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1 Introduction

Understanding the properties of twisted period integrals is of fundamental importance in
theoretical physics and mathematics, as they appear in a plethora of applications, ranging
from Correlation Functions in Classical and Quantum Field Theory, Feynman Integral and
Scattering Amplitudes computation, Cosmological Wavefunctions of the Universe, String The-
ory, and Gravitational Waves Physics, as well as in the formal studies of special functions like
the Aomoto-Gaufl Hypergeometric functions, Euler-Mellin integrals, and Gelfand-Kapranov-
Zelevinsky systems, and their applications in the realm of differential geometry, combinatorics,
and statistics.

Defined as integrals of a differential n-form weighted by a regulated multivalued function,
known as the twist, that vanishes at the boundary of the integration domain, twisted
period integrals admit a finite-dimensional vector space structure, whose characteristics
can be explored using the framework of intersection theory for twisted cohomology [1-13].
Differential n-forms live in a vector space defined as the quotient space of the closed forms



modulo the exact forms, known as twisted de Rham cohomology group [14-17]. The dimension,
as well as the algebraic and analytic properties of this group, depend on the geometry of the
twist, namely on its zeroes and its critical points. Once a basis of forms spanning this space
has been introduced, it is possible to derive linear and quadratic relations among the elements,
as well as differential and difference equations. The elementary quantities that define such
relations, are given by intersection numbers of meromorphic differential n-forms, which act
as an inner product in the cohomology space. Developing optimal algorithms for calculating
intersection numbers for meromorphic twisted n-forms remains a challenge of significant
interest to both mathematicians and physicists, and different methods have been developed,
leveraging the twisted version of the Stokes’ theorem [18]. The most efficient approach to
evaluate n-form intersection numbers nowadays, as detailed in [16, 17, 19], is based on the
concept of fibration [10], an approach that amounts to recursive evaluation of intersection
numbers for vector-valued 1-forms, for which a systematic algorithm is known [14]. Improving
the evaluation of 1-form intersection numbers is then of fundamental importance in order
to make the fibration algorithm more efficient. One simplification arises from exploiting
the invariance of the representative of the cohomology classes and by avoiding the use of
algebraic extensions [20]. Singularities not regulated by the twist were originally addressed
by adding extra analytic regulators [16, 17], which made computations more cumbersone.
Remarkably, such singularities are naturally incorporated in the framework of relative twisted
cohomology [21], and are managed using multivariate Leray coboundaries, eliminating the
need for additional parameters [22, 23]. A noteworthy enhancement in this evaluation process,
which avoids the appearance of algebraic extension, has been introduced in [24] and applied
in [25], exploiting techniques from computational algebraic geometry such as polynomial
tdeals and the global residue theorem, and employing the technology of the finite fields
reconstruction of rational functions [26, 27]. As an alternative to the fibration technique, a
direct computation method has been implemented in the logarithmic case [2, 8, 28, 29], while
for generic meromorphic n-forms only partial results are known in literature [2, 18, 30].

It has been recently proposed another technique [31], based on the solution of the
secondary equation built from the Pfaffian system of differential equations for the generators
of the cohomology group [9, 32], obtained via an efficient algorithm for construction of
such systems by means of the Macaulay matrix (see also [33] for another application). In
mathematics, intersection theory has been widely used to study the vector space structure of
Aomoto-Gelfand and Gaufl hypergeometric integrals, as well as Gelfand-Kapranov-Zelevinsky
hypergeometric systems [31, 34, 35]. Our main focus in developing intersection theory is
to apply it to Feynman integrals [14], which are among the key elements in perturbative
Quantum Field Theory (pQFT), and can be seen as singular limit of the former mathematical
structures [36] (see also [37, 38]). After a systematic change to a parametric representation [14,
39-41], the twisted period integral structure becomes evident, and n-forms of dimensionally
regulated Feynman integrals become elements of a relative cohomology group, with relative
surfaces corresponding to the physical propagators. In this framework, linear relations among
differential n-forms are known as integration-by-parts (IBP) identities [42, 43], in which
integrals are decomposed in terms of a basis of master integrals (MIs). These integrals obey
differential equations, whose canonical form [44-48] (in presence of generalised polylogarithms



as well as of elliptic functions), properties [49], and their symmetries [50, 51] can be investigated
in terms of intersection numbers. Moreover, the symbol letters, which are related to the
singularities appearing in the DEs, have been studied using intersection theory alongside a
novel understanding of the recursive structure of the Baikov representation [52-54]. Besides
that, quadratic relations among FIs are known as twisted Riemann bilinear relations, and they
can also be investigated by means of intersection numbers [55-57]. In the previous work [25],
these techniques were applied to the decomposition of two-loop four-point Feynman Integrals,
planar and non-planar, massless and with one external mass, requiring the evaluation of
9-form intersection numbers. Beyond Fls, twisted cohomology found many new applications
in physics: it can be applied to Correlation Functions in quantum mechanics [58], and lattice
gauge theory [59-62]. Recent studied showed the applicability also to Fourier transform [63],
seen as confluent hypergeometric function [64, 65] such as those appearing in gravitational
waves waveforms computations [66].! Cosmological wavefunctions of the Universe [68], that
for years have been computed using standard pQFT techniques, are now being understood to
have a twisted period integral structure [69-72], where the intersection theory can be applied.

In this work, we propose an improved framework to evaluate n-form intersection numbers
that reveals the underlying tensor structures.

Evaluation of 1-form intersection numbers requires local holomorphic solutions of differ-
ential equations near the singularities of the connection. Usually, these solutions are found
by constructing ansétze at each singularity. However, as shown in [24], this process can be
bypassed using polynomial division method and the global residue theorem. By introducing
an appropriate polynomial ideal [25], whose vanishing set encompasses the singularities of
the connection, and choosing an element of the quotient ring as the new unique ansatz,
we simplify the computation.

We advance this idea by treating the ansatz as an element of a tensor space composed of
three factors: the vector-valued cohomology of the fibration layer, the quotient ring, and the
space of Laurent expansions around the vanishing set of the polynomial ideal. Adopting this
approach, we reformulate the computation of intersection numbers in the language of matrix
calculus. Companion matrices, which naturally encode the polynomial division operation
in terms of matrix multiplication, are central to this reformulation. Additionally, the Weyl
algebra of differential operators gets represented by infinite-dimensional operators acting
on the space of Laurent expansions.

By combining these two representations, the differential equation is reinterpreted through
tensor product companion matrices with four indices acting on the ansatz, while the global
residue is translated into a covector on the tensor space. This approach not only illuminates
the mathematical properties and patterns of intersection numbers, but also greatly enhances
computational performance. The primary advantage of the proposed algorithm lies in its
reliance on algebraic and matrix operations, which can be efficiently coupled with finite
field reconstruction techniques.

To demonstrate the effectiveness of our method, we apply it to the numerical decomposi-
tion of two-loop five-point functions, which require the computation of 11-form intersection

!See also [67] for another application to post-Minkowskian integrals.



numbers. This application marks a significant milestone in the full decomposition of two-loop
Feynman integrals using projection through intersection numbers.

The work is organised as follows: in section 2 we give an overview of intersection numbers
for relative twisted de Rham cohomology, and of the twisted period integral structure of
Feynman integrals. In section 3 we introduce the tensor structure of intersection numbers
and the companion matrix representation. In section 4 we show the effectiveness of our
novel method by applying it to the reduction of massless two-loop five-point functions. We
provide concluding remarks in section 5.

The manuscript contains three appendices: in appendix A we show that polynomial
division operation can be read as a change of coordinates. In appendix B we show a
pedagogical example in which we carry out a step-by-step evaluation of intersection numbers
in a univariate example, and in appendix C we give details on the computer implementation
of our framework.

For our research, the following software has been used: LITERED [73, 74], FINITE-
Frow [27], FERMAT [75], FERMATICA [76], MATHEMATICA, SINGULAR [77] and its MATHE-
MATICA interface SINGULAR.M [78], and JAXODRAW [79, 80].

2 Relative twisted cohomology and intersection theory

In this section we review in a pragmatic way the main concepts of twisted cohomology and
intersection theory, focusing on the computational aspects of 1- and n-form intersection
numbers, in the framework [25] combining the global residue theorem [20], the polynomial
division method [24], and relative twisted cohomology [22, 23].

2.1 Twisted period integrals

Objects of our study are twisted period integrals and their duals, defined as bilinear products
between differential n-forms: ¢ = $(z)d"z = @p(z)dz; A ... A dz, (similarly for the dual
form ¢V), and n-dimensional integration domains C and C":

[:/w:: (lcl, IV:/ ueV = [CVleYy,  u=[[BF., (21
C cv

1

where u is a multivalued function called the twist, with polynomial factors B; = B;(z) and
generic exponents ; .

The integration domains are defined in such a way that the twist vanishes on their
boundaries: [[; B;(0C) = [[; B:(0CV) = 0, ensuring that the integrals (2.1) obey integration-
by-parts (IBPs) identities:

(Vuolc] =0, [C¥|V_6¥) =0, 22)

where ¢ and ¢V are generic (n — 1)-forms, and Vi, is a covariant derivative with connection
w defined as

Viw:=dftw, with w:=dlog(u)= Z@Z dz;, and @; =0, log(u). (2.3)
i=1



As a result, (@] and |¢¥) are elements of the n'" relative cohomology group H” and its dual
HY"™ which we write, following the notation of [21-23], as

(p| € H" := H™(T, D, V,,) , oYy e HY™ := H™(TY,D",V_,) . (2.4)
The ambient spaces are the Zariski-open subsets of the complex n-dimensional space
T=C"\P,\D", TV =C"\P,\D, (2.5)

where the polar set P, = V([]; Bi), is the vanishing locus V' of the polynomial factors (2.1),
and D, DV are relative boundaries, which are sets of singularities not regulated by the twist.
Analogously, the integration domains C and CVare elements of the relative n'" homology
group H, and its dual H,'. De Rham’s theorem ensures that the four vector spaces are
isomorphic, hence they have the same finite dimension, which can be evaluated as:

v =dim (H") = dim (an) = dim (H,) = dim (HX)

= number of zeros of dlog(u,) . (2.6)
Assuming D = V(D; -...-Dy,,) and DY = V(DY -...- D), ), with np and n}, number of
D
relative surfaces, u, is the fully regulated twist, defined as:
np )
i Tj
up = u(z) [J(D)™ TT(D})" (2.7)
i=1 j=1

where p; and 7; are analytic regulators. The dimension (2.6) is also related to the number
of critical points of the Morse height function log(|u,|), see [40].

Besides the two pairing that define the integrals (¢|C] and the dual [CV|pV), it is possible
to define the other two quantities: intersection numbers for twisted cycles [CV | C] and twisted
cocycles {p | ¢Y). The latter is going to be the main subject of this work.

2.2 Linear relations

The finite dimensionality of H" and HY", ensures the existence of bases {{(e;|}/_; and {|h;)}/_,
belonging respectively to H® and H"", from which it is possible to construct square matrix
of intersection numbers called the C-matrix or metric

Cij = <€i | hj> . (2.8)

The fact that the rank of this matrix is ¥ means that the intersection numbers define a
non-degenerate scalar product. Moreover, any arbitrary cocycle (p| can be decomposed in
terms of the basis elements [14, 15] via the master decomposition formula

v

(p| = Zci (ei] with c; = Z(gp ] hj)(Cfl)ji . (2.9)
i=1

j=1
Consequently, any twisted-period integral I can be decomposed in terms of a basis of master
integrals (MIs) Z; as

I= <(p‘C] = zy:ci <€1’C] = ZI/:Ci Ii s (2.10)
=1 =1

with the coefficients of the decomposition ¢; given by eq. (2.9) and Z; = <ei]C].



2.3 1-form intersection numbers

In the case of 1-forms, intersection numbers between twisted cocycles of the type:
¢ € H(T,D;V,) and '€ H(TV,D";V_,) (2.11)

are defined as integrals of the product of a representative form and its dual, after an
appropriate regularisation procedure:

(16" i= 5 [ o) n eV (2.12)

27

In this case X = T'NTV, and the regulators act on the forms schematically? as:

Wp)i=p— > Vul(l-0.,)],

pePLUD

LV(QPV) = ‘PV - Z V_o[(1 - 9z,p)¢v] ) (2.13)

pEPLUDVY

with the Heaviside functions defined as:
0.p:=0(|z—pl —¢), (2.14)

where we introduced a small real parameter 0 < € < 1. Above the v and " are the local
solutions of the differential equations:

Vo =g, Voo =" (2.15)

on T and TV respectively. As originally shown in [21], intersection numbers of twisted 1-forms
with integration variable z can be evaluated as:

(ple¥)=— > Res:mp(¥V ) = Y Res:p( ) + Y Res.p(¥90Y) . (2.16)

For the computation of the intersection numbers it is sufficient to find the local solutions of
eq. (2.15) around the poles P,, (as well as the corresponding relative set D or DY) contributing
to the residue formula (2.16). As discussed® in [20, 24], the sum over the poles P, can be
computed as the global residue

> Res.—p(1Y ) = Resg (v p), (2.17)
pEPy

where B(z) is a univariate polynomial vanishing on the polar set (see appendix C for more
details on its choice)

P, CV(B). (2.18)

2Strictly speaking, the local solutions ) appearing in eq. (2.13) should bear an additional index p corre-
sponding to the points they are localized at. In the rest of this review we will avoid it to simplify the notation,
however see appendix A for more details.

3See also [81] for a nice review.



The vector of local solutions (2.15) can be viewed* as an element of the quotient ring [25]
Q := K[z]/(B), where K[z] is the space of polynomials in the variable z with coefficients
in the field K, (B) is the ideal generated by the polynomial B(z) — 8 deformed by the
symbolic parameter f.

In our applications, D = @ and only simple poles in DV will appear, hence the last term
on the r.h.s. of eq. (2.16) will not contribute to the intersection number. This is always the
case for FIs in Baikov representation, since higher order poles can be mapped into derivatives
of the twist via integration by parts.

Moreover, we will distinguish the case in which ¢ is a boundary-supported form,
meaning a form living on DV as defined below, or not.

Regulated case. If ¢V is not a boundary-supported form, only the first term on the r.h.s.
of eq. (2.16) will contribute to the intersection number, so it becomes:

(plp’) = —Resp (so w) , (2.19)

where from now on we omit the V sign from the solution. Therefore, working in O, the
intersection number can be evaluated by solving the system of equations:

(@ ]©") + Resp) (cp w) =0, (2.20)

Voww - 3" _— (2.21)

where the bracket | |, .. stands for the remainder of the polynomial division w.r.t. B, and

(B)
Vo= (8.8 -3 40, . (2.22)

The solution can be obtained by the following ansatz [24]:

k—1
$(B,2) = Y 2B han, with k= deg(B), (2.23)

a=0 neZ

where the Laurent series expansion coeflicients 4, vanish for small enough n. The global
residue can then be evaluated as:

, (2.24)

Zﬁ—l[@—l

(ple’) = —glc 59| 5

that is the coefficient of the term 2"~ 3~! divided by the leading coefficient ¢. of the B
polynomial.

4See appendix A for details of this transformation.



Relative case. Assuming z € DV to be a non-regulated boundary, we allow the existence of
boundary-supported forms in HY! defined via the Leray coboundary operation [21-23, 25]

u(z)
u(0)

where ¢V(z) is a generic univariate function regular at z = 0 and the Heaviside function is

5.(¢Y(2)) := df. 00" (2), (2.25)

defined as in eq. (2.14). In this case, only the second term in eq. (2.16) will contribute, and
intersection numbers localise on the non-regulated pole as:

u(z

(106" () = Resmo (16 6°(2)) (2.26)
u(0)

Let us remark, that an analogous left form can be introduced for z € D, however it will

not be used in the applications considered in this work.

2.4 n-form intersection numbers

Intersection numbers for n-forms can be evaluated using the fibration-based approach in-
troduced in [10, 16, 17, 19] and discussed more recently in [22-25], in which the integration
variables are considered one at a time. Once an order of variables has been fixed,? for example
{#zn,..., 21}, where on the right appears the innermost variable, multivariate intersection
numbers can be evaluated recursively.

Let us focus on the m* fiber, assuming that all the (m — 1)-variate building blocks are
known. Specifically, given the bases {e 1)}1’” " and {hgmfl)};’;”f ' of H™! and its dual
HY ™1 respectively, we define the C-matrix at the (m — 1) layer as:

clr = (el plmy (2.27)

v

We introduce the covariant derivatives on the m™ fibration layer

V(m)
+ U™ (2.28)

Zm

(Vo) = 0ijden, + O, (Vaguom),; = 0igd

where 6;; denotes the Kronecker delta function. The matrix-valued connection operators
Q) and QY™ are defined by the following systems of differential equations, fulfilled by
the bases and dual bases elements

e (™) = ZQ ()

and computed in terms of intersection numbers, from the master decomposition formulae

Vm—1

d,, [V = ZQW HpmYy(2.29)

Zm

Vm—1
O = 37 (0 + D)™V AT (CLL)y,
k=1
Vm—1
AV(m — m—1 ~ m—1
QI == 3 (C ) (Y [0 — @B (2.30)

5In principle, any order of variables is valid here. In practice, it is chosen to minimize the number of
independent basis elements in each layer of the fibration.



Differential m-forms can be rewritten as:

Um—1 Um-—1

™ = 3" M nefm PV = 3 /M A (2.:31)
i=1 =1

(m)

%

(m)

where the projection coefficients ¢ and cp;/ are indeed 1-forms and are computed

through the master decomposition formulae

Vm—1

o™ = 3 (™ R (CL )
j=1

Um—1

o™ = 3 (Clnan)s (€ 107 (2:32)
j=1

As a starting point for the discussion of the novel ideas presented in this work, we
conveniently cast them [10, 19] in vector-valued 1-forms of length v,_1

m m T m m
o =™ el | e HYTM™, DIV gem)

m m T m m
PV = {WY( ) 901\//@7” e H'(TV'™), DYI™: Vouim) | (2.33)
where:
7" = C\ Py \ DV, TV = C\ Py \ D", (2.34)

and the polar set Pg(m) is the set of singularities of Q) while D) and DV are the
relative boundaries at layer m. Hence, intersection numbers for differential m-forms can
be evaluated as:

VUm—1
(") == 5 Ress,mp( X (e ™IH V)00
PEPG(m) i=1
VUm—1
= Y Res (3 (BT )
peDV(m) =1
Vm—1
+ Y Res o X oM 2a)
peD(m) =1

where 1) and vV are solutions to the systems of differential equations:
Ve 7™ =™ Voum VM = V0 (2.36)

As in the case of 1-forms, it is sufficient to solve the system (2.36) around the set of singularities
where the residues are computed. Being B(z,,) an univariate polynomial vanishing on the set
of points Pqm) , the sum over the poles Pqm) can be computed as the global residue:

> Reszm:p(<so<m>|h<m‘”>-wv“”)) = RGS<B<m)>(<so<m>|h<m—”>-W’”)). (2.37)
PEP G (m)

In our applications, D = @ and only simple poles in DV will appear, hence the last term
in the sum in r.h.s. of eq. (2.35) will not contribute to the intersection number.



V(m)

Regulated case. Assuming that ¢ is not a boundary-supported form on DV, only

the first term on the r.h.s. of eq. (2.35) will contribute to the intersection number, and
eq. (2.35) becomes:

() 6V0) = —Res oy (™) D) 4 (2.39)

Working in the quotient ring Q := K[z,,]/(B™)), where (B™)) denotes the ideal generated
by the B(z,) — f polynomial in the z,, variable, the system of equations can be rewritten as:

(™ | 0¥™)) + Res 0m (<¢(m)|h(m_1)> : ?l)(m)) =0, (2.39)
(m) _ zv(m) -
|V avem ™ J<B(m)> 0, (2.40)
with

Vv = (8, B™) 95 + QY™ 19, (2.41)
where we omitted the cohomology group indices for brevity, and it can be solved using

the ansatz
v, (m) (B, 2m) = Z Z zp B wwn fori=1,...,vm-1, (2.42)

a=0 neZ

similar to eq. (2.23).

Relative case. Assuming DY = V(21 -..." zy,) to be non-regulated boundaries, we allow
the existence of multivariate boundary-supported forms defined via the Leray coboundary
operation:

Oy (@Y 7™) 1= —= A\ dB., 0 A 97T (2.43)

m i=1

where ¢V(™~™) is a generic (n — m)-form, the Heaviside functions are defined in eq. (2.14),
and, in shorthand notation, u(0) := u/;, .. -,.=o0. In this case, intersection numbers of n-forms
can be evaluated as:

(s (6 )) = (R0 ™) [ 670) . (2)

where the (n — m)-form intersection numbers on the r.h.s. is evaluated using eq. (2.40).

2.5 Feynman integrals as twisted period integrals

Feynman Integrals (FIs) can be considered as twisted period integrals. In the Baikov
representation [39, 41], a FI with E independent external momenta, and L loops can be
written in terms of N = L - E + L(L + 1)/2 integration variables z; , corresponding to the
generalised set of denominators

dVNz
I= K:/'U’SO - <SO‘C]7 u = B’Y) Y ==N a (245>
c 1

i=17%;

,10,



where B is the Baikov polynomial, which vanishes on the boundary of the integration domain
B(0C) = 0 guaranteeing that the integrals (2.45) obey IBPs.

Let us assume that the first n of the generalised denominators appear as propagators,
{#z1,...,2n}, whereas the remaining integration variables {z,+1,...,2n5} can enter only in
the numerator as irreducible scalar products. The differential n-forms we will be dealing
with are of the type:

[ 2"

n a;
i=17%;

p=0(x)d"z,  §(z)= (2.46)

In this case, the definitions for the cohomology group and its dual, given in eq. (2.4), specify as:
PWZV(B), D:@’ DV:V(ZI'ZQ'---'zn), (247)

and the dimension of the cohomology group v, hence the number of master integrals, are
given by eq. (2.6), with the regulated twist (2.7). Any FI I = (¢|C] can be decomposed in
terms of a basis of master integrals (MIs) {Z;}"_, , where Z; = (¢;|C], as in eq. (2.10), and
the coefficients of the decomposition ¢; are given by eq. (2.9), and the N-form intersection
numbers are computed using the fibration approach described in section 2.4.

We define an integral sector S = (071,...,0x) as the set of points (ay,...,an) € ZV,
such that o; = 6(a; — 1/2). We notice that for each sector a subset of relative surfaces
D{=D"n Hi]il 27" appears. The dimension of the cohomology group v can be evaluated
as sum of the dimensions of each sector vg

v= Zl/s, (2.48)
S

where the dimension vs can be evaluated as:
vs = number of solutions of ws =0, ws = dlog(us) , (2.49)

with us being the twist of the sector S, obtained from u by cutting the relative surfaces DY .
In the application discussed in section 4, we successfully used this algorithm to generate bases
in each layer of the fibration by choosing vs independent elements in each sector.’

With this we conclude our overview of the relative twisted cohomology framework and
advance to the tensorial reformulation of the intersection number computation process.

3 Tensor structure of intersection numbers

The fibration method for evaluation of intersection numbers involves solving system of equa-
tions, such as those found in egs. (2.20), (2.21), for univariate forms, and in egs. (2.39), (2.40),
for the multivariate cases. Matrix calculus provides a powerful approach to reformulating
these computations, offering deeper insight into the mathematical properties and patterns
of intersection numbers while significantly boosting computational efficiency.

SA proof-of-concept implementation of this algorithm, together with examples of its usage, can be found in
the following GitHub repository https://github.com/GiacomoBrunello/pentabox__decomposition.
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In computational algebraic geometry, companion matrices [82, 83]7 allow for the rein-
terpretation of polynomial division as matrix multiplication. In this section, we investigate
how companion matrices can be used to develop a novel scheme for computing intersection
numbers, ultimately determining them through matrix operations.

3.1 The three vector spaces

Let us fix the fibration layer m and denote by z the corresponding Baikov variable. In the
following we will omit the layer index whenever it does not cause confusion. Recall, that
the ansatz (2.42) is parameterized by 3 indices

an

which motivates us to distinguish the following 3 vector spaces:

1. Vector space of v-dimensional vectors labeled by the first index i = 1,...,v in eq. (3.1),
namely

K, (3.2)

closely related to the linear space of vector-valued 1-forms introduced in egs. (2.33).

2. The second index a = 0, ...,k — 1 parameterizes the set of irreducible monomials of
the ideal (B(z) — ), that is a basis of the quotient ring Q viewed as a vector space

Q = Spany(1,...,2" 1), k:=deg(B(2)). (3.3)

It is then natural to interpret the B(z) — 8 = 0 equation as a many-to-one coordinate
change z — (3, and think of Q as a vector bundle of rank k with [ parameterizing the
base and irreducible monomials forming the basis in fibres (see appendix A for more
details).

3. Finally, the last index n € Z runs over the powers of the variable 8 that appear in the
Laurent series expansion

£ = Spany(..., 74 8% B ... (3.4)

The z — (8 coordinate change introduced above effectively glues all the roots of the
B(z) polynomial in the z-plane to the origin of the g-plane. The space (3.4) captures
the local behavior of functions at this point.

The solution ¥ to the differential equation system (3.1) belongs to the tensor product of
these three spaces:

P eK ®Q® L. (3.5)

In the following we will represent the differential equation system (2.21), (2.40) as a linear
operator Ty acting on the space (3.5)

To., ™ —Vim = (3.6)

Q

This formulation allows the solution to be obtained with linear algebra methods.

"See also [84] for a nice review.
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3.1.1 Polynomial companion matrices

For the ideal generated by a monic® degree s polynomial
(BY=(B(2) =) ={(bg — B+ 2by 4+ ...+ 2" by +25), (3.7)

we choose as a basis of the quotient ring the list of monomials shown in eq. (3.3). In the
monomial basis of eq. (3.3), the companion matrix representation for the basic multiplication
and differentiation operators read

—bo+ 08 ] 1
1 —b1 2
1 —bo 3
Qo, = (3.8)
.1 —bn,Q .'Ii -1
1 _bnfl

Q::

where we explicitly showed the 0 entries on the main diagonal for the reader’s convenience.

3.1.2 Series companion matrices

To operate on Laurent series expansions in the § variable, we employ the infinite matrix
representation of the Weyl algebra composed of the two operators

In practice, however, only a finite number of the ansétze coefficients (2.23), (2.42) con-
tribute to a given intersection number, suggesting that the infinite matrix representation (3.9)
should be somehow restricted so that the matrices become finite.

Let us denote the leading exponents of the Laurent series expansions in 3 of the building
blocks of the main linear system (2.21), (2.40) as

ming (QV™) = —1,  ming((o"™ ™)) = 1, ming (V™) = p, (3.10)

where we would like to emphasize the simple pole condition for the connection matrix,
which we always can satisfy with an appropriate choice of the B(z) polynomial (3.7) (see ap-

8Here we normalized the B, coefficient to 1 to avoid clutter in the subsequent formulae.
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pendix C for more details). Now we may introduce the restricted analog” of the infinite
representation (3.9) reading

h
=

li

L

Ly, = 1 (3.11)

Here for each matrix we show the row labels on the left (which may start with negative
integers when p < 0), and overall number of rows and columns on the right and at the
bottom respectively. We also highlight with grey the row corresponding to the =1 term of
the Laurent expansion as it plays an important role for the global residue used in following.

3.1.3 Companion tensor representation

We are now in position to combine the two matrix representations introduced above into a
single tensor representation that is going to be used for intersection number computation
later. For simplicity, we will focus on the univariate case (2.23), as the generalization to
multivariate (2.42) is straightforward.

Step 1: polynomial reduction. The key idea is to rewrite the ansatz (2.23) for an element
of the quotient ring (3.3) in a vector form

Yo (B)
k—1
v=3 @) =[12 ] ner (3.12)
a=0
¢n—l(ﬁ)

where we regard the row vector of irreducible monomials 2% on the left as a basis (of Q viewed
as a vector bundle) and collect the coefficients 1,(3) on the right.

Inside of the quotient ring (3.3), multiplication by some polynomial

p(z,8) =Y 2" pa(B) ~ Qp = (Q:)" pal() (3.13)

a

9Strictly speaking, finite matrices do not form a representation of a Weyl algebra. For example, the finite
matrix Lg shown in eq. (3.11) does not have a well-defined inverse: the possible candidate L,,z does not give a
pure identity matrix in the products Lg - Ly,3 = diag(0,1,...,1) or Ly/g - Lg = diag(1,...,1,0). Nevertheless,
in practice we may use the rules (3.11) after a (symbolic) series expansion in the 8 — 0 limit.
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is captured by the companion matrix @), , constructed using the basic monomial matrix (3.8)
(see appendix C for an alternative method). Similarly, multiplication by some rational
function consisting of polynomial numerator n(z, 8) and denominator d(z, ) is expressed by

n(z,B)
d(z, )

i.e. a product of the numerator and the inverse of the denominator matrices.! Companion

f(z,8) = Qf =Qn-(Qa)", (3.14)

matrix Q¢ encodes the result of the polynomial reduction of the product of the ansatz (3.12)
and the rational function (3.14) as matrix-vector multiplication

Yo(B)
¥ (B)
{f ¢J = a1 (Qf)a " ¢a2(ﬁ) = [1 z znfl} ‘Qf . . (3‘15)
(B) a1 a3=0 1a2
1%4(5)
Upon this substitution, the companion matrix representation of eq. (2.21) reads:
~
¢, -9 =0, (3.16)
where
Qg_, =Qo.505 — Q5+ Qo. - (3.17)

Step 2: series expansion. Now let us include the Laurent series expansion in § — 0 of
the ansatz (3.12) encapsulated in an infinite matrix of coefficients

r—1
=> D 2" Yan (3.18)

a=0 n
77/}071 ¢0 n+1

=[12 z“_l]-<...—|— Yin A" + Vint1 5”+1+...> (3.19)

d

B—0

1/),.;_171 wn—ln-{—l
wOn wOnJrl
_ {1 B z"‘*l} . Vin  Ying ‘ ﬁ€i1 (3.20)

"ﬁnfl n "ﬁnfl n+1

Almost all the basic operators get represented in terms of factorized tensors. The exception is
the z-monomial multiplication operator: to derive its representation we first expand the matrix
Q. shown in eq. (3.8) as a linear polynomial in  with matrix coefficients @, o and @ 1, namely

Z sy Qz = Qz,O + Qz,l /3 5 (321>

and only then substitute 8 with the corresponding matrix Lg from eq. (3.9) or (3.11).

10The order of operations here does not matter, as companion matrices Q ¢ for multiplication operators (i.e.
excluding @, ) form a commutative algebra.
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Step 3: global residue and tensor algebra. The global residue (2.39) acts as a covector
on the space of 14, , and in the basis of (3.20), it simply extracts the coefficient of the
,—1,—1 component. This extraction can be carried out by multiplying with the row vector
R = FE,_1®FE_1, where F; is a row vector with a single 1 in the 4* position. The intersection
numbers can then be evaluated by applying the following list of substitution rules:

2 s T, = 19Q.0+Lg®Q1,
62; AN %z: ]]-®Q827
B s Ty= Lyo®i, (3.22)

Jp ~~ To= Lo, ®1,
Res<8> ~asy RO= Eﬁ_l & E_l 5
where, in the case of restricted representation (3.11), the covector R is just the unit row
vector with the element 1 in the |u|x position (and all the other elements are vanishing)
R:=| 1 |, (3.23)
T
|pl

which effectively encodes the outcome of the global residue in egs. (2.20), (2.39). Multiplication
by the series expansion of function (3.14)

f(z,ﬁ)]ﬁﬁo =5 206" fan s Tr= S (T (T3)" fan (3.24)

is then repackaged into a rank-4 companion tensor 7Ty as

k—1
= D > 2B (T ing aray Yazns (B) 5 (3.25)

B—0 ai,a2=0mn1,n2

Fv] -

where the 7; tensor is defined as,
Tr=> 10(Q:+Ls®Q:1)" (Lg®1)" fan . (3.26)

The substitution rules collected in this subsection complete the dictionary of rules
required for the tensor representation of the systems of differential equations (3.6), which lie
at the core of the evaluation of intersection numbers by tensor algebra method discussed next.

3.2 Companion tensors for intersection numbers

Restoring the notation of section 2 and using the replacements (3.22), the companion tensor
representation of the univariate system (2.20), (2.21), required in the evaluation of the

intersection numbers for differential 1-forms, reads

(ple") +R-Tp -9 =0, (3.27)
To -v—¢Y=0, (3.28)
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where

T

s =TosTo,~T5+To.. (3.29)

A simple application of generation and solution of such a system can be found in ap-
pendix B.

Similarly, the companion tensor representation of the multivariate system (2.39), (2.40),
required in the evaluation of the intersection numbers for differential m-forms, becomes

(@™ |@V0™) + R - T, pmevy - ™ =0, (3.30)
Te,, W™ =@ =0, (3.31)

where
T§Q\/ = 7:9zB . 75[3 —+ %v + %z . (332)

The overall structure of the system (3.30), (3.31) can be consolidated into the following

inhomogeneous matrix system
1 R- ﬁw(m)lh(m—1)> <<p(m) | @V(m)>

— | 3.33
) vim) (3.33)

VQV

for the augmented column of unknowns that unites the intersection number and the ansatz
together. This system has to be solved only for the first unknown — the intersection
number [85] (see also [86]). We notice, that in practice, this formulation proves to be highly
robust, enabling solutions even in cases when the system is ill-defined, such as when the
connection matrix has a resonant spectrum (i.e., eigenvalues that differ by integers).

The tensor systems of equations presented in this section constitute the first major result
of this communication. They offer a new perspective on evaluation of intersection numbers of
differential n-forms, applicable in both physics and mathematics. The key novel feature of
the proposed algorithm is its reliance on a companion tensor representation of differential
operators that effectively replaces arithmetic operations of polynomial division with matrix
multiplication operating directly on the remainders of this division.

Next we will show a non-trivial application of our formalism.

4 Decomposition of two-loop five-point massless planar integrals

The goal of this section, is to apply the algorithm described in section 3 for the numerical
decomposition of massless two-loop five-point functions in terms of master integrals. A
complete analytic decomposition is currently infeasible, as the most computationally intensive
parts of the problem require runtimes on the order of a day or more. As such, pursuing a
full analytic result is beyond the scope of this work. Further improvements in the efficiency

,17,



<P ¢
S
X

W ~
(=)

B =
wn

ﬂ

e i!
o —
=)
&~ N
W
w—
o)
W ~
(=2}

X2 X2 X2
I 1
1 7 7
2 82 2 8; 2 g)d llg 5 2 6 16% Z
3 3 3 4 5 4
X2 X2 X2 X2
1 7 1 1 7 6 1 7
2 8 2 8 2 8 8 5 8
3 4 3 3 5 4 3 4
X2 X2 X3 X3 X3

Figure 1. The 47 sectors of the 62 master integrals defined in eq. (4.6), corresponding to the massless
two-loop five-points integral family (symmetry relations have not been applied).

of our implementation are left for future investigation. The integral family is defined in
terms of 11 generalised denominators:

2 =k}, 29 = (k14p1)?, 23 = (ki+p1+p2)?, 24 = (katp1+p)?,
z5 = (ko+p1+patps)®, 26 = (ka—ps)*, 27 = k3, 25 = (k1—ka)?,
29 = (ka+p1)?, 210 = (k1+p1+p2+p3)?, 211 = (k1—ps)?, (4.1)
as:
—aio ail
11 29 "210 V211
loyasa3asa5a6arasagaroars = / d"z u(z) 201202 503 504 505 106 07 408 (4.2)
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29, 210, 211 are irreducible scalar products, and hence the set of relative boundaries is given by:

8
DY =V([] ) - (4.3)
i1
The kinematics is such that:
2 _ _ 2 _ 2
p;i =0, s12 = (p1+p2)”, 523 = (p2+p3)”,
s34 = (p3+pa)?, s45 = (patps)?, s51 = (ps+p1)* . (4.4)

Therefore, our computation involves six external parameters

T = {12, 523, 534, 545, 51, d} - (4.5)

We evaluate the intersection numbers numerically, restricting 2 to generic numerical values,'!

for example 7y = {1/3,-1/5,—-1/7,3/7,5/13,79/11}.
This integral family has (before application of the symmetry relations) v = 62 master
integrals, which we may pick!'? as depicted in figure 1, as:

J1 = 110010001000, J2 = 00100011000, J3 = 101001001000, J4 = 00100101000,
J5 = 110001001000, Js = 101000101000, J7 = 110110010000, Js = 110110100000,
J9 = L0101010000,  J10 = 01010011000, J11 = To1o0101000,  J12 = T10010101000,
J13 = 110101001000, J14 = Ioo101011000, J15 = Io1001011000, J16 = 101010101000,
Ji7 = To110101000,  J18 = T10101011000, J19 = I11001101000,  J20 = To1100111000,
J21 = 111011001000, J22 = Ip1101101000, J23 = T10011101000, J24 = Ip0101111000,
Ja5 = Ip1001111000,  J26 = 111100101000, Ja7 = I11101001000,  J28 = Io1011101000,
J29 = 101010111000, J30 = Io1011011000, J31 = T10101101000, J32 = T101011-11000,
J33 = I11010101000,  J34 = T110101-11000, 35 = lo1101011000,  J36 = 01101011100,
J37 = T1o111110000,  J38 = I10111101000, J39 = Toto1111000,  J40 = I11110101000,
J41 = I11101011000, J42 = I11101101000, J43 = I111011-11000,  J44 = I11011101000,
Ju5 = I11011101-100,  J16 = Lo1101111000, Ja7 = Io1101111-100,  J48 = Io1011111000,
Ja9 = Ip1011111-100,  J50 = I11110111000, J51 = I111o0111-100,  J52 = T11111011000,
J53 = I11111011-100,  J54 = I11101111000, Js5 = Ii11-11111000,  J56 = I11101111-100,
J57 = I11111101000, Jss = In11111-11000,  J59 = I11111101-100,  J60 = L111111110005
Jo1 = Ih1111111-100,  Je2 = I111111110-10 - (4.6)

Our MATHEMATICA and FINITEFLOW implementation can take as input any integral of the
type of eq. (4.2). We identify two types of applications, to check and gauge the potential
of our algorithm

"The choice of kinematic region does not affect the performance of our implementation. We select generic
numerical values that are away from the singulartities of the process. For the proof-of-concept experiments,
the integers appearing in the rational numbers are chosen to be relatively small to simplify the finite field
reconstruction.

12We may use any other basis of independent integrals as well.
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¢ Higher-rank integrals. We analyze the performance of our method when applied to
the decomposition of high-rank integrals of the form:

Zn
I, = /d”z u(z) 9 = D11111111-n00 , (4.7)

2129232425262728
for the cases where the exponent n takes the values n = 2,5, 10, 15, 20.

o Higher-dimensions integrals. We investigate the decomposition of shifted-dimension
integrals, generated by the insertion of integer powers of the Baikov polynomial in
the numerator. For the considered case, we decompose single and double power of B,
corresponding to a pentabox integral in d + 2 and d + 4 [87, 88] dimensions, formed by
a linear combination of 412 monomials up to rank 4, and 169744 monomials up to rank
8, respectively:

Ipn = /dllz u(z) 5 , forn=1,2 (4.8)

R1R2R3Z4R52627 28

The results are expressed in terms of master integrals of eq. (4.6) via a complete set of
spanning cuts, as:

62
I => ¢l (4.9)
=1

The explicit expressions for the twist u(z), the master integrals J;, the bases of the (dual)
co-homology groups, and the numerical values of the coefficients ¢;, computed by through
the master decomposition formula (2.9) in terms of intersection numbers, can be found in
the supplementary material file pentabox_massless.m, and in the corresponding GitHub
repository https://github.com/GiacomoBrunello/pentabox_ decomposition.'?

The set of spanning cuts is given by the maximal cuts of the first ten master integrals
{J1,...,Ji0} of eq. (4.6). For each cut, after a choice of fibration has been chosen, the bases
for each layer have been automatically generated using the algorithm described in section 2.5.
The cuts over Js, J4, and their symmetric partners Jg, J5, represent the major bottleneck
of this calculation. For Js, choosing as fibration order {zy, 29, 27, 26, 21, 23, 210, 211}, the
dimensions of the internal bases read (from outer to inner): {31,28,12,4,2,2,1,1}. For
Jy, choosing as fibration order {zq, 29, 27, 25, 22, 21, 210, 211 }, the dimensions of the internal
bases read: {27,26,18,6,3,2,1,1}. This complexity required the development of an advanced
computational implementation in FINITEFLOW [26, 27] to construct companion matrices
and perform tensor algebra. The details are described in appendix C. The successful
decomposition'? of a special monomial of rank n = 20 and the complete decomposition of the
pentabox integrals in d + 2 and d 4+ 4 dimensions stands as the second major result of this
communication. It completes and extends earlier studies exploring the decomposition of 2-to-2

13Computations were performed on a machine with an AMD EPYC 7282 16-Core Processor (x86_ 64
architecture), featuring 32 logical CPUs at 2.79 GHz and 125 GiB of system memory.

The numerical decomposition coefficients have been successfully compared against those obtained via
standard IBP techniques, employing NEATIBP [89] to generate systems and reducing them via FINITEFLOW,
up to n = 10.
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and 2-to-3 2-loop integrals [25, 90], dealing with the decomposition of an involved combination
of integrals. It marks a milestone in the decomposition of two-loop Feynman integrals into
master integrals through intersection numbers projection, indicating that this novel method
could become a valid option in presence of integrals with higher numerators or denominator
powers. Notably, our tests indicate that the complexity of intersection number computations
scales linearly with the rank of the integrals’ numerators (at least for the integrals shown
in eq. (4.7)), therefore motivating further applications and developments of intersection
numbers-based methods to decompose multi-scale integrals in higher-multiplicity cases within
gauge theories or effective field theories, in tandem with the standard IBP-based approaches.

5 Conclusions

Twisted period integrals appear in many applications of theoretical physics and mathematics,
making it pivotal to understand their nature. These integrals belong to a finite-dimensional vec-
tor space whose geometry is governed by an inner product, known as the intersection number.

In this work, we identified and explored the underlying tensor structures of this inner
product, empowering a novel computational procedure for evaluating intersection numbers
of multivariate differential forms.

Within the fibration-based approach, n-form intersection numbers are calculated itera-
tively, one variable at a time, on separate layers. The architecture of the cohomology group
on each layer is shaped by the connection and its geometric properties: the zeroes determine
the dimension of the cohomology group as a vector space, while the singularities characterize
the localization points of intersection numbers. The connection also defines the differential
equation for parallel transport, with the intersection number arising from the sum of residues
of the local vector-valued holomorphic solutions at the localization points.

The singularities of the connection can be naturally collected in the vanishing set of a
suitably chosen interpolating polynomial ideal. A linear deformation of the ideal generator
with a new symbolic parameter then constitutes a many-to-one change of variables. In this
new coordinate system, intersection numbers localize at a single point: the origin.

This perspective allowed us to introduce the ambient tensor space that organically hosts
the problem of evaluating intersection numbers. The space consists of three components. The
family of local vector-valued solutions at localization points is glued together and gauged
to become an element of the quotient ring, yielding the first two components of the tensor
space. Since only the local behavior of the solution around the origin matters, it makes
sense to work directly with the series expansions in the new variable, forming the third
factor of the tensor space.

Through this representation, the differential equation turns into a matrix operator
acting on the tensor space, while the residue becomes a simple covector, with companion
matrices serving as the building blocks. As a result, intersection numbers can be computed
using simple algebraic and matrix operations, with finite field reconstruction significantly
enhancing performance.

Our novel companion-matrix-based framework has been applied to the numerical reduction
of massless two-loop five-point functions up to rank 20, requiring the computation of 11-form
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intersection numbers. This result represents a milestone in the decomposition of Feynman
integrals and Euler-Mellin integrals into master integrals using intersection numbers.
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A Polynomial division as gauge transformation

Local solutions of (2.15) are labeled by the points of V(B). Let us assume for simplicity
that there are no multiple poles, i.e.

V(B) ={p1(8), -, px(B)} (A1)
and all the points p;(0) are different. The generating equation for the ideal (3.7)
B(z)—5=0 (A.2)

is a many-to-one polynomial map, such that B(p;(8)) = [ for each i, see [81] for further
discussion.

We may thus perform the coordinate change z — [ of the connection (2.3) near each point
pi(0) and organize the local solutions to the differential equation (2.15) into a column vector

T
v =1, (8) ¥, (B) ¥, (B)] (A.3)

which thus becomes a vector bundle of rank x. This vector of local solutions is related to the
ansatz (3.12) via the Vandermonde matrix (see also [91] for more applications)

Up, (B) Lpipl o pf bo(5)

U0 | _\1erd o 5 ) A4

Y, (B) Lpep2 Pt V—1(B)

establishing a simple relation between the two descriptions via a gauge transformation.
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B A pedagogical example

Consider a family of univariate twisted period integrals of the form

Ia:/u ®, u=2"B(z)7, Y= dz (B.1)
c

20’

where exponents a € Z and p,vy € C, and B(z) the following quadratic monic polynomial:
B(z) =by+by 2+ 22, (B.2)

with some generic coefficients by, b; € K. The connection (2.3) is

N 0,8
(=) =L4y =,

(B.3)
and its polar set is
P, ={0}UuV(B). (B.4)

To illustrate the computational scheme introduced in this communication, let us focus

on the intersection number:
(¢ l¢") =(dz/B*|dz/B). (B.5)

It can be easily seen, that the pole at z = 0 from the set (B.4) does not contribute to this
intersection number, so below we will only consider the vanishing locus V (B) for brevity.

B.1 Step 1: polynomial reduction
The ideal generated by the polynomial (B.2) induces a 2-dimensional quotient space (3.3)

Q = Spanyg (1, 2) - (B.6)
This implies that the ansatz (2.23) is a 2-dimensional column vector

wo(ﬂ)] ’

(2, 8) = o(8) + 2 v (8) = |1 2] - Lpl(ﬂ)

and the companion matrices (3.8) are explicitly

—bo + B

Qz: [1 _bl

1
) -
The differential equation (2.21) turns into a rank-2 linear system as in eq. (3.16)

o Yo(B)| s
v Lw)] l ]‘0’ (B9)

where:

Q§7w = Qo.808 — Q5+ Qo, . (B.10)
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Here the companion matrix representation of the &-term follows directly from eq. (B.3) using
the method of section 3.1.3, giving

Qo = % Qo5+ Q12 (B.11)

and the two appearing matrices are

Qo.s=b114+2Q, = [521 2(—bob+ /5’)] 7 (B.12)
—V1
Qi =Q;"' = i |1 (B.13)

Finally, to simplify the subsequent formulae we find it convenient to multiply the system (B.9)
from the left with the inverse matrix ngls that takes the following form:

1
- A448

by 2(—bo + B3)
2 —b

Qo5 . A=0—dby, (B.14)

where we recognize A = Disc,(B(z)) as the discriminant of the polynomial (B.2). The
system thus becomes

-1
(83 = 5P Qs Qust Qs Qaz) : mgﬂ ~ Qs [B ] =0. (B.15)

To compute the intersection number (B.5) we are only interested in the 8 — 0 series
expansion of the solution (B.7) to the system (B.9), which we turn to now.

B.2 Step 2: series expansion

The general § — 0 series expansion of the ansatz (3.20) specifies in the case of eq. (B.7) to

~1
[ Yo -1 Yoo Yo ) 0

1
w(z76)’6%=22z Van B z[lz}- e e b 1 |. (B.16)

a=0n>0

For the specific case of the intersection number (B.5), the values of the exponents (3.10) are
p=—2and p¥ = —1, so it is enough to bound the ansatz above to the interval {57!, 1, 3}.
It can be easily seen, that the 1, _; are going to be fixed to 0, so we will drop them in the
following for simplicity. The series expansion of the system (B.15) reads

~ b vol [
O — &+ =P )] 01 B.17
(B 2]+ )(%FLHM (B
—(ﬁi—;ﬁ..)[bg]:o,

where the opacity of the colors represent the degree in 5 of the collected terms.

2by—b?
=YL
bo b

b
by 2

1
A
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B.3 Step 3: global residue and tensor algebra

Now we substitue the individual p-dependent operators with their matrix representa-
tives (3.11), for example

000 010
O~~~ Ly, =001, and B o~ Lgai= 0011, (B.18)
000 000

leading to the tensor representation of the differential operator in eq. (B.17) of the form

(B.20)

we hid the irrelevant entries of the system under the * signs. Next, to obtain the matrix
form (3.33), we augment eq. (B.20) with the additional equation (3.30). This equation
represents the global residue by a dot product with the row vector (3.23)

(p]9") = —Resg (¢ ¥)

[0 0[00[10][ O 0
0000[01]] 0 0
=—|o1foojoo]- 838838 Yoo 2—[00W0W1]'¢m (B.21)
77/)10 77/)10
00[0 0[]0 0] | v, o
00/0 0[0 0| | ¥, Uiy

The linear system that involves the non-zero elements of the ansatz [85, 86] is obtained
by removing the first column and the last row from eq. (B.20)

(pleY) 0
Yoo
T : (B.22)
Yo =

ovn || &2
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which we solve for the value of the intersection number (¢ | ¢") only. The final result reads

8 —4by + Ap
\Y,
= — e _.I_ ,
<90’90 > ¢11 A2(’7—1) boAQ(’Y—l)’Y

(B.23)

in agreement with [92]. This computation follows closely our computer implementation
based on FINITEFLOW [27], whose general structure is shown in figure 2 and some details

are summarized in the following appendix.

C Implementation details

In this appendix we collect the details of our computer implementation of the framework
presented in section 3.

Intersection matrices. The systems shown in section 3.2 are not limited to computation
of a single given intersection number (¢ | ¢"). Indeed, in our implementation we construct
and solve the same single linear system for a collection of {pq,..., 04} and {¢y,..., 05}
(subscripts here temporarily denote different cocycles in a list and not projection components)
to determine the corresponding A x B intersection matrix in one go. In the context of
the example discussed in appendix B above, that corresponds to the [eolumn on the r.h.s.
becoming a wider matrix with B columns, and the top row on the lLh.s. growing into a
taller matrix with A rows.

Choice of the polynomial ideal. There are several methods to construct the polyno-
mial (3.7). Importantly it must contain (a subset of) the singularities Pqm) of the connection
matrix Q0™ or its dual QY™ at a given layer m. To satisfy the crucial condition (3.10)
we may choose the B(z) as the least common multiple (LCM) of all the denominators ap-
pearing in the QY connection matrix, as proposed in [25]. Alternatively, we may process
separately each irreducible factor in the LCM with its highest multiplicity, and add up the
individual contributions in the end. In this way only simple poles in the (§-variable may
appear in the connection matrix, which dramatically simplifies the construction of the tensor
representation (3.32) in practice.

The infinity. One possible prescription for computing the residue contribution at z = oo
is to take B(z) := 2", where n is the highest order pole of 2V, and use exactly the same
solving procedure as before. Alternatively, we may bring the z = oo to some finite position
Zso via the Mo6bius coordinate change

z

Z (C.1)

Z— Zoo
However, in practice, we have not observed significant performance improvements with this
strategy, primarily due to the growth of polynomials in intermediate expressions. Therefore, a
careful consideration will be necessary in future implementations of the Mébius transformation
approach.

— 26 —



Polynomial reduction via the Sylvester matrix. To build the companion matrices
presented in section 3.1.1 we may also just directly polynomial reduce numerator and
denominator of individual entries of Y, ¢ and ©V(™) as an alternative to eq. (3.13). To
do that we build the augmented Sylvester'® matrix [83, 94] of some polynomial p(z) = po +
z2p1 + ...+ 2" p, we wish to reduce modulo the chosen polynomial (3.7)

1 Pn Pn-1 P1 Do
1 Pn Pn—1 P1 Po
1 Pn Pn—1 P1 Po
Sp,B = 1 b,{_l bl bo (CZ)
1 b._q b1 b
1 be1 b1 by
I 1 b._1 b1 bo |

In the top right corner we highlighted the x x x block, which, upon row reduction, will contain
the companion matrix (), up to transposition and reversing the order of rows and columns:

Cip] = Qp = (Qp)T// Reverse //Map[Reverse] .  (C.3)

1
RowReduce[ S, 5] = [ 1

It is also possible to find the companion matrix representation of a rational function with
this technique, see [95] for details.

FiniteFlow data graph. We find FINITEFLOW [26, 27] to be an indispensable tool for our
implementation due to flexibility of its user interface and support for tensor constructions
that proved to be fundamental for the successful application presented in section 4. Indeed,
many tensor operations like the outer product and contractions can naturally be done
within FINITEFLOW via the nodes FFAlgTakeAndAdd and FFAlgTakeAndAddBL ( with some
automatization of the pattern creation https://github.com/vchestnov/utils). To compute
intersection numbers using this technology, we convert the input data {QV,p, "} first into
companion matrix representation (3.14) utilizing the Sylvester matrix technique (C.2), then
series expand the produced matrices in 5 — 0 limit using the FFAlgLaurent node, to finally
construct the companion tensor representation (3.26). We then solve the system (2.21), (2.40)
with the FFAlgNodeSparseSolver node specifying only the intersection number (o | ") itself
as the needed unknown variable to solve for. We repeat the same procedure for the pole at
infinity, add all the contributions with the FFAl1gTakeAndAdd node, and reconstruct only the
final sum of contributions to the given intersection number. The schematic form of the data
graph that we construct within FINITEFLOW at each layer is shown in figure 2.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

15The same idea applies to multivariate polynomial ideals, in which case the corresponding matrix bears the
name of F.S. Macaulay [93].
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https://github.com/vchestnov/utils

mod B(z) — 8

(le () (sovlw))

Qp(8)

|FFA1gLaurent|

|FFA1gNodeSparseSolver|

(eleY)

Figure 2. Flowchart of the data graph constructed in FINITEFLOW for computing intersection
numbers and described in appendix C. Square in the middle represents the linear system of equa-
tions (3.27), (3.28) and (3.30), (3.31), see eq. (B.22) for an example.

Code Availability Statement. This article has no associated code or the code will not
be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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