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ABSTRACT

Traditional clinical trials have been designed to estimate an average treatment effect across a homogeneous patient population;

however, with the advent of personalized medicine, treatments are developed to target groups of patients with specific character-

istics identified, for instance, by predictive biomarkers. Thus, we focus on an experimental scenario in which the treatment effect

of a new drug depends on covariates, while the control group, representing standard care or placebo, is assumed to be unaffected
by these patient-specific factors. Under this setting, the D-optimal design is characterized by (i) an unbalanced allocation that
favours the new treatment and by (ii) equality constraints imposed on the empirical moments of the covariates in the treatment

groups. Because patient covariates are observed only at the time of enrolment, the optimal allocation can be achieved sequen-

tially. The impact of the proposed strategy is further demonstrated by a simulation study, illustrating how balanced allocations

can significantly reduce estimation efficiency.

1 | Introduction

This paper presents novel D-optimal designs for clinical ex-
periments in which the effect of the new treatment depends on
patient-specific covariates, inducing heterogeneity in individual
response, while the outcome of the control group is unaffected
by covariates, with a uniform effect across patients. We show
that the optimal design differs substantially from those includ-
ing covariate effects in both arms, yielding unbalanced alloca-
tions and moment constraints within the treatment group only.

Historically, clinical trials were designed primarily to esti-
mate the overall average effect of a treatment across a broad
patient population. However, in many experimental set-
tings, the response to treatment may vary based on individual

characteristics, such as genetic markers, environmental expo-
sures or physiological conditions (Maitournam and Simon 2005;
Mandrekar and Sargent 2009). This heterogeneity is particu-
larly relevant to precision medicine, which aims to tailor treat-
ments to individual patients based on covariates/biomarkers. As
pharmaceutical research is increasingly focused on developing
new drugs that specifically target subpopulations of patients
(Hamburg and Collins 2010; Collins and Varmus 2015; Frieri
et al. 2022), trial design and analysis are evolving to incorporate
patient-specific factors, enabling more personalized and effec-
tive treatment strategies.

Thus, while standard clinical experiments consider homoge-
neous treatment effects across all experimental groups, many
recent contributions have extended this approach by taking
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into account one or more covariates, assuming treatment-by-
covariate interactions and a common model structure across
both treatment arms (Atkinson 2015; Wang and Ai 2016; Baldi
Antognini et al. 2024). However, this assumption may not hold
in some circumstances: While the treatment effect of the new
drug may vary across individuals due to prognostic factors, the
control group could remain unaffected by this heterogeneity.
Indeed, the modelling framework adopted in this paper is moti-
vated by the increasing shift towards precision medicine, where
new treatments are developed to target specific subpopulations
of patients (based on biomarkers or other covariates). In con-
trast, standard treatments or placebos, typically used as control
arms, were often designed and tested under the assumption of a
broad, population-wide effect, and may not exhibit significant
variation across patient subgroups.

We assume a linear model for the response with (possibly) het-
erogeneous variances across the treatment groups. The ensuing
optimum is characterized by (i) an unbalanced allocation that
favours the new treatment and (ii) equality constraints among
the treatment groups involving the empirical moments of the
chosen covariates. The derived D-optimal design differs from
the one obtained by assuming the same model for both the new
treatment and the control, which is instead a balanced alloca-
tion involving equality constraints on the means and variances
of the covariate in the two groups (Baldi Antognini et al. 2024).
Thus, the present paper provides theoretical support for the
common practice of skewing the allocation in favour of the new
treatment, which is often adopted without a strong theoretical
foundation.

Because we consider the real scenario in which all patients’ co-
variates are not known in advance but only once each patient
joins the trial, the optimal allocation can only be achieved se-
quentially. A simulation study, involving a dataset of subjects
affected by severe sepsis disease, highlights that balancing the
allocations leads to a significant loss of estimation precision.
Instead, the proposed design strategy can improve the efficiency
of trials, reducing the required sample size to achieve the de-
sired inferential precision.

2 | Model and Notation

Consider a clinical trial in which n subjects are enrolled se-
quentially for comparing the effect of a new treatment (T)
versus a control (C), where we suppose that for each subject,
we observe a p-dimensional vector W of covariates, which
are assumed to be random (i.e., not under the experimenters’
control) but can be measured before treatment assignment. In
particular, when the ith subject enters the trial, his/her co-
variates w; are recorded, and the subject is assigned to T or
C according to a given randomization rule, with §; =1 or 0 if
the subject is assigned to T or C, respectively, and the outcome
Y; is observed. Let 7z = Zi":l 6;/n be the proportion of subjects
assigned to T out of n.

We assume different models for the outcomes in the two arms
in order to account for experimental scenarios that may occur
in practical studies. Conditionally on the covariates and the
treatments, patients’ responses are assumed to be independent

normal random variables following a linear model with
treatment-by-covariate interactions, given by

E[Ylw]=(ar+W!B)6;+ac(1-6) fori=1, ...,n,
with
Var(Y;|w)=68,6%+(1-5)os fori=1, ...,n;

under this framework, the control group has a constant effect
ac, while T has a linear effect involving the covariates (the p
-dimensional vector of regression coefficients f; represents the
treatment-by-covariate interaction); o-ZT and aé are the variances
of the outcomes in the two arms.

After n assignments, W, = (wy, ...,w,)! is the n X p matrix
of covariates, Y, = (Y3, ...,Y,) is the vector of subjects’ out-
comes, while §,=(5;, ...,6,) is the treatment allocation

vector. By letting 1, be the n-dimensional vector of ones, the
design matrix is given by W, = [8,: diag(8,)W,:1, — 8, and,

be restated as

Y, ~N(W,0,%,),
where 6 = (ar, B}, ac)".

If (W Z-'W, )~ exists, then the usual ML-OLS estimator of € is
0, = (W Z'W,)"'W! 2-'Y, and

var(8,) =W 2'W,) ' =n"'M;1(6),
where M,,(0) is the average information matrix for 6.

In this paper, we deal with at most two covariates affect
patient response, in the case of quantitative or binary fac-
tors. Thus, we consider p € {1;2}, where either W =X or
W = (X, Z)!. We work under minimal assumptions on covari-
ates’ distribution, by simply taking W, ..., W, i.i.d. with fi-
nite mean and variance. In the case of a quantitative factor
X, m¥)= Y, x{/n and v(x) = m(x?) — m%(x) denote the em-
pirical moments and variance of X in the entire sample; anal-
ogously, m;() = Y1 6i>c{/n7z and vy (x) = mp(x*) — m2(x) are
the empirical moments and the variance of X in the treat-
ment group (similar quantities can be defined for the control
group C by substituting each §; with 1 — §;). When X is binary,
for example, with X =1 for male and X = 0 for female, then
NTX(l) = Z:;l 6;x; and 7rTX(1) = NTX(I)/mr are the number and
the percentage of men within the treatment group T (analo-
gously, Ny, (0) and 1, (0) are the number and the proportion of
women in T). In addition, let Ny (1) and Py (1) be the total num-
ber and the proportion of men (N, (0) and Py(0) for women).
Clearly, by definition, 7y, )+ ﬂ'TX(l) = 1. Other important re-
lationships are described in Table 1.

Regardless of the nature of the covariate, it is important to high-
light that the vector of r.v. W is not under the control of the in-
vestigator: the marginal mean and variance of the covariates are
fixed but unknown quantities that only depend on the patients
that will be enrolled in the study.
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TABLE1 | Joint frequency/relative frequency distribution of treatment and a binary covariate X.

X
0 1 tot
T | Nry(0)  Np(1) nmw
C | Ncy(0)  Ney(D) | n(1-m)
tot | Nx(0) Nx(1) n

X
0 1 tot
T 7 7y (0) 7y (1) s
C | d-mU-7r,(0) A-m[l-77,(0)] | 1-7
tot Px(0) Px(1) 1

3 | D-Optimal Designs

Optimal design theory is a fundamental tool for determining al-
locations that maximize the efficiency of experimental designs.
The literature offers a wide range of optimal design methodolo-
gies that clinical researchers can leverage to enhance the drug
development process. The core principle involves selecting a cri-
terion that quantifies the loss based on the inverse of the Fisher
information matrix, as it serves as an asymptotic approximation
of the variance-covariance matrix of the maximum likelihood
estimators. In particular, in this section, we adopt the D-optimal
criterion, det (M,,(0)71), that is, that minimizes the volume of
the confidence ellipsoid for the parameter vector 0, and we de-
rive the D-optimal design in different experimental settings. We
first address the case of a single covariate/biomarker, account-
ing for a linear outcome-biomarker relationship. Then, we de-
velop the optimal design to estimate 8 when two covariates are
included in the model.

For every design, we also calculate the D-efficiency, that is,

‘@) 1/k
var
&G =——=| .
var(0,)

where k is the number of parameters to be estimated (i.e., the
size of the vector 0) and var* is the minimum variance achieved
under the optimal design. Values of the D-efficiency closer to 1
indicate that the current allocation is closer to the optimum for
the D-criterion. For simplicity, in the rest of the paper, we omit
the subscript n.

3.1 | The Case of a Single Covariate
Let us assume that a single covariate has an effect on the out-

come of the experimental treatment, that is, p =1, W = X and
0 = (ar, fr,ac)T. Thus,

n n
1 Zi:l d Zi:l 0X; 0
2 n n 2
°r Zi:lxi(si Zi:l 5%}
ty=Typ —
WEIw= y Y-8

2 2
O¢

where 0, is the g-dim vector of zeros. Note that the average infor-
mation matrix M(6) = n~}(W'E'W) is a block-diagonal matrix
and the treatment variances "ZT and Gzc are simply multiplicative

constants in the D-optimal criterion so that they will not be in-
volved in the optimization process.
3.1.1 | Binary Covariate

If X is a binary covariate, the treatment effect is either a; — a, or
ar—ac+prand ¥ 67 = Y1 6x; = Ny (1) = nazy gy and

V.4 1 ”Tx(l)
—~ 0,
Or ”Tx(l) ”Tx(l)
M(@O) = , 1—x |and
02 3
Oc
ﬁ mr (1) _”Tx(l) 0
7\ —xp, (1) 1 2
M) = o2 |
0 <
2 1-7
so that
(74 0'2
det (M(0) ™) = rc

2(1=m)zy, (D[ - 77, (D]
The D-optimal design is

T= % and 7y (1) = %,

which, in practice, requires unbalanced marginal allocations
but the balance of the covariate within the new treatment T.
Indeed ”Tx(l) =1/2 implies nTX(l) = ;rTX(O) =1/2 that, with
z =2/3, implies Nz, (1) = N, (0) = n/3, that is, in the optimal
design 2/3 of the subject are assigned to T and, within this group,
we have an equal number (= n/3) of males and females.

Remark 1. The conditions provided by the optimal design

N.
z=2/3 and =y (1)=1/2 imply ;X((ll))PX(l) = % that is,
Np, (D) g A .
N = P where Ny (1)/Nx(1) is the proportion of alloca-

tion to T within males and Py (1) is the proportion of males out of
n patients, which does not depend on the design.

The D-efficiency is

E(8) = {3221 - M (V[ -z, W]},
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showing that the maximum efficiency that can be achieved
by adopting a balanced allocation with z;(1) = 0.5 is approxi-
mately 0.94.

considering that more than one covariate has an effect. Here,
p=2,W=(X,Z) and f; = (Br,, Br,), so the interest is in esti-
mating 8 = (ar, fr,, fr,» ac)" where now,

n n n
3.1.2 | Quantitative Covariate Z 5; Z 6:%; Z 6%
i=1 i=1 i=1
n n n
When X is a quantitative covariate, 1
d - Z 8:X; 5 Z 8:%.2; 0,
Or| i=1 i=1 i=1
ya 1 mT(x) R n n n
z Ly — 2
6% m(x) mT(xz) WX~ W= Z‘éiZi ~ 0,X%,%; Zéizi
1= = i=
M) = o 1—z |and n
2 ol 21-5)
0 =
3 0'2
c
o2 ((mp(®)  —my(x)
— >
T\ —mqp(x) 1
M) = o2 | 3.2.1 | Two Binary Covariates
ot
? 1-z . .
In the presence of two binary covariate, let us denote by
Ny(1,1) = Y, 8,x;z; the number of patients assigned to T with
. the high level of the covariate X and high level of the covariate Z,
obtaining with 7,(1,1) = Ny(1,1)/nx being the proportion of subjects with
. X =1and Z =1in T; similar reasoning for z,(1,0), #;(0,1)and
det (M(6)™}) = %ro¢c ) 71(0,0), as described in Table 2.
72(1—7m)vp(x)
In this setting,
The D-optimal allocation is achieved when
-1
1 mr (1 (1
n=§ and v,(x)is maximized. o) o n) 7, 1)
Lrr ) w1 w2 QD] 0
The second condition, from Popoviciu's inequality, is achieved M(9)= T Tz(l) (L) 7 Tz(l) )
when, within the T group, one-half of the observations of X . O'é
are at the minimum and one-half at the maximum, so that 0, 1—7
47![ max (X)—min (X)]*> = max v;(x). In practice, under both
homoscedasticity and heteroscedasticity, the D-optimal design
is an unbalanced allocation favouring the new treatment T and
maximizing the variance of the covariate/biomarker in group 7.~ S° that
The D-efficiency of a design & is det (M(6)™")
, ) o70¢
3201 _ 1/3 3. 2 _ 1/3 = .
£, (&)= = A=) _[Fr Q- (1 =m)rp, Wy, (D177 (D=7, () +27,(1,D)] —72(1,1)]
[ max (X)—min (X)]? 22 max vp(x) 3)
@
The D-optimal design is
3.2 | The Case of Two Covariates
3 1 1,
Let us now assume a more complicated model linking the =3 (1) =77,(1) = 2 and z7(1,1) =y, (Day, (1) = 3’
patients’ outcomes of those receiving the new treatment, @
TABLE 2 | Joint frequency/relative frequency distribution of X and Z in group T.
V4 V4
0 1 tot 0 1 tot
x 0| Nr(0.0)  Nr(0.1) | N (0) x O | 00 7@ | 77, (0)
L | Nr(1,0)  Nr(1,1) | Npy(D) I | mr(1,0)  wr(l, 1) | mr (D)
tot Nr,(0) Nr, (1) nm tot 77, (0) mr, (1) 1
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the proof is in Appendix A.1. The optimal design implies a
skewed allocation in favour of T and the marginal and joint
balance of both covariates, within the group T. In practice,
ﬂ'Tx(l) = nTZ(l) =1/2 is equivalent to NTZ(l) = NTZ(I) =3/8n.
In addition, consider that ITTX(I) = nTZ(l) =1/2implies ”TX(O) =
ﬂTX(l) = ”TZ(O) = ”Tz(l) =1/2,namely, NTX(O) =NTX(]-) = NTZ(O) =
Nr (1)=3/8n.

The D-efficiency is

&p®) =[2"37- 20 -m){zy,(Vry, (1)

[1-7, () =np (D+272,0,D)] - 22, D}] .

3.2.2 | Two Quantitative Covariates

For X, Z quantitative covariates, calculations in Appendix A.1.1
show that

(1 me m@Y)
(o}
7T mp(x) mp(x*) mp(x) 0
M (0)= mp(z) mpz) mp(z®) ,
0 1-7x
%
and
6 2
det (M(0)™") = or°c
31— )V (W7 (2) — cov2(x,2)]
%62 ®)
T C

731 =) v R)1 - p2(X, Z))]

where covy(x,z) and p(X, Z) are the covariance and the linear
correlation coefficient between X and Z within group T.

The D-optimal design is achieved when

r= %, v;(x)is maximized, v;(z)is maximized, p(X,Z)=0,

where the second and third conditions can be restated as v;(x)
= 47(max(X)—min(X))* and v;(z) =4"!(max (Z)—min (2))>
Besides an unbalanced allocation ratio 3:1 to the experimental
treatment, the optimal design requires the maximization of the
variance in T for both covariates and, at the same time, the absence
of correlation of X and Zin T.

The D-efficiency is

2 PA-nveve-Ax.2) |7
33 [ max (X)—min (X)]?[ max (Z)—min (Z)]? '

Ep(8)=

3.2.3 | One Binary—One Quantitative Covariates

Assume that X is quantitative, but Z is binary. Let us denote
by

Z 0x; Z 6:x,(1-2;)
mp(x|1) = =l and m;(x|0)=
25 25
i i=1

the mean of the covariate X for those assigned to T with Z =1
and Z = 0, respectively. Note that the marginal mean of X in T
ismp(x) = nTz(l)mT(xll) + 7y, (0)m(x|0). Within this setting,

-1

1 my () 72,1
c
—m@  me?) a,Omen| 0
M(0) ! = ”Tz(l) ﬂrz(l)mT(XIl) ”TZ(I) ,
0 O—é
1-x
and
det (M(0)™)
_ 5ot
A=)y, W1 =77, (D] = [mp()7r, (1) = mp(x|DI]
©)
The D-optimal design is achieved under
= %, 7rTZ(1) = %, mp(x) = 2my(x|1), vp(x) is maximized;
™)

the proof is in Appendix A.1.2. Besides the 3:1 allocation
ratio to the new treatment, the second condition is equiv-
alent 7z (0) =y, (1)=1/2 which is analogous to require
equal number of subjects with low and high level of Z within
group T, that is, Ny, 0)= Nr, (1) while the third condition, be-
cause here, mT(x) =77, (l)mT(x|1) + 77, (0)my(x[0), implies
myp(x|0) = myp(x|1) = mT(x)/Z namely, that the optimal design
requires that, within T, the conditional means of X for high and
low levels of Z are both equal to half of the marginal mean of X
(with respect to Z).

The D-efficiency is

Ep(d)
212 (=) )7y, D[ =77 (D] = [mp )7y (1) - mT(XIl)]]
B (max (X)—(min (X))

4 | Implementing the D-Optimal Designs via a CA
Procedure

A summary of the D-optimal designs derived in this work is
provided in Table 3. The D-optimal design is the same under
both homoscedasticity and heteroscedasticity and is unbal-
anced in favour of the new treatment, which is characterized
by the dependence on the covariates. Note that this design is
different from previously obtained results (Atkinson 2015; Baldi
Antognini et al. 2024). Such designs, in general, are not always
feasible for every sample size, because the covariates cannot
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TABLE 3 | D-optimal designs for models 2%,

Model

0, X binary r=2/3 zr (D)=1/2

m, X quantitative r=2/3 max v;(x)

Model

m, X, Z binary T =3/4 np, () =7, (1)=1/2 rr(1,1)=1/4

m, X, Z quantitative r=3/4 max vy(x) max v(z) pr(X,Z2)=0

N5 X binary Z quantitative r=3/4 np,(1)=1/2 mp(x|1) = mp(x)/2 max vp(x)
TABLE 4 | Imbalance vectors after n assignments and values of z* for models 90¢,-90..

Imbalance vector b,

Model =2/3

m, l’l[ﬂ'—2/3, ﬂTX(l)—l/Z]

m, n| x—2/3, vp(x) — 47 [max (X)—min (X)]* |

Model n*=3/4

m, n[x—3/4, xp (1)—1/2, 7;(1,1) - 1/4 |

m, n| x = 3/4, vy(x) — 47 [max (X)—min (X)?, v(z) — 4"} max (Z)—min (2)]?, p;(X,2) ]

M n[ 7 =3/4, xy (1) = 1/2, vp(x) — 47! [max (X)—min (X)]?, m(x|z = 1) — my(x)/2 ]

be directly controlled by the experimenter. Nonetheless, they
can be implemented sequentially, by adjusting the treatment
assignment at each step to progressively approximate the opti-
mal design asymptotically. This could be done through a suit-
ably defined covariate-adaptive (CA) randomization procedure
(Hu and Rosenberger 2006) that can be used when optimality is
characterized by equality constraints.

We implement the optimal designs via a CA randomization proce-
dure, referred to as sequential D-optimal design (SeqDD), based on
the sequential minimization of the Euclidean norm|| - || of an im-
balance vector b, whose components are the differences between
each group-specific observed statistics involved in the optimum
(similarly to Baldi Antognini et al. 2024). When patient n + 1 is
ready to be randomized, the procedure calculates the potential im-
balance that would result from assigning him/her to each of the
two treatment arms (i.e., || b, 7 [land || b, ¢ [ The allocation is
then determined, using a biased coin, favouring the treatment that
minimizes the potential imbalance, that is,

Pr (6,41 =116,, Wy, ... ,W,,;)

m'+e, i [lbyyrll=1byycll <O
= ", if||bn+1|T||_||byH.1|c||=0,
7 =g, if [yl = [Bypcll >0

0 <e<min{zr*;1-7"},

where z*is the D-optimal marginal target ensuing from the cho-
sen model. The imbalance vectors for the models considered in
this paper are reported in Table 4.

For all the considered models, the imbalance vector is defined by
as many components as the equality constraints provided by the
optimal design and each component of the vector is defined as
the difference between a summary statistics based on n observa-
tions and its optimal value. In real experimental situations the
maximum variance can be calculated with Popoviciu's inequal-
ity as the minimum and the maximum of the support of the r.v.s
can be deduced from previous studies/scientific knowledge.
Indeed, in practice, max (X) and min (X) are unknown quan-
tities unless all the patient covariates are available at the same
time before the randomization. If not, these quantities could be
reasonably estimated or specified based on (i) historical or pilot
studies in similar patient populations where covariates measure-
ments are already available; (ii) published clinical/epidemiolog-
ical data involving the covariate/biomarker of interest; and (iii)
inclusion/exclusion criteria of the clinical trial, which often im-
plicitly define bounds on covariate (e.g., restricting enrolment to
patients within a certain age range or laboratory value window).

5 | Simulation Study

In this section, we implement the D-optimal designs in Table 3
via SeqDD and we compute £,(8). To illustrate the strength of
our approach and to highlight its independence from covari-
ate distributional assumptions, we conduct a simulation study
where continuous covariates are sampled with replacement
from the sepsis dataset available in the aVirtualTwins
package on CRAN as illustrated in Table 5. Binary covariates,
instead, were sampled from a Bernoulli distribution with dif-
ferent parameters, as specified in Table 5. We compare the
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TABLE 5 | Scheme of the simulations: B( - ) is the Bernoulli distribution, BLLBILI is the baseline local bilirubin BLLCREAT is the base creatinine
and bISOFA is the sum of baseline SOFA (cardiovascular, haematology, hepaticrenal and respiration scores).

Model £ Scenario I Scenario II
M, 0.1 X ~ B(0.5) X ~ B(0.75)
m, 0.15 X BLLBILI X BLLCREAT
m, 0.1 X ~ B(0.5), Z ~ B(0.5) X ~ B(0.5), Z ~ B(0.75)
m, 0.15 X BLLBILI, Z BLLCREAT X bISOFA, Z BLLCREAT
N5 0.1 X BLLBILI, Z ~ B(0.5) X bISOFA, Z ~ B(0.75)
Model 9ty Model 93
1.00- 1.0
0.95-
0.9-
@ 0.90 -
&

0.85-

0.80 -

' | | |
50 100 150 200
n

—— CR(I) —— PBD())

Design

--- CR(II) --- PBD (I

| | | |
50 100 150 200

SeqDD (I)

SeqDD (II)

FIGURE1 | &p(6)for model M, (left column) and M, (right column). The solid lines refer to Scenario I (CR (I), PBD (I) and SeqDD (I)) and the

dashed lines to Scenario II (CR (II), PBD (II) and SeqDD (II)).

performance of SeqDD to those achieved under complete ran-
domization (CR) and the permuted block design (PBD) with
block size 4. All the results refer to the average of 10* trial
replications.

The D-efficiency for model 9, and I, for increasing values of
the sample size is displayed in Figure 1 where the solid lines
refer to Scenario I and the dashed lines to Scenario II. In general,
the values of the £,(8) are higher in Scenario I as X is generated
from a Bernoulli with success probability 1/2. As discussed, CR
and PBD reach a maximum efficiency less than 1 while SeqDD
induces a remarkable gain (more than 7% in M, and around 13%
in 9M,) in terms of D-efficiency that is almost constant for in-
creasing n.

The case of continuous covariates, that is, models 9, and M, is
reported in Figure 2 where the solid lines represent Scenario I
and the dashed lines to Scenario II. Here, due to the greater vari-
ability of the covariates the D-efficiency has generally lower val-
ues, with a gain of the proposed SeqDD even more pronounced:
even for n = 400 CR and PBD have £,(6) less than 0.58 and 0.43
in M, and IMN,, respectively. Finally, similar considerations hold
for the case of mixed covariates (Figure 3), confirming that D-
optimal designs ensure target inferential precision with a much
smaller sample size.

6 | Discussion

D-optimal designs for clinical experiments where the effect of a
new drug depends on patient-specific covariates while the stan-
dard of care remains unaffected differ from the conventional
ones obtained assuming the same model in both the competing
arms. The optimal design requires an unbalanced allocation to
the treatment groups and, at the same time, one or more equality
constraints on the empirical moments of the covariates. Because
in practice covariates are unknown before enrolment, we pro-
posed to implement the derived design with a suitably defined
CA randomization.

On the one hand, our findings go against the common practice
of balanced allocation; on the other hand, we provide theoretical
support for the use of unbalanced allocation in favour of the ex-
perimental treatment.

Because the control treatment is generally well known, there is
often prior evidence on whether its effect is homogeneous across
covariates. Clearly, the proposed approach is appropriate when
no treatment-by-covariate interaction in the control group is ex-
pected. Instead, when the response to the control drug also de-
pends on covariates, the optimal design requires balancing the
distribution of covariates across both arms, rather than solely

7 of 9

85U0 17 SUOWIWOD 8AITER1D 3(ealjdde aup Aq peusenob ae Sspple VO ‘8sN JO S| 10} Akeid 78Ul UQ A1 UO (SUORIPUOD-PUB-SWLBY/W0D A3 | 1M Afe.q U |UO//SANY) SUOIIPUOD pue swie | 8L 88S *[6202/20/72] uo Areigiauliuo A3 |1 ‘lfelieuelyood Aq Z800. ¥eIS/Z00T OT/I0p/W0D A8 | 1M Aleiq 1 puljuo//Sdny wiouy pepeojumod ‘€ ‘G20z ‘€/ST6Y0C



Model My
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FIGURE 2 | &p(6) for model M, (left column) and M, (right column). The solid lines refer to Scenario I (CR (I), PBD (I) and SeqDD (I)) and the

dashed lines to Scenario II (CR (II), PBD (II) and SeqDD (II)).

Model 915
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0.65-
=
Q
[3%)
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n
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Design
--- CR(I) --- PBD (I SeqDD (II)

FIGURE 3 | &p(8) for model M. The solid lines refer to Scenario I
(CR (I), PBD (I) and SeqDD (1)) and the dashed lines to Scenario II (CR
(11), PBD (II) and SeqDD (II)).

within the treatment group, as extensively discussed in the liter-
ature (Baldi Antognini et al. 2024; Baldi Antognini et al. 2023;
Atkinson 2015). To assess the potential impact of this form of
model misspecification, we conducted an additional simulation
study focusing on the case of a single quantitative covariate.
Specifically, for model 9, in Scenario I, instead of applying the
optimal design derived in (1), we implemented the D-optimal
design that assumes covariate effects in both arms, as proposed
in Baldi Antognini et al. (2024), and then computed the effi-
ciency using Equation (2). The results show that, for n =100,
the efficiency of the design derived under the correctly specified
model (1) is 0.647, compared to 0.592 for the design that balances
covariates across both groups. For n = 400, the efficiencies are

0.664 and 0.601, respectively, indicating a modest increase in the
loss of efficiency due to model misspecification.

Many other possible violations to model assumptions may arise.
For instance, the inclusion or exclusion of certain covariates, mis-
specification of covariate effects or departures from linearity could
have an impact on the performance of the suggested design.

Future research will also extend the results to more complex
models and to the multiarm case.
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Appendix A

Proofs

A.1 | Two Binary Covariates

Because

1 () MY
det|| 2, () 7 () 7p(L1)

wr, () wp(LD) w1
_ -1
nTX(l)ﬂTZ(l)[ﬂTX(1)+7rTZ(1)—27rT(1,1)—1 +a2(11)

expression in (3) follows.

Proceeding by maximizing the denominator of (3), that is,

A= #A=mlrg, Mg, O[1=m7, ()= 77, (D+227 (LD

—-r3(1,D)],
because
dA
m =731 —ﬂ)[Z”TX(l)”TZ(l)—Z”T(Ll)],
dA _
m—o < ﬂTX(l)ﬂ'Tz(l)—ﬂ'T(l,l).

In addition,

dA
drr, (1)

=2 (1 - m)rg, (D[1 - 277, (1) = 77, (1) + 227(1,1)],

and when ”Tx(l)”Tz(l) =p(1,1) we get d”z/\(l) =0 & nTX(l) =1/2.
Similarly, we obtain that X

dA

Finally,

B L W, O 1= 71, (D=, W+ 227D

- n2(1,1)}2%[3-4x],
and Z—/: =0 < 7z = 3/4,obtaining the design in (4).

A.1.1 | Two Quantitative Covariates

The expression in (5) is straightforward taking into account

mr(z) -

det|[mp(x) mp(x?)  mp(xz)

1 mr(x)

mp(z) mp(xz) mpz?)
B -1
 mp(Am2(2) — 2mp()mp(@Rmy () +m3(xz) - mp (@2 (x)”
-1

—vp(X)vp(2)+covi(x, 2).

A.1.2 | Mixed Covariates

The expression in (6) is straightforward taking into account that

1 mp(x) nTZ(l)
det|| mp(x) my(x?) 7wy, (Dmy(x|1)
2r,) 7, Wmex) 77, (1)
— -1
= rp, W)= 2mp (D), (Dmp(x| D) +my (R, (1)+ma(xlz=1)
-1

" g, v @M1 —ng, O]+ mrry, D—mpGIDE

By denoting the denominator of (6) with

A=2A-n)vr)rr, (D1 =77, (D] = [mr()zr, (D) —mrx[ D],

than
A0 ) aime e, (1) - my(i1)] and <
me(x|1) T T, T
A i
dm ey 0 = i, =m(xiL)

In addition,

dr:;\(x) = 2> (1= 2)[ = 227, (D(mp()z 7, (1)~ mp(x|1))]
=0 & mp()rr,(1)=mp(x|1),
dh 5.
m—ﬂ (1-x)

(=277, W)y (x) = 2mp ()M ()71, (1) - mp(x[1))],
and

L = 2203 - 4 {vr @, O = 7, (] = [y Gy, D= m D},

and it is easy to see that Jacobian is null when 7 = 3/4, 71 (1) = 1/2,
my(x) = 2mp(x| 1), obtaining the design in (7). ‘
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