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Introduction

Effective Field Theories (EFTs) have emerged as indispensable tools for interpreting the

increasingly precise data collected at the Large Hadron Collider (LHC) and at other high-
energy physics experiments. In particular, the so-called Standard Model EFT (SMEFT) [1, 2]
and Higgs EFT (HEFT)! [3-9] provide model-independent parameterizations of non-resonant

beyond-Standard Model (BSM) signals, that could be potentially generated by heavy new

particles and that can be searched for in precisely measured observables [10, 11]. Both EFTs

extend the Standard Model (SM) by introducing classically non-renormalizable interactions.

known as Electroweak Chiral Lagrangian with a light Higgs.

'HEFT should not be confused with the EFT obtained in the large top quark mass limit, and it is also



They differ in the representation of the four scalar fields of the theory: the SMEFT adopts a
linear doublet representation of the SU(2); gauge symmetry, that contains both the physical
Higgs boson and the three would-be Goldstone bosons of electroweak symmetry breaking
(EWSB). The HEFT, that descends from technicolor [12-14] and composite Higgs models
theories [15-19], adopts a non-linear representation for the three Goldstones, which are
embedded in a bi-doublet of the global SU(2); x SU(2)r [20-25], and adds the physical
Higgs boson as a pure gauge singlet.

The relationship between SMEFT and HEFT has long been the subject of theoretical
and phenomenological studies, aimed at establishing whether the two formalisms are actually
independent, whether one of the two is more general than the other, and also whether the
two EFTs could be disentangled experimentally, and what such a signature would imply in
terms of viable BSM scenarios. Recent studies have established that the HEFT framework
offers a more general description than the SMEFT, as certain BSM scenarios preclude a
consistent matching onto the SMEFT due to the presence of singularities at the HTH = 0
point [26], typically arising in theories involving loryons [27, 28], or due to the existence
of BSM sources of EWSB [29]. These conclusions can be achieved employing geometrical
methods [30-32] designed to circumvent the complications arising from the fact that the
two EFTs are related by a non-linear field redefinition, and therefore hold independently
of how the EFT series are truncated.

HEFT appears to be more general (i.e. it contains more free parameters) than SMEFT
in order-by-order comparisons as well, which has also been shown via on-shell amplitude
techniques [33-36]. Most notably, the doublet structure adopted in the SMEFT enforces
correlations among interactions involving different powers of h, which are only broken by going
to higher orders in the SMEFT expansion. By contrast, the singlet representation adopted in
HEFT allows for arbitrary Higgs couplings already at leading order (LO), which generally
ensures better convergence properties compared to SMEFT [29]. Moreover, interactions
involving longitudinally polarized gauge bosons typically appear at lower orders in HEFT
compared to SMEFT, and the same is true for operators that violate the custodial symmetry:
these breakings are unsuppressed in HEFT, while in SMEFT they require insertions of the
Higgs doublet, which increase the operator dimension. This effect leads, for instance, to
neutral anomalous quartic gauge couplings appearing at much lower order in HEFT compared
to SMEFT. Chirality-flipping fermionic operators also appear at lower orders in HEFT for the
same reason. The order-by-order comparison of the two EFTs therefore predicts distinctive
HEFT signals in di-Higgs and multi-Higgs production [37—45], Higgs decays [46-48], Higgs
and diboson production [5-7, 49], vector boson scattering [50-52], as well as lower energy
flavor processes [6, 53-55]. It is understood that these signatures can disentangle the two
EFTs only if contributions from the respective higher orders are negligible.

SMEFT is by far the most commonly adopted framework for BSM searches. It represents
the standard EFT for the interpretation of LHC data, widely employed by both the theory
community and the experimental collaborations. Its fast advancement over the last decade was
fostered by the development of a number of tools, that almost fully automate the matching-
running-simulation chain and allow the combination of large numbers of measurements in
statistical global analyses, see e.g. [56] for an overview. HEFT has been adopted less frequently



in the literature (see [7, 49, 57] for global fits), but interest in this EFT has been growing
again recently, mainly as a framework for exploring BSM scenarios whose signatures are
not satisfactorily captured by the dimension-six SMEFT. This happens in the presence of
new physics that cannot be matched onto SMEFT, as mentioned above, or whenever the
SMEFT expansion, while possible, is poorly convergent, as is often the case in the matching
to composite Higgs models. In this approach, HEFT can be employed as a framework to test
the validity of the SMEFT expansion, similarly to the dimension-8 SMEFT.

One of the main challenges in adopting HEFT descends from its power counting. In
this work, we will use the term “power counting” to denote the set of rules that sort in
a coherent way (i) EFT operators, (ii) Feynman diagrams and (iii) observables (e.g. cross
section contributions) by expected importance, and that allow to implement a valid EFT
truncation at any of these orders. While for SMEFT the power counting boils down to
expanding in powers of the cutoff scale A at each step, the HEFT case is less obvious and
generates recurring confusion in the literature. The origin of this complication lies in the fact
that HEFT merges the formalism of chiral Lagrangians for Goldstone bosons, that are known
to follow a counting “in derivatives” [58, 59], with gauge and fermions fields that transform
linearly under the symmetries and with a scalar singlet that — in general — does not have a
Goldstone nature. Moreover, all the masses in the theory originate from the spontaneous
breaking of the electroweak (EW) group, and correspondingly share the same scale parameter
v. As will be shown later, an important factor in the definition of the power counting is that,
while in SMEFT v emerges as the vacuum expectation value (VEV) of the Higgs field, in
HEFT it is introduced as a free parameter. This difference is directly related to a well-known,
fundamental distinction between the two theories, namely that while SMEFT is naturally
written as an expansion around the EW-preserving field configuration (H) = 0 such that the
EW-symmetry breaking (EWSB) mechanism is explicitly modeled in the Lagrangian, HEFT
can only be written directly in the broken electroweak phase [29, 31].

The issue of power counting within the HEFT framework has been previously studied
in the literature, see refs. [7, 25, 60-62]. However, previous works mostly discussed the
classification of HEFT operators, proposing various criteria to generalize the power counting
of chiral perturbation theory (xPT) [58, 59, 63]. To our knowledge, a consistent set of
rules taking the user from the Lagrangian to the cross section has never been fully spelled
out. In particular, the interplay between the organization of the operator series and the
expansion of observable predictions in powers of some small parameter, that ultimately
retains the physical meaning of an EFT, has not been examined in detail. Clarifying these
aspects is clearly indispensable in order to build a consistent program of HEFT searches
comparable to the SMEFT one, and it is a necessary step towards the potential automation
of simulation tools. Moreover, the power counting of the EFT is closely related to the
algorithms for BSM-HEFT matching, that also present some ambiguities and are the subject
of ongoing research [64-68].

In this work, we revisit the power counting of HEFT by requiring, as a guiding principle,
that the classification of EFT operators and Feynman diagrams mirrors the expansion
of observable predictions in powers of small, dimensionless physical quantities, including
(p/N), (g/47), etc. In doing so, we will heavily rely on existing results, particularly on Naive



Dimensional Analysis (NDA) [61, 63, 69, 70] and on well-known diagrammatic relations (see
appendix B). Although our reasoning shares several arguments with previous analyses, we
find that it yields a clearer picture of the HEFT power counting: it removes ambiguities in
the operator classification and it provides a simple set of rules for the coherent organization
of the Lagrangian, diagrams and observable series. More specifically, we find that two
alternative power counting rationales apply, depending on whether the EW scale v is the only
mass-dimensionful scale present in the theory, or an independent quantity f is introduced to
suppress scalar insertions. Interestingly, the sets of rules we identify present some differences
compared to previously proposed rationales.

This work is structured in the following way. We begin, in section 2, with a definition of
the SMEFT and HEFT frameworks and a brief review of the two EFTs. Section 3 presents
a self-contained discussion of power counting in general EFTs, reviewing in particular how
insertions of small expansion parameters propagate from the Lagrangian to amplitudes and
observables. Section 4 briefly covers the power counting of SMEFT| specializing the discussion
of section 3 to this well-known case. The main results of the paper are presented in section 5,
where the power counting of HEFT is studied in detail, and the proposed set of expansion
rules is derived. Section 6 contains a number of examples showcasing the rationale behind the
proposed power counting and its application in concrete processes. Finally, in section 7 we
conclude. A self-contained summary of the power counting rules can be found in appendix A.

2 EFT extensions of the SM

2.1 Standard Model Effective Field Theory

The SMEFT is built out of the same fields and symmetries as the SM. In particular, the four
scalar degrees of freedom are embedded in a complex SU(2);, doublet

_ 1 (gatin
V2 <¢0 - i¢3> ’ 1)

such that, upon EWSB, ¢g = v + h, with v = (¢g) ~ 246 GeV the vacuum expectation value
of the field and h the physical Higgs excitation. The fields ¢y, I = 1,2,3 are instead the
Goldstone bosons (GBs) of the spontaneous symmetry breaking, that are reabsorbed into
the longitudinal components of the W+, Z bosons.

The SM Lagrangian is written as?

1 1 1
Lom == 7 B B = VW = ZG;?VGAW + Dy H'D"H — V(H)

4w
+> iy — [QLYdeR + QLY Hup + LiY.Heg + h.c.] : (2.2)
"
m% t 77\2

where B, Wi? Gﬁ are the gauge fields of the U(1)y x SU(2)r x SU(3). gauge groups. The
respective coupling constants will be denoted by ¢’,g,gs. The index v runs over the 5

2We omit the QCD theta term as its role is beyond the scope of this work. We also neglect the presence of
neutrino masses.



fermion fields of the SM:

QL = (ur,dz), Ly =(vr,eL), UR dr, ER - (2.4)

Each of them carries flavor indices which are implicitly contracted in eq. (2.2), where the
Yukawa couplings Yy, Yy, Y. are 3 x 3 complex matrices in flavor space. We have also
introduced the dual Higgs doublet

T *_L ¢o + i3
H=c¢H _\/§<Z¢1—¢2>7 (2.5)

which has opposite hypercharge with respect to H. The scalar potential V(H) enjoys an
exact O(4) global symmetry, which is due to

1
HYH = 2 (63 + 61+ 03 + 63) . (2.6)

being invariant under rotations of the four real scalars. This symmetry is locally isomorphic

to a global SU(2); x SU(2)g: one defines the bidoublet field
Y = (H H) (2.7)

such that Tr (XfX) = 2HTH. Since ¥ transforms as ¥ — QLZQ;2 under generic SU(2)1 g
transformations €27, g, it is easy to see that Tr (ETZ) is manifestly invariant. Upon EWSB,
the global symmetry is spontaneously broken down to the so-called custodial symmetry, i.e.
the diagonal subgroup SU(2)y (or the O(3) rotating only the GB fields). The gauging of the
hypercharge (¢’ # 0) is a source of explicit breaking of the global symmetry, which can be
seen identifying U(1)y with the group generated by the third generator of SU(2)g.3

SMEFT power counting. In SMEFT, BSM effects are parameterized by an infinite tower
of effective operators that are sorted by their canonical dimension d:

o) o o c®
LsmerT = Lsm + TO(5) + Z A2 o + Z ﬁozm + Z ﬁ(’)l@) +..., (28)

where the sums run over complete and non-redundant bases of operators, indicated as (’)gd),
that contain only SM fields and respect the SM gauge symmetries. The quantities Ci(d) are
the Wilson coefficients, and A is a constant with the dimensions of a mass, that is introduced
in order to work with dimensionless C’i(d). The dots stand for terms of higher canonical
dimension. Complete and non-redundant bases of SMEFT operators have been constructed
up to dimension 12 [2, 72-79], and the number of independent parameters at each order is
known through Hilbert series calculations [74]. Dimension-5 contains only one term, yielding
Majorana masses for the three neutrinos, and all operators of odd dimension violate the
conservation of the baryon and/or the lepton number [80]. For this reason, phenomenological
studies focusing on B and L-conserving phenomena only consider operators of even dimension.

The power counting rules for SMEFT are well-known, and ultimately amount to an order-

by-order expansion in inverse powers of A at every stage of the calculation: the leading (B, L

3This group actually corresponds to a linear combination of U(1)y and U(1)p—1, [71].



conserving) corrections to SM predictions are given by terms of order O(A~?), the subleading
ones by terms of O(A~*) and so on. The perturbative expansion is orthogonal to the EFT
expansion in SMEFT, in the sense that, at each order in A, observable predictions can be
truncated at any desired order in the perturbative parameters of the SM (g/4m etc.) without
stumbling upon formal inconsistencies. As will be reviewed in the next sections, this seemingly
natural fact is actually a direct consequence of the power counting in canonical dimensions,
which also ensures that the SMEFT is renormalizable order-by-order in its expansion.

2.2 Higgs Effective Field Theory

The HEFT (also known as Electroweak Chiral Lagrangian with a light Higgs) relaxes the
assumption that the physical Higgs boson h is part of a SU(2), doublet and rather treats it
independently of the three Goldstone bosons. The latter are incorporated in the dimensionless

2 x 2 complex field
imrol
U =exp ” , (2.9)

are the GBs in a nonlinear representation, and ¢! are the Pauli matrices. U trans-

where 7!

forms as a bidoublet under the global SU(2); x SU(2)g symmetry. Its covariant derivative
can be written as

i T T ig’
DU =09,U+ W, 0'U - ?BuUa?’ : (2.10)
and it is convenient to define the objects
V, = (D, U)U", T = Us’UT, (2.11)

which both transform in the adjoint representation of SU(2)r: V, — Q LVHQTL and analo-
gously for T. While V, is a singlet under SU(2) g, T is only invariant under U(1)y C SU(2)g.
In fact, it constitutes a spurion that injects an explicit breaking of the custodial symmetry.*

The physical Higgs boson h is introduced as a gauge singlet, which therefore can be
arbitrarily coupled to any operator. It is customary to package the infinite series of allowed
h insertions into dimensionless functionals [81]

Fi(h) = ain (h) : ain € C, (2.12)
n=0

v
that can be treated as building blocks for the Lagrangian. The coefficients a; , are complex
in general, but, if F; is inserted in a hermitian operator, only their real parts are physical.

Finally, because the scalar fields representation makes the global SU(2), x SU(2) g manifest,
it is convenient to adopt a consistent notation for the fermions, introducing right-handed
doublets:

QR:(UR,CZR), LR: (O,QR). (2.13)

4Due to the caveat pointed out in footnote 3, the use of T as a building block is compatible with the
preservation of QED only for operators that conserve B — L [71]. In this work we will restrict to the sector
respecting this condition.




Using this formalism, the SM Lagrangian can be written as [23]

1 a apy 1 I Tuv 1 v
ESM - — ZGMVG e ZWNVW e ZB;U'VBM
1 h)?
+ 5 0uh0"h (U+4)Tr (V. V) — V(h)
+iQPQL +iQrPQr +iLL DLy, +iLrPLg
v+h — v+h —
-7 (QLUYQr +hec.) - 7 (ZLUYLLg +hie.), (2.14)
with
h? h  1hm? Y, 0
V(h) =M=+ =+ -~ Yo=|" Y = . 2.15
(h) v[v2+v3+4v4]’ Q ( Yd)’ i3 (Ye (2.15)
A mapping from SMEFT to HEFT can always be identified by replacing®
~ 1
o Uy (Y), - Ty, (2.16)
V2 1 V2 0
while the inverse
HH
v UH h— V2HTH — v, (2.17)

HYH

is physical iff HEFT admits an O(4) fixed point at h = —v (or equivalently at H'H = 0)
and it is possible to analytically expand the theory around it [26, 29-31].

HEFT power counting: state of the art. In the previous paragraphs we have introduced
the HEFT formalism, but we purposely avoided giving an expression for Lygpr. Indeed,
eq. (2.14) provides the SM Lagrangian in HEFT notation, which does not necessarily coincide
with the LO of the HEFT expansion, that we discuss in the following.

When examining the HEFT power counting, one typically starts from the pure scalar
sector, which has two characterizing features: first of all, the building blocks U and F(h) are
dimensionless and contain infinite series of scalar field insertions. In the case of U, all terms
in the series are needed in order to preserve its bi-doublet transformation property, implying
that a gauge-invariant power counting must weigh all series terms equally. This observation
clearly rules out a naive use of canonical dimensions. The second important feature of the
scalar sector of HEFT is that the EW scale v does not appear dynamically (i.e. as a VEV)
but it is introduced as an explicit suppression scale in the expressions for U and F(h).

The close resemblance between the pure scalar sector of HEFT and chiral perturbation
theory suggests that it should naturally follow a counting “in derivatives” [58, 59], such

5Note that, although we use h to denote the Higgs excitation in both cases, the SMEFT fields (¢;, k) and
the HEFT ones (7, h) are related to each other by a nonlinear field redefinition [31].



that one would write e.g.

Log = = *V(h) (2.18)
1 2 2

L20 = 50uhd"h + %Tr [V, V¥ Fe(h) + Cr UZTr [TV, ]2Fr(h) (2.19)

Lip = C1 Tr [V, VF2Fi(h) + Cy Tr [V, V, > Fa(h) + ... (2.20)
C C

Loy = /T;) Tr [V, V* F3(h) + A%; Tr [V, V> Tx [V, V7| Fa(h) + . .. (2.21)

where the dots stand for other operators with 4 or 6 derivatives and the two functionals
V(h), Fc(h) take the form

h? h3 1At > h\"
h)=— — -— anl—1 2.22
V(h) 2 +av’3v3 +av744v4+7;5av, <v> ( )
Fe(h) =1+ i acn <h>n (2.23)
n=1 7 v 7

to assign a canonical kinetic term to the GB fields, preserve m,2Z = 2)\v? and avoid a h tadpole.
The SM limit is recovered for ay 3 = avy = ac2 =1, ac1 = 2 and ay,(,>5) = a¢,(n>3) = 0.

The classification of the interaction terms in derivatives is clearly compatible with the
gauge invariance requirement. Moreover, it is intuitively associated to an expansion of the
scattering amplitudes in (p/A), where p represents generic momenta of the external state
particles.® More precisely, as we will see in section 3, a L-loop diagram with S external
scalar legs, whose i-th vertex is extracted from an operator with g; derivatives, scales with
(p/A)*, being’

a=20+85-2+ (¢ —2), (2.24)

where the sum is over all vertices. Note that this quantity differs from the usual order D
defined in [58] (see also e.g. [60, 82]) as

a=D+85—4, (2.25)

As will be shown later, the last two terms avoid counting powers of p that are associated
to the dimensions of the external legs, and that have no net physical impact at observables
level, due to a cancellation against phase space factors [61]. A well-known consequence of the
derivative expansion is that one-loop diagrams containing only operators with two derivatives
are renormalized by counterterms belonging to the 49 class, and similarly for higher orders.
In fact, considering that the counterterm must give a tree-level contact diagram with the
same « and S as the loop, eq. (2.24) gives

gor =2L+2+) (¢ —2)=D. (2.26)

(2

5The arguments of section 3 will clarify why the expansion is in (p/A) and not (p/v). Moreover, when
present, mass insertions are treated as m? ~ p® to ensure homogeneous equations of motion and propagators.

"This discussion is still restricted to the pure scalar case. The inclusion of fermions requires a generalization
of the expressions, that can be found in section 3.



This well-known result expresses the common lore that adding a perturbative order requires
adding a derivative order and vice versa. Thus, the perturbative and EFT expansions are
tied together, differently from what occurs with a power counting in canonical dimensions.

Let us now address the full HEFT, where the chiral scalar sector is coupled to gauge
and fermion fields. The simultaneous presence of these sectors generates ambiguities in the
definition of a unified power counting. To give some very naive examples: a gauge field
strength X, ~ [D,,, D,] could be considered as a two-derivative object. However, this would
shift the gauge kinetic terms to L£45. Similarly, operators of class X3, i.e. formed by three field
strengths, could either belong to Lgg, or to L4, if we consider the kinetic terms as LO and
note that X3 have two derivatives more than those. Further, if U insertions are unsuppressed,
operators such as B, Tr [TW#] (contributing to the S parameter) or Tr [TW,,]? (the U
parameter) are of the same order as the gauge kinetic terms, which can seem incongruous.
The presence of fermions leads to similar conundrums: for instance, as discussed further below,
four-fermion operators can be classified as either 20 or 40 depending on the rules adopted.

The issue of identifying a unified power counting for the HEFT Lagrangian has been
addressed in the literature drawing on a variety of logical arguments. Building upon the
conventional coupling of YPT to QED [83, 84], refs. [25, 60, 62| define HEFT as an expansion
in (1/1672), which is equated to (v?/A?%) or (f?/A?) factors arising from NDA. Within this
approach, the LO of the HEFT Lagrangian cannot be fixed unambiguously by a counting
rule, but must be selected by the EFT practitioner. The choice is subject to the constraint
that all LO terms must have the same “chiral dimension” d, = 2, which is a quantity
that generalizes the number of derivatives. Once the LO is fixed, the NLO Lagrangian
is determined by selecting the operator classes that contain the counterterms required for
the 1-loop renormalization of the LO. The definition of d, is such that all NLO operators
obtained in this way have d, = 4, which maintains a similarity with the derivative expansion.
Ref. [61], on the other hand, proposes to sort HEFT operators by their “primary dimension”
dp, which is defined as the lowest canonical dimension among the terms resulting from the
series expansion of U, F(h), V,, etc. This choice is motivated by considerations on the
scaling of observable predictions with powers of (p/A), and it seeks an EFT organization
that resembles more closely the SMEFT expansion, while remaining compatible with the
gauge invariance constraints.

None of these rationales appears to be fully satisfactory: for instance, the classification
based on chiral dimensions assigns the operator classes %, X?U and the custodial-breaking
operator Tr[TV,]? to the LO Lagrangian (d,, = 2), which was deemed unrealistic in
refs. [60, 62]. The authors argued that the chiral counting should be supplemented with
further considerations, that motivate pushing those operators to the NLO sector. Analogous
arguments were adopted in [5, 7] as well. For instance, the 2-derivative custodial violating
operator can be assumed to be loop-suppressed® based on experimental observations. Four-
fermion operators and operators containing gauge field strength are understood to carry a
suppression due to these fields being expected to couple weakly to the UV sector.

8By “loop-suppressed” here we mean that, if its coefficient was set to 0, the operator would be generated by
loop corrections within the EFT, pretty much in the same way as in the SM. This is distinct from assuming
that the operator is generated at 1-loop in the matching to BSM models.



Another unappealing feature of the chiral counting is that it assigns a finite chiral
dimension to coupling constants, in particular to the gauge (g, ¢’, gs) and Yukawa couplings
(yy) [60, 62]. This feature is analogous to the treatment of the electromagnetic coupling e
in xPT [83], and it is understood as a convenient formal prescription, while a fundamental
physics principle supporting it is not identified. Nevertheless, the dimensionality of the
coupling constant plays a relevant role in the classification of HEFT operators by the chiral
rationale, as g, ¢’ ... factors increase the chiral dimension of HEFT operators. On one hand,
this can be seen as introducing ambiguities in the counting. On the other, coupled with UV
assumptions, it motivates the order increase for certain operators. For instance, if gauge
fields are weakly coupled in the UV, then B, insertions must be accompanied by ¢’, and
analogously for the other gauge groups. Similar effects can emerge e.g. from arguments based
on the assumption of Minimal Flavor Violation (MFV) [85-87], that requires the insertion
of Yukawa couplings in some fermionic currents.

At the same time, the classification based on primary dimensions is independent of
the number of loops and coupling insertions, but it leads to an organization of the EFT
Lagrangian that does not reproduce the counting in derivatives for the pure scalar sector [61].
Moreover, as d,, only provides the minimum order at which an operator can contribute, it
cannot be used to determine unambiguously the suppression order of a Feynman diagram.
The latter needs to be computed on a case by case basis. Finally, a somewhat unappealing
feature is that, while it justifies suppressing four-fermion operators, the primary dimension
does not treat X2?U operators any differently from the gauge kinetic terms.

In fact, HEFT operator classes are generally assigned to different orders depending on
the selected counting rationales. Further examples are dipole operators (class ¥?X), that
have lower d, = 5 compared to four-fermion operators (d, = 6), but are considered NNLO
in ref. [4], as the one-loop diagrams generating them from LO couplings are finite. Classes
¥?DU and ¥?>D?U are both considered NLO in [4, 60], but have different primary dimensions
(5 and 7 respectively), and so on.

In the absence of an unambiguous criterion to sort HEFT operators, the “standard”
HEFT Lagrangian is usually defined as

Luerr = L1.0 + Ln1.0 + LNNLO + - - - (2.27)

The LO term is conventionally taken to be [88, 89]

1 a auy 1 I Tuv 1 v

ELO - — ZGNVG e ZW,U«VW e _ ZBMVB#
1 2

+ 50" — %Tr (V. V&) Feo(h) = WhV(h)

+iQr QL +iQrPQr +iLLPLy, +iLgrIPLr

-~ % (QLUYo(M)Qr +hec.) ~ % (ZLUYs(h)Lg +he.) (2.28)

9The insertion of F(h) in 8,hd"h is redundant and can be removed by field redefinitions. The same holds
for the fermionic kinetic terms.

,10,



where the functionals V(h), Fo(h) take the form in egs. (2.22), (2.23) and similarly, in the
Yukawa terms:

Yo(h) = diag (Yu(h), Yp(h)),  Yi(h)=diag(0, Ve(h)) (2:29)
Yu(h) =Yy (IL + i un <Z>n> : (2.30)

The expansions of Vp and Vg are analogous to eq. (2.30), with Yy, Y. Yukawa matrices and

d,n, Ge,n coefficients respectively. In general, the quantities ay, ,, (1 = u, d, e) are 3 x 3 complex

matrices in flavor space. The SM limit is recovered for ay 1 = 1, ay (,>2) = 0. This choice of

L1,0 evidently aims at having the LO Lagrangian as close as possible to the SM. It is easy to

check that eq. (2.28) generalizes eq. (2.14) simply by allowing for arbitrary h interactions.
The custodial breaking operator

2

Pr = UZTr [TV,)2Fr(h) (2.31)

where Fr(h) is parameterized as in (2.12), can be assigned to Lo (by virtue of its 2
derivatives) or to L£n10, as discussed above.
The NLO Lagrangian Ln1,0 is typically chosen to include operators of classes:

&, Bx, XU, X, U, d%?, Xy, 9, (232

where d stands for any insertion of D, or V,, X represents a gauge field strength and 1 a
generic fermion field. The addition of a U indicates that the class only contains operators
with scalar field insertions, which distinguishes e.g. Bfw and 9iIpep (which are of course LO)
from B?wh and Q/;W#V“d}. In all other classes, arbitrary scalar insertions can be added without
affecting the counting. Therefore they are left unspecified.

All the classes in eq. (2.32) were identified as NLO in [4, 60], except 12X, X3 that
were considered NNLO. At the same time, this selection completes the HEFT Lagrangian
up to d, = 8 [61], and it provides effective interactions that are not too different from
those in d = 6 SMEFT. In this sense, the “conventional” Lny,0 constitutes a reasonable
compromise, compatible with all the relevant physics arguments, that can be readily used in
phenomenological studies. However, the fact that it was not unambiguously defined by a power
counting clouds its physical interpretation, and can generate confusion in its use in scattering
amplitudes, observable predictions and even in the matching to BSM models. While in the
SMEFT case we have a very clear physical correspondence between the expansions performed
at the level of LgyrpT and at the level of diagrams and observables, the prescription to
truncate HEFT predictions is more blurry. The picture worsens further when going to NNLO
and higher orders, for which power counting considerations were not spelled out precisely
and that have not been systematically deployed in phenomenological studies verifying their
impact. For instance, none of the power counting studies presented so far has spelled out the
full list of operator classes pertaining to NNLO according to their rationale,'” and it is not
obvious that a customary set compatible with all of them could be defined.

10Tt is of course possible to determine which operator classes have higher values of dy or dp. However, as
seen above, this is not sufficient to determine the NNLO unambiguously: the conventional NLO basis contains
terms with 2 < d, <4 and 5 < d, < 8, and additional physics arguments were employed in its definition,
whose generalization to higher orders has not been worked out to the best of our knowledge.
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Complete bases for the NLO operator classes in eq. (2.32) were built in [4, 7, 8], with [§]
clarifying in particular the flavor structure. Ref. [9] presented a basis for Lnnro, which
was defined by assigning d, = 2 to gauge field strengths and fermion bilinears (under the
assumption that they would only appear in gX,,,, g or yy) building blocks) and selecting
operator classes with overall d, = 5,6 (while the NLO basis in [8] included classes with
dy, = 3,4 in the same conventions). The number of independent parameters in Lo was
computed with Hilbert series methods as well [71, 90, 91], see also [92]. These works classified
HEFT operators based on their mass dimensions (computed assigning e.g. d = 1 to V,
and d = 3/2 to 1), but their results can be easily specialized to the operator classes in
eq. (2.32) [71].

Finally, the parameter

2

is often introduced in the construction of HEFT operator bases, see e.g. [3-5, 7]. The constant

e [0,1], (2.33)

f > vineq. (2.33) is an additional energy scale: its introduction yields a non-minimal version
of HEFT, where f replaces v as the suppression scale for scalar insertions (7!/f, h/f) and
factors of £ are introduced such that v controls the size of the SM masses.

This construction was originally inspired by composite Higgs models [15, 17-19, 93-95],
in which the four SM scalars emerge as pseudo-Goldstone bosons with decay constant f, and
the condition f > v can be ensured e.g. via vacuum misalignment [16, 96]. When matching
composite Higgs models to the HEFT, one typically finds that the matching expressions for
the Wilson coefficients scale with some power of /€ and that the operators (in particular the
Fi(h) structures) bear an implicit non-linear dependence on & [97-100] (see also [4, 88, 89]
for LO matchings). Depending on the UV assumptions, £ can take values anywhere in the
range [0,1]. The limit £ — 1 (f ~ v) corresponds to scenarios in which non-linearities
are most relevant: the couplings of the Higgs boson largely deviate from their SM values,
and unitarity is restored by the exchange of composite resonances, which must be light:
M ~ 47v ~ 3TeV. On the other hand, for { — 0 (v < f) one recovers the decoupling
ltmit, in which the composite sector is much heavier than the EW scale. In this case, the
&-dependence hidden in the HEFT operators can be expanded out, and £ can be interpreted
as inducing a new expansion on top of the one “in derivatives”. An important observation is
that, in this scenario, the expansion in £ is expected to reproduce the SMEFT expansion:
intuitively, expanding in ¢ is equivalent to expanding in (HTH)/f? at the vacuum. Moreover,
composite Higgs models contain the SU(2);, scalar doublet, which is embedded within a
larger representation of the coset symmetry, and they do not induce singularities at the
HTH = 0 point. The equivalence of ¢ and SMEFT expansions in composite Higgs models
has been checked by verifying that the matching procedure assigns a leading scaling in £" to
HEFT operators that, via eq. (2.17), map to d = 4 + 2n SMEFT operators [97, 98, 100]. The
Strongly-Interacting Light Higgs (SILH) Lagrangian [101] constitutes a well-known realization
of this picture [102], in which the EFT of a light composite Higgs is directly parametrized
by dimension-6 SMEFT operators.

These arguments motivated the introduction of the £ parameter in the “bottom-up”
construction of the HEFT Lagrangian. In this approach, HEFT operators are assigned a
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(leading) & order on top of their primary classification into LO, NLO, etc. discussed above.
The £ order is determined by identifying, for each operator, the lowest canonical dimension
among its SMEFT “siblings”*! [3-6]. This classification has been mostly used as a marker of
the SMEFT expansion, rather than as a power-counting criterion, as large values of £ remain
allowed in principle. Nevertheless, refs. [7, 102] argued that the HEFT Lagrangian can be
organized as a dual expansion in /€ and (p/A), with ref. [7] indicating that counting both with
the same weight is effectively equivalent to the power counting in primary dimensions. This
argument was laid out qualitatively in ref. [7], and compared to the conventional definition of
Ln1o presented earlier in this section, which identifies the operator classes in eq. (2.32).

In the next sections we revisit the power counting of HEFT from first principles. Our goal
is twofold: on one hand we would like to identify “clean” physical arguments and theoretical
constraints that apply to the EFT in its own merit, removing as much as possible theoretical
prejudice and references to UV assumptions, which can always be introduced at a second stage
in order to specialize further the EFT structure. On the other hand, we seek a quantitative,
unambiguous criterion for sorting HEFT operators, that can be associated to a prescription
for the truncation of scattering amplitudes and observable predictions, analogous to the
expansion in inverse powers of A in SMEFT.

3 Power counting in Effective Field Theories

3.1 General aspects

The fundamental idea of EFTs is that they approximate another theory within a specific
parametric or kinematic regime, where observables predictions can be meaningfully expanded
in powers of some small quantity § < 1. Depending on the desired accuracy, predictions
can then be truncated at a given order 6", leaving a finite theoretical error of order 6"+1.
The corresponding EFT is a theory that is manifestly organized as an expansion at the
Lagrangian level, such that predictions of observables in this framework are directly expressed
as a series expansion in 4.

The EFT can be built “from the bottom up” as an independent, self-consistent theory,
by specifying its field content, symmetries (exact or approximate) and power counting, i.e.
a set of rules for sorting and truncating

(i) the infinite tower of allowed EFT operators in the Lagrangian
(ii) the set of Feynman diagrams (of any loop order) contributing to a given process

(iii) the contributions to given observable (e.g. cross section, decay rate) obtained squaring
the scattering amplitudes

These criteria have to be mutually consistent, and such that the final result, i.e. the sorting
and truncation of the contributions to an observable, matches the expansion in the desired
quantity 9.

" The SMEFT-HEFT mapping was actually performed using eq. (2.16), assigning a certain ¢ order to all
the HEFT operators produced in the expansion of a SMEFT one.
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In the SMEFT case, (i) operators are sorted by their canonical dimension d, which is
associated with a A*~? suppression factor as in eq. (2.8). The Lagrangian truncation follows
the same rationale, i.e. it should be performed retaining all the terms up to the desired
order in A. The same holds for (ii) Feynman diagrams and (iii) observable contributions.
In particular, the well-known power counting of SMEFT tells us that diagrams with one
insertion of d = 6 operators (of order A=2) are less suppressed than diagrams with two d = 6
insertions or one d = 8 insertion, which are of the same order A~%. Similarly, the interference
between a SM and a dimension-six diagrams enters at a lower order!? (A~=2) compared to the
interference between SM and dimension-eight or to the square of a dimension-six diagram,
both scaling with A™%, and so on. At the end of the calculation of e.g. a scattering cross
section in SMEFT, it becomes manifest that this prescription realizes a series expansion
of the cross section in powers of (p/A) ~ (v/A), where the ~ indicates that both factors
are counted as equivalent suppressions.

It is important to stress that the expansion obtained at the observables level is the
only one that carries a physical meaning. Lagrangian terms, Feynman rules and scattering
amplitudes are not observable quantities, so the prescription for those intermediate objects
can be viewed merely as an algorithmic rule designed to guarantee a consistent expansion
of the final results. When adopting SMEFT, we assume that new physics is sufficiently
decoupled from the SM, such that observables can be expanded in § = (p,v/A) < 1. The
well-known power counting prescription can be derived from here by working backwards
through the calculation — tracing the amplitude, Feynman rules and operators steps — and
introducing at each stage a sorting rule that matches the expansion in 4. In the SMEFT
case, this “backward projection” of the observables expansion to amplitudes and operators is
trivial. However, this is not always the case. For instance, in the case of xPT, the powers of
(p/A) in an observable depend on both the number loops of the contributing diagrams and
the number of derivatives of the operators inserted, as in eq. (2.24). Therefore the operators
and diagrams series must be organized in a way that accounts for both features.

The rest of this work aims at applying this rationale to the HEFT, that is: we approach the
power counting question by requiring that a HEFT calculation yields observable predictions
that are organized according to some physically meaningful expansion, and we analyze the
implications of this condition on the organization of the Lagrangian and amplitudes series.
Although the conclusions are expected to contain similarities with previously proposed power
counting rationales, our approach is completely independent of those adopted in the literature
and reviewed in section 2.2. Our hope is that it helps pinpointing model-independent
consistency conditions that can inform a more rigorous organization of LygpT.

Before addressing the HEFT case, it is useful to derive a number of results that establish
the relation between the suppression factors in observable predictions and the properties
of effective operators and Feynman diagrams in general EFTs. Section 3.2 introduces our
notation and it presents a self-contained discussion of such results, which draws heavily from
previous literature, in particular from ref. [61].

12Here we are only interested in suppressions from the EFT power counting: we do not consider kinematic
suppressions, which often affect interference terms and occur on a process-dependent basis.
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3.2 Lagrangian, amplitudes and observables expansions

i

In general, predictions of observables in QFT can depend on various sorts of “small parameters’
worth expanding in. A series-expanded cross section prediction, for instance, will have the form

o=o00d7" ... 00 (3.1)

where we take §; < 1 to be a set of small dimensionless quantities, and «; are the powers
with which they appear in the final expression. The parameters J; can be either:

1. dimensionful parameters appearing in the cross section, normalized to a reference
quantity that qualitatively defines their maximum value. This category includes e.g.
(p/A) and the expansion parameters of the perturbative series (g/4m).

2. dimensionless quantities bringing model-dependent suppressions, such as spurions
introducing small breakings of an approximate symmetry.

In this work we will only consider suppressions of category 1, whose insertions are controlled
by dimensional analysis. Power counting prescriptions for parameters of category 2 can
usually be added trivially on top of the dimensional ones. An example was already given
in section 2.2, when discussing the possibility of pushing the 2-derivative operator Pr in
eq. (2.31) to the NLO HEFT Lagrangian, due to its breaking of the custodial symmetry.

3.2.1 Lagrangian

The scaling of dimensionful quantities at the Lagrangian level is determined by Naive
Dimensional Analysis (NDA) [61, 63, 69, 70]. Keeping ¢ = h while allowing & # 1 dictates
that any physical quantity can be expressed in units of mass and k. For instance, the effective
action S has dimension h, while the Lagrangian has dimension % x (length)~* = AM*.13 The
well-known NDA master formula introduces two reference objects carrying these dimensions:

1/2 i1 the usual

A, which is a mass, and (47) which can be interpreted as having dimension A~
conventions adopted in QFT calculations. A generic Lagrangian interaction is then cast in
a form where any dimensionful quantity (field or constant) is normalized by appropriate

factors of A and 4w according to:

> (2 (F) () () ()" ()" (5)7 0o

Each bracketed quantity in eq. (3.2) is dimensionless: ¢ represents any scalar or gauge field

insertion, while 9 is a generic fermion. The constant v is defined to have the same dimensions
as a scalar field, potentially representing a non-zero VEV. g,y, A are defined as the coupling
constants of the interactions A#QZ’)/Ml/J, o and ¢*, respectively.

Since NDA only addresses the dimensional scaling of an interaction, it only depends
on the number of fields (s, f), derivatives ¢ and constants (ng, ny, ny, n,) appearing in the
Lagrangian term, and not on the details of the Lorentz structure. For economy of notation,
eq. (3.2) shows only one representative for each class of dimensionful objects appearing in the

13The assumption ¢ = A is distinct from ¢ = 1 when 7 # 1. For instance, a Lagrangian’s dimension is
i x (length)™* = h x (Mc/h)*. Choosing ¢ = 1 would give M*/h*, while ¢ = h leads to the desired M.
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SM Lagrangian. The full NDA master formula for the SM (and its EFT extansions) contains
an independent factor for each gauge coupling constant g, ¢’, gs, and Yukawa coupling yy.
Gauge fields have the same dimensions as scalars, so the factor (4w¢/A) could be split into
powers of (47¢/A) and (47w A,/A), powers of (47X, /A?) could be added for field strengths,
and the notation could be further specialized to each gauge group. The generalization to
EFTs with different field content and/or coupling constants is straightforward. Finally, if
the EFT Lagrangian is defined with dimensionful'* Wilson coefficients, additional factors
such as (C;A?/(4m)?) should be included in eq. (3.2). In the following we will adopt the
NDA normalization because it is most convenient for the purpose of discussing EFT power
counting, but we will come back to discussing alternative operator normalizations for the
specific cases of SMEFT and HEFT in the next sections.
NDA satisfies a number of important properties:

e it assigns homogeneous scalings to the terms inside a covariant derivative, and to those
inside a scalar acquiring a non-vanishing VEV

O g 4mA,  gAu dn¢  4Awh  A4wv

A4 A A AT A A

(3.3)

e it assigns homogeneous scalings to all terms in a propagator, i.e. to momenta and
masses, including those that are induced by spontaneous symmetry breaking:

4
% ~ %%p = % ~ %, and analogously for g < ¥, (3.4)
T
p Yiimu (3.5)
A 4w A A’ '

e it is consistent diagrammatically (see below)

e it makes perturbativity bounds trivial. For instance, if we define SMEFT operators
with NDA normalization

4r)? 5 4r)?
LsMEFT D (IQ) Cuay (P1)? + (/;TQ) Crg G, G HVH + .. (3.6)

then the Wilson coefficients are dimensionless, and they must satisfy

ICi| <1, (3.7)

in order for the perturbative series expansion to be valid, i.e. for the size of loop
diagrams not to exceed that of tree-level ones, and so on. This property follows from
the choice of 47 as normalization for 4 dimensions, and it holds for general EFTs.

What we need for the power counting discussion is to keep track of the powers of A and
41 appearing in an interaction vertex, i.e. a Lagrangian term defined after expanding out
covariant derivatives, field strengths, and scalars taking a VEV. Applying the NDA formula,
we can write any interaction schematically as

1 1

Lim
ANA (47T)N4Tr,i

ri 0% g% T (38)

"From here on, “dimensionful/less” means with/without mass or i dimensions.
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where, as above, ¢ represents both scalars and gauge fields, ¥ represents fermions, and «;
denotes a generic product of dimensionful constants. This expression could be multiplied by
arbitrary factors containing dimensionless constants, such as Wilson coefficients C, which
are irrelevant for the rest of the discussion, and will therefore be omitted. The index 7 is
a label for the interaction vertex.

We defined Ny ;, Nyr; to count inverse powers of A and 4w, as eventually we will be
interested in suppression factors in the observables predictions. It is convenient to split
them into powers N* brought by the dimensionful constants (v, g,y, A,...) and powers NP
brought by fields and momenta:

NA,i = NK’Z + NK,Z ) N4ﬂ',i = Néfw,i + Nllfﬂ,i ) (39)

v P
where NA,z‘> N.

iri can be read off from eq. (3.2)
3
Ny =—4+ai+si+ )i, Ny =2—si—fi, (3.10)

and N, Ni ; are obtained summing the powers brought by constants, according to the
following table:

N{  Ni;
9.9,95y 0 1
A 0 2

v 1 -1

Insertions of the electromagnetic coupling e = gg’/v/g? + ¢’?> behave identically to g,¢’
insertions. Insertions of (trigonometric functions of) the weak mixing angle 6§ = ¢’/g are
dimensionless and therefore do not contribute to any of the countings.

Table 1 provides some examples, showcasing alternative definitions of the same interactions,
as well as multiple interactions that in SMEFT/HEFT would stem from the same operator.
It is worth noting that:

N}Z . me only depend on the field and derivative content of the interactions. They are
independent of arbitrary normalizations chosen for the operators, but are different for
each interaction produced by a gauge invariant operator (e.g. Y'Y rh vs ¥r¥rh?). In

particular, IV Zir,i is different for the terms inside a covariant derivative D,, = 0, +igA,,.

Ny ;s Ni; obviously depend on the dimensionful constants inserted, which makes them
dependent on arbitrary normalizations chosen for the operators (e.g. G, G H TH vs.
g?GWG’“’H TH). They are also different for the various interactions produced by a
single operator, and in particular for the terms inside a covariant derivative.

Np i, Nyz i are homogeneous for all interactions produced by an operator, but depend on the
overall normalization chosen in terms of dimensionful constants.

By construction, all SM interactions defined as in egs. (2.2), or (2.14) have Nj ; = 0 = Nyz ;.
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L Interaction NR; Nf; Nag | NP Nii Nagi| NU, NE; Ny,
g vy IW,F 0 0 0 | -1 1 0 | -1 1 0
Yy VLYRA 0O 0 0 | -1 1 0 | -1 1 0
e Wiw, A o o0 0| -1 1 0 | -1 1 0
g*v WiIW, h -1 1 0| -1 1 0 |-2 2 0
v h3 -1 1 0 | -1 1 0 | -2 2 0
Cw@eh |1 o1 2|1 1 20 o0 o
(0,G2)2h? 2 0 2| -2 0 -2/0 0 0
92 (0,G)*(h/v) 1 -1 0| -1 3 2 0o 2 2
g2 (0,G9)2(h/v)? 2 -2 0| -2 4 2 0o 2 2
Cowpew,rAr |2 00 2 -1 0 1|1 0 1
g WHW, WHw - A, 2 0 2| -3 2 -1|-1 2 1
e WHW, v Ab /2 0o 2]-1 1 0|1 1 2
v trotTAt0,Gi 1 1 2 |-1 -1 =20 0 0
tLot T4 10, G 2 0 2|-2 0 -2[0 0 0
vgs tot T GEGS FAPC | 1 1 2 | -2 0 -2|-1 1 0
gs tLo" TAt10,G2 1 0 1 | -1 1 0 0 1 1
gs tLoTAt0,GA(hfv) | 2 -1 1 | =2 2 0 0o 1 1
g2 tLo T4 GEGO 4891 1 0 1 | =2 2 0o | -1 2 1
@ grh | 0 2 2|-1 -2 3|1 0 -1
v YrPrh? 1 1 2 | 2 -1 -3 |-1 0 -1
yyv Yrvr(h/v)? 1 -1 0| -2 2 0 | -1 1 0

Table 1. Examples of N3j . countings for Lagrangian interaction vertices. The table includes

alternative normalizations of the same interactions and different interactions stemming from the same
gauge-invariant operator. A,, = d,A, — 0, A, denotes the photon field strength.

A short remark on the Higgs mass term is in order: in eq. (2.2) it was introduced as
(m2/2)HTH. The NDA scaling of the interaction would be A2HTH, which is consistent with
the fact that — dimensionally — my, is a mass. The parameter m; was introduced as an
independent quantity in eq. (2.2). However, it is convenient to consider it as a function
of v and A, and to retain only the latter two as independent parameters. In this way, the
treatment of my, is identical to the treatment of fermion and gauge boson masses.

3.2.2 Chiral dimension

Before moving on to diagrammatic rules, it is useful to introduce the concept of “chiral
dimension”. Rather than borrowing definitions from previous literature, here we define it
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as a physical quantity, on the same footing as a length or a power. As any other physical
quantity, the chiral dimension can be expressed as a composition of mass and A dimensions
when ¢ = i # 1. Specifically

dy = dp — 2dp, (3.11)

is the combination that leaves scalar fields chirally dimensionless, i.e. that assigns them d, = 0.
With this definition, we can easily incorporate the chiral dimension in the dimensional analysis.
In terms of the N countings, eq. (3.11) translates into

N, = Np + Nur, (3.12)

i.e. we can define a quantity IV, that counts the total number of suppression factors from
powers of either A or 4, without distinguishing between them. This composition rule holds
in general, at the Lagrangian, diagrams or observables levels, and it applies to the breakdown
in N? + N* contributions, i.e. N? = Ny + N}, N¥ = N§ + N etc. In particular, for a
generic Lagrangian interaction we can define

f

P _
Ny =-2+q+3. (3.13)

K
Xt
remembering that g, ¢’, gs,y; contribute Ny =1, and A contributes Ny = 2.

. NP ot
NXJ - Nx,i +Nx,i7

which trivially follow from egs. (3.9) and (3.10). In the same way, can be computed

The values of the chiral countings for example interactions were reported in the last
three columns of table 1. N;i, r.i» NVx,i behave analogously to the A, 47 countings, with the
additional specification that they are insensitive to the presence of scalars, gauge fields, or
VEV insertions. It is also worth noting that all SM interactions have N, ; = 0.

With the definition given here, the chiral dimension of the various quantities in the
Lagrangian (i.e. d\[¢] = 1/2, dy[g] = 1 etc.) agrees with the assignment in refs. [60, 62].
The chiral order “d = 2L + 2" of an effective interaction defined in [60] is related to N, ;
by Ny, =d — 2 = 2L;, with L; defined in the same reference. The quantity “N,” defined

in ref. [61], coincides with (NP + 2) in our definition.

3.2.3 Amplitudes

Let us now consider Feynman diagrams of any loop order, contributing to a certain process.
Each diagram will be proportional to some powers of A and 4m: powers of A can only come
from the Feynman rules of the vertices composing the diagram, while powers of 47 can
come from both Feynman rules and loop integrals. The overall scaling of a diagram can be
related to the scaling of the individual vertices and to the diagram topology using well-known
results that are collected in appendix B.

Besides powers of A and 4, we are interested in keeping track of the powers of momenta
p appearing in an amplitude. Momenta can come from vertices, internal propagators, loop
integrals, and external fermionic spinors: u(p) ~ /p. Importantly, we will not distinguish
between momenta and masses of the dynamical degrees of freedom: our analysis restricts
to power counting rationales that treat p/A and m/A suppressions on the same footing.
Dropping this assumption would imply that the various terms appearing in equations of
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motion, propagators or generic kinematic functions (including loop functions) can belong
to different EFT orders, which is clearly problematic. Classification algorithms that treat
differently p and m can be constructed in some cases, see e.g. the recent proposal for SMEFT
in ref. [103]. However, they are necessarily basis-dependent (because of the inhomogeneity
of equations of motion) and they only hold in specific kinematic regimes, such as the tails
of kinematic distributions where the p > m condition is realized. As such, they cannot be
adopted as general principles for the organization of an EFT Lagrangian.

Let us consider an amplitude M with n external legs, out of which S scalar or gauge
fields and F' fermions (n = S + F'), L loops and P powers of momenta stemming from the
amputated diagram (i.e. counting all p sources except the external spinors). We can define
countings for the full amplitude, which are analogous to those for interactions:

3
Nam = N§ o+ Ni v N = > Nﬁz:_4+P+S+§F (3.14)
1€vert
N47"7M = Nfﬂ',M + leﬂ,/\/l wa,/\/l 2L+ Z 47r i =2-n (315)
1evert
1
Nym = Ny i+ Ny oy NY =20+ ) N)’z,i:—2+P+§F (3.16)
1evert

where the sums run over the vertices composing the diagram, and the last equalities on the
right-hand sides can be derived using the diagrammatic relations in appendix B. The fact
that the expressions for the NP’s are formally identical to those in egs. (3.10) and (3.13)
represents the diagrammatic consistency of NDA mentioned above: the scaling in powers
of A and 47 of an arbitrary diagram is the same as the scaling of a vertex with the same
external legs and overall powers of momenta and coupling constants. In particular, divergent
loop diagrams have the same NDA weight as their counterterms.

For the coupling constant components we have, trivially

Nim= D Ni, Nizm= D Nivi Nyam= Y Ny (3.17)
ievert ievert ievert

The N countings can be of course expressed in other forms, whenever convenient. For

instance the powers of p can be written as:

Nim =Ny = Nip g =20+ > (qz+—2)+n—2, (3.18)

ievert.

which reduces to eq. (2.24) in theories without fermions. This expression generalizes
Weinberg’s derivative counting [58], with the addition of the term (n — 4) already noted
in eq. (2.25). The chiral order/dimension of a diagram defined in [60] corresponds to
(Ny,m +2) = (Napm + 4 — n) in our notation, and the composition rules (3.16), (3.17) are
consistent with their eq. (28). Equating the chiral order to (2L + 2) is only valid if all vertices
entering the diagram have N, ; = 0.

As shown in appendix B, once the momentum dependence from external spinors is added
in, one finds that an amplitude M scales with

M~ p? VM A Nam (4r)~Namm (3.19)

NR s 1 Nlr\i,./\/l 1 NZﬂ',M
pramy (2) () (E) (3.20)
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where, in the second line, we have explicitly pulled out a factor that depends only on the total
number of external legs n and will be canceled out, when moving to observables, by phase space
contributions. If the only mass-dimensionful constants are scalar VEVs, as in SMEFT/HEFT
with NDA-normalized effective operators, then the scaling can be further rearranged into

NP N NF
Aen n—g (P AMm (4T M (1 > XM
M ~ p* (4r) <A) (A ) < , (3.21)

4
where we have essentially moved the 47 factors brought by v from the last factor to the
second-to-last one.

To illustrate the meaning of eqgs. (3.20) and (3.21), let us consider for concreteness
an EFT whose only dimensionful constants are g,y,A,v. In this case, eq. (3.17) gives
Ny = Noms NY pp = Nyt + Nyt + 2N\ m, where Ny aq counts the overall powers of
g appearing in the diagram and analogously for the others. Eq. (3.21) can be specialized
to this case by writing it as

N? N, N, N, N
o ppengon—2 (P TAM (Amu Tet (9) o (y) y’M( A ) 1
Mo~ ptramy (B () (2 ;2 or) - 62)

3.2.4 Observables

At the final step of a calculation, an observable prediction is obtained squaring the amplitude
and integrating over the phase space. The amplitudes product scales as

D K K
T 8—2n 2n—4 p “a 1>QA ( 1 )04477
oM ~ 4 L - —) 7, 2
MMl ~ = amt (B) ()7 (5 (3.23)
where
aA - N + N/I;b ax = Nll\i,a + Nﬁ,b aZﬂ' = Nfﬂ,a + Néfﬂ',b' (324)

We can also define:

ol = N47ra Nﬂb—2(2—n) (3.25)
of = NP, +pr:aA+2(2—n) (3.26)
= N)I:,a_’_NX,b = OZA+Oé4ﬂ,, (327)
in an analogous way, and
ap = ol +af, Qur =l +alf, ay = ok +ay. (3.28)

A k-body phase space brings additional factors:'®

d _ _
/ dPSy, = / H §J2E FdQ;(2m) 6 (it — Lagn)  ~  pFHAm)TE (3.29)

'5The NDA convention (47) ~ ii~'/? descends from the fact that the angular integration of loop momenta

in dimensional regularization yields factors (47r)d/ 2 in d dimensions. Although they are not introduced through
dimensional arguments, (47) factors from phase space integration fundamentally have the same angular origin,

and therefore count towards the overall (47) scaling of observables.
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where ¢ipit is the sum of initial state momenta. Therefore a 1 — (n — 1) decay rate I' and
a 2 — (n — 2) scattering cross section o scale respectively as

K

1 : P\ 1\ /1 \%n

1 AN FTINY /1 Yin
o~ / dPS,_ Mo M ~ p~2(47) ( A) ( A) < 47T> . (3.31)

Crucially, the p and 47 factors from phase space, flux factor, and n-dependent terms in
the squared amplitude always recombine among themselves to give a universal factor with
the dimensions of the observable, which is independent of the diagram topology and of the
theory adopted. The remaining powers of A and 47 enter as suppression of dimensionful
quantities in the cross section, forming dimensionless ratios. Arguably, only these should be
considered as introducing EFT suppressions [61]. This is a conceptual difference compared to
the naive counting in derivatives, which is reflected in the (n —4) correction noted in (2.25).
Remarkably, eq. (3.24) indicates that the powers ol , oy, af with which such ratios appear
in (3.30), (3.31) follow directly, with a trivial sum, from those with which they appeared
in the contributing amplitudes Mg, Mj. They do not receive contributions from any other
element in the calculation and, conversely, none of the dimensionless suppression factors
in (3.20) gets absorbed elsewhere.

If scalar VEVs are the only constants with dimensions of mass, eq. (3.31) can be re-

o amyt (1) () (L) o

and analogously for decay widths. In the example where g, y, v, A are the only dimensionful

arranged into

constants present, eq. (3.24) gives af = N, and of, = Ny + N, + 2N\ — N, where Ny
are the total powers of g appearing in the cross section etc. Therefore eq. (3.31) should
be interpreted as

vt () () ()" () () - o9

Egs. (3.30) and (3.31) represent our “master formula” for the expansion of observable
predictions in series of p/A and normalized dimensionful constants, in a general EFT. We
argue that any valid power counting prescription based on dimensional analysis must lead
to an expansion of this form, i.e. an expansion in (p/A) and/or dimensionless combinations
(g/4m), (A/1672) etc. A consistent set of sorting rules can be defined choosing a linear
combination (with positive coefficients) of the exponents appearing in the observable expansion
formula (e.g. &} or 2N\ +4N,_, etc) to define the EFT expansion parameter, and then working
backwards through the calculation to define counting rules for diagrams and operators, using
egs. (3.24), (3.14), (3.17) and (3.10).

The results derived in this section ensure that the step from amplitudes to observables
is always trivial, as the powers of the expansion parameters (p/A), (g/4m) etc. appearing in
egs. (3.20) and (3.31) are related by a simple sum, see eq. (3.24). This implies that, in any
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EFT, the sorting rule for Feynman diagrams is always the direct transposition of the sorting
rule for observables: for instance, if observables are sorted by ok + 3N, + 2N, then diagrams
can be assigned an order Ny, = NXM + 3Ny m + 2Ny pm. Doing so, the selection of the
relevant diagrams can be easily performed remembering that the order of the amplitudes
product /\/laj\/lJbr is the sum of the two orders Njq, + Nay,. Since this last step does not
add any physics information, it is equivalent to study the power counting for a given EFT
at the level of observables or of amplitudes.

4 Power counting in SMEFT

This section specializes the power counting discussion presented in section 3 to the SMEFT
case. Although well-known and arguably trivial, examining this familiar example can help
clarify the meaning of the notation we introduced and it is a useful exercise in preparation
for the HEFT case, that we tackle in section 5.

The construction of SMEFT starts with the choice of expanding observables in

OSMEFT = (i) ~ <‘(jz)) ~ (gjl\v> ~ <yjb\v> ~ (612) , (4.1)

16

(mV ~ gv,g'v),
fermions (m, ~ yyv) and Higgs boson (m; ~ VAv) must all be treated on the same

where we have made explicit that the masses of the SM gauge bosons

footing as momenta. For simplicity, we will first work under the assumption that the only
dimensionful parameters appearing in the SMEFT Lagrangian are g, ¢’, gs, Yy, A, v, while
all Wilson coefficients are dimensionless. As per eq. (3.31), a cross section prediction can
then be explicitly expanded as

R v N, N.
o~an (B)° (m)N (%)Ngs (9)1“ (£)" (w)% (2e) ™
A A 47 47 4 47 (47)?
(4.2)
Alternative normalization choices for the effective operators will be discussed in section 4.1.

The expansion parameter choice in eq. (4.1) does not uniquely identify a sorting rule for
SMEFT contributions to observable predictions: writing the mass factors as

gv _4mv g

= 4,
A A 4Axn’ (4.3)

and analogously for ¢, yy, VA, it is easy to see that overall powers of dgyprT could be counted
either as (ofy + N,) or as (off + Ny + Ny + N, + 2Ny). The two options are not physically
equivalent, as insertions of v and insertions of the coupling constants g, ¢’, ¥, A obviously
have different origins in the theory.

SMEFT is defined with the additional requirement that the EFT power counting only
depends on mass dimensions carried by momenta and fields (and their VEVs). This implies
that observable contributions are always sorted by

NsmerT = oy + Ny, (4.4)

6 Technically we have mw ~ gv and mz ~ /g2 + ¢’2v. In terms of dimensional analysis, expanding in
these quantities is equivalent to expanding in gv and g’v, so we will use the latter for economy of notation.
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which, with the normalization choices made here, coincides with ay. Then one easily finds
that the power counting rule reduces to “expanding in A” at all steps of the calculation.

At each order in NgygerT, contributions to the cross section can be further sorted by their
powers of (g/4m), (gs/4m), (yy/4m) ete, which reflects the perturbative expansion. The fact
that the expansion parameters associated to the SMEFT and perturbative series factorize
ensures that SMEFT and loop orders of a calculation can be selected independently without
incurring in theoretical inconsistencies. Powers of the dimensionless Wilson coefficients C;
will also appear in the observables predictions, as indicated in eq. (4.2). They have no impact
on the dimensional counting but they should be treated analogously to powers of (g/4m)
in the organization of a perturbative expansion.

Finally, it is worth discussing the consistency of dimensional power counting with gauge
invariance. In particular, one could wonder whether the countings Ny, Ny, Ny, could be
problematic, since they do not assign homogeneous weights to the components of a covariant
derivative D,, = 0, +igA,. However, this is actually not an issue because, at the level of
scattering amplitudes, gauge invariance is preserved order by order in the coupling. This
is a very well-known fact in the Standard Model, and it stays true in both SMEFT and
HEFT. It is easy to check that none of the other countings could possibly introduce a
violation of gauge invariance. For instance, af\ directly descends from Ni’i in eq. (3.10),
which is manifestly homogeneous over a covariant derivative D,, = 9, + igA,, because 0,
and (gA,) have the same mass-dimension.

4.1 Alternative normalizations of the SMEFT operators

So far, the analysis has been formulated assuming a specific normalization of SMEFT
operators, which ensures dimensionless Wilson coefficients. This choice is of course arbitrary,
so we now discuss what happens if the Lagrangian is cast into a different form.

Consider for concreteness the operator Ogg = GﬁVGA”” (HTH). We can include it in
the Lagrangian in various ways, e.g.

47)? C 2z
L>C <A2> Ona, L£>Cy0n¢, LD A% (4m)% (g) Ona - (4.5)

47

The first version is the NDA-normalized one considered so far, so the Wilson coefficient C is
dimensionless. In the second version Cs has dimensions M ~2h~!, while in the third C3 has
dimensions A~ 1Y, We leave z,y as a free powers, to show explicitly where they enter the

counting. The expanded master formula for observable predictions will contain factors!'”

A2 N2 C N3
o~ .. O ((470202> ((471')2?1_?9)) , (4.6)

where N; counts the total powers of C; appearing in the observable expression. Correspond-
ingly, the o countings should be modified to contain

af = —2Ny + ... ay =2(1—y)N3+ Ny, + ..., (4.7)

"For economy of notation we behave as if all three parameters could be included simultaneously.
Of course in any realistic calculation only one of them will be present.

— 24 —



and N, receives a contribution 22 N3. The dots stand for contributions from other parameters.
The counting O/Z is unaffected by constant rescalings.

Let us compare the three cases for the simplest observable contribution: the square of
the gg — hh contact term. The scattering amplitudes scale respectively as

P 2
My ~ (4r)? (A) Cy (4.8)

2 A2

P A
Ma ~ (47)? (A) e (4.9)

2 2z
2 (P C3 s
and the cross section contributions as
-2 3(P 4 2

o1 ~p “(4r) (A) Cy (4.11)

4 2 2
oy ~ p~2(4m)? (i) <(£r)202> (4.12)

o~ p2(47)° (104 (%)2 (i’;)% : (4.13)

It is easy to verify that all expressions are dimensionally consistent. Moreover:

e validity of the perturbative expansion requires all the quantities in brackets to be
smaller than one, except the one involving Cs, i.e. C; < 1, Co < (47/A)?, while
C3/(4m)20=Y) < (47 /g4)?*, is allowed to be larger than 1, depending on g,z and y.

e adopting mass-dimensionful Wilson coefficients (e.g. C3) does not affect the definition
of the SMEFT expansion parameter, which is still off + N,: all M; (and all o;) belong
to the same SMEFT order, which, for this operator, is only determined by the powers
of (p/A). What changes, compared to the NDA-normalized case, is the relation to
the total powers of A (ay): omitting other Wilson coefficients, in this case we have
ap — oy = a} = N, — 2N, and therefore oy + N, = ap + 2Ns.

e adopting A-dimensionful Wilson coefficients (e.g. Cy and C5 with y # 1) or, equivalently,
adding arbitrary powers of (47) to the operator normalization, does not affect the
SMEFT power counting at all. It only has numerical consequences, in the sense that it
simply changes the normalization of the Wilson coefficient: for instance, the perturbative
expansion counts powers of (Cs3/(4m)2(1=¥)) instead of powers of Cf.

e adding arbitrary powers of dimensionless quantities to the operator normalization (e.g.
powers of (gs/4m) as in C3 with y = 0) does not affect the SMEFT expansion, but
increases the perturbative order of the observable contribution: for instance, for z =1,

g3 = 0430'1.

e adding arbitrary powers of a dimensionful coupling to the operator normalization (e.g.
powers of g as in C5 with y = x) does not affect the SMEFT expansion, and leaves the
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overall powers of 47 in the amplitude invariant. This case is equivalent to introducing a
dimensionless (gs/4m) and simultaneously making the Wilson coefficient A-dimensionful,
therefore it changes both the perturbative order of the contributions of the operators
and the numerical normalization of the Wilson coefficient.

All in all, from the point of view of the EFT power counting, all normalization choices
for the operator definitions are allowed. Adopting NDA gives the simplest possible form for
the “master formulas” introduced above and it ensures that the SMEFT power counting
is equivalent to sorting by powers of A, while the perturbative expansion is marked by
powers of (g/4n),(V/A/4r),C; etc. Adding powers of arbitrary coupling constants (either
SM couplings or Wilson coefficients) to the definition of an operator does not affect its
SMEFT power counting, but increases the perturbative order of its contributions. Any
other rescaling is practically inconsequential.'® Ultimately, normalization choices are free
for the EFT practitioner to make, and they can be seen as implementations of modeling
assumptions. In particular, normalization choices for EFT operators are often motivated
based on assumptions about UV completions, which determine, to some extent, the scaling
of the matching contributions. We will comment further on this in section 5.4.

4.2 On the size of (47v/A) in SMEFT

Before moving on to the HEFT case, we briefly comment on the expected size of the (4wv/A)
factors appearing in eq. (4.2). The requirement that SMEFT expands in p/A ~ m/A <1
gives the constraint

drv < 4
AT g9y, VN

which however is very loose, because it simply implies A > zv with = = {g, ¢', yy, ﬁ} <1.

(4.14)

More significantly, the fact that this quantity naturally emerges from NDA suggests that
the SMEFT indeed expands in (47v/A), rather than (v/A) and, therefore, that the SMEFT
expansion requires

4
%U <1 = A > 4dnmv ~3 TeV, (4.15)

which can seem overly strong. To examine this point further, let us first clarify what we
mean with the statement above: consider for instance dimension-6 SMEFT corrections to SM
vertices in the Warsaw basis [2]. If the SMEFT operators are defined with NDA normalization,
one always finds that the suppressions are controlled by (4wv/A), e.g.

[Ztntiswmer (4”)2 M O
[Ztrtr]sm ! A x [CHQ’CHQ ’ CHWB’CHD} ’ (4.16)
hhh 4rv\ 2
et 1~ (12)  (Cip e (4.17)
[ZW* W~ |smEFT (47”1)2
W Jau —1 A X Cgwn , (4.18)

18We are ignoring the possibility of rescaling by powers of v, assuming that in SMEFT v only appears as
the Higgs VEV.
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where, in these expressions, the Wilson coefficients C; are exactly dimensionless. Higher
order corrections stem from dimension-8 operators carrying an extra insertion of (HTH) and,
in NDA normalization, they will scale with

() e 10

and analogously for higher dimensions. Because powers of 47v/A are always accompanied
by insertions of the Wilson coefficients, one could argue that perturbativity constraints
really require

2 4
(417;7)) Cs <1, (42”) Cy <1, (4.20)

for dimension-6 and -8 operators respectively, which is a weaker constraint than demanding
separately that (47v/A) <1 and Cs,Cs < 1. Indeed, applying eq. (4.20) one has

1/4

A > CyP amy, A>Cy am. (4.21)

For Cg, Cg sufficiently small, one could then have A < 3 TeV, while remaining compatible
with perturbativity across the whole Lagrangian. However, for analogous conditions to hold
at all SMEFT orders, the Wilson coefficients C; of dimension-d operators must satisfy

Cy < (A/4mv)d=4, (4.22)

i.e. they must become smaller and smaller with increasing d. Clearly, this implies the presence
of suppression factors that are not accounted for in the bottom-up SMEFT construction,
where all C; are dimensionless and a priori similar in size.

In practice, this extra suppression can be easily realized, for instance, by the matching to
a weakly interacting theory: in this case, the expressions for dimension-8 Wilson coeflicients
typically contain higher powers of the SM and UV coupling constants compared to those for
dimension-6 coefficients, see e.g. the results in [104-106]. If the couplings are perturbative,
they effectively bring (g/4m) suppressions into C;, which increase with the canonical dimension
of the operator. This argument can be compared to the discussion about the convergence of
the SMEFT expansion presented in ref. [29]: taking a scalar singlet extension of the SM as an
example, the authors show that the SMEFT series only converges for |HTH| below a certain
threshold. Their bound can be rearranged into A > v/ 47wv, where A = m is the mass of the
heavy scalar S and x = 16w24 the coupling of the HTHS? interaction, with 4 < 1.

In conclusion, in the absence of (UV-motivated) assumptions on the expected size of
the dimensionless Wilson coefficients, the SMEFT formally expands in (47v/A), which
is therefore required to be < 1. This is the only statement that can be made based on
dimensional analysis. We will maintain it in this work for simplicity and consistency with
our arguments, that rely only on NDA. Nevertheless, the reader should keep in mind that
this condition is not necessarily enforced in practice, as, in several concrete applications, the
requirement is relaxed. This can happen if e.g. model-dependent suppressions lead to the
size of the dimensionless Wilson coefficients decreasing sufficiently fast with the dimension
of the corresponding operators.
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5 Power counting in HEFT

What does HEFT expand in, at the level of observables? In the spirit of parameterizing the
effects of yet-undiscovered new physics, HEFT should definitely induce an expansion in p/A.
Requiring homogeneity of momenta and light masses, that appear together in propagators
and kinematic functions, further brings us to guess

o= (1)~ ()~ ()~ (5)~ (%) o

i.e. dggrT = dsmErT. Although it might seem surprising, this statement is actually very

sensible, as SMEFT and HEFT are introduced with the same scope, and are only distinguished
by their formal implementation.

Indeed the difference between HEFT and SMEFT emerges when translating the expansion
in dpppr into a counting of the powers of inserted constants. The key observation is that
in HEFT we cannot expand in (4wv/A), and therefore the counting prescription cannot
depend on N,. The reason is that, while in SMEFT v emerges as the VEV of the Higgs
field, in HEFT it is introduced as the suppression scale for h and 7 insertions in the F, U
building blocks. This is a crucial conceptual difference that has a few consequences: most
importantly, NDA tells us that [63]

dmv > A (5.2)

is required to preserve perturbativity. This constraint is well-known and can be equivalently
derived in various ways, such as by requiring unitarity of scattering amplitudes [26, 107]. Note
that eq. (5.2) is in complete contrast with SMEFT, which by design expands in (47v/A) < 1.
Introducing v as a suppression scale also causes it to appear most often at denominators,
which naturally leads to positive powers of (A/47v) < 1 appearing in observable predictions,
as opposed to powers of (4wv/A) which are ubiquitous in SMEFT. In practice, the results of
section 3 would apparently allow an expansion of observables in (A/4mwv) < 1. However, this
condition clearly doesn’t match the phenomenological assumptions we make when working
with HEFT,'" so one is left with two options:

(a) assume that (47v/A) ~ 1 and avoid expanding in this quantity
or

(b) disentangle the scale v generating masses for SM particles from the scale f suppressing
scalars insertions. In this way, one is still left with the constraint (47 f/A) > 1 but
V€ = v/ f can be a small quantity, that one could expand in. As reviewed in section 2.2,
& has been often introduced in the literature, mainly inspired by the matching to
composite Higgs models. Here we see that, as an additional motivation, it allows to
push the HEFT cutoff scale A to values higher than 47v ~ 3 TeV.

19Nor is it satisfied in other known theories whose fields naturally come in non-linear representations, such
as chiral perturbation theory for pions, where 47 fr ~ Aqcp.

— 28 —



Option (b) clearly leads to a non-minimal version of the HEFT Lagrangian, that contains
two independent scales v, f: both have the dimensions of a scalar field, but they must be
treated differently by the power counting. This requires a new set of rules that dictate
which scale should appear in a certain HEFT interaction. Because this adds a new layer of
complexity, we will address first option (a) and we will come back to (b) in section 5.2.

5.1 Option (a): v as the only mass-dimensionful parameter

In this section we assume that the only dimensionful parameters in the HEFT Lagrangian are
9,9, 9s Yy, A, v, and in particular v is the only explicit mass scale present besides A. With
this in mind, we go back to eq. (5.1). As noted when discussing the SMEFT, powers of
dsMEFT = OHEFT can be counted either as (off + N,) or as (o + Ny + Ny + N, + 2N)).
While SMEFT is designed to pick the former option, HEFT can only adopt the latter. As
a result, the HEFT and perturbative series are tied together, and observable contributions
should be sorted by

NHEFT = 04:7\ + Ng + Ng/ + Nyw + 2N, (53)

Note that because SU(3). is an unbroken symmetry and there are no masses given by gsv,
the perturbative expansion in (gs/47) is not subject to the mass-momentum equivalence

constraint and can remain independent.?’

5.1.1 Power counting for HEFT amplitudes

As pointed out at the end of section 3.2, the sorting criteria for diagrams is necessarily the
trivial transposition of the rule for observables, i.e. HEFT diagrams should be sorted by

Nittepr = Ny g+ Ngmt + Nyt + Nyy vt + 2Nx (5.4)
such that the observable contribution given by a product Ma/\/lz has order
Nugrr = Migrr + Nigrr - (5.5)

In the next paragraphs, we will sometimes drop the M label and use NugrT, Ny etc. to
indicate the countings for either diagrams or observables. Their meaning can always be
inferred from the context.

The counting rule in egs. (5.3) and (5.4) enjoys an interesting and important property: the
individual terms appearing in the sum are inhomogeneous over different diagrams contributing
to the same process and containing the same number of insertions of a given operator (or set
of operators). However, upon inspection, one finds that almost all inhomogeneities cancel out
in the sum. For instance, consider the 1-loop diagrams contributing to gg — hh shown in

290ne could wonder if the combination of ¢, g’ corresponding to the electromagnetic constant e should also
be free of the mass-momentum equivalence constraint. However, this is not the case: it is not possible to
rotate (g,g’) into a pair (e, G) such that only G is associated to the electroweak masses. Equivalently, at LO
in the SM, the electromagnetic constant is e = (2mw /v)y/1 — m%,/m% = (2mw /v)sinf. This expression
gives e ~ (m/v), so (e/4r) ~ (m/4mv) ~ (p/A)(A/4mv) ~ (p/A) in the scenario considered.
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Figure 1. One-loop diagrams contributing to gg — hh that contain a C'y¢ coupling.
figure 1. All of them contain one insertion of the operator Pyg = Gf}l,GA“”(h/v) Fra(h).

They scale as follows:

2

Ay o g2 Cre & = NP =2 Ny =0,N,, =2, Nyger = 2, (5.6)
v

As o< g2 Cra ) - N =0,Ny=1,N,, =2, NugpT = 2, (5.7)
2

AgO(C'Hg)\pf2 — N/P;:Q,N)\Il,NS:O, NHEFT:4~ (5.8)
v

Although none of the countings shown in these equations is the same for all three
contributions, it is not hard to see that Nygpr + Ny, = 4 is constant. This behavior
generalizes to any operator and process, and it can be understood noting that, as long as
the HEFT operators are NDA-normalized and the only dimensionful constants are those
listed above, then:

NuErFT + Ny, = of{ +af = ay — ol = a, +2(n - 2), (5.9)
Nitpr + Ngomt = NE g+ Nivg = Nyt — Ny = Ny + (n—2), (5.10)

where we have explicitly distinguished the observable and amplitude cases, since they differ
by the last term. n is the total number of external legs, and ay, (Ny a4) is the total chiral
counting for the cross section contribution (amplitude). We used that ol = aﬁ + ol , plus
egs. (3.28), (3.25) and (3.26), and the analogous relations for the countings in scattering
amplitudes. Using egs. (3.16) and (3.17), o, and N, a can be computed as

oy = Nyq+ Nyy (5.11)

NX7M:—2+P+§+N;M:2L+ > Ny (5.12)
1€vert
In section 3.2.2 we noted that N, ; is always homogeneous across all the interaction vertices
stemming from the same gauge-invariant operator and, in particular, it vanishes for all SM
interactions. Therefore, eq. (5.12) guarantees that N, ¢ always takes the same value for
all diagrams contributing to the same process at the same loop order and with the same
operator insertions. In the example above, Pyg has N, ; = 0. Therefore, for all diagrams
shown, Ny v = 2 and NI/{VI«%FT +Ngm=Nym+n—2=4
This result tells us that if we choose to treat g; on the same footing as the other SM
couplings and define an alternative HEFT power counting rule

Nigrr = Nugrr + Ny, , (5.13)
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we will find that all contributions from the same gauge-invariant HEFT operator to a fixed
process and at the same loop order conveniently share the same Njppp. Moreover, the
counting rule for diagrams will be particularly simple and it will depend only on the N, ;
of the vertices, which is the same as the N, of the operator they stem from, and on the
loop order L of the diagram:

Nipmp=n—2+2L+ > Ny,. (5.14)

1evert

If we choose to count in Nggpr, on the other hand, we can write, for a diagram M:

Nitpr = Nipmr = Nggpa =1 —2+ 2L+ S (Ny; — Ny.i) (5.15)
i€vert
where it is manifest from the sum over (N, ; — Ny, ;) that, for fixed L and n, the same
operator will lead to diagrams with different values of N}%FT whenever vertices with different
powers of g5 are inserted.

For the rest of this section, we will consider both NggrT and N{ppr as alternative options,
presenting our results in both cases. In practice, the “minimal” HEFT power counting for
diagrams and observables, obtained by requiring consistency with dimensional analysis and
mass-momentum equivalence, is given by Nyggpr in eq. (5.3). This rule ties together the EFT
and perturbative series in all SM parameters except gs, leaving us with two independent
expansions: the EFT one, which counts equivalently EFT insertions and EW loops, and the
perturbative QCD one, which can be organized independently. The expansion in N{ppy is
a specific linear combination of these two that, on one hand, gives simpler counting rules
for scattering amplitudes, but on the other, is less general, because it leaves us with less
freedom, interpreting QCD corrections as increasing the HEFT order.

Figure 2 shows a graphical representation of the classification of HEFT diagrams along
the NI%FT, Ny, . m axes. These quantities can only take a discrete set of values?! such that
NI%FT > 0, as we will prove in section 5.1.2. The order Nﬁ’é\gT is given by the linear
combination along the diagonal, marked by the gray dashed lines. Organizing the HEFT
expansion based on N{jpp corresponds to retaining all diagrams falling within one of these
diagonals, as shown by the yellow hatched region, while organizing it based on NygpT
corresponds to retaining those below a horizontal cut, as in the green shaded region. The
latter technically extends indefinitely to the right, representing the fact that arbitrarily-high-
order QCD corrections could be retained. In a realistic calculation, though, one will need
to truncate the QCD series as well. While with Njjppp counting the treatment of the QCD
series is fixed, when adopting NugpT, the Ny, cut can be picked independently, resulting
in a rectangular selection, as depicted by the orange shaded region.

The order Nﬁ’é\gT defined in eq. (5.14) is related to the chiral dimension for scattering
amplitudes [D]. defined in refs. [60, 62] by [D]. = Nﬁ’é\gT—Hl—n = Ny m+2.22 An important

2lpigure 2 additionally assumes that only integer powers of the coupling constants appear in the Lagrangian,
such that the allowed values for NI({S]%/FV%, Ny, . m must also be integers. This assumption is not strictly required
(nothing forbids operator pre-factors containing e.g. \/yy) but it is stable under renormalization and consistent
with usual conventions.

22This equation is a direct generalization to HEFT of the relation identified in eq. (2.25) by comparing the

total powers of (p/A) with the derivative counting of ref. [58] for chiral perturbation theory.
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aspect we would like to stress is that our “master formulas” eqgs. (5.14), (5.15) fundamentally
emerge by requiring a counting in N¥  @s proposed in ref. [61], and in fact they bear a
connection to the primary dimension d, as well. The relevant relation to understand it is:

Ny = > NR, (5.16)
ievert
=Ny y+n—2=2L+ Y NP +n-2. (5.17)
ievert

The first line tells us that we could have equivalently calculated the first component of
NI({%FA% by summing the N Kz‘ of each vertex, i.e. the canonical dimension (carried only by
fields and derivatives) of the corresponding interactions, see eq. (3.10). This choice would
have given correct results, but it comes with the drawback that each operator contains
potentially infinite interactions, all with different IV x ;- The idea of the primary dimension
is to take?3 d, ~ min; NKJ + 4 as a sorting tool for HEFT operators, precisely to cure this
issue. Eq. (5.17) offers an alternative (but equivalent!) solution, namely to switch to Nf;i at
the cost of introducing an explicit dependence on the number of loops and external legs n.
In principle, Nf;i still suffers from issues of inhomogeneity over an operator’s interactions:
opposite to the behavior of IV X’i, it is not sensitive to scalar insertions, but it varies across the
terms obtained expanding covariant derivatives and field strengths. However, this problem
is cured by the fact that NI({SE)FT counts gauge couplings as well.

In summary, the HEFT order of scattering amplitudes tends to depend on properties
of the individual interaction terms that do not generalize to full gauge invariant operators.
This is a fundamental issue that leads to challenges in the sorting of the operator series. The
expansion in N{ppr is a special case, in which it is possible to identify the chiral dimension
Ny as a unique classification criterion. The dependence of NI({SI%’FMF on n can be interpreted
as a consequence of the physical expansion really being in N 1’{7 s Which is sensitive to the
number of field insertions.

To our knowledge, the expressions in eqgs. (5.14), (5.15) have not been proposed before. As
our analysis borrowed several well-known ingredients from previous studies, the formulas we
founds are — predictably — similar to previous results. However, our approach (i) gives a spe-
cific physics motivation for the HEFT expansion to count powers of (g/47), (y/4), (\/1672),
and (ii) it clarifies the interplay between chiral and primary dimensions, and their role in the
classification of HEFT amplitudes and operators. This translates, in particular, into the fact
that eqgs. (5.14), (5.15) explicitly depend on the number of external legs n and that (5.15)
treats differently the EW and QCD perturbative expansions. These are distinctive features
of the power counting proposed here.

5.1.2 Power counting for HEFT operators

Having discussed the HEFT power counting for observables and Feynman diagrams, we
now turn to the organization of Lagrangian interactions. In doing so, we will relax the
assumption that HEFT operators are purely NDA normalized, and allow their definition to

23We use a ~ here to note that the definition of d, in [61] requires some further considerations being made
on the structure of HEFT operators, and in particular on the expression for V.
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Figure 2. HEFT scattering amplitudes can be classified according to a double expansion in QCD
(Ny..m) and Njjfpr orders, which can take discrete values represented with red dots. The grey dashed
lines are curves of constant Nigep = Nijtp + Ny, m, which can be used as an alternative counting.
Truncating a calculation at a certain Nihy selects values within a triangular region, as shown in
yellow. Truncating in Njfpr selects a horizontal band (green), while truncating simultaneously in
NI%FT and Ny, aq identifies a rectangular region (orange).

potentially include (positive) powers of the dimensionful couplings g,¢’, gs, Yy, A. We will
refer to operators that do not have coupling constants in their definition as “naked” and
to those containing coupling constant factors as “dressed”.

This generalization is necessary because, even if we define the HEFT Lagrangian to
contain only “naked” operators Lpgpr = w; C;P; + ... (with w; the NDA normalization
factor), corrections to the Wilson coefficients proportional to powers of the SM couplings
will always arise upon renormalization. For instance, 1-loop RGE equations generally have a
form C; ~ (g/47)%C;, which can be seen as introducing a dressed version of the operators:
Lugrr = w;CiP; + wlC! (g*P;) + . ... Another context in which such factors can arise is in
the matching to a UV theory, see section 5.4. In some cases, the presence of SM coupling
constants can even be required by certain assumptions on the UV or EFT structure. For
instance, requiring the UV completion to be weakly coupled implies that some operators
can only receive one-loop matching contributions, or that operators containing gauge field
strengths should be accompanied by powers of the corresponding coupling constants. In
practice we can think that, for each HEFT operator P;, there is an infinite tower of operators
Pi, 9*Pi, g*P; ... (and similarly with arbitrary products of all the SM couplings) that, in
general, are all present simultaneously in Lxgpr.?? Because adding powers of the SM
couplings formally increases the IV, of the operator and of the vertices it generates, the
whole tower of options needs to be taken into account in the organization of Lygpr. This
is of course different from the SMEFT case, in which additions of SM couplings increase
the perturbative order but not the SMEFT one.

24 An alternative way of framing this argument is to think of only one “naked” operator being present, and
interpret the g2 terms as corrections to its Wilson coefficient. This choice would require the introduction of
multiple versions of the coupling constant entering a given vertex C; + C; 4+ C;’ + ... (rather than multiple
versions of the vertex), each assigned to different perturbative and chiral order. The logical arguments would
then be developed in a completely equivalent way.
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An important point is that the introduction of these constant factors does not spoil
the derivation of egs. (5.14) and (5.15), which can still be used to compute diagram orders,
with the understanding that N, ;, (Ny,; — Ng, i) account for the pre-factor’s contribution
as well. We will not consider arbitrary pre-factors containing v or introducing new mass-
dimensionful constants (such as dimensionful Wilson coefficients): a discussion of those cases
is deferred to section 5.1.4.

Egs. (5.14) and (5.15) tell us that there are two relevant quantities that determine the
order at which a certain Lagrangian interaction will contribute: N, ; and (Ny; — Ny, ;).
Depending on whether observables are sorted by Npgpr or Nfjgpp, one or both of them
are relevant for the organization of the HEFT operators series. We will examine first the
Nfigpr case, which is simpler.

Counting in Njgppp. As discussed above, IV, conveniently takes the same value whether
it is evaluated for a gauge-invariant operator or for any of the interaction terms obtained
expanding out its covariant derivatives and field strengths. By definition, it is also insensitive
to the addition of scalar fields and it counts identically insertions of derivatives (D, 0,),
V,, structures and field strengths (X, ). Table 2 shows the value of N, for several classes
of HEF'T operators up to high orders in the expansion. These results agree with the chiral
dimension assignment defined in ref. [60], up to a —2 shift in the N, definition. They are
also consistent with table II of ref. [61], up to the same conventions shift and to the fact
that we defined the SM Yukawa term with a constant y in front.

If HEFT observables are expanded according to the Njjppr counting, the operators
can be simply sorted by N,, and eq. (5.14) informs directly the selection of the operators
contributing to diagrams of a certain order. In particular, to calculate the scattering amplitude

for a process with n external legs up to a certain order Nyjppr < Nj.x, We will need to

max?
consider diagrams with

N3 2 —
L < W , (5.18)
and at each loop order, we will need to include HEFT operators with
Ny <Nj.«—Q@2L+n-2). (5.19)

The right-hand side is maximized for L = 0, i.e. the highest- N, operators contributing to
the process are those entering tree-level diagrams and they have

Ny < NS, +2—n. (5.20)

max

Egs. (5.18), (5.19) can be easily derived from eq. (5.14), considering that the number of
loops is maximized for ) N, ; = 0, while IV, ; is maximized when there is one single vertex
contributing. For instance: to calculate a 2 — 2 process up to Nﬁfé\gT = 6, we will need to
include diagrams with the number of loops and operator insertions reported in table 3.
The counting reported in table 2 assumes that operators are defined as “naked”, i.e.
without any dimensionful constants in front. Dressing an operator with positive powers of
9,9, gs, Yy, A will increase its N, and therefore push it to a higher order. This unavoidable
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Table 2. Chiral orders IV, for classes of HEFT operators. The terms in the left block are the explicit
SM-like interactions from eq. (2.28). The terms in the right block are characterized schematically by
their content in terms of fermionic fields and d insertions, where d stands for one among D,,, 0,,, X, or
V.. The functions F,V are understood to have the form in (2.12), (2.22) and they are only included
for completeness, as their presence has no impact on N,. Insertions of the U field are not indicated
as the counting is transparent to them. The operators on the right are understood to be defined as
“naked”, i.e. with no dimensionful coupling constants in front. Dressing them with powers of g, ¢’, yy, A
increases their N,.

feature of the expansion in N{jppr could be seen as introducing arbitrariness in the assignment
of an operator’s order. However, if we work under the assumption that only positive powers
of the dimensionful constants can be inserted in the HEFT Lagrangian, then the values in
table 2 give unambiguously the minimum order at which each HEFT operator can appear
in the expansion. This is enough to construct a physically meaningful EFT, in the spirit
of providing maximally general predictions up to a chosen truncation order: retaining the
lowest-order version of each operator in a non-redundant basis ensures that all potentially
relevant operators will always be included in a calculation. With the assumptions made
throughout this work, the operator version with the lowest N, is always the “naked” P;,
unless additional assumptions are made on the UV completion, that require a minimum
number of couplings to be present. In that case, the series could start e.g. at ¢>P;.

The assumption of only positive net powers of the SM coupling constants being allowed
in LygrT is an indispensable condition for IV, to admit a minimum value, which is crucial
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Ny=0 Ny =1 Ny=2 Ny=3 Ny=4
insertions insertions insertions insertions insertions

h

sM
NHEFT

[\

any — — — —
any 1 — — —
any 2 — — —
any — 1 — —
any — — — —
any — — 1 —
any 1

any 1 — — —
any — — — 1
any — 2 — —
any 1 — 1 —
any — 1 — —
any 2 — — —

N = = O O O OO +-HOOoO o o
S O O OO O Ot O UL s W

any — — — —

Table 3. Characterization of the diagrams required to compute a 2 — 2 process up to order
Nt =6, in terms of HEFT operator insertions and number of loops L. Each diagram can only
contain up to 2L + 2 vertices (see appendix B). This table can be easily generalized to processes with
different multiplicities by identifying solutions to eq. (5.14).

for Nfjgpr to be a consistent power counting. This assumption can be seen as a convention
on the definition of HEFT operators, that can be chosen safely: as shown in appendix B,
once the HEFT fields and coupling constants are defined as described in section 2 and
all HEFT operators are normalized according to this convention, no negative powers of
9,9, gs, Yy, A can be induced from loop corrections or UV-matching to HEFT operators. It
is possible for ratios of the coupling constants (such as ¢’/g) to appear, e.g. through EW
mixing. However, because these ratios are dimensionless, they leave N, unaffected and are
not problematic for the power counting.

Counting in NugrT. Let us now consider the expansion in NygpT, rather than N{gpp.
The value of (N, ; — Ny, ;) varies among the interaction terms induced by the same operator,
and it can even become negative. The maximum and minimum values that (N, ; — Ng, ;)
can take can be determined based on the operator structure. Let us write a generic gauge-
invariant operator as

O ~ Kk ¢* P! (G )¢ (W)™ (D)4 (5.21)

where, similar to eq. (3.8), ¥ represents any fermion, ¢ any scalar, x is a product of
dimensionful constants, and W, represents any of the electroweak field strengths. Knowing
the explicit operator structure, we can further distinguish covariant derivatives acting on
colored vs colorless fields: there will be go of the former and gy of the latter. Then,
letting the index 4 run over the interactions obtained expanding field strengths and covariant
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derivatives, we will have:

— (3.13)
max(Ni ~ Ny, ) = Ny 2wy tag gt L 24NN, (5.22)
. = /
min(Ny; — Ng,i) = Ny =26 —qe = aw +qw + 5 =2+ Ny = Ny, > =2, (5.23)

where N, are the overall powers of g, contained in ~, and Nx is essentially the N, of the
gauge-invariant operator defined without powers of g, in front. To find the minimum, we
considered that each G, or D,, acting on a colored field carries up to 1 power of g,. Eq. (5.23)
tells us that the minimum possible value of (Ny; — Ny, ;) for any HEFT interaction is —2.
Moreover, interactions with (IV, ; — Ny, ;) = —2 (—1) must contain at least 2 powers (1 power)
of gs coming from a covariant derivative or gauge field strength.

Table 4 shows the values of min;(N, ; — Ny, ;) and N, for operator classes with N, < 2. As
will become clear in the next paragraphs, both numbers are relevant for the characterization
of HEFT operators. Compared to table 2, the classes definition has been refined to distinguish
between QCD-like (i.e. G, or D, acting on colored fields) and EW-like (all remaining cases)
d structures. Only operators with at least one dg are shown, as for the remaining ones
Ny, = 0 and the counting is the same as in table 2.

As an example, the chromo-magnetic operator Gﬁl,@ LU TAQR belongs to the class
da? and has N, = 0. Opening the field strength, we obtain a term proportional to 9,G,,
which has (N, ;—Ng, ;) = 0, and a term proportional to g;G G, which has (N, ;—Ng, ;) = —1.
An example of operator in class dZ d? F is G GROYOPF. Tt has Ny = 2, and (Ny; — Ny, ;)
is lowest (0) for the vertex g3G2%G,G,0"Ph. Finally, the operator (G,)*, belonging to class
d3,F, has N, = 1. Among its interactions, (N, ; — Ny, ;) is minimum and equal to —2 for
g3GS. 1t is equal to —1 for g7(0,G,)G'G"G?.

Figure 3 (right) provides a graphic representation of the numerical values available
for these quantities. With the conventions in which only positive, integer powers of the
dimensionful coupling constants can appear in Lygpr, it is possible to build operators sitting
at any of the blue dots, which span the region N, > 0 and —2 < min;(N,; — Ng, ;) < Ny
at integer steps.

Given that (N,; — Ng, ;) can take negative values, we might worry that arbitrarily
large negative values of NP%FT could be reached, which would be disastrous for the HEFT
power counting. Luckily, this is not the case. A hint comes from eq. (5.4), which indicates
that N{jfrr < 0 would correspond to negative powers of (p/A), (g/4m) etc. appearing
in the amplitude expression, which can hardly be the case with the assumptions made
so far. In the following we derive an explicit proof using the expression of NI%FT in
eq. (5.15).

From eq. (5.23) we see that interaction vertices with (N, ; — Ny, ;) = —2 must have
Ny = Ng, and zw = gw = f =0, i.e. they can only contain powers of v, gs, scalars or vector
bosons, but no power of g, ¢’, yy, A, fermions or derivatives. If the LO HEFT Lagrangian is
defined as in eq. (2.28), the only interactions satisfying these requests are the SM quartic
vertex g?(GMGy)Z, and higher-point interactions generated by other operators, that contain
only gluons and Higgses, in arbitrary numbers > 4. Electroweak gauge bosons cannot appear
in these vertices, because their insertion is always accompanied either by a derivative (when
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operator class min(N, ; — Ng, i) Ny
G G* F -2 0
QilpQ -1 0
dg V2 F -1 0
% 2 1
d, dy F -1 1
dz > F -1 1
da dw V2 F 1
deg dy F 1
daV*F 0 1
asF 2 2
d3, dw F -1 2
d3, 2 F -1 2
d d2, F 0 2
dz prF 0 2
d2, dy v?F 0 2
da dyy F 1 2
dg &3y V2 F 1 2
dg dw V*F 1 2
da S F 1 2

Table 4. Minimum values that (N, ; — Ny, ;) could take for the interactions generated by a HEFT
operator with the generic structure indicated. dg stands for either G, or a covariant derivative

acting on colored fields, while dy, stands for either d,, V,,, electroweak field strengths W,,, B,,, or

covariant derivatives acting on colorless fields. The operators are understood to be defined as “naked”,
so max;(N, ; — Ng, ;) = N, whose values are in agreement with the classification given in table 2.
We only show classes up to IV, = 2 and we omit classes that do not contain dg.

coming from X,,,), or by a weak gauge coupling (when coming from D,, V,, or non-abelian
gA, A, vertices in X,,,). This leads us to the conclusion that vertices with (N, ; — Ng, ;) = —2
must have at least 4 legs. Vertices with (N, ; — Ny, ;) = —1, instead, can have as few as
3. SM examples are ¢,0,G,G*G" and gszﬁ’y“wGu.

If we want to minimize NI%FT at fixed n and L, we need to pick topologies with as
many vertices as possible, and insert interactions with (N, ; — Ny, ;) = —2 or —1 in all of
them. The maximum number of vertices in a diagram with n external legs and L loops
is Vinax = 2L + n — 2 (see appendix B), which is achieved when all vertices are 3-point
functions. However, we have just established that vertices with (Ny; — Ny, ;) = —2 have
at least 4 legs. As shown in appendix B, if we insert k interactions with 4 legs, then the
total number of vertices in a diagram reduces to Viuax — k at most. Inserting interactions
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Figure 3. Left: the blue shaded region highlights the values of (N, am, Nifhpr) achievable by
diagrams containing insertions of an operator with fixed N,, min;(N, ; — N, ;). We use the shorthand
notation = 2L +n — 2.

Right: HEFT operators can be characterized by their N, and min,(N, ; — Ny, ;), which take discrete
values represented with blue dots. The gray shaded regions are forbidden. The grey dashed lines
i at the
amplitudes level projects onto the operators space. The green hatched region shows the same for a
double cut in N{{VE’FT < Nmax and Ny, < 20,,. If the Ny aq cut was removed, the green region

The yellow region shows how a cut on le{’é\gT < N?

are curves of constant max; N, max

would extend indefinitely to the right.

with (Ny; — Ng, ;) = —1 in all the remaining Vinax — 2k vertices yields:

Nithpr =2L+n—2+ Z (Ny,i — Ngyi) (5.24)
ievert,
>9L+n—2+4(=2) xk+(=1) x (2L +n—2—2k) =0. (5.25)

Inserting vertices with 5 or more legs reduces the maximum number of vertices even further,
and necessarily leads to diagrams with NI%FT > (0. This result proves that, whatever number
of vertices with negative IV, ; — Ny ; we insert in a diagram, in the end we will always find
N{tpr > 0, which is consistent with positive powers of (p/A), (g/4) etc. appearing in the
amplitude. This result in turn ensures that in any HEFT amplitude Nﬁ’é{iT > Ny, M, and
it justifies the representation in figure 2.

We can now ask which values of NI%FT, Ny, .m a given operator can contribute to and,
vice versa, how do cuts on the amplitudes orders project back onto operator orders. In the
Nfigpr/Ny case discussed above, these questions had trivial answers. In the Nygpr case
there are more variables at play.

Let us start from the first question: a HEFT operator is characterized by the pair
of numbers (N,, min;(N, ; — Ny, ;)), which can take values in the range discussed above.
Inserting them into eq. (5.14) trivially gives

Nt > 2L +n—2+ Ny, (5.26)
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for fixed n, L. On the other hand, to obtain the minimum value of NI%FT we need to consider
eq. (5.15) for diagrams with exactly 1 insertion of the operator under study, and as many
insertions as possible with negative values of IV, ; — Ny, ; in the remaining vertices, i.e. k
insertions with N, ; — Ny ; = —2 and (Vimax — 2k — 1) with N, ; — Ny, ; = —1, which gives

Nitfger > 2L +n — 2+ min(Ny; — Ny, i) + (=2)k + (1) (Vinax — 2k — 1)
= miin(NXﬂ- — Ng,i)+1. (5.27)
Both constraints (5.26), (5.27) hold simultaneously and, because Nugpr, Nfjgpr are not
independent, they have a non-trivial intersection which is depicted in figure 3 (left). This
figure reproduces the same diagram as figure 2, superimposing a blue shaded region that
highlights the values of (N, M,NI%FT) which are accessible by a given operator. The
condition (5.26), which depends only on the operator’s N, cuts through the plane diagonally,
while the condition (5.27), which depends only on min;(N, ; — Ny, ;), cuts horizontally.
Another interesting fact is that the diagram order accessible to operators with min; (N, ; —
Ny, i) = —2 are exactly the same as those accessible to operators with the same N, and
min;(Ny; — Ny, ;) = —1, because for both eq. (5.27) reduces to Njjftpr > 0.
Next, we consider how truncating the HEFT diagrams series to a certain

Niter < Nmax s Nyom < 20,, (5.28)

impacts the selection of HEFT operators. First of all, it is easy to derive from eq. (5.15)
that one will need to consider diagrams with
N, 2 —
L< W + O, . (5.29)
The number of loops clearly becomes unbounded if the cut in N, is removed, i.e. Oy, — 00.
At each loop order, we will need to include HEFT operators satisfying

Ny < Npax + 204, — (2L +n —2), (5.30)
min(Ny; — Ny, i) < Naax — 1, (5.31)
1

where again the right-hand side of eq. (5.30) is maximized for L = 0, such that, overall,
operators with Ny < Nyax + 204, — (n — 2) enter the process.
The bound in eq. (5.30) can be derived from eq. (5.19), considering that now

N§’$T < Nmax + 20,, . (5.32)

The bound in eq. (5.31) can be obtained reversing eq. (5.27).

The green hatched region in figure 3 (right) shows the result in the (N,, min;(Ny; — Ny, i))
plane. Importantly, the constraint in eq. (5.31) is only relevant if (2L +n —2) < 20,, + 1.
Otherwise, the strongest upper limit in the vertical direction is just given by the min;(Ny; —
Ny, i) < Ny boundary. The yellow shaded region shows for comparison the effect of a cut
in NG, < Ng

5 ax> consistent with eq. (5.19). For a correct interpretation of figure 3, let us

stress that the yellow and green regions in the right panel contain operator orders that can

— 40 —



potentially contribute to the relevant HEFT diagrams, and they represent the most restrictive
operator selections one can apply at the Lagrangian level, based solely on the operator’s Ny,
min; (Ny; — Ng, ;). When performing a calculation for a specific process, egs. (5.14) and (5.15)
will enforce further selections on the relevant diagrams and operators. In particular, even
though the yellow and green regions might be identical, in general the final set of relevant
operators will be different depending on whether amplitudes are truncated in Njjppp or in
(NugrT, Ny, ), as a consequence of the selections shown in figure 2. These effects are process-
and operator-dependent, so they can only be evaluated on a case-by-case basis.

Summarizing, the main result of this subsection is that, when v is the only mass-
dimensionful parameter present, HEFT operators can be classified according to their N,
and min;(Ny; — Ng, ;). If observable predictions are truncated in Njjgppy, only the former
quantity is relevant for the truncation of Lygpr, which follows eq. (5.19). If predictions
were truncated in Nggpr retaining all-orders QCD corrections, then Lygpr should be ideally
truncated in min;(Ny; — Ng, ;), which however contains infinite operators at each order.
More realistically, a dual truncation of observable predictions in Nygrr and Ny, < 20, is
consistent with a sequential truncation of LygpT: the operators can be first selected based
on a cut in N, as shown in eq. (5.30), and then, if (2L +n — 1) < 20,, + 1, the selection
can be further restricted as in eq. (5.31). In the next section we look more systematically
at algorithms for the construction of HEFT operator bases.

5.1.3 HEFT basis reduction
The construction of complete and non redundant EFT operator bases makes use of
(i) integration-by-parts (IBP) relations,
(ii) equation-of-motion (EOM) relations,
(iii) algebraic relations such as Fierz, Schouten or Bianchi identities.

By construction, NV, is always homogeneous across the various terms entering each of these
relations, while min;(NN,; — Ny, ;) is not: for instance, IBP can relate operators of classes
dé]: and dgdw F. If we consider “naked” operators, we find that, in fact, some relations
connect operators with different IV, as well: this happens whenever the relation contains
terms that are multiplied by dimensionful coupling constants, e.g.

I
[D,, D, = ingfV% +ig' Buh + ig G, T (5.33)

where some terms on the right-hand side might be absent depending on the charges of the
field the covariant derivatives act on (h is the hypercharge). Another important example
are EOMs, such as

iPQL = %UyQ(h)QR (5.3
- 2ij—@(yU(h) + Vp(h))UQR + 257@(3)(](11) — Yp(h))TUQR, (5.35)
(D,G")* = g,QT*Q. (5.36)
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Figure 4. Left: visualization of how “dressing” an operator P increases its N, and min;(N, ; — Ny, ;)
orders. Right: graphic representation of the generic relations in eqs. (5.41) (blue) and (5.42) (red).
The solid lines trace the true relations, which involve dressed operators, while the dashed lines trace
relations among naked operators.

For instance, eq. (5.36) relates the operators
PL=(QuT*Q)DuG* ) Fi(h),  Pa=(QuT Q)@ T Q)Fa(h),  (5.37)

giving
P1=gsP2, (5.38)

up to a re-definition of the coupling constants in F(h). Note that

(NX7 miiH(NX’Z' - Ngs,i))(Pl) = (1, —1) 5 (539)
(Ny, min(Ny; — Ny, ) (P2) = (0,0). (5.40)

Thus, in general, the relations used in basis reduction connect operators belonging to
different orders in the classification of section 5.1.2. Disparities in the N, of the operators
involved are a general feature of relations involving coupling constants, while disparities in
min;(Ny,; — Ny, ;) are even more widespread. It is clear that potential inconsistencies due to
these cross-order relations should be avoided in a HEFT basis reduction algorithm.

Before entering the discussion in more detail, we note that the use of EOMs to reduce
operator bases is not rigorous: technically, the basis reduction is actually performed via field
redefinitions [108-110]. We will use EOMs-like relations to illustrate the main argument of
this section nonetheless, because they allow a simple visualization of the main properties we
are interested in. Moreover, quantitative differences between the two methods only arise when
tracing the exact relations among operators, while the mere basis definition can be safely
addressed with either [109, 111]. A discussion of the role of field redefinitions is deferred to
appendix C, which shows, among other things, that additional (non SM-like) terms on the
right-hand sides of eqs. (5.34)—(5.36) should actually be accounted for. Since these extra
terms do not introduce qualitatively new features, they can be ignored for the moment.
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As derived in section 5.1.2, HEFT operators can be classified according to their N,
and min,-(NXﬂ- — Ngs’i), and the prescriptions for Lygpr truncation act as vertical and/or
horizontal upper cuts in the plane representing these two quantities, see the right panel of
figure 3. This suggests that a HEFT operator basis can be built proceeding order by order
in N,: start by collecting all the possible naked invariants with IV, = 0, reduce them to a
minimal, non-redundant set, then move on to IV, = 1, do the same while keeping the N, =0
basis fixed, and so on. During the reduction process at a certain N,, one will generally meet

(i) relations among naked operators with same N, but diverse min;(Ny ; — Ny, ;).

If P;; is a generic operator with (N,, min;(Ny,; — Ng, ;)) = (4, ), then such a relation
can be of the form
Pi—1+Pio+ P11 =0. (5.41)

(ii) relations connecting operators of the N, of interest to operators with lower N,. The
values of min;(NV,; — Ny, ;) can again be diverse across all the operators involved in
the relation. For instance, at NV, = 2 one can have a generic:

gP11 + g2Poo + Pa—1+ P = 0. (5.42)

Figure 4 (right) shows a graphical representation of relations (5.41) (blue lines) and (5.42)
(red lines): N, is always homogeneous across all the terms in a relation, so, when allowing
for dressed operators (e.g. g2Poo, gP11), both types (i) and (ii) relate vertical nodes in the
graph. However, at the level of naked operators, relations of type (ii) relate nodes in different
columns. Figure 4 (left) shows how “dressing” an operator with powers of gs increases
its N, leaving its min;(N, ; — Ng, ;) unchanged, while dressing it with powers of an EW
coupling increases both orders.

We argue that a complete, non redundant basis of naked HEFT operators compatible
with both (Nugrt, Ng,) and N{jppp expansions can actually be obtained simply by building
non-redundant bases order by order in N, with standard algorithms available in the literature.

In particular:

e the counting min; (N, ; — Ny, ;) can be ignored in the basis construction.

Defining a “basis” at each (N, min;(Ny ; — Ng, ;)) order pair would be a cumbersome
exercise with limited physical applicability, as even IBP relations (i.e. momentum
conservation) equate operators with different min;(N, ; — Ny, ;). Fortunately, this is
unnecessary to obtain complete bases.

e consistently with the first point, relations of type (i) can be employed to remove any of

the operators appearing in them.

e relations of type (ii) should be employed to remove one of the operators with the largest
Ny, i.e. one of those that appear as “naked” in the relation.

In the example of eq. (5.42), one can remove either Pyy or Py_1. This rule is compat-
ible with the usual conventions for the application of EOMs, that favor the removal
of operators containing structures descending from the kinetic terms of the fields
(i, D, X" ,Oh, D,,V#) and, more in general with the removal of operators with
higher numbers of derivatives [2, 109].
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These rules guarantee that the same operator bases can be adopted irrespectively of
whether amplitudes are sorted by Nugrr or Njgpp. Moreover, the bases available in the
literature already satisfy them [4, 7-9]

To motivate our ansatz, let us take a step back and consider a generic EFT, with some
valid, unspecified power counting. Whenever a relation exists among a certain set of operators,
even belonging to different power counting orders, in principle it can always be used to remove
any of them from the operator basis, even if the diagram series is truncated within the range
of values spanned by the relation. What we mean by this statement is that, whatever operator
is removed, the EFT predictions will remain complete at each order in the power counting,
independently of the operators orders and diagrams truncations. However, in many cases,
removing lower-order operators participating in the relation is not recommendable because it
introduces negative powers of the expansion parameters in the Lagrangian, and it creates an
unnatural algorithm for the basis construction. This happens in several well-known EFTs.
For instance, consider the SM Higgs EOM

2
m n
OH; = ——"H; + 2MH H)H; = 3 §riYytr, (5.43)
v

where the last term is understood to sum over the three Yukawa terms, which defines relations

among dimension-6 and -4 SMEFT operators, such as

(H'H)(H'OH) 4+ h.c. = —m2 (HTH)? + 4\(H'H)?
- (H'H) (TZJLHYWR + h.c.) (5.44)
v

In principle, this relation could be used to remove the term (H'H)?, trading it for

T T i _ +
- (WO 5 O G+ she) -2 ). o
P

From the point of view of ensuring complete predictions order by order in A up to O(A~2), a
Lagrangian containing these interactions would yield perfectly correct results. However, the
appearance of negative powers of (mp/A) ~ (v/A) makes the SMEFT expansion cumbersome
and it significantly complicates both the basis construction and the organization of the
SMEFT diagrams series.

In the case of HEFT with NI({SE)FT power counting, relations of type (ii) behave similarly
to this example: although removing an operator with lower IV, would yield correct, complete
predictions, it would be inconvenient, because it would introduce negative powers of the
coupling constants g, ¢, yy, A, violating the power counting conventions established above.
For instance, using eq. (5.42) to remove P;; would introduce —(g2/9)Poo — (Pa—1 + Pao)/g-
In conclusion, relations of type (ii) should be used to remove one of the highest IV, operators
appearing in them, for the same reason why in SMEFT they are used to remove one of
the highest-dimensional operators.

Relations of type (i), on the other hand, are not subject to this power counting argument,
so they can be used freely to remove any of the operators appearing in them.
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It is worth illustrating in more detail the argument that using redundancy relations
to remove a low-order operator from an EFT Lagrangian does not affect the completeness
of the results, which might appear counterintuitive. For instance, one could worry that,
in combination with the truncation of the diagrams series, this operation could artificially
remove some physical contributions to the EFT prediction. However, this is not the case.

Let us start by noting that the completeness of a HEFT basis at a certain IV, order can
be evaluated considering only tree-level (L = 0) diagrams with N{jppr = N, +n — 2, for fixed
n > 2. That is: a basis is complete iff it yields complete expressions for tree-level amplitudes
at that specific Njjppr order. This is analogous to observing that the completeness of a
dimension-k SMEFT basis can be evaluated based only on tree-level diagrams of order A*~*,
and it naturally stems from a recursive procedure: the N, = 0 operators set is complete
iff it gives complete predictions at order Nfppp = n — 2. Once this is established, the
contributions from IV, = 0 operators to all higher order amplitudes must be complete as well,
therefore predictions at order Njjppr = n — 1 are complete iff the contributions from N, =1
operators are complete, etc. This observation guarantees, in particular, that higher-order
diagrams do not need to be considered when evaluating the completeness of a basis, which
is why operator relations that, in principle, would contain infinite terms (e.g. from field
redefinitions), can be safely truncated.

Let us now focus on the example in eq. (5.41). We would meet this relation when reducing
the N, = 1 basis, so we only need to consider tree level diagrams with N{jppp = n — 1 for all
n > 2. In terms of Npgpr orders, the relevant diagrams to consider for each operator have

,P171 — n—1> NHEFT >n— 3, (546)
7)10 — n—1> NHEFT >n— 2, (547)
P11 — Nggrr=n — 1, (5.48)

where we have accounted for the fact that Nugrr < Nigpr-

Let us now imagine to use eq. (5.41) to remove P;_; from the basis. The worry is that,
doing so, we could miss potentially relevant contributions in (Nfjgpr, Nagrr) = (n —1,n —3)
diagrams. However, the equality in eq. (5.41) implies that any (on-shell) scattering amplitude
computed with P;_; insertions must be identical to the same amplitude computed with
insertions of the combination — (P19 + P11). In particular, the results obtained using one or
the other must be equal order by order in Nggpr < n — 1.2° In this case, this means that
P1_1 contributions to Nggrr = n — 3 amplitudes must actually be absent, because it is not
possible to obtain them with Pjg, P11 insertions. Similarly, if we use (5.41) to remove P,
we will find that, necessarily, contributions of this operator to Ngygpr = n — 2 amplitudes
are either absent or equivalently accounted for by P;_; insertions.

We conclude that no inconsistencies can arise even when the diagrams series is truncated,
provided that the diagrams and operators series are truncated consistently, as derived in
section 5.1.2. This crucially ensures that a given operator is removed by the £ truncation iff
the diagrams to which it contributes are removed by the amplitudes truncation.

251n diagrams with Nggrr > n — 1, differences could arise, if operators with higher min;(Ny,; — Ny, ;) enter
the equivalence relation. However, this will only affect the basis construction at higher orders, and it can be
ignored here.

,45,



m.in(NX7i - Ngmi)

1 1
g5t
Py €t ‘\ L é Ny
—1 ‘® N
57M
Py € d2apt g

Figure 5. Left: graphical representation of the relation among operators Py, P defined in eq. (5.37).
Right: representation of the amplitude orders at which the two naked operators can contribute, for
tree-level (solid) and 1-loop (dashed) diagrams. The dots labeled with (a)—(d) indicate the orders of
the diagrams in figure 6.

To conclude this section, let us discuss a concrete example using the operators Py, Po
defined in eq. (5.37), that are represented in figure 5 (left): P; belongs to class d4¢2F, of
orders (1, —1), P2 belongs to class *F, of orders (0,0), and therefore its gs-dressed version
gsPa sits at orders (1,0). The EOM (5.38) (solid red line) equates the effects of P; and gsPa,
which share the same N, but have different min;(N, ; — Ny, ;).

Let us examine their impact on the process QQ — QQ: the naked operator Py can
induce 2 — 2 scattering amplitudes of the orders highlighted by the orange region in figure 5
(right), while P; can induce amplitudes of the orders highlighted in the blue region. Example
diagrams are shown in figure 6, and their orders are represented by dots in figure 5 (right):
diagram (a) contains the naked P, and it has orders (Ny,, Nuerr) = (0,2). Diagrams (b),
(c), (d) contain P;, and they have orders (Ny,, Nurrr) = (1,2),(3,2),(3,2). The EOM
equivalence P; = gsPo is verified by the fact that gsx (a) is of the same order as (b). Diagram
(a) is an example of low-order Ps contribution that would be missed if one chose to retain
Py while simultaneously forbidding P; /g, insertions. By contrast, retaining P» in the basis
ensures that all P; contributions are covered.

We have argued that, since Py = ¢g;Po, it is impossible for P; diagrams to reach lower
orders in Nygpr compared to P diagrams, despite P; having a lower min;(Ny; — Ny, ;).
Graphically, this can be seen in the right panel of figure 5 as the fact that, shifting the
orange area to the right by one unit (corresponding to multiplying Py by gs), the overlap
with the blue hatched region remains partial: the lower end of the blue region, which remains
non-overlapping with the orange, encloses the unreachable orders in NI%FT. For an explicit
test on the QQ — QQ process, consider that the P; interaction that minimizes (Ny,i — Ng,.i)
is g2Q?G? and the lowest-order diagram in which it can be inserted is precisely diagram (d),
which has still Njtpp = 2. In practice, to have lower (Ny,i — Ny, i) one needs to have higher
powers of gs and therefore more gluon insertions, which inevitably need to be tied up in
loops. As a result the smaller (N, ; — Ny, ;) contribution to Nygpr is compensated by the
higher perturbative order of the diagram.
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(a) (b) (c) (@)

Figure 6. Example diagrams for the process QQ — QQ, with insertions of the operators Py, P,
defined in eq. (5.37), that are linked by the EOM relation (5.38).

5.1.4 Alternative normalizations of the HEFT operators

As done for the SMEFT case in section 4.1, we discuss the impact of choosing alternative
normalizations for HEFT operators onto the conclusions derived in this section.

Consider for instance the N, = 4 operator P = B, B*Tr[V?V,]. We can include it
in the Lagrangian in various ways, e.g.

£-%p LDCyP 5% £3@(47r)2f(g,)27>. (5.49)
A2 ’ v2 A2 47

The first version is the NDA-normalized one considered so far, so the Wilson coefficient

C; is dimensionless. Cy has dimensions M 2, while C3 has dimensions h. Finally, Cy has

dimensions A”; we leave x as a free power. Clearly, modifying the normalization of an effective

operator only affects the N* o countings introduced in section 3. In this case:

N; N NE
Ci| O 0 0

Cy | =2 0 -2
Cs| O -2 -2
Cy | 0 =2z -2z

such that the chiral order of an amplitude would be given by
Nym = Ng+ Ny + Ny, + Ny, + 2N\ —2N¢, — 2N¢, — 22Ng, . (5.50)
The HEFT order of an amplitude Njf.r, defined in eq. (5.3), can then be written as
Niiter = Ny — Nog m + 2Ney pm + 2Ney m + 22Neyg pm + (0 — 2) (5.51)

which corrects eq. (5.10) to account for the dimensionful coefficients Cs, C's3, Cy. Correspond-
ingly, egs. (5.14), (5.15) would need to be modified into

Nijmpep=n—2+2L+ > (Ny; +2Ne,; + 2Ny + 2eNey) (5.52)
1€vert.

Nitpr =n—2+2L+ > (Nyi — Ny,i + 2Ny + 2Ney i + 22Ney ) - (5.53)
1Evert.
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These two equations simply indicate that, in the presence of mass- or h-dimensionful Wilson
coefficients, their chiral dimension should be neglected in the computation of NI({SE)FT. An
equivalent but simpler way to formulate this generalization is that, in egs. (5.14), (5.15),
Nyi should be understood as counting the chiral dimensions carried by the operator and by
any factors of g,4', gs, Yy, X in its prefactor, while ignoring chiral dimensions carried by other
constants. All the conclusions derived in this section can be directly generalized with this
prescription. However, the use of NDA normalization is clearly useful in this case, as it gives
directly the relevant value of NN, ; without requiring subtractions.

To visualize the impact of alternative normalizations on the parameterization of scattering
amplitudes, we can consider the operator P defined above. Extracting for instance a BBnw
interaction of the form
5 Oprlorml

P D (0uBy) 5

. (5.54)

we can evaluate the corresponding contact diagram for BB — mw scattering for each of the
four normalization options. They scale respectively as:

)4 (4?@)2 o, (5.55)

) ( > (A2cn) (5.56)
)4(4WAU> ((4m)2cs) (5.57)
) (i)
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We can note that:

e as in SMEFT, introducing a mass-dimensionful Wilson coefficient (C3) modifies the
powers of 1/A manifestly appearing in the expressions, making them different from
the powers of p, or even absent. However, this has no impact on the power counting,
in the sense that the use of C5 instead of C; obviously does not increase or lower the
NI({SE)FT order of the diagram. It can just be seen as making the suppression orders less
transparent, in the same way as in SMEFT.

e introducing Wilson coefficients with non-zero chiral dimensions (Cs, Cs, Cy) modifies
the powers of A and/or (47) manifestly appearing in the expressions, but, again, has no
impact on the power counting. As per the prescription above, this choice does not alter
the NI({%FT order of HEFT diagrams and, correspondingly, the chiral dimensions carried
by C; should not be counted in the NV, employed in the classification of HEFT operators,

e normalizing operators by 1/v rather than 1/A (as with C3) has the dual effect of
introducing Wilson coefficients with non-vanishing chiral dimension and of introducing
factors (A/4mv) in the amplitude expansion. The latter can have numerical relevance,
but, as they do not increase NI({SE)FT, there is no overall impact on the power counting.
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e adding positive powers of the SM couplings constants g, ¢’, gs, Yy, A (as with Cy) increases
the Ny, min;(N,; — Ny, ;) orders of the operator and increases the perturbative, Nygpr
and Nfjppr orders at which the operator will contribute in diagrams.

As discussed above, this is consistent with loop corrections to a given operator scaling
with (g/4m)?, (\/1672) etc.

Summarizing, normalization choices for HEFT operators are of course arbitrary and left to
the user to make. Adopting NDA-normalized, “naked” operators gives a conservative result,
that assigns HEFT operators to the lowest possible order in the Lagrangian expansion, and
yields final expressions for amplitudes and observables that manifestly match the expansion
in the master formula in eq. (4.2).

Dressing the operator with powers of g, ¢, gs, Yy, A can be motivated e.g. by the assumption
of a weakly interacting UV completion (see e.g. [101, 112, 113]) or by imposing flavor
symmetries (such as Minimal Flavor Violation [85-87]) on the HEFT Lagrangian. This
normalization choice is of course allowed, as long as the powers are positive, as per the
conventions motivated in section 5.1.2. It increases the chiral order of the operator, as well as
the perturbative, Nggpr and Njjppr orders of the diagrams in which the operator is inserted.
This is an important difference from the SMEFT case.

Any other normalization choices, including scalings by powers of v, generally yield
dimensionful Wilson coefficients, which however has no impact on the power counting: the
NI({S]:Z,FT order of scattering amplitudes can be computed from egs. (5.14), (5.15), with the
understanding that N, ; counts the chiral dimensions carried by the effective operator and
by powers of g, ¢, gs, Yy, A in its prefactor, but not by other dimensionful constants. The
same N, ; should be used in the classification of HEFT operators into (N, ;, min;(N,; —
Ny, i) orders.

We stress that these arguments hold for the HEFT Lagrangian without reference to
specific UV completions. In the spirit of a “bottom-up” EFT, they ensure a conservative
organization of the EFT series expansion, in which effective operators and Feynman diagrams
are assigned to the lowest possible order they could contribute to. The matching to specific UV
models can give expressions for the Wilson coefficients that contain powers of the SM coupling
constants, thereby increasing the chiral order of the corresponding operators. Crucially,
because the matching must reproduce an expansion of the UV theory in powers of dggpr, the
matching expressions will only contain positive powers of those couplings, and therefore it
can only increase the order of certain contributions compared to the general EFT calculation.

5.2 Option (b): two independent scales f > v

In this section we explore an alternative approach to the power counting of HEFT, corre-
sponding to option (b) presented above. We consider a less minimal version of HEFT, where
a new independent scale f is adopted as a suppression for scalar insertions, replacing v, which
is defined as the scale of SM masses. This means that we will now parameterize

U =exp (iﬂ}al> , Fi(h) = i Qi n (};)n . (5.59)
n=0
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In this way, the new scale f inherits the constraint
dnf > A, (5.60)

leading to the impossibility of expanding in powers of (47 f/A), while the EW scale v remains
independent. As discussed below, v will be introduced as a free parameter inserted in
numerators so, in principle, 47mv/A <1 is required for perturbativity, as in SMEFT. If we
introduce the parameter £ > 0 defined in eq. (2.33), we can further specify that:

12@2\@@2\/@? (5.61)
A A

Thus, if £ is sufficiently small, we can have A > v. In this sense, introducing f # v extends

the validity range of HEFT.

Let us now examine the physical HEFT expansion defined by eq. (5.1). At the beginning
of section 5 we argued that, in order to ensure that SM-mass insertions are treated as
momentum insertions, the power counting should count suppression due to either the coupling
constants g, ¢’,yy, A or the scale v. In the scenario considered in section 5.1, the former
option was the only viable one. In the scenario considered here, instead, we can choose to
sort observable contributions in HEFT by

N§IEFT =of + N, = ol + 2N, (5.62)

where N¢ counts £ insertions. In the last step we assumed that 47 f/A ~ 1 (or that in any
case we do not expand in this quantity), such that (4mv/A) ~ /E.

Mimicking the procedure in egs. (5.9) and (5.10), we can also write

Nppr = R + Ny = a® +2(n —2) + N, , (5.63)
Nisipr = N ag + Mo = N g+ (0= 2) + Noaa. (5.64)

for observables and amplitudes respectively. The latter can be further specified as

Nippr = > (NR,+ Nyi)=n—2+2L+ > (N2, +N,;) (5.65)

revert 1evert

where N, ; counts v insertions and the sum is over the vertices in the diagram.

In eq. (5.65) we kept both the form as a function of N} , and the form as a function of
Nfii. As discussed at the end of section 5.1.1, both quantities are inhomogeneous over the
interactions generated by each operator: IV f{’ , depends on the number of scalar field insertions,
which, in the expression on the right-hand side, is accounted for by n. On the other hand, Nfii
varies over the components of covariant derivatives and gauge field strengths. When expanding
in N{pp, this issue is removed by the fact that the gauge coupling constants are also counted
as HEFT expansion parameters. In eq. (5.65), however, this is not the case. In this sense,
the convenience of using N? instead of N %} in the expression for NEIEFT is less obvious.
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5.2.1 Power counting for HEFT operators

Having defined an order Nﬁ’QgT for scattering amplitudes, we would now like to identify the
corresponding rules for the organization of Lygpr. For such rules to be fully defined, we
need to identify a prescription for how v enters the Lagrangian. However, in the construction
of the EFT “from the bottom up”, there are only a few physical conditions one can impose,
that are not enough to fix v insertions for all the effective interactions. Requiring v to be the
scale controlling the masses of the SM fermions and Higgs boson implies that the Yukawa
terms and scalar potential take the form

f

1 h?
—.x<v2h2+-favgh3+-4avAh4+-aw5j?+-H.> : (5.66)

and analogously for up-type quarks and charged leptons. The condition imposed only regulates

1 /- h?
LHEFT D — ﬁ (dLYddR + h.C.) (U + ad,lh +ago—F + .. )

the mass terms, highlighted in blue. The remaining h interactions are left free, and one
could insert different powers of ¢ in each of them. This is true for all the F(h) functions
appearing in Lygprr, and it represents an unavoidable ambiguity in the formulation of the
“non-minimal” HEFT with v and f. A possible way to reduce this ambiguity is by resorting
to UV-motivated arguments. For instance, taking the scalar potential parameterization
for Composite Higgs models given in ref. [114] and taking the leading term in { < 1, one
has that couplings with odd h insertions scale with A\y/€/f" 4, while couplings with even h
insertions scale with \/f"~4. These arguments are of course model-dependent, so alternative
UV scenarios might lead to different rationales. In the following, we will make the minimal
assumption that v enters with positive powers in all HEFT interactions, leaving the exact
v-dependence of F(h) functions otherwise unspecified.

Turning our attention to gauge masses: in HEFT they arise from the term Tr [V, V#],
which also yields the kinetic term for the Goldstone bosons. In order to achieve the correct
normalizations

f2

— ZTI' [VMV’LL] =

omloral vl . v2(g? + ')
R
5 + 1 W, W+

Zu 7", (5.67)
one is then forced to introduce v into the covariant derivative acting on the U field [61]:
i i el 1 ig'
W:%mﬁﬁNU+ﬁ5%a—ﬁ?mT (5.68)

In order to re-obtain the usual SM Lagrangian, the remaining covariant derivatives and field
strengths maintain instead the form without /€. This condition, albeit unusual, can be
justified by arguing that eq. (5.68) makes a statement about the longitudinal components of
the W, Z bosons, while the remaining D,,, X,,, only contain transverse components. With
this parameterization, all interactions contained in V, have the same Nii + Ny = 1: @LUUJr
has Nf;i =1, N,,; = 0, while the countings are flipped for the /¢ gA,, terms.

We are now ready to go back to organization of the HEFT operator series. As anticipated,
neither N ﬁ’i nor Nf;i are homogeneous over all the interactions stemming from an operator,
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which means that a given operator can produce diagrams of different Nﬁ’é\gT depending on
the contributing vertex. However, we can note that the quantity?°

Ni’,z- = Nyi = Ngi = Ny i = Ny, i = Ny, i = 2N (5.69)

s7i

is formally very similar to the (N, ; — Ny, ;) employed in the classification of HEFT operators
with NpgrT, presented in section 5.1.2. We can leverage this analogy to reach a number of
important conclusions: first of all, even if N /’\771., N)f,i are inhomogeneous over the interaction
terms from an operator, the power counting in Nﬁ’é\gT is consistent with gauge invariance, as
the latter is manifestly preserved by N, and also order-by-order in the couplings at the level
of scattering amplitudes. Moreover, the algorithms for the organization of LygrT and the
reduction of HEFT operator bases derived in sections 5.1.2 and 5.1.3 remain valid in this
scenario: all the formulas derived there can be applied here by replacing (Ny; — Ng, ;) —
(Nf;i + Ny;) and Oq, + Oq, +2(0g + Oy + O, + 20,) where Oy etc. are the orders at
which the perturbative series in each of the EW couplings is truncated.

The derivation of those results proceeds as described in section 5.1.2: in particular, it
remains true that (Ngi + Ny,i) > —2, with the minimum being achieved by (k > 4)-point
interactions, that in this case can contain indifferently gluons, Higgs bosons, Goldstone bosons
or weak gauge bosons. The only special case is represented by the h3 interaction, that has
Nﬁi = —2 but only 3 legs. However, assuming that the coupling will receive at least one v
insertion — which is quite reasonable — restores (Nf?ﬂ- + N,;) > —1. Then, the proof that
NI%FT > 0 applies identically, giving Nﬁé\gT > 0.

The maximum and minimum values that (Nf;i + Ny;) can take among the interactions

stemming from an operator can be derived as follows:

f

m?X(Nf?,i +Nyi)=aqp+qo+z+v+ 5 2+ NS =N, +N;, (5.70)
min(NY ; + Nyi) = go + v + g -2+ N >-2, (5.71)
7 b

where ¢p, gy, x are respectively the numbers of D,,d, and X,,, insertions in the operator’s
definition, v is the number of V, insertions and f the number of fermions. Nx is the chiral
dimension of the naked operator and NV)J are the powers of v in the operator’s prefactor.
The minimum value of (Nii + N,;) is reached when taking the terms ~ gA, from all the
covariant derivatives and field strengths.

Table 5 reports the maxima (= N,) and minima of (Nf;i + N, ;) for a number of operator
classes. These numbers are of course dependent on the prescription for v insertions. Here
we assume that F(h) does not contain any v, such that e.g. the yith interaction has
(Nf;i + Nyi) = —1, Ah* has —2 etc. As long as only positive powers of v can be inserted by
further considerations, the orders reported represent the minimum ones available.

Table 5 also reports, for comparison, the values of min; (N /’{7 ; + Ny,;) and of the primary
dimension d,, defined in ref. [61]. With our normalization assumptions, we find that

min(N} , + Ny;) =dp — 4. (5.72)
7 )

26This equation assumes that the only dimensionful constants present are those listed. If additional
dimensionful constants are present, they would need to be subtracted as well from the operator’s N, ;.
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operator class N, mini(Nf;i + Nyi)  ming(NY . + Ny ;)
AFHY —€h?/ f?) -2 —2
X X F 0 -2
0,h"h
F2TE (V, V) F 0 0
vily 0 -1
yf YUS(F — 1) -1 —1
V2F

Xy F
VY2 F

N = = OO O O O o O
@mm,&wmmg.&o%&

o O O O

NN O

-1
2

<

S

K,.]
NN N
[ B N
© © 0o 0o o

Table 5. Values of N, = max;(N,.;), min, (N ; + N, ;) and min; (N} ; + N, ;) for some classes of
HEFT operators. The terms in the upper block are the explicit SM-like interactions from eq. (2.28).
The lower block contains classes of “naked” HEFT operators, characterized by their content in terms
of fermionic fields 9, field strengths X, V, and derivatives D. The Lagrangian is understood to
be formulated with two scales f > v, assuming the normalization in (5.68) and that F(h) does not
contain v insertions. The last column reports the primary dimension d, defined in [61].
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The large numerical differences between the two columns are entirely due to the fact that
N Kﬂ. is proportional to the number of legs in the vertex, while Nf;i is transparent to that.
In fact, one can easily check that

min(NY , + Ny;i) — min(Nféi + Nyi) = —min N} (5.73)
7 ’ ) ? 7

=max(s;+ fi —2)=f+Vv+2x+qp+qor—2. (5.74)
K3

In the calculation of Ng’é\gT this difference is compensated by the presence of n in the
formula with N?.

In practice, the analogy with the discussion in section 5.1.2 suggests that, even in the
non-minimal setup with f > v, the HEFT Lagrangian can be organized by V,, ignoring the
values of mini(NQi + N,;) in the definition of operator bases, and that a truncation of the
operator series can be performed as in figure 3 (right), with the appropriate re-assignment of
the relevant variables. However, table 5 indicates that, although NN, still provides a perfectly
consistent counting parameter, in this case, it does not constitute a particularly good indicator
for the potential relevance of a given operator: as the insertion of gauge couplings does not
count towards increasing the HEFT suppression order, the relevant quantity (N)’;i + Nyi)
can always take values in a very broad range, and in fact it is often quite different from N,.
Indeed, the reported values of mini(NfzJ + N, ;) are all quite low and similar among classes,
exhibiting very low discriminating power. This can translate into the fact that the rules
derived generalizing the prescriptions in section 5.1.2 might not be particularly restrictive
or informative. The information contained in min; (N fi’i + N, ;) or, equivalently, in d, can
then provide a valuable handle. Either way, one is faced with the difficulty of identifying a
unique feature that controls the power counting in NEEFT at the operator level.

In summary, if we wish to avoid a HEFT power counting that expands in the SM coupling
constants, we necessarily need to introduce a new expansion parameter to weigh down SM mass
insertions: the most natural choice is a ratio of scales v/f = /€. Expanding in (p/A) ~ /€
leads to a different classification of HEFT Feynman diagrams, that depends on properties of
the interaction vertices that are not uniquely determined by the form of the gauge-invariant
operators. This is a fundamental challenge, that can be only partially addressed by resorting
to Ny, in analogy with the treatment for the Nygpr expansion, and/or to d,,.

5.3 Power counting and renormalization

In this subsection we examine more closely some aspects that emerge when computing
HEFT amplitudes at one or more loops. We assume that UV divergences are always cured
by working in dimensional regularization and in the MS renormalization scheme. The use
of a mass-independent regularization scheme is important to preserve the NDA scaling
at loop level, as it prevents loop integrals from producing spurious powers of A or other
mass-dimensionful regulators.

An important requirement for the consistency of an EFT is that all the counterterms
needed to renormalize UV divergences are retained by the Lagrangian truncation. This
condition is automatically respected as long as the Lagrangian truncation consistently retains
all the effective operators that can contribute to EFT amplitudes up to the desired order. In
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the case of SMEFT, the divergence of a diagram of order NgygrpT must be canceled by a
counterterm which is a dimension (NgymerT +4) operator, which should of course be retained
in the Lagrangian truncation. This is the well-known order-by-order renormalizability of
the SMEFT. Since the SMEFT expansion is orthogonal to the loop one (i.e. Ngyppr does
not depend on the number of loops L), this is true at any L.

In the case of HEF'T, this condition is also respected when truncating in N, , because
the counterterms required to cancel divergences are essentially operators giving tree-level,
contact diagrams with exactly the same N{jppr as the divergent amplitude. As long as that
operator class is retained in the truncation, all counterterms will be present.

Specifically, the divergence generated by a L-loop diagram with operator insertions
yielding a certain ) ; N, ;, must be reabsorbed by a counterterm of order

Nycr =2L+ Y Nyi= Nfgpr — (n—2), (5.75)
ievert.

where, as specified above, IV, counts the chiral dimensions carried by fields and derivatives
and by any SM coupling constant appearing in the normalization factor. This relation can
be easily found equating the expressions for Njjppp for the counterterm and loop diagrams.
Eq. (5.75) formalizes the common lore that in chiral theories “each order is renormalized
by the next one” and it indicates that HEFT is in fact renormalizable order-by-order in
the power counting defined in section 5.1, in the sense that all the UV divergences from
loop diagrams up to a certain order in the N{jppr expansion are reabsorbed by a finite set
of counterterms which are contained in the HEFT Lagrangian truncated as explained in
section 5.1.2. In other words, the truncated Lagrangian is renormalizable, as long as only
loop diagrams within the corresponding amplitude truncation are considered.

It is worth highlighting that, in general, the set of counterterms with a certain N, ct will
include “naked” HEFT interactions of chiral order IV,, as well as interactions of lower IV,
“dressed” with positive powers of the SM coupling constants. For instance, all 1-loop diagrams
containing only IV, = 0 vertices require counterterms with N, ¢t = 2. Comparing for instance
to the results in refs. [115, 116], it is easy to verify that this is indeed the case, and that
some counterterms correspond to naked N, = 2 operators (e.g. Tr (V,V#)?), while others
correspond to dressed N, = 1 (e.g. ig’ B, Tr (T[V#,V¥])) and N, = 0 (e.g. ¢°Tr (V,V*))
operators. This pattern extends to the Renormalization Group equations [115, 117-120]: the
B-function of a certain HEFT operator generally receives contributions from operators with
the same V,, as well as from operators with lower N,, multiplied by SM couplings.

5.4 Power counting and matching

If a UV theory is matched to the HEFT, its power counting must remain consistent. This
consistency is guaranteed when the minimal suppression factors are adopted, ensuring that
the HEFT reflects the least-suppressed realization of any given interaction. The matching to
a specific UV model can then only introduce additional layers of suppression. In practice,
these may arise from loop factors or flavor structures that modify the naive EFT scaling,
effectively promoting certain operators to higher order in the HEFT expansion.

A simple example is provided by four-fermion operators. From general EFT considerations,
such terms can appear already in the LO HEFT Lagrangian. However, as shown in [121],
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when matching simplified UV models, operators that involve both left- and right-handed
fields typically acquire a Yukawa suppression y?, which shifts them effectively to NLO level
in HEFT. In contrast, operators of the same chirality arise with two powers of new-physics
couplings. Adopting the minimal assumption that four-fermion operators belong to the LO
Lagrangian thus provides a conservative and consistent starting point: it includes the lowest
possible order at which such interactions can appear, while allowing the matching to the
UV model to generate additional suppression factors.

Such suppression factors are sometimes encoded directly at the EFT level when specific
UV dynamics are envisaged. A prime example is the EFT of the strongly-interacting light
Higgs [101], a SMEFT-like construction that incorporates the extra suppression factors
characteristic of composite or strongly-coupled Higgs scenarios [18, 19]. Analogous reasoning
applies to loop-suppression factors in the SMEFT arising from weakly coupled UV comple-
tions [112, 113], or to flavor suppressions implemented through minimal flavor violation [87],
both of which effectively reduce the number of independent operators.

Explicit examples of matching to the HEFT in concrete UV contexts have been provided
in literature, for instance the case of the scalar singlet extension of the Standard Model is
discussed in refs. [64, 122, 123] and the scalar triplet extension in [67, 124]. Depending on
the assumed hierarchy of the UV parameters, the resulting power counting is the expansion
in chiral dimension or a SMEFT-like expansion [122]. Moreover, as emphasized in [64],
the interpretation of which parameters are regarded as physical — e.g. when rewriting the
Lagrangian in terms of masses and couplings — can also lead to distinct matching outcomes.
A systematic study of the interplay between UV matching and power counting, including
these ambiguities, is left for future work.

6 Examples

In this section we discuss some concrete examples to put the power counting rules into practice.
A more detailed study, including the phenomenological implications of our power counting,
will be presented in a companion paper focusing on gg — hh production at the LHC [125].

6.1 Example one: gg - WW

Figure 7 shows the tree-level Feynman diagrams for ¢qg — WW production with insertions
of operators from the LO HEFT Lagrangian given in eq. (2.28). Using egs. (5.14), (5.15)
and the fact that all LO interactions have N, = 0, one finds that all diagrams scale in
the same way, with NI%FT = Nﬁ’é\gT = 2 and Nﬁ’é\gT = 0, which is consistent with gauge
invariance.?” These values are reported in table 6, that also shows a breakdown into N /IC’ M
and the individual coupling counts N, ¢ etc. For reference, the N, ; of the vertices entering
the diagrams can be read off from table 1.

2T As can be verified, the same scaling is obtained for the diagram arising from the Goldstone equivalence
theorem: the Higgs-fermion vertex shown in figure 7(b) is already present, and the Higgs-Goldstone-Goldstone
vertex also carries Ny ; = 0.
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Figure 7. LO Feynman diagrams for ¢¢ — W W ~. The chiral dimension N, ; refers to the vertex
labeled as (i).

To illustrate the physical meaning of the countings, let us consider first the diagram
in figure 7(a), which scales as

2( 9 2
Mo~ (12 () (6.)
where, consistent with eq. (3.22), the first factor (47)? is associated to the external legs and
will be canceled by phase space factors when computing the cross section. The absence of
(p/A) suppressions, corresponding to Nf{’ m = 0, can be understood from the cancellation
among p factors in the propagator (1/p?), the trilinear gauge coupling ~ p and the two
external spinors uv ~ p. This result was of course expected as the diagram considered is a
SM one. Thus, in this case, the HEFT expansion counts NI/{VE‘FT = NI?E/?;“[T = Ng M.

The diagram in figure 7(c) scales exactly in the same way, with the (1/p) factor from
the fermion propagator canceling against the p from the spinors.

The diagram figure 7(b) instead scales as

-1 2

Mo~ (5) () (57) () 62
The presence of the super-renormalizable hWW coupling, that contains a power of v, es-
sentially leaves a factor (4wv/p). While in the SM(EFT) this would be considered as an
order 1 quantity (consistent with the fact that A cancels in the ratio), in HEFT it actually
represents an enhancement. The overall HEFT order of the diagram remains positive, thanks
to the 3 weak coupling insertions. This is of course not an accident, and it is related to

all SM interactions having overall N, ; = 0.
Note that the scaling in eq. (6.2) could be rearranged, for instance, into

st (3)(8) ()

by parameterizing the AW W coupling as (m, /v) ~ (p*/v) rather than as g?v. This expression
does not match the conventions adopted in the derivation of eq. (3.22), but it still gives
the correct values of NI({%FA% =2 and Nﬁ’é\gT = 0, counting respectively the (p/A) + (y,/4m)

and the (p/A) — (4mv/A) factors. This property follows from the fact that all three power
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Figure 8. Higher-order Feynman diagrams for gqg — W+ W ~. We display one-loop topologies, real
radiation, and an insertion of the dipole operator having N, = 2z.

counting rules were defined by requiring that p ~ m ~ gv. This crucially removes all possible
ambiguities associated to the interpretation of the suppression factors.

Figure 8 shows representative diagrams that arise either at higher order in perturbation
theory or from NLO operators. The corresponding countings are also reported in table 6.
Diagrams (a)-(d) only contain Ly vertices, with N, = 0. They scale as

Mg ~ (47)?2 (4594, M ~ (47)? (ir>4 (6.4)
My ~ p~ (4" (fﬂ)g , Mg ~ p~(4r)? (fﬂ):) (&), ©9)

such that (a) has Nﬁ’é%T = Nyugrr = 4, (b) has Nﬁ’é\fw = Nygpr = 3, while (¢) has
Nide = 4, Nggrr = 2 and (d) has Nijpap = 3, Ngepr = 2. All four diagrams have
Nﬁ’é\gT = 0. Note that the different factors of p, (47) in eq. (6.5) are due to the fact that
diagrams (b), (d) have an extra external leg. A comparison between (a),(b) and (c),(d)
showcases the difference between Nyggpr, that keeps the EFT expansion and the powers of the
strong coupling constant orthogonal, and N{jppp treats them on the same footing. Adopting
the latter requires the inclusion of all four diagrams simultaneously, while expanding in NygpT
allows one retain the QCD corrections while discarding the EW ones, that are higher-order.

At the level of observables (in this case the cross section) we will have that |Mg|?
and the interference |M7a/\/lga| both enter at the perturbative order ¢g%. Analogously, both
| Mgg|? and |M7aM£C| enter at order g*g2. It is important that the two contributions in
each pair are classified equally by the power counting, because both are required to cancel
IR divergences in the diagrams with photons and gluons respectively. This is indeed the
case for all the counting options considered: |Mgy|?, ’M7a/\/lga] have aggrr = Oppr = 6,
|M8d‘27 ‘M7aM;C‘ have QHEFT — 47 aIS{EFT = 6.
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diagram | Nijfpr NI?}{Z\‘/[FT Nim Ngrgryam  Ngom | No Nﬁ’é\gT
7.(a) 2 2 0 2 0 0 0
7.(b) 2 2 —1 3 0 1 0
7.(c) 2 2 0 2 0 0 0
T WY | 34z 3+x | 2 14z o o 2
8@ | 4 4 0 4 o o o
8.(b) 3 3 0 3 o |0 o0
8.(c) 2 4 0 2 > o o
8.(d) 2 3 0 2 1 o0 0
8.(e) 4 4 | 3 0o | o |
8.(f) 242z 242 2 2z 0 0 2

Table 6. Values of the relevant countings for the Feynman diagrams for g¢ — W+W = shown
in figures 7 and 8. the label (a,W?) refers to diagram (a), with the insertion of the operator in
eq. (6.10) in the triple gauge vertex. The column N, is computed for the Lagrangian defined as in
eq. (5.66), (5.68), which is relevant for the counting in NﬁEFT.

Notably, the consistency in the counting of loop and real-emission corrections is ensured
by the presence of the n-term in egs. (5.14), (5.15): in terms of the chiral dimension
[D]. = foﬁfw +4 —n defined in [58, 60], | Mgy|? appears to be 2 orders lower than |M7aMga|.
As discussed in the previous sections, the dependence on the number of external legs is
automatically accounted for if one expresses Njjppr (or analogously Nugrr, NI%EFT), as a
function of NV /I\) and the numbers of couplings. Indeed, as reported in table 6, all diagrams
(a)-(d) have Ny ,, = 0, making the consistency check trivial.

Figures 8(e) and (f) show diagrams containing non-SM interactions, namely a coupling
of two quarks and two Higgses and a coupling of two quarks and two gauge bosons. The
former interaction appears in L1,0 in HEFT, and it has N, = 0. Therefore the L = 1 diagram
(e) has NiMer = N = 4. Indeed, it scales as

s (3) () (1) (5)

This diagram will also contribute to the NLO cross section (at order quS) once interfered with
the LO diagrams of figure 7. This diagram is UV divergent, having P = 0. The positive power
of (p/A) appearing in its scaling is related to the fact that, at the level of mass dimensions,
Yph? is a d = 5 interaction. Therefore, the diagram would naively have a A~! scaling. In the
HEFT Lagrangian defined with insertions of /v as in eq. (2.28), though, the suppression role
is taken by v, which introduces the (47v/A)~! factor. If Lygpr is defined with two separate
scales f > v, this changes in general. Taking the normalization choice in eq. (5.66) gives

s (3) () (2 ()

which is a conservative choice that corresponds to Nﬁ’é‘ﬁT = 1.
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Finally, the diagram in figure 8(f) contains an insertion of the dipole operator, that
we normalize as

9Yq \" AT 5
() ¥ QuomUa' Qv (63)
leaving the exponent x as a free quantity. This operator induces vertices with N, = 2.
Diagram (f) has Njftpr = NI‘?I’EAgT = 2 + 2z, and it scales as

2 T x
Mgy ~ (47)2 (i) <i§r) (Zﬁr) . (6.9)
If the operator is introduced as naked, this diagram will have the same N}(I%FT order as the
SM ones in figure 7, as (p/A)? ~ (g/4m)?. If the dressing by y,g is retained, instead, the
diagram contributes at the same order as (a), (b), and (e) in figure 8. In this case, it can
also act as a counterterm for UV divergences at NI%FT = NﬁI’Ej\gT = 4.

Normalizing the operator by gy, (see e.g. the SMEFT discussion in [126]) can be moti-
vated, for instance, as reflecting a UV bias in which such a structure would arise from new
physics coupling via Yukawas and weak interactions. Removing the factors of (47) from the
normalization in eq. (6.8) will simply introduce spurious (47)’s in the scaling of Mgy without
altering any conclusions, see section 5.1.4. Finally, if the introduction of two scales f > v
does not add powers of v to the operator’s normalization, diagram (f) has Nﬁ’ﬁgT =2.

We conclude this example by considering the operator

T Ar y
(497T) e €IJK VVILW}]\”WK A , (6.10)
which has chiral dimension N, = 1 + z. Introducing the coupling g (with = 1) has the
advantage of yielding an even N,, which can better align to the loop expansion. This operator
modifies the gauge boson self-interactions and it can be inserted into diagram (a) of figure 7.
Doing so, we would obtain a diagram scaling with

Maqws ~ (4m)? (i)Q (497T)$le ; (6.11)

corresponding to NI%FT = Nﬁ’é\fw = 3 + x, i.e. at NLO in the EFT expansion. Thus we

see that choosing x = 1 puts this diagram at the same NLO order as the 1-loop corrections
in diagrams (a), (c) of figure 8. We also have that Nﬁ’é\fw = 2, consistent with this effect
being equivalent to a dimension-6 SMEFT operator.

6.2 Example two: Four-top production

As a second example, we consider four-top production to illustrate how four-fermion operators
can be counted in HEFT. Beyond serving as an example of operator counting, this process is
also of experimental interest [127, 128], since it allows one to constrain four-top operators,
which so far are rather weakly bounded [129].

Figure 9 displays representative SM diagrams. Diagrams (a) and (b) are purely QCD-like,
with Ny, = 4, N{jtpr = 0 and N;I’EAgT = 4. Diagram (c), instead, involves an electroweak
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(a) Ny, =4 (b) N, =4 (c) N, =2

Figure 9. SM-like tree-level diagrams for four-top production at the LHC. All vertices represent
N, = 0 insertions.

exchange, yielding N{}j{pp = 2 and NE’E%T = 4. Explicitly:

2 4 ( 9s 4 2 a (Yt 2(9s\°

~p 4 = ~p (4 == = . 6.12

Miap~p 20! (22)7 Monp 2t (22)(£2) (612

As already noted in the g¢ — WW example, unlike Nfjppp, the Nggpr counting captures

the electroweak suppressions, assigning e.g. a higher order to diagram (c) compared to (a),

(b). This allows one to make a selection, if desired, and retain only the QCD contributions.

Note, however, that although numerically smaller, in SMEFT such electroweak contributions

can be phenomenologically relevant, due to interference effects between the SM electroweak
diagrams and the four-top operators [130].

Figure 10(a) and (b) show two diagrams with insertions of four-fermion operators

4m)? - -
W () o) (6.13)

that, in their “naked” version, are assigned a chiral dimension N, = 0. In this case we
have that both (a) and (b) have Nﬁé\gT = 4; (a) has N{ftpp = NI%E/)\EIT = 2 and (b)
NI/{\/E‘FT = Nﬁ’é\gT = 4. The explicit scalings are

2 2 4

Mo ~p2amt (§) (227 M ~p72an)! (£) . (619)

s A

Here we see that each ¢* insertion brings a factor (p/A)?, which is consistent with these
being dimension-6 operators in SMEFT. Counting (p/A) ~ (g/47) identifies diagram (a) as
exactly of the same order as diagram (c) of figure 9. Moreover, we have that the Nfjppr
counting interprets both as LO, whereas Nygpr assigns them a suppression compared to the
SM QCD-like diagrams of figure 9, with (a) entering at lower order than (b).

Depending on their chirality structure and on UV-matching assumptions, powers of the
SM Yukawa or gauge couplings could be added to the normalization of four-fermion operators.
In this case, the N, of the operator would increase, pushing diagrams (a), (b) to higher
orders and introducing a relative suppression of (b) compared to (a) in N{jgpr-
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Figure 10. Tree-level diagrams for four-top production with HEFT operator insertions. Blue dots
indicate insertions of a ¢* operator (Ny = 0), red dots are insertions of the chromomagnetic operator
in eq. (6.15) (N, =1+ 2z), and green dots insertions of the operator in eq. (6.17) (IV, = 2z).

Figures 10(c), (d) show diagrams with insertions of the chromo-magnetic dipole operator,
that we normalize as

S CAm o v a a
(£) T QuomUT*QnGy, Foclh). (6.15)

leaving again x free in order to trace the contributions of the prefactor. Note that here we only
introduce gs, different from what is done for the electroweak dipole in eq. (6.8). This operator
produces a number of interactions among top quarks, gluons and Higgs bosons, whose counting
orders were reported in table 1 (for the case z = 0). Both diagrams (c) and (d) scale as

2 I+ -1

oo (O () (2) 7 (52) e
corresponding to Nﬁ’é\f@ = 4+2 and Njjpp = 3. The momentum scalings can be understood
as follows: in both diagrams we have a factor p? from the external spinors, diagram (c) has a
(1/p?) from the Higgs propagator, while diagram (d) has 1/p® from the three propagators,
and p from the momentum-dependent tt(0G)h vertex. The powers of g are also the same,
because (c¢) contains a power of the coupling in the dipole vertex, while diagram (d) contains
one in the Gtt interaction.

If Lygrpr is defined with two scales f > v, Higgs insertions would be typically suppressed
by f, which would yield a scaling analogous to eq. (6.16), with v replaced by f. In the
absence of further v insertions, both diagrams would have Nﬁ’é\f@ = 2.

Finally, figure 10(e) shows a diagram with an insertion of the operator

2 X
(12;) GuwG" Fua(h), (6.17)
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diagram | Njtpp N, I?IE/J\I/?IT Nim Ngrgiyiam Ngom | Ny N IEIEA;T
9.(a) 0 4 0 0 4 | o 0
9.(b) 0 4 0 0 4 0 0
9.(c) 2 4 0 2 2 0 0
10 | 2 4 2 0 > o 2
10.(b) 4 4 4 0 0 | o 4
10.(c) 3 4+ 2 1 1+2 | O 2
10.(d) 3 4+ 2 1 I+2 | O 2
10.(e) 4 4422 | 2 2 22 | 0 2

Table 7. Values of the relevant countings for the Feynman diagrams for pp — tttt shown in figures 9
and 10. The column N, is computed for the Lagrangian defined as in eq. (5.66), (5.68), which is
relevant for the counting in NfIEFT.

that has IV, = 2z and whose interactions were listed in table 1. The diagram scales as

2 2 2 -2
—2,4 4 (P Yt B dmv
~p2amyt () () () (2 1
Mioe ~ = (4) <A) <47r> (47T) < A ) ’ (6.18)
and therefore it has Njfpr = 4 and NE’Ej\gT =4 + 2z. If v is replaced with f in Fgg(h),
the diagram has Nﬁ’é\gT = 2.

7 Conclusions

We revisited the power counting of the Higgs EFT, with the aim of improving some unsatisfac-
tory aspects that characterize existing prescriptions for the organization of the operator series.
Addressing these issues is important for the potential development of a systematic program
of HEFT searches, that could include for instance the automation of HEFT predictions
and BSM-HEFT matching.

We addressed the task from first principles, by requiring the power counting to reflect a
series expansion in dimensionless, physical quantities at the level of observable predictions.
We then worked backwards through the calculation process, to infer coherent prescriptions for
the organization of HEFT diagrams and operators. This approach was introduced through
a pedagogical review of dimensional analysis in general EFTs; in which we paid particular
attention to identifying how the relevant suppression factors propagate from the Lagrangian
to amplitudes and observables.

In the spirit of relying as much as possible on genuine EFT considerations, minimizing
UV assumptions and theoretical prejudice, we only required HEFT predictions to follow
an expansion in (p/A) and that SM mass insertions are weighted as momentum insertions
m ~ p. These simple rules identify two alternative power counting rationales, depending
on whether HEFT is formulated in terms of a unique low-energy scale v (corresponding to
the Higgs VEV), or in terms of two scales v < f. In the former case, HEFT diagrams are
assigned a suppression order Z\fl/{\/E‘;FT (or alternatively NIS{’]%T, depending on the treatment of
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the QCD expansion), which depends on the “chiral order” N, of the HEFT operators inserted
in the vertices. The latter can then be adopted as a sorting rule for the Lagrangian, see
table 2. If a separation between the EW scale v and the scalars suppression scale f is allowed
in the HEFT formulation, then the amplitudes can be assigned an order Nﬁ’é\gT which, to
some extent, is reminiscent of the SMEFT expansion. foé\;l‘T depends on properties of the
contributing vertices that do not take homogeneous values over all the interactions produced
by a given HEFT operator. As a consequence, it is difficult to organize the Lagrangian
in a way that reflects properly the expected suppressions. Both the chiral order N, and
the primary dimension d,, of an operator are informative in this sense, but neither provides
an unambiguous criterion.

For both of the proposed HEFT power countings, we provided quantitative prescriptions
that allow the computation of the suppression order of a given (squared) amplitude, based
on its topology and on the properties of the participating interactions, see appendix A for
a self-contained summary. The definition of NI%FT is very similar to the chiral order D
typically defined for Feynman diagrams in chiral perturbation theory. At variance with
that prescription, though, NI%FT depends on the number of external legs in a diagram,
and introduces an explicit distinction in the treatment of QCD vs. EW corrections. The
former feature partially restores a dependence on the canonical dimension of the effective
interactions and it allows, for instance, to assign equal orders to the contributions from loop
and real-emission corrections at observables level.

The expressions we found are general: they can be applied to all orders in the HEFT
and perturbative expansions, and they do not rely on specific normalization choices for the
effective operators, nor on UV-dependent assumptions. By construction, the proposed NI%FT,
NﬁﬁgT orders have a direct interpretation in terms of (p/A), (dwv/A), (g/47) ... suppressions,
which was demonstrated for a number of diagrams contributing to diboson and four-top
production at the LHC. The systematic application of the power counting to a specific
process, namely gg — hh, is presented in a companion publication [125].

We hope that our results can remove some obstacles towards a proper deployment of
HEFT in phenomenological analyses and experimental measurements, and help clarify relevant
aspects for the comparison of SMEFT and HEFT. A better understanding of the HEFT
expansion is relevant for the matching to BSM models s well: a more detailed investigation
of the implications of our results in this direction is left for future work.
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A How to organize a HEFT calculation in a nutshell

This appendix provides a concise and user-friendly summary of the minimal set of power
counting formulas required to organize a HEFT calculation. More details on the derivation
of these results can be found in the main text, particularly sections 3 and 5.

Two main power counting rationales apply to the HEFT, depending on whether it is
defined using the EW scale v or a BSM scale f > v to suppress Goldstone and Higgs insertions.
In the former case, we define prescriptions called Nggpr (which can be taken as a baseline)
and Njjgpr- In the latter we define a prescription called NﬁEFT.

Effective operators and interaction terms. We assume that the HEFT Lagrangian
is normalized using the NDA prescription, see section 3.1. A generic HEFT operator can
be characterized by its chiral order, eq. (3.13)
N, = / 2+NF>0 Al
x=q+5 -2+ N7 =0, (A1)
where ¢ is the total number of D,,,0,,V,, or X,, in the operator’s definition, f is the number
of fermions and Ny counts the chiral dimension of the SM couplings: gauge couplings g, q,9s
and Yukawa couplings y have N, = 1 while the scalar quartic coupling A has N, = 2:

Ny = Ng+ Ny + Ng, + Ny + 2N, (A.2)

This relation implies that, if an operator is multiplied by a SM coupling constant, its NV,
becomes higher. The minimum N, that can be assigned to the operator is the one obtained
when it is “naked”, i.e. without prefactors. The HEFT Lagrangian can be organized based
on the chiral order, i.e.

Lygrr = Lo+ L1+ Lo+ ... (A.3)

where £, contains a complete basis of operators with N, = k. The order N, for a number
of HEFT operator classes is shown in table 2.

In some cases, it is convenient to characterize the individual interaction terms obtained
when opening the covariant derivatives and gauge field strengths of an operator. A generic
interaction, labeled with ¢, has the form

ki 0% ¢ T (A.4)
where ¢ represents either a scalar or a gauge boson: ¢ = {h, al, WJ , By, Gf;}, 0y, is a derivative,
1 a fermion and x a product of coupling constants. The relevant quantities are:

NP = L N —git Lo A5
A7i—Qi+5i+§fi_ X:i_Qi+§_ s ( )

and they were given in egs. (3.10), (3.13). N} . is essentially the canonical dimension of the
interaction —4. The orders are such that N;i + Ny (ki) = Ny,; is always equal to the N,
of the operator generating the interactions.
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Amplitudes. The HEFT order of a Feynman diagram M can be computed as

NI/{%FT:”_2"‘211+ Z (Nx,i_Ngs,i) :NI%FT_N957 (A-G)
revert
Nijpep=n—2+2L+ > Ny, (A.7)
ievert
Nippr = > (NR,+ Nyi)=n—2+2L+ Y (N2, +N,), (A.8)
revert revert

in the three power countings considered, that were given in egs. (5.15), (5.14), (5.65) re-
spectively. The sum runs over all vertices in the diagram, N, counts the powers of the EW
scale v, and all orders only take values > 0.

Nijter gives the total powers of

P 9.9y VA (A9)
A 47 ’

in the amplitude. The ~ sign indicates that both ratios count equally, as 1. This is the most
general power counting that applies when HEFT is written using v as a suppression scale.
It allows to treat QCD and EW differently. The fact that it does not count the number
of gs insertions N, , causes QCD operators to enter at lower order compared to their EW
counterparts, for the same IV,. Table 4 classifies operator classes keeping this into account.

Nﬁ’é\gT gives the total powers of

P 9.9,95 Y VA A0
AT 4 ’ (A.10)

i.e. it treats QCD corrections on the same footing as EW ones, and it counts both as increasing
the HEFT suppression order. This counting also applies when HEFT is defined with v as a
suppression scale. It makes the calculation of the HEFT orders simplest, as N, (interaction
vertex) = N, (operator). However, it is less general and more constraining than NIfI’EAgT.
Nitpp and Nﬁ’é\f@ are discussed in section 5.1.

Finally, Nﬁ’é\gT gives the total powers of

p  4dmv

This counting applies when the suppression scale for scalar insertions is f # v, and therefore
v can be inserted in numerators of the effective interactions, for instance through factors
of ¢ = v?/f2. Its drawback is that it can only be written as a function of Nﬁ’i or Nfg’i,
which are interaction-dependent, i.e. N? (interaction) # N¥ (operator) and the same for

Nf\’. NE’EA;T is discussed in section 5.2.

Observables. Finally, when calculating an observable, such as a cross section ¢ or a decay
rate I', one needs to consider the products /\/la/\/ll]; of two matrix elements. The HEFT
order of the product is simply given by

Nugrr = N + Niger, (A.12)
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and analogously for N{ppr, NEEFT. These quantities give the net powers of the suppression
factors defined in eqgs. (A.9)—(A.11) that appear in the observable contribution.

In practice, computations should be truncated by choosing one of the three power
countings, and taking a maximal order Ny,,x at which the observable should be computed.
This in turn determines the range of amplitude orders NP%FT that have to be calculated and
informs the selection of the operators that need to be retained. Formulas for the truncation

of the operators series are given in section 5.1.2.

B Diagrammatic relations

In this appendix we list some useful diagrammatic relations and derive some results that
were used in the main text.

We consider a generic connected Feynman diagram with L loops and n external legs, out of
which S scalar or gauge fields (we do not distinguish between them as they are dimensionally
identical) and F' fermions, n = S + F. The diagram will contain Ig internal scalar/gauge
propagators and Ir internal fermion propagators, and V vertices. Each vertex is labeled
with an index ¢ and treated with the notation of eq. (3.8), i.e. it has n; legs, out of which
s; scalar/gauge ones and f; fermionic ones, and g; derivatives.

Some of these relations are well-known. Our main source is ref. [61].

General relations. In any connected Feynman diagram, the number of loops L is related

to the numbers of vertices V' and internal propagators I = Ig + Ip:
L=1-V+1. (B.1)

The numbers of external fields S, F' and internal propagators Ig, Ir are related to the number
of fields in each vertex:

2[5—|—S: Zsi, 2IF+F: qu (B'Z)

ievert ievert,

and also

2] +n = Z n; . (B.3)

1evert

Overall, the diagram scales with P powers of the momenta that, excluding external spinors,
are given by

P=AL—-2Ig—Ir+ Y q, (B.4)

ievert

which accounts, respectively, for the p* powers brought by each loop integration, the con-
tributions ~ p~2,p~! from each internal scalar/gauge and fermionic propagator, and the
powers of momenta from the ¢; derivatives in the i-th vertex.
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Maximum number of vertices in a diagram. Consider a diagram with fixed numbers
of external legs n and loops L.
Using the fact that each vertex contains at least 3 legs (n; > 3) we can obtain
(B.1) (B.3) 1 n 3 n
V =1-L+1 =" i———L+1 > -V -—-——=—-L+1. B.5
* 2 Z.;m T A (B:5)

Rearranging the inequality gives the maximum number of vertices
V <Viax =2L+n—2. (B.6)

Let us now generalize to the case where k4 of the vertices have 4 legs, ks have 5 legs
and ke have 6 legs. Then
> ng > Aky + 5ks 4 6k + 3(V — kg — ks — ke) =3V + ks + 2ks + 3k . (B.7)

ievert
Following a reasoning analogous to eq. (B.5), this implies

2
kat2ks¥3ks _n_p oy (B

1 n 3
== S ——L+1 > =
174 Qan 5 + > 2V+ 5 5

ievert,

and therefore
V <2L+n—2—ky— 2ks — 3kg, (Bg)
which can be easily generalized to higher-point interactions. Note that the k’s satisfy

0 < ky + 2ks + 3kg < floor (Z—FL—I) . (B.10)

For instance, for k5 = k¢ = 0, the maximum is reached when all vertices have 4 legs (V = ky,
if > n; = 4ky is even) or all vertices have 4 legs except one who has 3 (V = ky + 1, if
>-n; = 4ky + 3 is odd). Inserting V = k4 or V = k4 + 1 in eq. (B.8) gives the same result

k4 max = floor <Z + L — 1) . (B.11)

Derivation of counting rules for scattering amplitudes. The diagram scales with

N, am powers of A and Nyx aq powers of 47, As indicated in the main text, we can split these

between powers Ny J4m M brought by the coupling constants, that are composed trivially as

in eq. (3.17), and powers N /Z; Jam, M brought by fields and derivatives, which we compute here.
Powers of A can only arise in vertices, therefore:

Nim= 2 NX, (B.12)
1evert
(3.10) = > (—4+q¢+si+3fi/2) (B.13)
revert
3
=4 : = ; :
Vi Yt X os+s Y f (B.14)
1evert ievert 1€vert
3
(B.2), (B.4) =—4L+V-1)+P+S+ 5F (B.15)
(B.1) =—4+P+S5S+ gF (B.16)
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Powers of 47 can arise from both vertices and loop factors, therefore:

Np v =2L+ > Ny (B.17)
ievert
(3.10) =2L+ Y (2—s— fi) (B.18)
ievert
(B.2) =2(L+V —-1)—(S+F) (B.19)
(B.1) =2-n. (B.20)

The corresponding quantity for the chiral dimension counting is then just
1
NQ’M:N§7M+N57T7M:—2+P+§F. (B.21)

Once the momentum dependence from external spinors u ~ /p is included, the overall
scaling of a diagram is

M ~ pP+F/2A—NA,M (47r)_N47r,M (B.22)

In particular, the overall powers of momenta can be cast as

F (B.16) 3
P+—"="N? 4—-5——
+ Aam T 5

1
5 F+§F:N§7M+4—n, (B.23)
= NPy +2 (B.24)

which, together with eq. (B.20), allows to rewrite

NP NP NE
n n (P Aam (1 AM (1 a7, M

Self-consistency of non-negative powers of the SM coupling constants. When dis-
cussing the HEFT power counting at the Lagrangian level and examining possible algorithms
for the construction of complete HEFT operator bases consistent with the N}(ISI%FT countings
in section 5, we made the crucial assumption that the coupling constants g, ¢’, yy, A(, gs) only
appear in Lygpr with positive powers. To be more precise, we assumed that one can safely
choose to write Lygpr with the SM-like terms as in eq. (2.28) and introducing all other
operators as either “naked” or dressed with constant pre-factors x; that only contain positive
overall powers of the coupling constants. Dimensionless ratios of the constants (such as ¢'/g’)
leave the power counting unaffected and are therefore allowed, but they represent the only
situation in which a coupling constant could appear at a denominator.

The adjective “safely” in the previous paragraph refers to the fact that this convention on
LugrT is not spoiled by renormalization or by the matching to UV models. The argument
for UV matching is trivially that, if HEFT is an expansion in (p/A) ~ (¢, g, Yy, V) /4,
then by definition any matching expression will be polynomial in these quantities, that will
only be featured in numerators.

The argument concerning HEFT renormalization can be verified explicitly by checking
the 1-loop RGEs provided in refs. [115, 116, 119, 120] (see also [133-135] for higher-loop
corrections to similar theories and [136-138] for the 1-loop renormalization of general EFTs),
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but it can be useful to show in general with a diagrammatic argument: the total powers of
coupling constants appearing in a loop diagram is given by

Ny + Ny + Ny, + 2Ny (+Ny,) + P, (B.26)

where P, are the total powers of SM masses appearing in the diagram, that in principle
could be negative due to propagators. We would like to prove that, if we start from a
Lagrangian where coupling constants only appear in positive powers, then, in any counterterm,
Ny + Ny + -+ + Ppgy = 0. The positivity of the first terms in the sum follows trivially
from the starting assumption. The proof is completed by showing that necessarily P, > 0:
it is always positive for super-renormalizable counterterms and vanishing in all other cases,
which means that, in RG expressions, SM masses can only appear at numerators or in
dimensionless ratios that preserve P, = 0.

To see that P,, > 0, consider a generic HEFT operator with ¢ derivatives, that plays the
role of counterterm for the renormalization of a set of divergent diagrams with L loops. We
know that, overall, the loop diagrams must have exactly the same mass and A dimensions as
the counterterm, the same fields/external legs and momentum scaling. When the diagram is
evaluated, its overall powers of momenta P can be separated into P = Py+ P,,, i.e. the powers
of kinematic momenta p and SM masses m. Then it must be that Py = q. We also know that
P > 0, because the diagram diverges. If the counterterm is a super-renormalizable operator,
then it has ¢ = 0,%® and therefore P = P,, > 0: all the powers of momenta from the diagram
must turn into masses, which appear in positive powers. If the counterterm is a marginal or
non-renormalizable operator, then the only way to accommodate the momentum dependence
is that P = g = Py, and therefore P,, = 0. Another way of seeing this is that, were P, < 0,
we would have a divergent loop diagram scaling as p?(p/m)" for some power r, and therefore
explicit momenta would appear in the counterterms, which would render renormalization over
the whole energy range impossible. Whenever divergencies are accompanied with momenta
they are associated to wave functions or to operators with derivatives: in this case the
counterterm should be a (g + r)-derivatives operator, contradicting the initial hypothesis.

C HEFT basis reduction with field redefinitions

The construction of non-redundant operator bases for a generic EFT requires removing
all parameters that would give vanishing contributions to on-shell scattering amplitudes.
Redundancies originating from the invariance of the effective action under field redefini-
tions require careful treatment, and they can have a non-trivial interplay with the power
counting [110]. In this appendix we revisit the procedure for the construction of HEFT
bases consistent with expansions in NP(I%FT employing field redefinitions, instead of naively
applying EOMs as in section 5.1.3.

Let us start by sorting HEFT interactions by their chiral order IV,, computed as in
eq. (3.13) and given in table 2 for the leading operator classes: the HEFT Lagrangian can

28 An operator has at least two fields, which give a minimum mass dimension 2. To keep it super-
renormalizable one could add one more dimensionful object, but Lorentz invariance doesn’t allow it to be a
single derivative. So derivatives must be absent.
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be written as

oo
ﬁHEFT = Z Ly (Cl)
n=0
where £,, contains a sum over all HEFT operators with N, = n, that we will assume to
be NDA-normalized and defined as “naked”, except for the SM-like terms in Lo C Lo,
which are defined as in eq. (2.28).
Following ref. [109], in order to obtain a non-redundant basis at each order k > 0, it is
sufficient to remove all operators of the form

0K(9)
5t

where ¢' denotes a generic HEFT field, F, ,2(¢)) is a combination of fields, derivatives and

Or(0) = () N (@) = k (C.2)

constant factors with the appropriate dimensions and quantum numbers and K(¢) is a linear
combination of terms appearing in Ly, which is conventionally taken to be the same for all
orders k, and equal to the sum of all kinetic terms, such that
oK ) oK
R iy, o
oy, oG}

and analogously for the other fields. We will keep this choice here, as it ensures that all

0K

= (D,G")A, 5, =0h. (C.3)

redundancies are removed [109] and it is consistent with the rule that field redefinitions
should be used to remove the operators with the highest IV, , as discussed in section 5.1.3.
We will come back to this point later in this appendix.

The operator (DZ in eq. (C.2) is removed by performing the redefinition

¢ = &' — Fi(9) (C.4)
over the whole Lyrpr. This has the effect of shifting each order £,, by:
N i io 2L,
ﬁnHﬁn—Fk(fﬁ)W"‘Fk (9)F, (¢)W+--- (C.5)

where the Lagrangian term with r derivatives has N, = n + rk. Collecting the various terms
order by order, one finds the redefined Lagrangian at order n

floor(n/k)

Co=Lot S (C1)yEr. . F O
r=1

. k m . (Cn6)

This equation shows that each order L,, only receives corrections from lower orders L,, with
m =mn —rk € [0,n — k]. Also, removing an operator of order k only impacts Lagrangians at
orders n = m +rk > k. For n =k, Ly is the only one contributing and one has
0Ly (Lo —K)

St dt ’

without further corrections. In the last step of the equation we used Lo = K + (Lo — K)

| =Ly — F} Li— Q) —F (C.7)

to illustrate explicitly how the unwanted operator is removed and replaced by a different
structure.
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These results allow us to refine the prescription for the construction of HEFT operator
bases given in section 5.1.3. One can work iteratively, order by order in N,: at a given L, and
the set of naked operators can be reduced first using IBP and algebraic relations. Among the
latter, those containing dimensionful coupling constants, such as eq. (5.33), should be applied
only to remove L operators containing the highest- N, structure appearing in the relation,
e.g. [Dy, D,]. This will trade £}, operators for contributions to lower-N, naked operators,
that are relevant e.g. for matching calculations, but can be ignored in the basis construction.

As a last step, operators of the form (C.2) can be removed via shifts of the form (C.4) for
any of the HEFT fields. This operation results in the Lagrangian shifts given by eq. (C.5),
whose effect must be unphysical. This is technically equivalent to an equation containing
infinite terms:

(5[,0 i1 i 62[,()

0Ly 8%Lo 5Ly
5¢i k "k 5¢i15¢i2

5t

where the first term contains operators with N, = k, while the subsequent ones contain

+ FFp 0°Ly

B Csgnaon

_|_..._~_F]i -=0 (C.8)

operators with IV, > k. However, when building a HEF'T basis order by order in N,, one
is implicitly fixing the form of HEFT amplitudes order by order in Nfjppp. In particular,
an operator basis for N, < k is complete and non-redundant iff it can produce — without
redundancies — the complete set of allowed contributions to amplitudes with Nfppr <
n — 2+ k. Since all contributions to higher- N, operators can only impact amplitudes with
Niijgpr > 1 — 2 + k, they play no role in establishing the basis completeness at N, = k.
At the end of the day, eq. (C.8) can be truncated at the first order, i.e. we can reduce the
basis at order N, = k using only equations of the form F} (6£y/d¢") = 0. Following the
prescriptions from section 5.1.3, the value of min;(N, ; — Ng, ;) can be disregarded when
making operators selections, and 6K /§¢* should be selected among the terms in §Lo/5¢" that
are not accompanied by a dimensionful constant. The choice in eq. (C.3), that we consider
the “default” option, satisfies this requirement.

Action of field redefinitions on the IN,, = 0 HEFT Lagrangian. In the remainder of
this appendix we look in more detail at the expressions of 6Lq/d¢'. We have

Lo=L1io+ Ly + Ede + £¢4 , (C.g)
Lp=Ly2+Lpv+ Lx2+L)p2, (C.10)
Ed¢2 == ,va2 + EXw2+£D(,_> P (C]_].)

where L1,0 contains the SM-like terms as given in eq. (2.28), and the last two rows show
breakdowns in subclasses obtained specializing the d-structures into derivatives (D), V,
insertions (V) and gauge field strengths (X). Each of the Lagrangian terms contains a sum
over an independent set of operators:

ﬁa = Wy Z CiOZ‘, (0.12)

i€[a]

with w, the NDA weight: wys = (47/A)? wyye = (47/A) and w, = 1 otherwise.
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The classes in gray are actually empty, in the sense that all the allowed operators are
equivalent to SM-like terms already contained in Lr,o. For some of these operators, this
redundancy is resolved via field rescalings: this is required for instance to “remove the F”
from 1/_1LUD¢L]: and 0,h0"hF structures [7]. It is interesting to note that, as scalar insertions
do not increase the chiral order, field redefinitions in HEFT can in principle involve non-linear
functions of the h field, as in ¢ — //1 + F(h).

Operators in the remaining classes can be reduced using only integration by parts and
algebraic relations. Classes V2, DV contain only one operator each:

v? v?
Ly2=O0p=Tr [TV, *Fr(h)  Lpv=0sp = ST [TV,]0" Fop(h),  (C.13)

where Op is CP even while Osp is CP odd and both violate the custodial symmetry. Class
X2, on the other hand, contains the operators [3, 4, 6]

Op = BuuBWﬁB(h) Op = BWBW}— (h) (C.14)
Ow = W, W' Fyy () Oy = Wi, W Fy (h) (C.15)
Owp = B/ Tr (TWH) Fy(h) Ow i = BuTr (TWH) Fyi 5(h) (C.16)
Orw = Tr (TWH*)2 Fpw (h) Opyir = Tr (TWH)Tr (TWH) Frpr () (C.17)
O¢ = G, G Fa(h) O = G, G Fg(h) . (C.18)

Operators in the two columns are respectively CP-even and CP-odd and F; = F; — 1
indicates that only h-dependent terms are retained. In the case of Op g this choice
avoids redundancy with the SM kinetic terms in L1, while in the case of O BW.G it avoids
introducing topological terms in LygpT.

Complete, non-redundant sets of operators in the remaining classes 1%, Va2, X1)? can
be found in refs. [4, 7, 8] and won’t be reported here.

Once Ly has been fixed, §£¢/6¢" can be computed expanding the functional derivative
and integrating by parts, which gives the usual:

oL, 0L, oL, oL,

560 a0 oD M DD, T (€49

for any order L,,.

We point out that computing §Lo/d¢" for the full Lo in eq. (C.9) is not the same as
deriving naive EOMs from L1,0 as done e.g. in [7] (appendix D), as several additional terms
must be included in the equations. One has for instance

5L OLyye | 3Lxye  OLys

=iy, — —=UVy(h)prVrr+—— £l _ C.20
Sia, = D= Ui S Sl (020
0Ly _ uv 1 (.7 v
55 =0 = X (hay)
Y=Qr,r, LR
ig’v2 ig’v2 glv2
+ Tr[TVV]fc(h)— CTTT[TVV]fT(h>+ 1 CQDaVJ:QD(h>
5L 5L
0Lx2 | OLwvyz | Obxy2 (C.21)

0B, 0B, 0B,
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5£0 my = A v = A v 5,Cx2 5ﬁxw2
5GA = (D.G")* —g, (QLT V' QL+QRrT QR>+ e/ er (C.22)
%o _ phoxeVn)- L Y (4LUY)(R)gr+h.c.)
5h ﬂw:QL w L.
v? ! v’ 2t i’ /
—ZTr [VMV“]]:C(h)—i—ZCT'I&"[TV“] fT(h)+TCgDTr[TV#]8“}'2D(h)
55}(2 5£V,¢2 5ﬁxw2 (Sﬁ,l/)zl
TS5h T on T on on (€23)
(5£0 v? iv?
W (VEFe(h))— ECTD“ (TTx[TVH])Fr(h))— TCQDD!L (TO*Fap(h))
ji
-7 Z [wm Vo(h)on); ~ (GrYL (U (TTyy),
%=Q,L
0Lx2 O0Lyy2 OLxye O0Lya
.24
50, o0, | 8U,; Uy, (C:24)
where, for the U field, the functional variation was obtained as
oL oL oL oL oL
= -D = (U (U; -D 2
5U; [anj “a(Dy )y (U)k (Ui [B(UT)M P A0 U (€.25)

to ensure that the unitarity condition UTU = 1 is preserved, and one can further simplify
the expressions using

1
DV = (Duuf - vou') D, T =[V,,T]. (C.26)

In egs. (C.20)—(C.24) we have made the contributions from L1,0 + Lv2 + Lpv explicit, while
we left those from other classes as implicit functional derivatives, as they are lengthy, basis
dependent expressions. In eq. (C.21) hy denotes the hypercharges

hg, = diag (1/6, 1/6) , hy, = diag(—1/2, —1/2) , (C.27)
hg, = diag(2/3, —1/3) , hy, = diag (0, —1) . (C.28)

Moreover, it can be checked that all the equations are homogeneous in the chiral dimension.
The contributions from L1,0 are consistent with previous results, see e.g. ref. [7]. The

contributions from other classes introduce significant complications compared to the naive

LO EOMs. For instance, expliciting L2 /0B, using the basis given above, we would find:

SL x>
3B,

=—4Cp0,B" Fp—4CpB" 0, Fp—4C30,B" F5—4C5B" 0, F 5 (C.29)

—QCWBTI‘ [[Vl“ T] W‘MV]JT:WB —QCWBTI“ [TDMW“V]fWB —QCWBTI“ [TW“”]@MJTWB
20y, 5 Tr [V, TIWH) Fyyy g — 20y, 5T [T D W Fypp 5 — 20, T [TWH0, Fyy 5 -

The “equation of motion” for the W/ gauge fields has a similar structure. Note, in particular,
that due to the operator Ow g, 6Lo/8 B, contains terms in D, W and, conversely, §Lo/5W
will contain terms in d,B". Moreover, in general the “EOMs” derived in this way can
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contain multiple occurrences of the structure 9,B"*”, D, V#, etc. that one wishes to remove.
This makes the removal of “EOM operators” less trivial than expected. Imagine, for instance,
that we wish to remove an IV, = k operator of the generic form Cx A, 0, B"*"F. The required
field redefinition is B, — B, — CxA,F /(1 — 4CpFp), which yields

- ACEFFpy
ALy = —CxA,8,B" F — Cx A,0,B" —B~ "B
F X K X K 1—-4CpFp
A, B ACETOTE o g e pop ) 2B WE )
1 —4CpFp 1—-4CpFp

which subtracts the desired term, but introduces new operators with unwanted struc-
tures. Operators containing D, V# are also interesting: consider the removal of a generic
C\ATr [BD,VF|F', with A some singlet structure and B a bidoublet. Performing the field
redefinition U;; — U;; — (2C% /v?)A(BU);;(F/Fe) yields

ForFe

- Fo o
! !
+ CxCrATr [TV, |Tr [B[V*, T]] ]:fFT + C%Cr ATy [TB|Tr [TD,V*] FfFT
C c

ForFr i F'o1 Fap
LT Cyp ATy BV, T|| —— 2P
T +5C r [B[V,, T]| 7

F'OFap

7
— ATr [TB]——= + ... 31
+2CQD r [T B] o + (C.31)

ALy, = —C% ATy [BD,V*|F' — C' ATr [BV,]

— CYCrATY [TV | Tr [TV,

which again removes the unwanted term, but introduces a new operator with D, V*#, that
we can parameterize as Cy A'Tr [TD,V*]F”, and a term ~ Oh. To remove the former,
we can apply the redefinition U;; — U;; — (20% /v*)A(TU);; F'/Fe /(1 — 2CrFr/Fe) .
One can check that this fully removes D, V*# from the Lagrangian shifts, but introduces a
AF'"OF,p/Fe term, that would be removed via a redefinition of the Higgs field h.

Investigating in detail the consequences of eqs. (C.20)—(C.24) for the basis reduction in
HEFT is beyond the scope of the present paper. We merely note that accounting for the
correct structure of the “EOMs” given above is certainly important for a correct treatment
of operator basis conversions and matching to BSM models. Based on the examples given
above, we expect that all the structures d,B*", D, W, D, V# etc. can still be fully removed
from higher- NV, operators, and therefore that the existing operator bases are indeed complete.
However, the algorithmic procedure to realize this condition is clearly more involved than the
simple application of LO EOMs. Finally, as the operator classes V12, X1)? give contributions
to 0Lo/d¢", it is not obvious that using LO EOMs for their reduction leads to a correct
identification of the corresponding operator bases. However, we do not investigate this
aspect here.
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