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% Department of Civil, Chemical, Environmental and Materials Engineering, University of Bologna, 40136 Bologna, Italy

Abstract

In this work, we investigate the dynamic behavior and the topological properties of quasiperiodic elastic
metasurfaces, namely arrays of mechanical oscillators arranged over the free surface of an elastic half-space
according to a quasiperiodic spatial distribution. An ad-hoc multiple scattering formulation is developed to
describe the dynamic interaction between Rayleigh waves and a generic array of surface resonators. The ap-
proach allows to calculate the spectrum of natural frequencies of the quasiperiodic metasurface which reveals
a fractal distribution of the frequency gaps reminiscent of the Hofstadter butterfly. These gaps have nontrivial
topological properties and can host Rayleigh-like edge modes. We demonstrate that such topologically pro-
tected edge modes can be driven from one boundary to the opposite of the array by a smooth variation of the
phason, a parameter which modulates the geometry of the array. Topological elastic waveguides designed on
these principles provide new opportunities in surface acoustic wave engineering for vibration control, energy
harvesting, and lossless signal transport, among others.

Keywords: Quasiperiodic structures, Topological metamaterials, Metasurfaces, Edge modes, Rayleigh waves

1. Introduction

The discovery of topological insulators in condensed matter physics has fueled the research interest towards
the design of materials and devices able to control the transport of energy in several branches of physics, including
electromagnetism [1, 2], acoustics [3, 4, 5] and elasticity [6, 7, 8, 9, 10]. The quest for topological waveguides
stems from their ability to support the propagation of robust edge states which are immune to the presence
of defects or imperfections. The propagation of such defect-immune interface states has been demonstrated
in numerous two-dimensional (2D) domains, including examples of acoustic and elastic metamaterials able to
replicate topological phenomena like Hall [11], spin Hall [12], and the quantum valley Hall effects [13, 14]. In the
above examples, the existence of protected edge states inside nontrivial bulk band gaps originates from broken
symmetries within the periodic systems, either in time or space.

A companion strategy to engineer topological states makes use of quasiperiodic structures. The most in-
teresting property of quasiperiodicity relevant to topological phenomena is its relation to higher dimensions: a
quasiperiodic function can be regarded as a slice of a periodic function of a higher dimension, the superspace
[15]. The topological properties of the superspace can manifest in its low-dimensional quasiperiodic counterpart.
This idea has been confirmed by a number of experiments in both photonic [16, 17, 18] and acoustic systems
[19, 20, 21].

Recently, the interest in the topological properties of quasiperiodic systems has extended to the mechanical

community. In particular, quasiperiodic structures for flexural waves in beams [22, 23, 24, 25, 26] and plates
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[27, 28, 29] have demonstrated the existence of topological gaps and edge states in Hofstadter-like spectra [30].
Due to their ease in construction and flexibility in tuning, quasiperiodic elastic metamaterials provide simple
pathways to realize novel devices for vibration isolation, energy harvesting, and wave propagation control.

Although the above-mentioned contributions advanced the knowledge of topological physics in mechanical
systems, the design of quasiperiodic structures to control surface waves in a three-dimensional (3D) semi-
infinite medium has so far not been achieved. Indeed, the control of surface waves (SAWs) using locally
resonant metamaterials, aka metasurfaces, has shown promising applications ranging from vibration isolation
[31, 32], energy harvesting [33] and non-reciprocal signal propagation [34, 35]. In this context, the propagation
of immune-to-defect SAWs offers promising opportunities in modern communication systems, where SAW filters
are already used to process radio-frequency signals in portable communication devices.

Hence, in this work we study how surface waves of the Rayleigh type interact with a quasiperiodic array
of pillar-shaped resonators and demonstrate the existence of topological gaps and edge states in a 3D elastic
half-space. To this purpose, we develop and leverage a 3D multiple scattering formulation to model the mutual
interactions between resonators arranged in a generic cluster. Multiple scattering techniques are reliable tools
to investigate the dynamics of aperiodic resonant systems, as recently shown for flexural waves in plates [28, 29]
and surface waves in 2D elastic media [36].

Our quasiperiodic patterns result from a cyclic modulation of a periodic array (see Fig. 1). By smoothly
varying the modulation length, we obtain a family of periodic and quasiperiodic configurations which possess
a Hofstadter-like spectrum. Then, using a topological invariant, the Chern number, we classify the topology
of the band gaps found in the spectrum. Furthermore, we demonstrate the existence of edge modes and their
localization in the array with respect to the phason parameter.

Our paper is organized as follows. Following this introduction, we present the problem statement in Section
2. In Section 3 we develop a 3D multiple scattering formulation and describe the solution strategy to compute
the frequency spectra. Section 4 discusses the topological properties of the frequency spectra, the existence of
edge states and their location according to the phason parameter. Finally, we summarize the main conclusions

and outlook of our work in Section 5.

2. Statement of the problem

Let us consider a 3D elastic half-space coupled at the free surface with an array of IV elastic cylindrical pillars,

which are distributed along the x direction according to the family of periodic and quasiperiodic patterns [37, 22]:

Zp = na+ Rosin(2mnd + 27¢), n=1,...,N. (1)

where x,, is the position of the n-th pillar, a is the lattice constant, Ry is the radius of the modulation circle, 6
is the modulation period and ¢ € [0, 1] the related phase (see Fig. 1). For an infinite cluster of pillars N = oo,
the value of the parameter € discriminates between periodic and quasiperiodic configurations. In particular, if
0 = v/ is a rational number, with 7 and 8 being coprime integers, then the spatial periodicity of the pillars is
Ba. Conversely, if 0 is a irrational number there is no translation symmetry along the array, thus resulting in
a quasiperiodic configuration [23]. The phase ¢, also referred to as phason [19], does not affect the periodicity

length of the infinite array while produces a cyclic modulation of the resonator locations [22].



We focus our interest on arrays composed of identical pillars of radius rs; and height hs. To avoid any
overlapping between two generic adjacent pillars, we constrain their footprint width (i.e., diameter) to fulfill the

inequality:

Tnt1 — Tn, = a + Ro[sin(2mnl + 270 + 27¢) — sin(2mnb + 27¢)] > a — 2Ry > 2r, (2)

which yields Ry < (a — 2rs)/2.
To describe the dynamic response of each pillar, we resort to a discrete single-degree-of-freedom model, with
stiffness K and mass M (see the inset in Fig. 1a), thus considering only its vertical motion. As a result, each

resonator exchanges with the substrate a normal stress which is uniformly distributed over the resonator base

S, = w2 [36].
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Fig. 1. Schematic of a finite quasiperiodic array of resonators: (a) array of cylindrical pillars atop a 3D elastic half-space, (b) solid
and dashed lines indicate the resonator locations before and after the modulation, respectively.

For this configuration, we aim to discuss the existence and nature of localized surface modes of the Rayleigh
type which rise from the collective response of a finite array of N resonators excited by the substrate wave
field. To model the mutual interaction between the resonators and the half-space, we develop and exploit a 3D

multiple scattering formulation which is detailed in the next section.

3. 3D Multiple scattering formulation

3.1. FElastic wave field
We formulate the elastodynamic governing equations in a 3D setting described by the spatial coordinates

(z,y,2) = (r, z), where |r| = /22 4 y? is considered for the cylindrical reference system with the same origin as



for (z,y, z). The displacement components in the half-space are denoted by u(r, z), v(r, z) and w(r, z) along z,
y and z directions. We restrict our attention to time-harmonic regime and omit the related term e'“* through
the rest of the derivation.

Assuming an incident wave field with displacement components uy = [ug, vo, wo] impinging the bases of
the N resonators, the total wave field at the generic position (r,z) can be expressed as the summation of the

incident and scattered wave fields of the N resonators:

U(I‘, Z) - UO + Z Qn u —I'p,Z2 ), (3&)
’U(I‘, Z) - UO + Z Qn v —I'p,2 ); (Sb)
U)(I', Z) - wO + Z Qn w —TIp,2 ); <3C)

where @, is the amplitude of the uniform normal stress at the base of the n-th resonator, and G,, G, and
G, are the related displacement Green’s functions, namely the displacement components along x, y and z
directions.

The stress amplitude @,, is obtained from the dynamic equilibrium equation of the n-th resonator for an

imposed vertical harmonic motion w(r,,0) at its base:

2 )2
Myws,w

@ =50 o)

w(ry,0) = Z,w(r,,0), n=1,..,N, (4)

where w,., = \/T is the resonator resonant frequency. Eq. (4) indicates that the amplitude @, is governed
by both the resonator impedance Z,, (M, Sy, wrn,w) and the total vertical displacement w(r,,, 0) at its footprint
position (r,,0).

We set up the multiple scattering problem by using the wave dilatational ®(z,y, z) and distorsional ¥ ;(z, y, z)
(j = z,y, ) potentials. For elastic waves in a 3D half-space, the potentials ®(xz,y, z) and ¥;(z,y, z) satisfy the
wave equations:

VO + k2@ =0, VU, +kV; =0, —oo<uzy<o0,z<0. (5)

where k, = w/c, and ks = w/cs denote the compressional and shear wavenumbers in the half-space, respectively,
being ¢, and ¢, the compressional and shear wave velocities.
The Fourier transforms of Egs. (5) along = and y directions read:
d2

2 2 2\ H
@—(k F R k2D =

2,

@‘(’ﬁ*‘k;—ki)‘i’j =0, (6)

in which k., k, denote the wavenumber in xz and y directions, respectively. The general solutions of Egs. (6)

have the form:

‘i) = Aepz, \i/j = Bjeqz, (7)

with:

p=yfR2 R -k = [k k2, q= [k k2 k2= VR R, (8)



and where the unknown coefficients A, B; can be determined by enforcing stress related boundary conditions.

To this end, we express the Cauchy stress components as functions of potentials via Hooke’s law:

92 92 52 2 o2 02
zz\4Hy Y, = — a9 25 ® 2 EYCh lI/I v ’
0.2(2,y, 2) <8x2 + 92 + azg) T2 (822 0y0z + 0x0z y) (8e)

9? 0? 02 0? 0?
o? o 02 02 o?
Ty (T:2) = 1 [233162(1) + (322 a 8y2> Yo 3x3y\yy  9x0z \IJZ} ’ (9c)

in which A and p are the Lamé constants. Then, we assume a uniformly distributed normal stress acting on the
footprint of each resonator, i.e., over the surface area S,, = 7r2. The boundary conditions are thus expressed

as:

1 ify/x?24+y? <
O'ZZ(IvyvO) = ) sz(x,y,O) =0, sz(x,y,O) = 0. (10)
0 elsewhere

Note that the potential W is a divergence-free vector field that satisfies V- ¥ = 0. This additional constrain

must be considered here, since the three equations in Egs. (9a, 9b, 9¢) contain four unknowns A, B; (j = z,y, 2)
[38].
Fourier transforming Egs. (9a, 9b, 9¢, 10) and considering V - ¥ = 0 yields:

2k% — k2 27

A== T ), (11a)
B, = % : 27];“ Ji(krs), (11b)
B, = jgf}:) : 27;:5 Jy(kry), (11c)

B. =0, (11d)

where J;(+) is the Bessel function of the first kind of order one and R(k) is the Rayleigh function [39]:
R(k) = (2k? — k2)? — 4k?pq. (12)

At last, by substituting Eqgs. (11a, 11b, 11c, 11d) into Egs. (7) and by using inverse Fourier transform and

Helmholtz decomposition, we obtain the sought Green’s functions:

_re %[ ke Ji(kro) (2K — B2)eP* — 2pge] (i

Gy(z,y,2) = S [m [m 0 e dk,dk,, (13a)
Cre [ [ Ry ik (2K — B2)eP* — 2pge®] bty

Gy(z,y,2) = S /_Oo /_oo FR(R) e dk,dky, (13b)



Gw($7y7 Z) =

0o oo 2k2 — k2)eP? — 9k2e9%] .,
Ty / / pdy(krs)[(2k* — k2)e ke ]el(k,1+kyy) dk,dk,. (13c)
2T ) _ o J— oo kR(k)

Egs. (13a, 13b, 13¢) can also be expressed with respect to a cylindrical coordinate system as [40]:

. [e%s} 2 _ 1.2\.pz __ qz
Gy, (r,2) = = / BT (hro)l2K = k)" = 200 1 oy ar, (14a)
0

Cow R(k)

Gy(r,z) =

oo 2 1.2\.pz __ 2,92
7;5/ pJy(krs)[(2k* — k2)e 2k%e ]Jo(k|r|)dk, (14b)
0

I R(k)
where Jy(+) is the Bessel function of the first kind of order zero. The above Green’s functions can be evaluated
numerically via Gauss—Kronrod quadrature. To avoid numerical instabilities, we assume a small hysteretic

damping ratio £ = 0.1% in the substrate to remove the poles of the integrates [36].

3.2. Solution strategy

To obtain the coeflicient @,,, we substitute Eq. (4) into Eq. (3c) and specify them at the resonator location
(i, 0):

N
27 Qum = wo(rm, 0) + Z QnGy(ry —1,,0), n,m=1,.. N. (15)

n=1

With some algebra, Eq. (15) can be reorganized in matrix form as:

AX = B, (16)
with:
Z7' = Gyp(0,0)  —Gyu(ri —12,0) -+ —Gy(ri —ry,0) Q1 wo(r1,0)
A _Gw(r2'_r1;0) Zgl—éw(&o) —Gw(l‘z.— ry,0) X = Q2 B- wo(rz,0)
~Gu(ry —11,0) —Gu(ry —12,0) - Zy' —GW(0,0) Qn wo(ry, 0)
(17)

Thus, for a given incident wave field wy(r,0), the vector X of the stress amplitudes @, can be computed as
X = A7'B. Given the stress amplitudes Q,,, the total wave field is obtained using Eqs. (3a, 3b, 3c).
Conversely, by assuming a null incident field (i.e., wy = 0), the multiple scattering formulation in Eq. (15)

degenerates to the eigenvalue problem:

AX =0, (18)

which provides the eigenstates of the system. A similar multiple scattering approach has been recently proposed
in Ref. [29] to discover the existence of flexural edge modes in quasiperiodic arrays of resonators over an elastic
plate.

At this stage, the calculation of the nontrivial solutions of Eq. (18) requires to identify those frequencies for

which the determinant |A| is equal to zero; this is equivalent to search for a null eigenvalue of the matrix A for a



given input frequency w. However, given the unbounded geometry of the system, only complex frequencies can
meet this condition. Nonetheless, following the approximation proposed in [28, 29], we compute the minimum
eigenvalue (Apnin) of A for given real frequency w, thus neglecting its imaginary component. For localized

modes, this approximation yields negligible discrepancies. Thus, the eigenvalue problem can be expressed as:

The resulting eigenvector @, are used in Egs. (3a, 3b, 3¢) to calculate the eigenfields in the half-space.

4. Topological band gaps and edge states

In this section, we examine the dynamics of an array composed by N = 30 identical resonators (see Fig.
1) whose locations obey Eq. (1). Arrays of similar dimensions have been considered to identify topological
edge states in elastic beams equipped with quasiperiodic resonators [23]. In what follows, we inspect the novel
dynamic behavior of a family of configurations associated with different values of § and ¢. The mechanical
and geometrical parameters of the half-space and the resonators array are collected in Table 1. For a mass-
spring resonator of mass M, we introduce the mass ratio m = M /M, which relates the resonator mass to
a conventional substrate mass M; = pA\,.S, where p is the substrate density, A, the Rayleigh wavelength at

resonant frequency w, and S = 7r? the resonator footprint area.

4.1. Hofstadter butterfly spectrum

From Eq. (19), we compute the eigenvalue A,,;,, of the matrix A for several resonator patterns obtained by
varying 6 = [0, 1] and imposing a ¢ = 0. The colormap of log;, |Amin| in Fig. 2a is obtained for an array with
resonators of mass ratio 7 = 2 in the frequency range [0.75, 1.05|w,, namely where strong scattering effects are
expected. Regions with the darkest colors mark the existence of eigensolutions. Conversely, the lightest colors
connote regions with frequency gaps. Notably, the distribution of these regions with respect to the parameter 6
is reminiscent of the Hofstadter butterfly [30], which is characterized by a peculiar fractal network of frequency
gaps. The fractal structure lies below w, and is symmetric with respect to § = 0.5, where the larger fractal
gaps are folded. The location and extensions of these gaps largely vary with the tuning parameter 0, as better
shown in the zoomed-in map of Fig. 2b.

Additionally, the reader can appreciate the presence of eigensolutions crossing the fractal gaps. As we shall
see later, these modes have a localized nature, i.e., they are edge modes, and distribute within the spectrum
according to a peculiar pattern dictated by the size of the finite array.

The frequency bounds of the fractal gaps at rational values of § = /8 can be predicted from the dispersive
properties of the related infinite periodic arrays, i.e., with lattice constant Sa [22]. As a representative example,
we consider the pattern with § = 1/3 and compute its dispersion curves using FE simulations in Comsol
Multiphysics. To this purpose, we model a supercell of length 3a and distribute three resonators according to
6 = 1/3. Additionally, we model the configuration with § = 0, i.e., a periodic array with lattice constant a.
The related of length 3a with 8 = 0 is used as a reference. The dispersion curves of Rayleigh waves propagating
along these arrays are displayed in Fig. 2c. The reader can refer to [41, 42] for the simulation details.

Considering the periodic configuration 8 = 0, we observe the existence of a locally resonant band gap located

well below w,.. In fact, since the half-space acts as a soft support for the resonators, the lower edge (wy) of the



Table 1: Mechanical parameters for resonators and the elastic half-space.

Symbol Definition Value
a Lattice constant 0.1A,
Ts Radius of resonator footprint 0.15a
Ry Radius of modulation circle 0.3a
Wy Resonant frequency 100 rad/s
P Mass density of half-space 1200 kg/m?
Cp Compressional wave velocity 900 m/s
Cs Shear wave velocity 500 m/s
Ky Equivalent half-space stiffness 669 MPa
13 Hysteretic damping ratio 0.1%
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Fig. 2. (a) Hofstadter butterfly spectrum of a finite array of resonators (N = 30) atop a 3D elastic half-space with space modulation
0 (¢ =0) in Eq. (1), in which each 6 corresponds to a specific configuration. (b) Zoomed-in map of the spectrum. Black dashed
lines represent commensurate values of 6. (c) Rayleigh-wave dispersion curves in infinitely periodic systems for § =0 and § = 1/3,
respectively. (d) IDS for § = 0 and 6 = 1/3, together with their topological invariants (n,m) for each band gap.



locally resonant gap shift towards a frequency w; < w,.. This frequency can be estimated in closed form as:

Ky

———— ~ 0.8w,, 2
M2 + Ky 0.8w (20)

Wy = Wy

in which the equivalent half-space stiffness K, is calculated from Eq. (14b) by assuming the average force over

the footprint area:

Ky =72 /Gy = _”s“ / / EX ::S)] dk, (21)

and the value of K} can be found in Table 1. The upper edge of the gap (w,) corresponds to the frequency
value where the optical branch crosses the shear wave dispersion curve [31]. We observe that within the locally
resonant gap, no eigensolutions are found in the spectrum of the finite-size array (Fig. 2a). Indeed, locally
resonant gaps have trivial nature, hence cannot host edge modes in finite structures [23].

Moving back to the dispersion properties of the supercell model, Fig. 2c, we observe that the acoustic branch
(dashed lines) for § = 0 folds twice at the first Brillouin-zone boundary (k = 0 and ¥ = 7/3a). Conversely,
the acoustic branch for # = 1/3 splits in multiple branches (solid lines) opening two additional frequency gaps
below the resonant one. These two gaps correspond to the fractal gaps observed in the Hofstadter spectrum in

Fig. 2b at 6 = 1/3.

4.2. Topological properties

We now examine the topological properties of the fractal gaps. To this purpose, we compute the integrated
density of states (IDS) for a given frequency w [37, 22]:

DS(w) = lim 29S¢

= - 22
N—oo N ’ ( )

in which [-] is 1 when the condition is satisfied and otherwise is 0. The IDS provides the number of eigenfre-
quencies below w divided by the number N of discrete resonators of the finite system, as the length is taken
to infinity. According to [37, 43], the IDS of the generic band gap (g), namely at any wy € [we g,wy g), can be
related to two integers and 6 as [37, 43]:

n+mb =1IDS(wy), n,m € Z. (23)
In Eq. (23) the integer m is the first Chern number C' = Bl%éw"), a topological invariant that is used to

label a gap as trivial (C' = 0) or nontrivial (C # 0).

To label the gaps of the spectra in Fig. 2a, we compute the IDS for a substrate supporting N = 60 resonators.
The finite array is modeled in Comsol Multiphysics, where the periodic boundary conditions are imposed to the
left and right sides of the model. The computed IDS is shown in Fig. 2d for § = 0 and 6 = 1/3. For the array
with @ = 0, we observe that the first 60 surface modes lie on a single band, with the highest mode frequency
corresponding to wy (the small discrepancy in frequency is due to the stiffer response of the FE model). The
resonant gap is characterized by IDS = 1 and thus by a Chern number C' = 0, which identifies the resonant gap
as trivial.

For § = 1/3, the surface modes distribute along three bands and the two gaps among them correspond to



the fractal gaps in Fig. 2c. These additional gaps are characterized respectively by IDS = 6 and IDS = 1 — 6,
corresponding to Chern numbers C = 1 and C = —1, respectively. Nonzero values of the Chern number confirm
that the fractal gaps are nontrivial. We remind that the absolute value of Chern number |C| correspond to the
number of edge modes spanning the nontrivial gap between two subsequent commensurate values of 6. The
commensurate values 0; = %ﬂ for the finite array of N = 30 resonators are reported in Fig. 2b as dashed lines.
In addition, a negative values of C indicate that the related edge mode crosses the gap from the bottom to
the top edge with increasing 6, while a positive C' indicates the opposite phenomenon [22; 23]. As an example,
the reader can refer to the edge mode “e” marked with a blue dot in Fig. 2b which is enclosed within the
commensurate values § = 12/31, § = 13/31 and is characterized by C' = —1.

To confirm our description of the Hofstadter spectrum in Fig. 2a, we consider two representative eigen-
solutions at the same frequency w = 0.797w, but with different values of 8, labeled by “b” (8 = 0) and “e”
(0 = V2 —1) in Fig. 2b, respectively. We compute and plot the corresponding eigenfields by using Eqgs. (3c,
14b) in the domain & = [—5,35]a, y = [-5,5]a, z = [—5,0]a. Fig. 3a and Fig. 3b show the top (z, y) and
section (x, z) views of the bulk mode “b”, where the colormap displays the real part of the vertical displacement
components, i.e., Re(w). Such a mode, also called Rayleigh-Bloch mode, is localized inside the whole array and
decays perpendicular to it [44].

Conversely, for the edge mode “e”, we observe a strong localization at the right boundary of the quasiperiodic
array, as shown in Fig. 3c and Fig. 3d. In Appendix A, the reader can appreciate how such localized modes
can be excited by a vertical source located close to the edge of the array.

Finally, we remark that all the edge modes spanning nontrivial gaps are localized at the right boundary of
the array, where the finite array presents a truncation w.r.t. its infinite counterpart [22]. In what follows, we

discuss how the localization of these modes can be controlled by smoothly varying the phason ¢.
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Fig. 3. Representative eigenmodes at w = 0.797w, labeled by “b” (6 = 0), and “¢” (§ = v/2 — 1) in Fig. 2b. (a), (b) Mode “b” in

z — vy, and = — z plane, respectively. (c¢), (d) Mode “e” in  — y, and = — z plane, respectively. The resonator locations are labeled

by white circles in (a) and (c).

4.3. Edge-bulk-edge transitions driven by phason modulations

A variation of the phason ¢ parameter within the range [0, 1] produces cyclic modulation of the finite-array
pattern. As recently shown in acoustics and for flexural waves in mechanics, a smooth modulation of the

phason can be exploited to “transport” a localized edge mode across the array [19, 20, 22, 24, 26, 27, 45]. In

10



this section, we aim at demonstrating this phenomenon in our context, i.e., the transition from right-localized
to left-localized Rayleigh-like edge modes.

To this purpose, we again consider the finite array with # = /2 — 1 and keep the remaining parameters
unchanged. Fig. 4a shows all the patterns of resonators as a function of ¢ in [0,1]. For such configurations,
we compute the map of the minimum eigenvalue by varying w within the fractal gaps, as displayed in Fig. 4b.
As expected, we observe some edge modes spanning the nontrivial gaps ([0.774,0.792]w, and [0.794,0.805]w;.)
in the Hofstadter butterfly of Fig. 2b.

To examine the position of these modes within the array, we plot the wave fields of three representative
eigenmodes labeled by “el” (¢ = 0.964,w = 0.796w,.), “bl” (¢ = 0.5,w = 0.7928w,.) and “e2” (¢ = 0.194,w =
0.796w;.), shown in Fig. 4b and computed via Eqgs. (3c, 14b). The mode “el” is localized at the right boundary
of the cluster (see Fig. 5a), a region with low density of resonators (Fig. 4a). Moving back to the spectra in
Fig. 4b, we observe that as the phason decreases, the edge mode gradually approaches the bulk band. When
the branch comes in contact with the bulk band, its mode shape extends within the whole array (see “bl” in
Fig. 5b). Finally, for smaller values of ¢, the mode gets localized at the left boundary (see “e2” in Fig. 5c¢).
We remark that the resonator location is 1-periodic with ¢, which means that the edge mode at ¢ =0 (“e”) is
equivalent to the one at ¢ = 1. This ensures that the branch that crosses with “e2” shares the same property
as “el”, the right-localized edge mode.

Overall, Fig. 5 illustrates the smooth evolution of the mode shape driven by a variation of the phason
parameter ¢, which confirms the transition of localized Rayleigh-like states from right boundary, to the bulk,

and finally to the left boundary. We anticipate that such a transition can be exploited to obtain topological

pumping of Rayleigh-like edge modes.
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Fig. 5. Representative eigenmodes label by “el”, “b1” and “e2” in Fig. 4b for: (a) ¢ = 0.964,w = 0.79%6w,, (b) ¢ = 0.5,w =
0.7928w,- and (c) ¢ = 0.194,w = 0.796w,-. The resonator locations are labeled by white circles.

5. Conclusion

We have investigated the collective dynamics and topological properties of a cluster of mechanical resonators
on a 3D half-space. By smoothly varying the parameter defining the resonator location, periodic and quasiperi-
odic patterns are generated, and the associated frequency spectra are computed using an ad-hoc developed
multiple scattering formulation. The frequency spectra, computed as a function of the modulation parameter
0, replicate the well-known Hofstadter butterfly, suggesting the existence of nontrivial gaps and edge modes for
surface waves interacting with mechanical resonators. We have analyzed the topological properties of the fractal
gaps of the Hofstadter-like spectrum by computing the integrated density of states and the related topological
invariants. We have then demonstrated the existence of Rayleigh-like edge modes spanning the nontrivial gaps
of a finite cluster of resonators. We have shown that these edge modes can be transferred from one boundary
to the opposite boundary of the array by tuning the phason parameter. Our findings can serve as guidelines
for future experiments on the localization of surface edge modes and thus open a pathway for designing and

realizing devices for wave localization, vibration mitigation and energy harvesting.
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Appendix A. Harmonic excitation of edge modes

To demonstrate the excitability of the edge modes, we consider a vertical harmonic source, with frequency
w = 0.797w,., and distributed over a circular region of radius r, located on the half-space surface at x = 3la,y =
0. We compute the corresponding wave field in the domain x = [—5,35]a, y = [—5,5]a by using Eq. (3c). As
a reference, we first provide the free field in Fig. A.la, which clearly shows the free propagation and radiation
of elastic waves. As expected, for § = 0 and § = /2 — 1, the reader can appreciate that both bulk and edge

modes can be excited and well captured by harmonic simulations, as clearly shown in Fig. A.1b and Fig. A.lc.

(a) 5

v

%O 0 0@ 000 W 000 G0 0@ {0Je0 W OO0 O ooC
5 a “
-5 5 15 25 35
x/a

Fig. A.1. Harmonic wave fields on the half-space surface for: (a) free field, (b) # = 0 and (c) # = v/2 — 1. The incident wave at
w = 0.797w, is excited by a vertical distributed source marked as the star (z = 31la,y = 0,2z = 0). Resonator locations are labeled
by white circles.
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