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ABSTRACT: We consider the motion of a particle in the geometry of a Schwarzschild-like black
hole embedded in a dark matter (DM) halo with Dehnen type density profile and calculate
the orbital periods along with the evolution of the semi-latus rectum and eccentricity for
extreme mass ratio inspirals (EMRISs). Such a system emits gravitational waves (GWs), and
the particle’s orbit evolves under radiation reaction. We also consider the effects of dynamical
friction and accretion of DM on the orbital parameters. We find that the eccentricity and semi-
latus rectum decrease faster with respect to the case in which EMRI is in empty spacetime.
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1 Introduction

The interplay between black holes and DM has proved to be a significant field of study in the-
oretical astrophysics, especially in understanding the dynamics of gravitational systems [1-3].
Black holes play a crucial role in the formation and evolution of galaxies. On the other hand,
DM, which constitutes about 27% of the universe’s total mass-energy content, adds further
complication to these gravitational systems and in cosmology [4]. In this context, the study
of gravitational radiation reaction around black holes immersed in a DM halo offers deep
insights into how these entities influence each other’s behavior and the resulting GW emitted.

The presence of extended DM halos surrounding galaxies is strongly supported by
various lines of evidence, including galaxy rotation curves, gravitational lensing analyses,
and measurements of cosmic microwave background anisotropies. Among the models used
to describe such halos, the Navarro-Frenk-White (NFW) profile [5], derived from cold
DM simulations, is widely employed and is characterized by its steep inner density cusp.
Nevertheless, the NFW profile has limited adaptability for representing alternative halo
morphologies, such as cored density profiles. On the other hand, the Dehnen profile [6] offers
a more general double power-law form, encompassing the Jaffe and Hernquist models as
specific cases and featuring an adjustable inner slope. This versatility makes it especially
suitable for capturing both cuspy and cored DM configurations, which are relevant for
modeling the environments of black holes [7, 8]. It defines a one-parameter family of spherical
equilibrium models in which the inner logarithmic density slope, -, regulates the degree of
central phase-space concentration. In contrast to fixed-shape prescriptions, such as the NFW
profile, the Dehnen model provides a continuous interpolation between core-like (v ~ 0) and
steeply cusped (v ~ 2) configurations without modifying its analytic form. This parametric
freedom endows v with a physically interpretable role as an entropy-compression index,
enabling the model to encapsulate a wide range of halo morphologies within a unified
framework. Moreover, the model retains full analytic tractability in its cumulative mass,
potential, and distribution function, rendering it particularly advantageous for dynamical



modeling and gravitational-lensing applications while preserving a direct connection to the
system’s inner information content.

Recent advances in astrophysical research have increasingly highlighted the relevance
of the Dehnen DM halo model. Since its introduction as a spherically symmetric density
profile, the Dehnen model has gained widespread application in galactic dynamics and
black hole astrophysics [6]. Initially employed to characterize the nuclear bulges of elliptical
galaxies, it has more recently been used to construct black hole models embedded within
Dehnen-profiled DM halos, revealing the impact of DM on the gravitational environment
of black holes [9]. Further studies have derived black hole solutions for specific Dehnen
profiles, systematically analyzing their thermodynamic behavior and strong-field gravitational
signatures [10]. Investigations have also demonstrated that the gravitational lensing properties
and orbital dynamics predicted by this model align well with general relativity, making it
a preferred theory for explaining the peripheral environment of galaxies [11]. Collectively,
these results establish the Dehnen profile as a powerful framework for probing DM-black
hole interactions and the structure of galactic environments.

In addition, GWs have become of large interest in gravitational physics since its detection
by LIGO/Virgo collaboration in 2015 [12]. One of the main sources of GW is two body
systems in which a stellar-mass compact object (SCO) rotates a supermassive black hole
(SMBH). In such extreme mass ratio inspirals (EMRIs), low frequency GW would be produced
which could be observed in future space-based observatories like LISA [13].

In this paper, we are interested in EMRIs immersed in a DM halo whose density
distribution is given by Dehnen type profile [6]. Dehnen distribution has been used, by
several authors, to model the DM profile of dwarf galaxies [7, 14, 15]. This dark-matter
background serves as a generalization of the well-established NF'W profile, exhibiting a
partially phenomenological character. In the following, we provide theoretical motivations
for adopting this form. In addition, the traditional belief is that these galaxies rarely host a
SMBH at their centers. However, some recent observations, including that of Leo I galaxy,
show that SMBHs might be present at the center of some dwarf galaxies [16] (see also ref. [17]).
This has motivated study of black holes embedded in Dehnen type DM halo [9, 10, 18-20].
As the SCO spiral into the SMBH, it emits GWs. Further, the DM halo exerts a gravitational
drag force on SCO which is known as dynamical friction. On the other hand, SCO accretes
DM as it is moving inside the halo. We are interested in studying the evolution of the orbital
parameter of SCO as well as its energy and angular momentum due to GW radiation reaction,
dynamical friction, and the accretion. Various black hole solution surrounded by DM halo
have been found in literature [21-24] and the evolution of orbits of small compact objects
inspiralling around these black holes has been investigated [25, 26]. These studies could help
us find out about the existence and properties of DM.

The paper is structured as follows. In section 2, we describe the main features of dark
matter density profile, computing the corresponding mass associated with dark matter. In
section 3, the bound orbits of the underlying metric is explored. In section 4, the gravitational
waveforms are studied, and finally in section 5, we sketch our conclusions and perspectives.



2 Dark matter density profile and metric function

First, we briefly review the mass distribution of a Dehnen type DM halo. In a spherically
symmetric spacetime, the mass distribution is determined by the density profile p through

T
Mp = 47r/p (r') r"2dr’. (2.1)
0
The density profile of the Dehnen DM halo is a special case of a double power-law profile
given by
—y o 1=8
o= () 1) T 22
where ps and 75 denote the central halo density and the halo core radius respectively, whereas
~ determines the specific variant of the profile. The values of « lies within [0, 3], e.g. v = 3/2
is used to fit the surface brightness profiles of elliptical galaxies which closely resembles
the de Vaucouleurs 7/* profile [27].

In general, the Dehnen model offers an improved representation of the dark-matter
density profiles observed in N-body simulations. Owing to its analytic flexibility, the Dehnen
family can accommodate physically motivated variations in the inner structure of halos. In
particular, as demonstrated in ref. [28], the adiabatic growth of a supermassive black hole
(SMBH) at the halo center transforms an initial power-law cusp, p;(r) oc 777 with 0 < v < 2,
into a final density spike, p¢(r) oc 777", where 2.25 < 7, < 2.5. The adopted Dehnen profile
with v = 2.5 thus reproduces the theoretically expected inner asymptotic behavior of such
spiked halos within a fully analytic framework. By contrast, the standard NFW model —
with its fixed inner slope v = 1 — is incapable of capturing this physically motivated steep
cusp. The Dehnen formulation, therefore, provides a more realistic and analytically tractable
description of black hole-halo systems.

In this work, we conventionally consider the Dehnen-(«, 5,+) = (1,4,5/2) DM halo, to
guarantee agreement with observations.

Accordingly, eq. (2.2) becomes

g pS .
p (%)5/2 (7 +1)3/2, (2.3)

and, so, plugging eq. (2.3) in eq. (2.1), one obtains

I ? 8 3
Mp = 47T0/ (Z)5/2p(572 N 1)3/2 dr’ = \/% (2.4)

The static black hole metric in the Dehnen-(1,4,5/2) DM halo is therefore given by' [18]

dr? .
o) +r? (d92 + sin? 0d¢2) , (2.5)

'The authors of ref. [18] model DM using an anisotropic fluid stress-energy tensor. Similarly, an effective

ds®* = —f (r) dt* +

anisotropic fluid has been proposed in refs. [29-31] to unify dark energy and DM. The procedure to model, with
an external energy-momentum tensor, induced by DM, a background metric appears a viable approximation
to characterize with one metric only, two different spacetimes, i.e., an interior and an exterior configuration.
Clearly, this limits the overall description, since it exhibits the presence of pressures violating the cosmological
cold DM hypothesis. However, it is possible to handle this technique at first approximation, albeit a more precise
and complete scheme would require the Israel-Darmois junction conditions [32] or alternatives, see e.g. [33, 34].

-3 -



where

2M 3 r—+ Trs
f (T) =1- T — 327Tps’l”51 / T'g , . (26)

This choice, though restrictive compared to the more general ansatz g = —e2) f (r), which
can describe spacetimes with anisotropic matter distributions, is consistent with the weak-field
origin of the DM halo model adopted in ref. [18] and ensures compliance with standard energy
conditions. Note that this geometry differs from the vacuum Schwarzschild black hole and
the inclusion of DM has changed the horizon radius (see e.g. ref. [35]).

3 Bound orbits of the corresponding black hole

In this section, we study the bound orbits of a Schwarzschild-like black hole embedded in
a Dehnen type DM halo.

3.1 The geodesic equations

Timelike geodesics in a spherical symmetry spacetime are described by the equations

“_r a1
®- (3.2)
(jz:>2 +V(r;L) = E?, (3.3)

where 7 is the particle’s proper time;?> E and L are constants of motion, respectively, the
orbital energy and angular momentum; the effective potential for radial motion is given by

V(r; L) = f(r) <1 + fz) : (3.4)

Note that due to the spherically symmetric property of the black hole, we can assume that
the motion takes place on the equatorial plane § = 7/2 without loss of generality.

3.2 Orbital parameters: p and e

For bound orbits, the energy and angular momentum should be limited as 0 < F < 1
and L > Lpound, Where Lpound can be obtained by determining the inflection point of the
effective potential from

oV 9%V
- _ —0. 3.5
or or? (3:5)
For our case, we have
2v/3 (M + 8mpgr?
Lbound - ( s ) (36)
1—32ps7;

2Since the analysis is restricted to the weak-field region where f(r) ~ 1, the difference between ¢ and proper
time 7 is negligible. This is a standard simplification for large-radius orbits in similar studies.
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Figure 1. The effective potential for radial motion for r4 = 0.1 and different values of ps (top panel);
for ps = 0.05 and different values of r; (middle panel); for ps = 0.05 and 7, = 0.1 (bottom panel).

Clearly, for ps — 0 and rs — 0, one recovers Lpoung Of the Schwarzschild case. When the

above constraints for bound orbits are satisfied, the cubic equation

V(r,L)—E*=0

(3.7)

generally admits three distinct roots, which are designated by r3 < r9 < rq as shown in figure 1,
confirming that the existence of three roots depends on the values of DM parameters r; and ps.
The roots of eq. (3.7) can be obtained by defining [36]

Rs(r) = 3+ Air? + Agr + As

where
Ai
As
As
Afterwards, define
0 =
R =

2M + 167 psr?

T (- B2 32mpa2) ]

_ L*(1 - 32mpr?)
(11— E2—327pgr2)’

~ 2L*(M + 8mp,r?d)

- (1—E?2-32mpsr?)
Lo

5 (A2 -34,) ,

1

o (247 — 9414, + 2743) ,

(3.8)

(3.12)

(3.13)



and

¥ = arccos (R/@) . (3.14)

Then, we have

r1 = —2v/Qcos (19+27r> _ A , (3.15)

3 3
ry = —2v/Q cos (19_327T> - él ) (3.16)
r3 = —2v/Qcos (g) — % . (3.17)

For a SCO inspiraling into a SMBH surrounded by a DM halo, the geodesic motion of
the SCO can be parameterized by the semimajor axis a and eccentricity e through [37]

a(l —e?)

= 3.18
1+ecosy’ (3.18)

where x is the orbital parameter that varies monotonically from y = 2k7w at the periastron
rp =p/(1+e€), to x = (2k + 1)7 at the apastron rq = p/(1 — e). Here, the semi-latus rectum
p = a(1 — €?) has dimension of length and e is dimensionless and satisfies 0 < e < 1.

For eccentric orbits, it is useful to relabel the outer two roots, which define the range
of the smaller body’s motion: the outermost root named as the apoapsis, and the next
root as the periapsis: 1 = 74, r2 = 7. From egs. (3.15)—(3.17), the third root can be
written in terms of p and e. Stable eccentric orbits occur when the inequality r3 < ro < rq
is satisfied, while stable circular orbits occur when r; = r9 > r3. The relations between
{p,e} and {F,L} can be obtained as

e (2= 12)
E‘E/“‘J P2 (ry) — 12 (ra) (3.19)

2,.2 _
0= L/u= Tagp (f(ra) 2f(7"p))' (3.20)
raf(rp) —rpf(ra)
Combining eq. (3.3) and egs. (3.18)—(3.20) yields
dt € dr € 02 ~1/2
ki — ) -1+ — — = , 3.21
ax T { A (321
—-1/2
do ¢ dr €2 0
— = —=— 14+ —-—= . .22
The orbital period P and the orbital precession A¢ over one period are
2w dt
P = / —dy, 3.23
L o™ (3:23)
21 d¢
A¢ = / —dy — 2m. 3.24
o= | ax—2m (3.24)
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Figure 2. The results of the orbital periods and precessions for EMRIs in a Dehnen type DM halo
with different values of ps and rs.

The influence of the halo density ps and scale radius rs on the orbital dynamics of an
EMRI embedded in a Dehnen type DM halo is shown in figure 2. The presence of DM
modifies both the orbital period and pericenter precession compared to the vacuum case.
As can be seen from the top panels of figure 2, increasing ps slightly decreases the orbital
period and increases the pericenter precession A¢. The bottom panels show the dependence
on the scale radius 75, which controls the spatial distribution of the halo (with larger rg
corresponding to a more concentrated profile), revealing that this parameter has an effect
similar to that of ps. But its effect on the orbital period is more significant at large values of
p/M , whereas its influence on the precession is most pronounced at small p/M. Although
these deviations are small for the parameter ranges considered, they accumulate over time
and can be significant for accurate EMRI modeling in DM-rich environments.

EMRIs occurring within DM halos emit GWs and are affected by their ambient environ-
ment. The SCO’s motion is shaped by several forces, including GW backreaction, dynamical
friction, and material accretion from the halo. If the SCO is a small black hole, it will draw
in surrounding DM as it travels through the halo, a process that can be modeled using
the Bondi-Hoyle accretion formula [38]

. A i pom

L= W+ 2 (3.25)
in which ¢s = /6P, /dppm represents the sound speed of the medium, v is the velocity of the
small black hole, and dots indicate time derivatives. Since accretion does not transfer orbital

angular momentum, the shape of the orbit remains constant, specifically, (dL/dt), .. = 0 and



de/dt = 0. The variation in orbital energy due to accretion can be expressed as

dE [ ) dp dE
- ="F =S (EF—1—=—"). 2
<dt> 0 The < ) (3:26)

As the small black hole moves through a DM environment, it experiences gravitational
interactions with DM particles within the halo. These interactions produce dynamical friction,
which contributes to the loss of both energy and angular momentum. The Chandrasekhar
formula for dynamical friction is expressed as [39]:

47 1 powm lnA

fop = — v, (3.27)

v3

where the Coulomb logarithm In A = 3 [40]. The mean rates of energy and momentum loss
resulting from dynamical friction can be described as follows:

dE
— = fpp - 3.28
( dt >DF ey (3:28)
dL
(dt)DF =TrX fDF. (329)

The averaged rates of energy and angular momentum loss due to GW emission are ex-
pressed as [41]

dE 32 u? [ M\°®
<dt>GW =T <p> fi(e), (3.30)
dL 32 2 [ MN\7/?
= = =2 (= 31
where fi(e) and fa(e) are given by the following expressions
73 5 37
(1 .2)3/2 ol 4
Fule) = (1— ) (1 R ) (3.32)
fale) = (1 —e?)3/? (1 + ;(52) . (3.33)

The variations in orbital energy and angular momentum due to the combined influence
of GW emission, accretion, and dynamical friction can be represented as:

dFE dE dE dE
at Y - - .34
()= T T (T (339
dL dL dL
— ={(— — . 3.35
(dt>orb <dt >GW+<dt >DF (3.35)
the angle brackets denote averaging over several gravitational wavelengths, and
dE 1 [P dE 2 dE dt
<> _1 / (3.36)
dt PJo dt P dt d(;ﬁ
dL 1 (PdL 1 (27 dL dt
ab\ _ 4 Zdt = = = 3.37
< dt > PJo dt P /0 dt de¢ a¢- ( )
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Figure 3. The energy and angular momentum fluxes for EMRIs in galaxies with a Dehnen type DM
halo with different values of p, and r;.

Figure 3 illustrates the energy and angular momentum fluxes for EMRIs embedded in
galaxies with a Dehnen type DM halo for different values of central density ps and scale radius
rs. As expected, both fluxes are negative, indicating that gravitational-wave emission causes
the system to continuously lose energy and angular momentum. Based on the left panels of
figure 3, the absolute value of the energy flux, |dE/dt|, decreases with increasing ps and rg,
representing that denser and more extended halos reduce the efficiency of gravitational-wave
energy extraction, leading to a slower inspiral. In contrast, the absolute value of the angular
momentum flux, |dL/dt|, shows a much weaker dependence on the halo parameters and
exhibits only a slight enhancement for larger ps and r,. This behavior implies that the effect
of the DM halo is less important for the angular momentum flux as compared to the energy
flux. Furthermore, the influence of DM on energy flux is most pronounced at small p/M,
whereas at larger separations the differences become negligible.

Using egs. (3.19)—(3.20) and (3.26)—(3.35), the rate of change of the eccentricity and

semi-latus rectum are given by [42]

de € —1 (dE/dt _dL/dt

W (TE ) (339
dp da 9 de

(1= — 2ae— .
i ( e ) ae—, (3.39)

where ‘fl—‘; = jg//gi. Figure 4 shows how eccentricity e(t) and semi-latus rectum p(t) evolve

over time for EMRIs in a Dehnen type DM halo, as functions of the halo parameters ps and
rs. In particular, both e(t) and p(t) are shown to decrease monotonically with time, but the
rate of decline is steeper for larger values of ps and rs. This behavior reflects the increased
gravitational potential due to the DM halo, accelerating the inspiral process. As a result, the




p(tyM

0.4 —— M?p,=0.005 M2ps=0.005
M?p=0.01 e.2r M?ps=0.01
——— M2p=0.02 M2ps=0.02

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

-------- NO DM

04 1/M=0.05 1s/M=0.05
rs/M=0.1 o2r 15/M=0.1
1sM=0.15 1sM=0.15

. . . . 9 \ . . .
1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
t(s) t(s)

Figure 4. The evolution of the orbital parameters e(t) and p(t) for different values of p; and ;.

orbit circularizes and shrinks more rapidly in halos with higher density normalization and
scale radius, emphasizing the critical role of halo properties in shaping EMRI orbital evolution.

4 Gravitational waveforms

After determining the orbital evolution of the EMRI, the corresponding GW signal can
be obtained within the framework of the leading-order quadrupole approximation. At this
level, the strain tensor is expressed as

4GnM GM
hij = 7C4DL (vivj — 771 ninj) y (4.1)

where Dy, denotes the luminosity distance between the source and the detector, n = M u/M?>
represents the symmetric mass ratio, M = M + u the total mass of the system, v; the
relative velocity components, and n; the components of the unit vector pointing along the
separation of the compact objects.

To extract the two independent polarization modes of the GW, we employ a detector-
oriented orthonormal basis defined by

€x = (C0847 - SiIlC, 0)7
ey = (costsin ¢, costcos(, —sint), (4.2)

ez = (sin¢sin (,sin¢cos (, cost).

where ¢ denotes the inclination angle of the orbital plane with respect to the line of sight
and ( is the longitude of the pericenter.
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Figure 5. Time-domain h waveforms for EMRIs embedded in a Dehnen type DM halo with varying
ps and 7.

In the transverse-traceless gauge, the two polarizations of the GW take the form

2
h = _2776(46;/;?(1 + cos? 1) cos(2¢ + 2¢),
(4.3)
2
hy = —M cos ¢ sin(2¢ + 2¢),

cADrr

where r and ¢ denote the orbital separation and phase, respectively. The dependence of the
+-mode gravitational waveforms on the DM parameters is demonstrated in figure 5. The right
panel shows the effect of varying the halo density ps for a fixed rg, revealing that as ps increases,
the stronger gravitational potential and dynamical friction from the denser halo lead to a more
pronounced dephasing compared to the vacuum case. This manifests as a phase acceleration,
where oscillations arrive earlier as the DM density grows. The left panel shows the impact of
changing the scale radius rs while keeping the halo normalization fixed, indicating that a
smaller 74 causes a smaller deviation of the vacuum waveform, while a larger 75 has a greater
effect on both the phase and amplitude of the waveform. Although the changes induced by
DM are subtle during the early inspiral, they accumulate over time, leading to observable
phase differences, which are critical to the accurate modeling of EMRI waveforms in DM.

To assess the effect of a Dehnen DM halo on the evolution of EMRIs, we compute the
number of orbital cycles accumulated during the inspiral as [43, 44]

N = 1/t2 o(t) dt. (4.4)

™ Jt1

Using egs. (3.21)—(3.22), and (4.4), we evaluate N (¢) numerically for the EMRI model under
consideration. Figure 6 shows the resulting N (¢) for EMRIs with and without the DM halo,
indicating that the presence of DM produces a slight reduction in N (t) relative to the vacuum
case. This effect becomes more pronounced for halos that are more concentrated (smaller
rs) and denser (larger p;), as the additional gravitational potential and dynamical effects
from the halo slow down the system evolution. These findings suggest that dense or extended
DM environments around EMRIs may alter their GW signature.

— 11 —
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Figure 6. Evolution of the number of orbital cycles N (¢) for EMRIs in the presence of a Dehnen
DM halo, compared to the vacuum (No DM) case.

5 Final remarks

In this work, we have examined how the DM halo of the Dehnen type affects the dynamics
and GW signatures of EMRIs. After establishing the theoretical motivation for adopting the
Dehnen profile as the dark-matter background and outlining its key physical properties, we find
that the presence of dark matter induces systematic deviations from the vacuum case across
all aspects of EMRI evolution, potentially yielding astrophysically significant effects over long
inspiral timescales. We started with orbital period and pericenter precession, and we showed
that both of these quantities are sensitive to the properties of the halo. Higher central density
ps and greater radius of r, result in shorter orbital periods but more intense pericenteral
precession A¢. Although variations in halo density ps cause slight changes, the scale radius
has a stronger effect on orbital period at large distances and precession at small distances.

We then analyzed how radiation fluxes depend on DM parameters, and we noticed
that as ps and rg increase, the absolute value of the energy flux |dE/dt| decreases, which
means that it becomes less efficient to extract energy from the orbit, thus slowing down the
inspiral. On the other hand, the angular momentum flux |dL/dt| is only slightly increased
under the same conditions, indicating that DM suppresses energy dissipation more strongly
than angular momentum loss. Our analysis of orbital elements e(t) and p(t) demonstrated
that the presence of DM speeds up circularization and contraction. Higher values of p;
and 75 result in a steeper drop in both parameters, underlining the role of halo properties
in shaping the inspiratory path.

We continued our study by examining GW in the time domain and found that they
exhibit slight but cumulative changes. While the initial inspiral signal remains close to the
one in vacuum, the DM induces a systematic phase shift that becomes more pronounced as
time progresses. Halos with larger ps and rs have stronger effects, leading to measurable
phase shifts which may affect the estimation of parameters by detectors such as LISA. Finally,
we examined the number of orbital cycles and found that it is reduced in the presence of
DM, particularly for denser and more concentrated halos. These results demonstrate that
DM distributions around massive black holes can significantly influence EMRI evolution
and GW signals; accurate modeling of these effects will be crucial for interpreting future
space-based GW observations.
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