to limit the actuator displacements is appropriate, since the elements of the array ‖𝑑𝐥𝑑‖ are independent 
from each other and the infinity norm allows each of them to be comprised within ±1 [38]. The use of the infinity norm to evaluate 
the magnitude of the positional and orientational errors 𝑑𝐩 and 𝑑𝝐 is, instead, questionable, since the components of these vectors 
are not independent, and the use of the 2-norm would be better motivated, as shown in [36]. However, in this work, the classical 
kinematic indices proposed in [37], making use of infinity norms only, are adopted, because they retain physical meaning and 

1 Due to the model simplifications assumed in this study (e.g. massless and inextensible cables, unmodeled friction in the transmission, etc.), the CDPR may 
achieve the presented performance targets only as long as the model is close to the real application. Future studies will explore the impact of more realistic 
models in the analysis.
4
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require less computational effort. Indeed, the infinity norm is sufficient to determine the upper bounds of the kinematic indices, 
since it represents the worst-case sensitivity.

The sensitivities in Eq. (12) can be computed by solving the following linear programming problems [37]: 

𝜎𝑝,𝑙𝑑∞ = max
𝑖=1,2,3

(

max
d𝜻

𝐞𝑇𝑖 d𝜻 s.t. 𝐋𝑑d𝜻 − 𝟏2𝑛𝑑×1 ⪯ 𝟎2𝑛𝑑×1
)

(13)

𝜎𝑟,𝑙𝑑∞ = max
𝑖=4,5,6

(

max
d𝜻

𝐞𝑇𝑖 d𝜻 s.t. 𝐋𝑑d𝜻 − 𝟏2𝑛𝑑×1 ⪯ 𝟎2𝑛𝑑×1
)

(14)

where 𝐞𝑖 ∈ R𝑛𝑑  is an array composed of zeros except for the 𝑖th element that is equal to 1, 𝟏2𝑛𝑑×1 is an array of size 2𝑛𝑑 in which 
all elements are equal to 1, 𝟎2𝑛𝑑×1 is an array of size 2𝑛𝑑 in which all elements are equal to 0, and 𝐋𝑑 = [𝐉𝑑 − 𝐉𝑑 ]𝑇 .

After pose accuracy, cable-tension management is the second relevant problem to be addressed in OCDPRs. Evaluating the TD 
sensitivity to actuator errors when HC is employed is an effective analysis and synthesis tool for control optimization. The TD
sensitivity to tension unit errors in force-controlled cables, 𝜎𝜏,𝜏𝑐∞ , was introduced in [2], while the TD sensitivity to cable-length unit 
errors 𝜎𝜏,𝑙𝑑∞ , was first introduced in the preliminary conference version of this paper [32]: 

𝜎𝜏,𝜏𝑐∞ ≜ max
‖d𝝉𝑐‖∞=1

‖d𝝉‖∞ 𝜎𝜏,𝑙𝑑∞ ≜ max
‖d𝐥𝑑‖∞=1

‖d𝝉‖∞ (15)

Due to Eq. (8), the TD sensitivity to tension errors can be computed as: 

𝜎𝜏,𝜏𝑐∞ =
‖

‖

‖

‖

𝜕𝝉
𝜕𝝉𝑐

‖

‖

‖

‖∞
= ‖Ξ𝑇⟂

ℎ𝑐 ‖∞ (16)

Since 𝝉𝑐 does not depend on 𝐥𝑑 the TD sensitivity to cable-length errors can be computed as: 

𝜎𝜏,𝑙𝑑∞ =
‖

‖

‖

‖

𝜕𝝉
𝜕𝐥𝑑

‖

‖

‖

‖∞
=
‖

‖

‖

‖

𝜕𝝉𝑑
𝜕𝐥𝑑

‖

‖

‖

‖∞
(17)

The computation of the derivative at the right-hand side of Eq. (17) is rather involved and is reported in Appendix  A, which yields 

𝜎𝜏,𝑙𝑑∞ =
‖

‖

‖

‖

‖

−Ξ−1
𝑑

(

𝜕Ξ𝑇

𝜕𝜻
𝝉 − 𝜕𝐖

𝜕𝜻

)

𝐉−𝑇𝑑
‖

‖

‖

‖

‖∞
(18)

where 
𝜕Ξ𝑇

𝜕𝜻
𝝉 =

𝑛
∑

𝑖=1
𝜏𝑖
𝜕𝝃𝑖
𝜕𝜻

, 𝜕𝐖
𝜕𝜻

=

[

𝟎3×3 𝟎3×3
𝟎3×3 𝑚𝐠̃𝐬̃′

]

𝐃 (19)

Eq. (18) shows that the TD sensitivity to cable-length errors depends on 𝝉, and thus on 𝝉𝑐 . This implies that 𝜎𝜏,𝑙𝑑∞  depends not 
only on the EE pose, like common accuracy performance indices, but also on the specific choice of the TD algorithm used to compute 
𝝉𝑐 . This result poses a problem, since workspace analysis should ideally be independent of any specific TD algorithm. This issue is 
addressed in the following Section 3.2.

3.2. Workspace analysis

The following workspace analysis is performed on the translational workspace to allow a better visualization and interpretation 
of the obtained results. However, the analysis method, and the workspace optimization introduced in Section 4, can be generally 
applied to any set of configurations reachable by the EE , such as the orientation [39], dexterous [40] and reachable workspace [41]. 
The robot installation volume is discretized in a grid of points, assuming a constant EE orientation, and checking every point for 
inclusion in the workspace under consideration. The WFW  [16] is defined as the set of EE poses for which a statically achievable 
tension distribution exists, computed through Eq. (4), under the constraints (5). The wrench feasibility condition can be verified by 
checking the existence of a convex polygon bounded by the inequalities (5) in the controlled-tension space, as demonstrated in [2] 
by using the algorithm of Guttefarde et al. [19]. Additionally, cable-collision algorithms [42] can be used to prune geometrically 
unfeasible configurations.

Then, poses within the WFW  that are sensitive to tension variations due to control or sensor errors can be identified and called 
Tension Sensitive (TS) poses. As seen in Section 3.1, when HC is used, tension errors result from both cable-length errors 𝛥𝐥𝑑 and 
tension errors 𝛥𝝉𝑐 . These errors can be incorporated into the constraints of Eq.  (5), by performing its Taylor expansion: 

𝜏𝑚𝑖𝑛 ⪯ 𝝉𝑑 +
𝜕𝝉𝑑
𝜕𝐥𝑑

𝛥𝐥𝑑 +
𝜕𝝉𝑑
𝜕𝝉𝑐

𝛥𝝉𝑐 ⪯ 𝜏𝑚𝑎𝑥 (20)

𝜏𝑚𝑖𝑛 ⪯ 𝝉𝑐 + 𝛥𝝉𝑐 ⪯ 𝜏𝑚𝑎𝑥 (21)

By taking advantage of the manipulations described in Appendix  B, the disequalities (20) take the form: 
𝜏𝑚𝑖𝑛 ⪯ 𝝉𝑑 + 𝛥𝝉𝑒 + 𝐁𝝉𝑐 ⪯ 𝜏𝑚𝑎𝑥 (22)

where: 

𝛥𝝉𝑒(𝜻 , 𝛥𝐥𝑑 , 𝛥𝝉𝑐 ) = −Ξ−1
(

𝜕Ξ𝑑 Ξ−1𝐖 − 𝜕𝐖
)

𝐉−𝑇 𝛥𝐥𝑑 −Ξ−1Ξ𝑐𝛥𝝉𝑐 (23)
5
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Fig. 2. IPAnema 3 OCDPR.

𝐁(𝜻 , 𝛥𝐥𝑑 ) = −Ξ−1
𝑑

𝜕Ξ𝑇

𝜕𝜻
𝐉−𝑇𝑑 𝛥𝐥𝑑Ξ𝑇⟂

ℎ𝑐 (24)

Here, the error vectors 𝛥𝐥𝑑 and 𝛥𝝉𝑐 represent the sensor uncertainty or the control errors with their largest values being 𝛥𝜏𝑐,𝑖 = ±𝛿𝜏
for 𝑖 = 1,… , 𝜇 where 𝛥𝑙𝑑,𝑗 = ±𝛿𝑙 for 𝑗 = 1,… , 𝑛𝑑 , and 𝛿𝑙 and 𝛿𝜏 are the sensor or control errors on cable lengths or tensions 
respectively. Eqs. (21) and (22) are linear with respect to 𝝉𝑐 , thus traditional algorithms for wrench feasibility can be used to verify 
the feasibility of a generic pose 𝜻 , and compute a feasible TD [16]. In fact, substituting Eq. (8) in Eqs. (21) and (22) results in: 

𝝉𝑚𝑖𝑛 ≤ Ξ−𝑇
ℎ𝑐 𝐖 +

[

𝛥𝝉𝑒
𝛥𝝉𝑐

]

+
(

Ξ𝑇⟂
ℎ𝑐 +

[

𝐁
𝟎𝜇×𝜇

])

𝝉𝑐 ≤ 𝝉𝑚𝑎𝑥 (25)

where 𝝉𝑚𝑖𝑛 ∈ R𝑛 and 𝝉𝑚𝑎𝑥 ∈ R𝑛 are vectors in which all elements are equal to the minimum and the maximum tension limit, 
respectively. Isolating the term dependent on 𝝉𝑐 in Eq. (25), and explicitly highlighting the dependency from 𝛥𝐥𝑑 and 𝛥𝝉𝑐 we have: 

𝝉𝑚𝑖𝑛 −Ξ−𝑇
ℎ𝑐 𝐖 −

[

𝛥𝝉𝑒(𝛥𝐥𝑑 , 𝛥𝝉𝑐 )
𝛥𝝉𝑐

]

≤
(

Ξ𝑇⟂
ℎ𝑐 +

[

𝐁(𝛥𝐥𝑑 )
𝟎𝜇×𝜇

])

𝝉𝑐 ≤ 𝝉𝑚𝑎𝑥 −Ξ−𝑇
ℎ𝑐 𝐖 −

[

𝛥𝝉𝑒(𝛥𝐥𝑑 , 𝛥𝝉𝑐 )
𝛥𝝉𝑐

]

(26)

There are 2𝑛 possible combinations of elements in vectors 𝛥𝐥𝑑 and 𝛥𝝉𝑐 , emerging from the choice of the + or − sign in each element. 
Every combination must be considered, and if any one of them results in an infeasible solution, the pose is considered TS. The WFW
without the TS region is called the Tension Error-Insensitive (TEI) Workspace.

We can also consider the effect of control or sensor errors on the positioning and orientation accuracy. The kinematic sensitivities 
introduced in Section 3.1 quantify the impact of control input or joint-variable measurement errors on the EE pose. When sensitivities 
are large, even slight variations in control inputs can result in significant deviations from the desired EE pose. Thus, to ensure 
precision within the WFW, upper limits on kinematic sensitivities can be imposed in the form: 

𝜎𝑃 ,𝑙𝑑∞ ≤ 𝜎𝑃 ,𝑙𝑑∞,𝑚𝑎𝑥, 𝜎𝜖,𝑙𝑑∞ ≤ 𝜎𝜖,𝑙𝑑∞,𝑚𝑎𝑥 (27)

where 𝜎𝑃 ,𝑙𝑑∞,𝑚𝑎𝑥 and 𝜎𝜖,𝑙𝑑∞,𝑚𝑎𝑥 denote the maximum allowable sensitivities. Their value can be decided according to task requirement, 
robot hardware, control responsiveness, and desired precision. If a pose within the TEI workspace does not satisfy the constraints set 
in Eq. (27), the pose is considered Kinematic Sensitive (KS), and the desired accuracy is not ensured. The TEI workspace without 
the KS region is called Wrench-Feasible Error-Insensitive (WFEI) workspace (or WFEIW ). When a hybrid controller is employed 
for motion regulation within the WFEI workspace, the wrench feasibility is expected to remain unaffected by cable-tension and 
cable-length errors. Furthermore, user-defined kinematic accuracy requirements are likely to be met throughout this region.

3.3. Application examples

As application examples of the workspace analysis tool developed in Section 3.2, two 8-cable OCDPR architectures are considered: 
the IPAnema 3 (developed by the Fraunhofer Institute for Manufacturing and Automation) represented in Fig.  2 and the HRP - Cable 
Robot (a prototype at LIRMM, CNRS - University of Montpellier) represented in Fig.  3. The geometric parameters for the IPAnema 
3 and the HRP - Cable Robot are reported in Tables  1 and 2, respectively. The degree of redundancy for these robots is 𝜇 = 2, 
yielding 28 possible combinations of length- and force-controlled cables [2]. All possible combinations were analyzed to assess how 
the shape and volume of the WFEI workspace vary with different control combinations and robot architectures. In the following, 
only a part of the full analysis is presented to focus on the most relevant features and results. The complete dataset of this study is 
available in [43].

The values of 𝛿𝜏 and 𝛿𝑙 should be selected based on multiple factors, including sensor uncertainties, dynamic response, external 
disturbances, and unmodeled effects. Practical engineering values may fall within the ranges 𝛿𝜏 = 1%÷5%𝜏𝑚𝑎𝑥 and 𝛿𝑙 = 0.1%÷1%𝑙𝑚𝑎𝑥, 
where 𝜏𝑚𝑎𝑥 represents the maximum cable tension and 𝑙𝑚𝑎𝑥 the maximum cable length of the prototype under analysis.

The following parameters were used as an example:

• 𝜏 = 50 N and 𝜏 = 2000 N as tension bounds;
6
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Fig. 3. HRP OCDPR.

Table 1
Geometrical parameters of the IPAnema 3 OCDPR.
 i 1 2 3 4 5 6 7 8  

 𝐛𝑖 [m]
⎡

⎢

⎢

⎣

8.500
6.000
2.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

8.500
− 6.000
2.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 8.500
− 6.000
2.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 8.500
6.000
2.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

8.500
6.000
− 2.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

8.500
− 6.000
− 2.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 8.500
− 6.000
− 2.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 8.500
6.000
− 2.250

⎤

⎥

⎥

⎦

 

 𝐚′𝑖 [m]
⎡

⎢

⎢

⎣

0.113
0.750
− 0.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.113
− 0.750
− 0.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.113
− 0.750
− 0.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.113
0.750
− 0.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.113
0.750
0.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.113
− 0.750
0.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.113
− 0.750
0.250

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.113
0.750
0.250

⎤

⎥

⎥

⎦

 

Table 2
Geometrical parameters of the HRP OCDPR.
 i 1 2 3 4 5 6 7 8  

 𝐛𝑖 [m]
⎡

⎢

⎢

⎣

− 4.195
− 1.776
3.014

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 3.853
− 1.329
0.243

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 3.783
1.363
0.244

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 4.097
1.809
3.015

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

4.102
1.782
3.021

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

3.787
1.332
0.248

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

3.772
− 1.340
0.249

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

4.083
− 1.789
3.019

⎤

⎥

⎥

⎦

 

 𝐚′𝑖 [m]
⎡

⎢

⎢

⎣

− 0.249
0.202
0.129

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.248
0.202
− 0.211

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.249
− 0.202
− 0.288

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.191
− 0.274
0.223

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.248
− 0.202
0.211

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.189
− 0.275
− 0.299

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.250
0.202
− 0.209

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.248
0.202
0.129

⎤

⎥

⎥

⎦

 

• 𝛿𝜏 = 20 N as loadcell uncertainty, assumed to be 1% of 𝜏𝑚𝑎𝑥;
• 𝛿𝑙 = 10 mm, as cable-length error, assumed to be 1% of the maximum cable length of the robots under consideration;
• 𝜎𝑝,𝑙𝑑∞,𝑚𝑎𝑥 = 5 mm/mm and 𝜎𝜖,𝑙𝑑∞,𝑚𝑎𝑥 = 0.5◦∕mm2 as kinematic sensitivity limits, set as minimum precision requirements for both 
robots (corresponding to ‖d𝐩𝑚𝑎𝑥‖∞ = 50 mm and ‖d𝝐𝑚𝑎𝑥‖∞ = 5◦ according to Eq. (12) and the previous 𝛿𝑙 value).

The installation volume was discretized into 8000 points, with the 𝑥, 𝑦, and 𝑧 installation dimensions divided into 19 equidistant 
segments. The EE orientation was held constant at 𝝐𝑇 = [0 0 0] rad. The inertial parameters were taken from [2] for the IPAnema 
3, with the platform having a mass of 𝑚 = 50 kg and a center of mass located at 𝑃 𝐬′𝑇 = [0 0 0] m, and from [24] for the HRP Cable 
Robot, with the platform having a mass of 𝑚 = 23 kg and 𝑃 𝐬′𝑇 = [0 0 0] m.

Figs.  4–7 show the results for two force- and length-controlled cable combinations for the IPAnema 3 and the HRP. In these 
figures, cake diagrams illustrate the ratio between the installation space and various WFW  sub-regions. The Not-Wrench-Feasible 
(NWF ) workspace is not shaded. It is evident that the configuration and dimensions of the WFEI workspace change significantly 
when different combinations of length- and force-controlled cables are employed.

Regarding IPAnema 3, selecting cables 4 and 6 for force control nearly doubles the volume of the WFEI workspace compared 
to using cables 1 and 2. This substantial increase is due to differences in the kinematic accuracy achieved in each configuration. 
Specifically, the Kinematic Sensitive (KS) region in Fig.  4 is more than double than in Fig.  5, highlighting that force-controlling 
cables 1 and 2 does not meet the desired kinematic accuracy as effectively as controlling cables 4 and 6. Meanwhile, the Tension 
Sensitive (TS) workspace remains relatively stable between the two configurations, indicating that this region is less affected by the 
selection of force-controlled cables.

Figs.  6 and 7 show results for two force- and length-control configurations of the HRP - Cable Robot. In the first configuration 
(Fig.  6), cables 2 and 8 are force-controlled, while in the second one (Fig.  7), cables 2 and 7 are force-controlled. For the HRP 

2 The limit on the maximum absolute value of an orientation variation has a physical meaning only assuming small rotations, as pointed out in [36].
7
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Fig. 4. IPAnema 3 Workspace with 1–2 as force-controlled cables.

Fig. 5. IPAnema 3 Workspace with 4–6 as force-controlled cables.

Fig. 6. HRP Workspace with 2–8 as force-controlled cables.

robot, force-controlling cables 2 and 7 is the more advantageous configuration. In Fig.  6(a), the TS workspace occupies 12% more 
of the volume than in Fig.  7(a). This difference suggests that using cables 2 and 7 for force control minimizes the TS region. Another 
critical observation in Fig.  6(a) is the division of the WFEI workspace into two distinct regions. To improve the visualization of these
WFEI isolated regions, cross-sectional views at 𝑦 = −1.04 m, 𝑦 = −0.40 m, 𝑦 = 0.25 m, and 𝑦 = 0.90 m are provided in Fig.  8. To 
transition between these regions, the EE must pass through a TS region where slackening of cables may occur due to tension control 
errors, potentially leading to loss of positioning accuracy. Hence, a configuration with cables 2 and 8 under force control is less 
desirable. Conversely, as seen in Fig.  7(a), cables 2 and 7 maintain a continuous WFEI region, avoiding such issues and providing 
a safer and more robust workspace for task execution.

Figs.  5 and 7 represent the overall optimal cable-control combinations that yield the maximum WFEI workspace volume for each 
robot. Selecting cables 4 and 6 for the IPAnema 3 and selecting cables 2 and 7 for the HRP robot maximize the WFEI workspace 
relative to installation space. Assuming that both robots use identical sensors and actuators and thus share similar control errors and 
kinematic sensitivity limits, the IPAnema 3, despite having a smaller WFW  to installation-space ratio compared to the HRP Cable 
Robot, achieves a larger WFEIW  to installation-space ratio when a HC is applied.

To compare the workspace analysis performed in this study with the method presented in [2], we introduce the Tension 
Distribution Insensitive (TDI) workspace, which accounts for the sensitivity of the tension distribution (TD) to force-control errors. 
The TD sensitivity (16) is evaluated at each point within the installation space, applying the constraint 𝜎𝜏,𝜏𝑐∞ < 𝜎𝜏,𝜏𝑐∞,𝑚𝑎𝑥. Points 
exceeding this threshold are excluded, defining the TDI workspace as in [2]. The region outside the TDI workspace is called the 
Not-TDI (NTDI) workspace. A practical threshold for TD sensitivity is set at 𝜎𝜏,𝜏𝑐 = 2, meaning that within the workspace, tension 
8
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Fig. 7. HRP Workspace with 2–7 as force-controlled cables.

Fig. 8. HRP Workspace with 2–8 as force-controlled cables. Cross sections in x–z planes at 𝑦 = −1.04 m, 𝑦 = −0.40 m, 𝑦 = 0.25 m, 𝑦 = 0.90 m.

Fig. 9. IPAnema 3 TDS Workspace with 4–6 as force-controlled cables.
9
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Fig. 10. HRP TDS Workspace with 2–7 as force-controlled cables.

errors in all cables remain at most twice those of the force-controlled cables. Figs.  9 and 10 illustrate the TDI workspace results 
when force-controlling cables 4–6 in IPAnema 3 and cables 2–7 in the HRP Cable Robot. In both cases, the Tension Error Insensitive 
region, which combines the WFEI and KS regions (Figs.  5 and 7), is noticeably larger than the TDI workspace (Figs.  9 and 10). 
This result may appear counterintuitive, as the current study considers additional error contributions compared to the approach 
in [2]. This difference can be explained by the fundamental distinction between the two methodologies. In [2], the workspace is 
reduced by applying an upper limit on the TD sensitivity index. Consequently, any pose where force-controlled cables induce tension 
errors exceeding the limit is excluded from the workspace, regardless of whether the wrench-feasibility conditions are satisfied. In 
contrast, the TEI region defined in the current study directly uses wrench-feasibility as a criterion to assess workspace inclusion. As 
a result, poses that would be excluded under the TD sensitivity limit may still be included in the TEI region if the platform remains 
wrench-feasible despite tension errors. These findings suggest that previous definitions of the reachable workspace may have been 
overly conservative, as they did not account for the platform’s ability to maintain wrench-feasibility even under certain tension 
distribution errors. 

4. Design optimization algorithm

The workspace analysis presented in Section 3 can be used in the design phase of the robot EE to maximize the usable workspace 
for a given installation space. Since the force- and length-controlled cable combination 𝑐 strongly influences the WFEI workspace, 
it can be included in the optimization problem as an unknown variable to be determined. Therefore, the unknown variables of the 
design optimization problem are: 

⎧

⎪

⎨

⎪

⎩

𝑃 𝐚𝑖 ∈ R3, with 𝑖 = 1,… , 𝑛

𝑐 ∈ [1,… , 28], with 𝑐 ∈ N,
(28)

The cost function 𝑓 (𝐗, 𝑐) is the ratio of the WFEIW  volume 𝑉𝑊𝐹𝐸𝐼𝑊  to the installation space volume 𝑉𝑖𝑛𝑠𝑡: 

𝑓 (𝐗, 𝑐) =
𝑉𝑊𝐹𝐸𝐼𝑊 (𝐗, 𝑐)

𝑉𝑖𝑛𝑠𝑡
(29)

where 𝐗 = [𝑃 𝐚𝑇1 ,… ,𝑃 𝐚𝑇𝑛 ]
𝑇 , and 𝑉𝑖𝑛𝑠𝑡 is defined by the convex interpolation of the frame anchor points 𝐵𝑖. While 𝑉𝑊𝐹𝐸𝐼𝑊  could serve 

directly as the cost function, using the ratio in Eq. (29) ensures a physically meaningful metric that remains independent of the robot 
specific architecture. Maximizing the objective function (29) allows the manipulation of the robot in a bigger region in which the 
accuracy performance requirements are met, and wrench feasibility is ensured even in the presence of control errors. Considering 
all variables in Eq. (28) in a single optimization results in a combined continuous3 and discrete problem that cannot be solved by 
a classical gradient-based optimizer, and it is challenging even for population-based optimizers (such as genetic algorithms). For 
this reason, a nested optimization algorithm was developed that divides optimization into two steps. The algorithm structure is 
represented in Fig.  11, and its steps are detailed as follows:

1. the first step consists in determining the best combination of length- and force-controlled cables 𝑐𝑜𝑙𝑑 , computing the WFEI
workspace volume for all discrete values of 𝑐 and maintaining the geometric parameters 𝐗0 of the initial architecture constant;

3 In this study, the optimization variables (representing geometric parameters) are considered as continuous values. While this approach enables an ‘ideal’ 
optimization solution, practical mechanical design often require discrete dimensions due to manufacturing standards or the use of commercially available 
components. Addressing this gap between idealized and practical design, a future extension of this work could incorporate discrete optimization constraints to 
approximate real-world manufacturing limitations, further refining the feasibility and applicability of the resulting robot geometry.
10
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Fig. 11. Nested optimization algorithm.

Table 3
Boundary constraints on the IPAnema 3 platform geometry.
 i 1 2 3 4 5 6 7 8  

 𝐚′𝑖,𝑚𝑖𝑛 [m]
⎡

⎢

⎢

⎣

0.03
0.32
− 0.40

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.03
− 0.97
− 0.40

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.10
− 0.97
− 0.40

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.10
0.32
− 0.40

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.05
0.37
0.13

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.05
− 1.12
0.13

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.13
− 1.12
0.13

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.13
0.37
0.13

⎤

⎥

⎥

⎦

 

 𝐚′𝑖,𝑚𝑎𝑥 [m]
⎡

⎢

⎢

⎣

0.09
0.97
− 0.13

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.09
− 0.33
− 0.13

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.04
− 0.33
− 0.13

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.04
0.97
− 0.13

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.14
1.12
0.40

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.14
− 0.37
0.40

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.04
− 0.37
0.40

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.04
1.12
0.40

⎤

⎥

⎥

⎦

 

2. secondly, imposing boundary constraints on the values of 𝐗, the following optimization problem is solved by using a 
gradient-based solver: 

max
𝐗

𝑓 (𝐗, 𝑐𝑜𝑙𝑑 ) s.t. 𝐗𝑙𝑏 ≤ 𝐗 ≤ 𝐗𝑢𝑏 (30)

where the boundary constraints 𝐗𝑙𝑏 = [𝑃 𝐚𝑇1,𝑚𝑖𝑛,… ,𝑃 𝐚𝑇𝑛,𝑚𝑖𝑛]
𝑇  and 𝐗𝑢𝑏 = [𝑃 𝐚𝑇1,𝑚𝑎𝑥,… ,𝑃 𝐚𝑇𝑛,𝑚𝑎𝑥]

𝑇  are chosen as the robot footprint 
limits and are reported in Table  3 for the IPAnema 3. The solution of problem (30) is stored in the variable 𝐗𝑛𝑒𝑤;

3. the third step consists in repeating the exhaustive search of the best value of 𝑐 with the new platform architecture 𝐗𝑛𝑒𝑤. 
If the new combination 𝑐𝑛𝑒𝑤 is equal to the cable combination found with the older platform geometry 𝑐𝑜𝑙𝑑 , the algorithm 
terminates; otherwise, the 𝑐 value is updated, and the algorithm returns to the second step.
11
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Table 4
Optimized attachment points of the IPAnema 3 platform with 𝛿𝜏 = 1%𝜏𝑚𝑎𝑥.
 i 1 2 3 4 5 6 7 8  

 𝑃 𝐚′𝑖 [m]
⎡

⎢

⎢

⎣

0.0359
0.7630
− 0.3648

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.0588
− 0.5818
− 0.3949

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.0765
− 0.6325
− 0.3881

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.0641
0.8644
− 0.3951

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.1283
1.0930
0.2202

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.1335
− 1.1130
0.3969

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.0987
− 0.9833
0.2526

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.1237
0.9568
0.2591

⎤

⎥

⎥

⎦

 

Fig. 12. Optimized geometry of the IPAnema 3 platform with 𝛿𝜏 = 1%𝜏𝑚𝑎𝑥.

While alternatives such as a mixed-integer genetic algorithm GA or iterative optimization of 𝑐 after each gradient-based step 
could be considered, the nested approach provides a more tailored solution to the problem’s characteristics. A mixed-integer GA
allows simultaneous optimization of continuous variables (𝐗) and discrete variables (𝑐), which can explore large search spaces. 
However, the exhaustive computation of the fitness function during GA iterations would significantly increase the computational 
overhead, especially since evaluating the workspace volume is resource-intensive.

Alternatively, iterative optimization of 𝑐 at every gradient-based step would partially address the coupling of variables but could 
lead to inefficient convergence due to repeated recalculations of 𝑐 without significant progress. In contrast, the proposed nested 
algorithm leverages the manageable size of the discrete search space for 𝑐, allowing for a deterministic and computationally efficient 
exhaustive search in the discrete domain. By decoupling 𝑐 and 𝐗, the algorithm may be more robust and aligned with the nature 
of the cost function for small perturbations in 𝐗. Thus, the nested algorithm balances computational efficiency and optimization 
accuracy.

As an application example of the design optimization, the algorithm was applied to the IPAnema 3 architecture since it 
demonstrated a greater WFEIW -to-installation space ratio than the HRP when considering the best control scheme in the analysis 
of Section 3.2. For this reason, the IPAnema 3 design was considered a better starting point for the nested optimization algorithm. 
Additionally, to evaluate the impact of force control errors on the design and control optimization outcomes, the IPAnema 3 
architecture was optimized both in the case 𝛿𝜏 = 1%𝜏𝑚𝑎𝑥 and in the worst-case 𝛿𝜏 = 5%𝜏𝑚𝑎𝑥 (see Section 3.3). The MATLAB function
fmincon, with an interior-point method, was used to solve the nonlinear optimization problem of the second step. The volume cost 
function 𝑓 (𝐗, 𝑐) was computed using the MATLAB boundary function, which creates an alpha shape [44] from the point cloud 
belonging to the WFEI workspace.

The initial platform architecture is the one represented in Fig.  2(b) and detailed in Table  1. Using 𝛿𝜏 = 1%𝜏𝑚𝑎𝑥, the combination 
of length- and force-controlled cables that maximizes 𝑓 (𝐗, 𝑐) with the starting geometry is 𝑐 = 20, which corresponds to cables 4 
and 6 to be force-controlled, as highlighted in Section 3.3. After three iterations, the optimization algorithm converged into the 
platform geometry shown in Fig.  12 and detailed in Table  4, in which the resulting optimal combination of force-controlled cables 
is 2–8. The corresponding is shown in Fig.  13, which, compared to the one obtained with the initial geometry and control-scheme 
represented in Fig.  5, is increased by 17% of the installation space.

With 𝛿𝜏 = 5%𝜏𝑚𝑎𝑥, the initial optimal force-controlled cable combination changes to 𝑐 = 6, corresponding to cables 1 and 7. As 
expected, the increased control error leads to a slightly reduced initial WFEIW, as shown in Fig.  14, compared to the previous case 
in Fig.  5. After applying the design and control optimization, the optimal force-controlled cable combination remains 𝑐 = 6, and 
the final WFEIW  increases by 12% (Fig.  15(b)). The design optimization results are represented in Fig.  16 and detailed in Table 
5. Therefore, in this case, higher force errors influence the optimal selection of length- and force-controlled cables and result in a 
lower workspace improvement after optimization.

The design optimization algorithm was executed on a PC equipped with a 13th-generation Intel i7 processor and 32 GB of RAM. 
The total computation time from Start to End of the nested optimization algorithm represented in Fig.  11 was 34.6 h, with an 
average of 14.9 min per single workspace computation. To reduce computation time, the optimization workload was distributed 
across 14 cores.
12
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Fig. 13. IPAnema 3 platform design optimization with 𝛿𝜏 = 1%𝜏𝑚𝑎𝑥.

Fig. 14. IPAnema 3 WFEIW before optimization, with 𝛿𝜏 = 5%𝜏𝑚𝑎𝑥.

Fig. 15. IPAnema 3 platform design optimization with 𝛿𝜏 = 5%𝜏𝑚𝑎𝑥.

Table 5
Optimized attachment points of the IPAnema 3 platform with 𝛿𝜏 = 5%𝜏𝑚𝑎𝑥.
 i 1 2 3 4 5 6 7 8  

 𝑃 𝐚′𝑖 [m]
⎡

⎢

⎢

⎣

0.0333
0.5142
− 0.3924

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.0361
− 0.4312
− 0.3885

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.0535
− 0.7211
− 0.3917

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.0477
0.5932
− 0.3899

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.1353
1.7683
0.3938

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

0.1301
− 0.9699
0.1949

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.0987
− 0.6244
0.1509

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

− 0.0604
0.6943
0.2464

⎤

⎥

⎥

⎦

 

5. Conclusions

This paper presented an extension of the workspace analysis presented in the conference paper [32] for Hybrid-Controlled 
Overconstrained Cable-Driven Parallel Robots. In particular, the concept of Wrench-Feasible Error-Insensitive Workspace (WFEIW ) 
was presented and analyzed. The WFEIW, ensures user-specified precision in end-effector positioning and orientation and maintains 
cable tensions between predetermined bounds in spite of control or sensor errors. As an application example, an analysis was 
conducted on different robot architectures with different choices of length- and force-controlled cables to highlight the different 
achieved performances when hybrid control in the joint space is used. Moreover, an algorithm for platform design optimization and 
optimal selection of the force-controlled cables was presented. Such an optimization, even though is based on a simplified OCDPR
model, may yield a significant increase of the WFEIW  volume for a given installation space.
13
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Fig. 16. Optimized geometry of the IPAnema 3 platform with 𝛿𝜏 = 5%𝜏𝑚𝑎𝑥.

The optimization algorithm presented in this work, while effective in generating optimal robot designs, involves a significant 
computational effort due to the process of discretizing the workspace and verifying the feasibility of each point within the WFEIW. 
Reducing the computational time is necessary to achieve faster design iterations and lower overall costs in the robot development 
process. A more efficient approach could involve the application of advanced workspace boundary identification algorithms, which 
can offer more precise boundary estimates with reduced computational effort. By using such methods, it is possible to achieve faster 
computations, especially by optimizing the trade-off between grid density and accuracy. Future work will thus explore boundary 
identification techniques and integrate them into the optimization process.
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Appendix A. Tension distribution sensitivity to cable-length errors

In Section 3.1, the TD sensitivity to cable-length (unit) errors is defined as: 

𝜎𝜏,𝑙𝑑∞ =
‖

‖

‖

‖

𝜕𝝉𝑑
𝜕𝐥𝑑

‖

‖

‖

‖∞
(A.1)

Using the chain rule to explicit the pose dependency, the derivative of Eq. (A.1) becomes: 
𝜕𝝉𝑑
𝜕𝐥𝑑

=
𝜕𝝉𝑑
𝜕𝜻

𝜕𝜻
𝜕𝐥𝑑

(A.2)

Considering the partitions of Eq. (11), the first order kinematics 𝐥̇ = 𝐉𝜻̇ can be expressed as: 
⎡

⎢

⎢

⎢

𝜕𝐥𝑑
𝜕𝑡

𝜕𝐥𝑐

⎤

⎥

⎥

⎥

=
⎡

⎢

⎢

⎣

𝐉𝑇𝑑

𝐉𝑇

⎤

⎥

⎥

⎦

𝜕𝜻
𝜕𝑡

(A.3)
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The upper block of Eq. (A.3), namely 
𝜕𝐥𝑑
𝜕𝑡

= 𝐉𝑇𝑑
𝜕𝜻
𝜕𝑡

(A.4)

allows the second derivative in the right-hand side of Eq. (A.2) to be expressed as: 
𝜕𝜻
𝜕𝐥𝑑

= 𝐉−𝑇𝑑 (A.5)

where the square matrix 𝐉𝑑 ∈ R𝑛𝑑×𝑛𝑑  is assumed to be non-singular. The first derivative in the right-hand side of Eq. (A.2) can be 
expanded from Eq. (10) as: 

𝜕𝝉𝑑
𝜕𝜻

=
𝜕Ξ−1

𝑑
𝜕𝜻

𝐖 +Ξ−1
𝑑

𝜕𝐖
𝜕𝜻

−
𝜕Ξ−1

𝑑
𝜕𝜻

Ξ𝑐𝝉𝑐 −Ξ−1
𝑑

𝜕Ξ𝑐
𝜕𝜻

𝝉𝑐 (A.6)

in which the term 𝜕𝝉𝑐𝜕𝜻  was omitted because the tension in force-controlled cables is an independent variable. Exploiting the relation 
𝜕𝐀−1

𝜕𝐪 = −𝐀−1 𝜕𝐀
𝜕𝐪𝐀

−1 in which 𝐀 and 𝐪 are a generic invertible matrix and a generic vector, (A.6) can be written as: 
𝜕𝝉𝑑
𝜕𝜻

= −Ξ−1
𝑑

𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 𝐖 +Ξ−1

𝑑
𝜕𝐖
𝜕𝜻

+Ξ−1
𝑑

𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 Ξ𝑐𝝉𝑐 −Ξ−1

𝑑
𝜕Ξ𝑐
𝜕𝜻

𝝉𝑐 (A.7)

and thus, by collecting −Ξ−1
𝑑 : 

𝜕𝝉𝑑
𝜕𝜻

= −Ξ−1
𝑑

(

𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 𝐖 −

𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 Ξ𝑐𝝉𝑐 +

𝜕Ξ𝑐
𝜕𝜻

𝝉𝑐 −
𝜕𝐖
𝜕𝜻

)

(A.8)

The first two terms in the parenthesis of Eq. (A.8) can be collected through Eq. (10) in a single term, obtaining: 
𝜕𝝉𝑑
𝜕𝜻

= −Ξ−1
𝑑

(

𝜕Ξ𝑑
𝜕𝜻

𝝉𝑑 +
𝜕Ξ𝑐
𝜕𝜻

𝝉𝑐 −
𝜕𝐖
𝜕𝜻

)

(A.9)

Substituting Eqs. (A.9) and (A.5) in (A.2) yields: 
𝜕𝝉𝑑
𝜕𝐥𝑑

= −Ξ−1
𝑑

(

𝜕Ξ𝑑
𝜕𝜻

𝝉𝑑 +
𝜕Ξ𝑐
𝜕𝜻

𝝉𝑐 −
𝜕𝐖
𝜕𝜻

)

𝐉−𝑇𝑑 (A.10)

and since 𝜕Ξ𝑇

𝜕𝜻 =
[

𝜕Ξ𝑑
𝜕𝜻

𝜕Ξ𝑐
𝜕𝜻

]

 and 𝝉 =
[

𝝉𝑇𝑑 𝝉𝑇𝑐
]𝑇 , Eq. (A.10) can be finally expressed as: 

𝜕𝝉𝑑
𝜕𝐥𝑑

= −Ξ−1
𝑑

(

𝜕Ξ𝑇

𝜕𝜻
𝝉 − 𝜕𝐖

𝜕𝜻

)

𝐉−𝑇𝑑 (A.11)

where 𝜕Ξ𝑇

𝜕𝜻 𝝉 and 𝜕𝐖𝜕𝜻  can be computed as follows4: 

𝜕Ξ𝑇

𝜕𝜻
𝝉 =

𝑛
∑

𝑖=1
𝜏𝑖
𝜕𝝃𝑖
𝜕𝜻

, 𝜕𝐖
𝜕𝜻

=

[

𝟎3×3 𝟎3×3
𝟎3×3 𝑚𝐠̃𝐬̃′

]

𝐃 (A.12)

Appendix B. Control error contribution on tension constraints

The contribution of control (or measurement) errors on the tension of length-controlled cables, can be expressed by the Taylor 
expansion of the array 𝝉𝑑 , namely: 

𝝉𝑑 (𝛥𝐥𝑑 , 𝛥𝝉𝑐 ) ≈ 𝝉𝑑 +
𝜕𝝉𝑑
𝜕𝐥𝑑

𝛥𝐥𝑑 +
𝜕𝝉𝑑
𝜕𝝉𝑐

𝛥𝝉𝑐 (B.1)

The term 𝜕𝝉𝑑𝜕𝝉𝑐
 can be computed from Eq. (10) as: 

𝜕𝝉𝑑
𝜕𝝉𝑐

= −Ξ−1
𝑑 Ξ𝑐 (B.2)

Substituting Eqs. (A.10) and (B.2) in the right-hand side of Eq. (B.1) yields: 

𝝉𝑑 +
𝜕𝝉𝑑
𝜕𝐥𝑑

𝛥𝐥𝑑 +
𝜕𝝉𝑑
𝜕𝝉𝑐

𝛥𝝉𝑐 =

𝝉𝑑 −Ξ−1
𝑑

(

𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 𝐖 −

𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 Ξ𝑐𝝉𝑐 +

𝜕Ξ𝑐
𝜕𝜻

𝝉𝑐 −
𝜕𝐖
𝜕𝜻

)

𝐉−𝑇𝑑 𝛥𝐥𝑑 −Ξ−1
𝑑 Ξ𝑐𝛥𝝉𝑐

(B.3)

The terms in the right-hand side of Eq. (B.3) that do not depend on 𝝉𝑐 can be collected into the array 𝛥𝝉𝑒: 

𝛥𝝉𝑒(𝜻 , 𝛥𝐥𝑑 , 𝛥𝝉𝑐 ) = −Ξ−1
𝑑

(

𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 𝐖 − 𝜕𝐖

𝜕𝜻

)

𝐉−𝑇𝑑 𝛥𝐥𝑑 −Ξ−1
𝑑 Ξ𝑐𝛥𝝉𝑐 (B.4)

4 The full demonstration of these expressions can be found in Eqs. (33) and (39) of [35].
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so that Eq. (B.3) can be expressed as: 

𝝉𝑑 +
𝜕𝝉𝑑
𝜕𝐥𝑑

𝛥𝐥𝑑 +
𝜕𝝉𝑑
𝜕𝝉𝑐

𝛥𝝉𝑐 = 𝝉𝑑 + 𝛥𝝉𝑒 −Ξ−1
𝑑

(

−
𝜕Ξ𝑑
𝜕𝜻

Ξ−1
𝑑 Ξ𝑐𝝉𝑐 +

𝜕Ξ𝑐
𝜕𝜻

𝝉𝑐
)

𝐉−𝑇𝑑 𝛥𝐥𝑑 (B.5)

Considering that 𝜕Ξ𝑇

𝜕𝜻 =
[

𝜕Ξ𝑑
𝜕𝜻

𝜕Ξ𝑐
𝜕𝜻

]

 and using the definition of matrix Ξ𝑇⟂
ℎ𝑐  in Eq. (9), Eq. (B.5) becomes: 

𝝉𝑑 +
𝜕𝝉𝑑
𝜕𝐥𝑑

𝛥𝐥𝑑 +
𝜕𝝉𝑑
𝜕𝝉𝑐

𝛥𝝉𝑐 = 𝝉𝑑 + 𝛥𝝉𝑒 −Ξ−1
𝑑

𝜕Ξ𝑇

𝜕𝜻
Ξ𝑇⟂

ℎ𝑐 𝝉𝑐𝐉
−𝑇
𝑑 𝛥𝐥𝑑 (B.6)

Taking the last term of Eq. (B.6) and using the properties of the tensor product, we can define a matrix 𝐁 that depends only on the
EE pose, obtaining a linear relation on 𝝉𝑐 , through the following passages:

−Ξ−1
𝑑

𝜕Ξ𝑇

𝜕𝜻
Ξ𝑇⟂

ℎ𝑐 𝝉𝑐𝐉
−𝑇
𝑑 𝛥𝐥𝑑 = −Ξ−1

𝑑

( 𝑛
∑

𝑖=1

𝜕𝝃𝑇𝑖
𝜕𝜻

(Ξ𝑇⟂
ℎ𝑐 𝝉𝑐 )𝑖

)

𝐉−𝑇𝑑 𝛥𝐥𝑑

= −Ξ−1
𝑑

𝑚
∑

𝑗=1

𝑛
∑

𝑖=1

𝜕𝝃𝑇𝑖
𝜕𝜁𝑗

(Ξ𝑇⟂
ℎ𝑐 𝝉𝑐 )𝑖(𝐉

−𝑇
𝑑 𝛥𝐥𝑑 )𝑗

= −Ξ−1
𝑑

𝑛
∑

𝑖=1

𝑚
∑

𝑗=1

𝜕𝝃𝑖
𝜕𝜁𝑗

(𝐉−𝑇𝑑 𝛥𝐥𝑑 )𝑗 (Ξ𝑇⟂
ℎ𝑐 𝝉𝑐 )𝑖

= −Ξ−1
𝑑

𝜕Ξ𝑇

𝜕𝜻
𝐉−𝑇𝑑 𝛥𝐥𝑑Ξ𝑇⟂

ℎ𝑐 𝝉𝑐

= 𝐁(𝜻 , 𝛥𝐥𝑑 )𝝉𝑐

(B.7)

where (⋅)𝑖 and (⋅)𝑗 denote, respectively, the 𝑖th and the 𝑗th element of the vector in parentheses.
Finally, substituting Eq. (B.7) in Eq. (B.6), gives: 

𝝉𝑑 +
𝜕𝝉𝑑
𝜕𝐥𝑑

𝛥𝐥𝑑 +
𝜕𝝉𝑑
𝜕𝝉𝑐

𝛥𝝉𝑐 = 𝝉𝑑 + 𝛥𝝉𝑒(𝜻 , 𝛥𝐥𝑑 , 𝛥𝝉𝑑 ) + 𝐁(𝜻 , 𝛥𝐥𝑑 )𝝉𝑐 (B.8)

Data availability

The FAIR data are suitably cited in the paper.
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