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ABSTRACT

Recurrences building orthonormal bases for polynomial Krylov spaces have been classically used for approximation purposes in

various numerical linear algebra contexts. Variants aiming to limit memory and computational costs by using truncated recur-

rences often have convergence constraints. Recently, randomized linear algebra strategies have been devised that drastically

improve the performance of these variants, while keeping the costs low. We provide a unifying framework for analyzing a large

class of Krylov subspace methods, including randomization-enhanced strategies, based on Krylov decompositions. This frame-

work allows us to identify the key quantities— the canonical angles among the Krylov subspace basis vectors—for assessing the

effectiveness of the randomized strategy. Moreover, it also allows us to analyze the spectral properties of the projected problem.

Our results are illustrated with experiments using the nonsymmetric Lanczos iteration, which is an inherently three-term recur-

rence, so that no truncation needs to be performed. Hence, randomized procedures applied to the Lanczos method may be viewed

as a way to stabilize the approximation.
MSC2020 Classification: 68W20, 65F10, 65F45, 65F60

1 | Introduction

Projection methods based on polynomial Krylov subspaces for
solving numerical linear algebra problems have been largely
explored in the past few decades. These are characterized by
recurrences, with either few or many terms, that explicitly build
basis vectors for the sought-after space,

K (A, c) :=span{c, Ac, ..., A" ¢} (1.1)

where A € R™" and ¢ € R", ¢ # 0. This Krylov space K,(A4,c)
is used as the approximation space in which an approximate

solution to the given problem is sought. The latter is usually
obtained by projecting the original problem, so as to obtain a
smaller problem of the same type, see, for example, [1, 2].

For large n and general nonsymmetric A, constructing an orthog-
onal basis for X, (A, ¢) can be very expensive both in terms of
memory and computational costs. A large number of strategies
have been proposed to overcome this problem, among which
are restarting, truncating, and different forms of optimality other
than orthogonality, see, for example, [3-8] and their references.
Some of these appealing strategies, such as truncation in the
number of orthonormal vectors, may suffer from a lack of good
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approximation quality in case truncation is too severe. In other
words, if a basis is constructed that is only locally orthogonal,
this basis may be too ill conditioned to be of any use; see, for
example, [9]. As opposed to the methods just discussed, the Lanc-
zos method generates a Krylov subspace basis using a three-term
recurrence. This is made possible by imposing a biorthogonal-
ity constraint of the generated basis vectors with respect to
the basis of a Krylov subspace constructed with A7 (see, e.g.,
[10, sec. 10.5.5], [11]). It is well known that biorthogonality is
quickly lost in practical computations, and that each of the two
bases can lose linear independence. Hence, Lanczos iterations
are akin to a truncated recurrence, in which biorthogonality is
gradually lost.

Very recently, randomized techniques for Krylov subspaces have
been proposed to significantly contribute to mitigating the side
effects of lack of full orthogonality; they go under the name
of sketching. In these strategies, orthogonality is imposed not
only locally among subsequent basis vectors, but also among
a sample of rows of all given basis vectors. In its simplest
form, this is carried out by randomly selecting a subsample of
some combination of the rows of all basis vectors, which will
form a reduced orthonormal basis. This way, it has been exper-
imentally observed that as the iterations proceed, the gener-
ated space keeps growing, and the approximation can progress.
The idea has been very successful in many different problems,
such as algebraic linear systems [12-14], eigenvalue problems
[15], least squares problems [16], matrix function evaluations
and model order reduction [17-19], matrix equations [20]; we
also refer to the references cited in these articles for a broader
recollection. This paper aims to contribute to the understand-
ing and formalization of this procedure within the Krylov sub-
space context, adding to the overall less rich literature in this
direction.

We propose a unifying formulation of Krylov subspace recur-
rences, based on the concept of Krylov decomposition, initially
introduced by Pete Stewart in Reference [21]. Many of the known
recurrences, such as truncated, restarted, biorthogonal, etc. can
be formalized as equivalent Krylov decompositions with proper
translations and similarity transformations. Our contribution is
manifold. First, we prove that sketched Krylov subspaces as
well satisfy equivalent Krylov decompositions. By using this new
result, we derive a linear independence property of the sketched
basis that ensures the growth of the approximation space; in turn,
this allows the progress of the underlying approximation proce-
dure. We also deduce that under certain hypotheses, sketching
may create spurious vectors that fall outside the ideal Krylov sub-
space, thus, possibly failing in correcting misconvergence of the
truncated method. Third, we prove that the eigenvalues of the
sketched projected problem remain in a region close to that char-
acterizing the spectral properties of the reduced matrix of the
fully orthogonal basis. All these results are displayed by using
the nonsymmetric Lanczos iteration, in which sketching is per-
formed only on the recurrence that forms the Krylov decom-
position for the matrix A. The Lanczos approach is inherently
three-term, so that no truncation parameter needs to be tuned.
The benefit of this feature is illustrated in our numerical exper-
iments. In particular, not having to cure possible misconver-
gence due to truncation, the sketching procedure may be viewed
as a stabilization procedure, obtained by injecting more linear

independence in the constructed basis. As samples of typical
timely problems on which we test the potential of the sketched
Lanczos method, we consider the approximation of matrix func-
tion evaluations, and the approximate solution of the Lyapunov
equation.

Finally, we would like to stress that our results assume exact
precision arithmetic. Nonetheless, our discussion also addresses
behaviors in finite precision arithmetic. For instance, the sketch-
ing strategy appears to be particularly effective in mitigating the
effects of loss of biorthogonality caused by round-off errors in
the nonsymmetric Lanczos recurrence. Indeed, in finite precision
arithmetic k iterations of the Lanczos method may be viewed as
an exact precision arithmetic recurrence with k terms (building a
non-biorthogonal basis), to which our analysis can be applied. We
also notice that in finite precision arithmetic, the basis of a Krylov
decomposition may lose linear independence, and in that case,
our results no longer hold. In particular, in finite precision arith-
metic, spurious vectors may be generated whenever an equivalent
Krylov decomposition is obtained after sketching a matrix that is
not numerically full rank.

An outline of the paper is as follows. In Section 2 we recall the
Krylov decomposition and its properties, indicating some of the
major Krylov-based procedures it encompasses. In Section 3, we
survey some of the key Krylov decomposition methods that will
be used in later sections, while in Section 4, we derive some gen-
eral spectral properties associated with the lack of orthogonal-
ity of the basis. In Section 5 we recall the randomized strategies
(sketching) for Krylov bases, while in Section 6 we prove that the
sketched basis also determines a Krylov decomposition, with a
well-conditioned basis, as long as the original basis is full rank.
In Section 7 we show that sketched bases also carry good prop-
erties in terms of the spectral eigenvalue location, compared to
generic Krylov decompositions. Finally, Sections 8 and 9 collect
a number of computational experiments to illustrate our theo-
retical results: We focus on two timely problems: Matrix func-
tions evaluation applied to a vector, and the solution of Lyapunov
matrix equations, respectively.

Notation. The Euclidean norm for vectors and the correspond-
ing induced norm for matrices is used. Here and in the fol-
lowing, x* denotes the conjugate transpose of a complex vec-
tor x, while x” denotes the real transpose. With I we denote
the identity matrix, whose dimension is clear from the context,
and with e; its jth column. We denote with spec(A) the set of
the eigenvalues of A. The field of values of an n X n matrix A is
given by

WA ={¢eC: {=x"Ax)/(x*x), 0# x € C"}
We use the notation O(z) for quantities that are of the same order
of magnitude as 7.

2 | KrylovDecompositions

We first recall the general definition of Krylov decompositions,
introduced in Reference [21]. Then we highlight how this class
of decompositions can be exploited in our context.
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Definition 2.1 ([21]).
a relation of the form

A Krylov decomposition of order k is

AU, = U By +uy 1 b, (2.1)
where B, is of order k and is called Rayleigh quotient of the
decomposition, b, is a vector with k components, and the k + 1
columns of [U,, u,,,] are linearly independent.

We first collect some properties associated with (2.1), and later
on, we will show that these properties are shared by sev-
eral Krylov subspace methods that are currently used, includ-
ing certain randomization-based strategies. It is important to
realize that the linear independence hypothesis is far less
stringent than orthogonality. In exact arithmetic many of the
known Krylov-based recurrences do satisfy this latter condition,
although the matrix [U,, u,,,] may become arbitrarily ill condi-
tioned in finite precision arithmetic.

As discussed in Reference [21], Krylov decompositions are closed
under translation and similarity transformations. Translations
allow us to change the vector u,;, while similarity transforma-
tions act on By, U, and b, ,. Translations act as follows. Let
Miellyy 2= ey = Upgys . # 0
note that I, ,, is ensured to always contain a nonzero component
onto the extra vector u,,. Substituting u,,, in Equation (2.1) we
obtain
AU, = U (B + giby 1) + by

Hence, translations perform a rank-one modification of the
Rayleigh quotient matrix.

Given R € R nonsingular, similarity transformations can be
written as

AU R =U R (RB,R™") + 1 (b, R

so that
AU, =U B, + ukﬂglbz+1
with

i7o— -1 n o -1 = _ -1
U,=UR", B, =RBR"' b, =b_R
Stewart in Reference [21] calls equivalent those Krylov decompo-
sitions that can be derived from each other by a sequence of trans-
lations and similarities. Collecting both transformations, and also
setting g, = Rg,, we can write

AU, = U(By + &by ) + lameby (2.2)

which is again a Krylov decomposition. This form will be used
throughout this paper.

For a general nonsymmetric A, the Arnoldi relation [2] is a spe-
cial case of Krylov decomposition where the matrix [U,, u, ] has
orthonormal columns, B, is upper Hessenberg and b, = f,e] .
Many other recurrences can be brought to a Krylov decomposi-
tion form; some of them will be discussed later in greater detail.
For instance,

1. The truncated Arnoldi recurrence generates the relation
(2.1) with [U}, u,,] only having local orthogonality, and B,
is upper Hessenberg and banded [2, section 6.4.2];

2. The restarted Arnoldi recurrence generates (2.1) with
[Uy,uy,,] having blocks of orthonormal columns (with
block size corresponding to the restarting parameter), and
B, is almost block diagonal [22];

3. Recurrences using polynomials of degree i in the form
¢;(A)c, that generate bases {¢py(A)c, P, (A)c, ..., d_1(A)c}.
These are obtained, for instance, by Newton or Chebyshev
polynomial sequences, see, for example, 23] and references
therein;

4. The nonsymmetric Lanczos algorithm determines two
Krylov subspaces, for A and A7, respectively, each having
the form (2.1).

Other recent strategies include communication-avoiding recur-
rences [24] and limited-memory methods for symmetric matrices
in procedures where the basis is anyway required [25]. In addi-
tion, we will show that sketched truncated Arnoldi methods can
also be completely characterized as an equivalent Krylov decom-
position. All these methods use b, ; as amultiple of the canonical
vector e, and this plays a relevant role in our analysis.

We aim to deepen our understanding of the role of the Rayleigh
quotient matrix B, and of its translated version, whenever the
columns of U, are not orthonormal, but still linearly indepen-
dent. To this end, we recall the definition of (1)-inverse of M,
which is a matrix satisfying the first of the four conditions of
the Moore-Penrose pseudo-inverse, namely M M+*M = M. The
(1)-inverse is a family of parametrized matrices [26, Th. 6.3.3],
characterized by being equation-solving matrices, thus usually
also called equation solving generalized inverses [26, Th. 6.2.2].
This equation-solving property will be used in our analysis to
explicitly determine a representation of the reduced matrix in
terms of the quantities used in the Krylov decomposition. If M
is full column rank, a member of the family is given by M+ =
(MTM)*MT, which is the Moore-Penrose generalized inverse.
We will use this form in the following lemma, whereas other
instances of the (1)-inverse will be used in Sections 3.1 and 3.2.
For later convenience, in the next lemma, we explicitly write
[Uy,u;11% in terms of its partitioned blocks; see also [26, Th.
6.3.4].

Lemma 2.2. Assume that U, =[Ugu,] is full col-
umn rank and let I, be the projection operator II, =
I —uy (g, ugpy) " uf, . Then the matrix U/TL, U, is nonsin-
gular, and a (1)-inverse U}, can be written as U} | = [X];y/]
with

x!I =w'muyurn, and

yp =up (= U UL U™ UL /]y 40)

Proof. 1t holds that U} =(U/ U, Ul . Using

U, = X[y 1we canwrite ([Uy, ug 11" Uy, DIU, w17 =
[Uy, uy 117, that is

T T T T
U Uk Wpqtiern ] [0 U1
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Obtaining y; and substituting, we get U/ TIU, X] = Ul with
U/TIU, nonsingular. Indeed, we first notice that UTIU, =
(Ule'[)(l'IUk). Moreover, if U, d =0 for some d, then it
must be [U,u,,1[d; =], Upd)/ (], u;,1)] = 0. From the full
rank assumption, we obtain that d = 0. The final result thus
follows. o

With U, as in Equation (2.1), we have that X[ u,, = 0 with X,
defined in Lemma 2.2. Hence, multiplying (2.1) from the left by
X[ we obtain

B, = X] AU, = (U TL,U)™'U[TI, AU, (2.3)

This general relation shows that B, results from an oblique pro-
jection of A, that implicitly orthogonalizes U, with respecttou,, ;
see, [2, section 6.4.2] for a similar result for truncated bases. We
also stress that the only hypothesis employed is that (2.1) is a
Krylov decomposition, that is [Uy, u,,] is full column rank.

In the following sections, we will show that several classical and
recent techniques can be formulated within this framework, for
specifically selected transformations.

3 | Some Recurrences Generating a Krylov
Subspace

In this section, we recall several recurrences that generate
a Krylov subspace and that fit the Krylov decomposition
framework.

Given A and ¢, the classical Arnoldi iteration generates a
sequence of mutually orthonormal vectors {u;, u,, ...} withu; =
¢/|lc|| by means of the following iteration, for k = 1,2, ...,

U = Auy 3.1
for j=1,....k wey =t —u; u,,), end (3.2)
Uy 1= Uy / Nl |l (3.3)

The orthogonalization coefficients are stored in the matrix H,
with entries h; , = ujTukH, and Ay, = |luy,||. This form corre-
sponds to a Krylov decomposition: After k iterations the matrix

U, = luy, ..., u,,,] satisfies the so-called Arnoldi relation!

T
AU, =U H +up 1y e

with [U,,u,,,] having orthonormal columns and H, having
upper Hessenberg structure. From this recurrence, it follows that
Range(U,) = K,;(A,c)and Range(U,) C Range(U,,,).

As the dimension of the subspace K, (A, ¢) increases, the orthogo-
nalization step will dramatically increase the computational cost.
This has led to the development of several memory-saving strate-
gies, some of which are discussed below.

3.1 | Truncated and Restarted Arnoldi
Iterations

One way to tackle memory constraints is to truncate the Arnoldi
recurrence, that is, orthogonalize the next 7, only with respect
to the previous k, basis vectors, where k, is some fixed value less
than k, selected a priori. This method yields the truncated Arnoldi
relation [2, section 6.4.2]

AU, = U Hy + gy b g€y (3.4)

where U, is only locally orthogonal, that is, ul.Tu ;=0for|i—j| <
k,and i # j. Hence, H, is upper Hessenberg and upper banded,
with bandwidth equal to k,.

This relation is precisely the Krylov decomposition introduced
in Section 2, for specific choices of B, and b,,,. For any full
column rank matrix Z, € R™* such that Z]u,, =0, it holds
that H, = (Z]U,)™' Z] AU,. In [2, Prop. 6.8] it was suggested
to select Z, as Z, = (1 — uk+1u£+1)Uk. Here Z, corresponds to
the (1)-inverse block associated with B, in Equation (2.3), and
it can be similarly shown that Z] U, = Z] Z, and that it is
nonsingular.

A more structured truncation is obtained by restarting (cycling)
the fully orthogonal Arnoldi procedure after k steps with the next
basis vector u,,, so that in later iterations orthogonality with
respect to all previous vectors is relaxed. This procedure is what
the system solver FOM does at restart time. If one were to collect
two consecutive k-dimensional cycles, then one would obtain the
following “truncated” Arnoldi matrix relation

0) My _ (0) 1)
AU -U =105 U L 1My,

0 1 .
where (My); 541104 = H,E " and (M) 21 k1226 = H;i ', while
the other elements of M, are equal to zero [22]; see also [3]. Once
again, after £ cycles, M., will be upper Hessenberg with a block
(sparse band) structure.

3.2 | The Nonsymmetric Lanczos Iteration

Given A, ¢ and a so-called shadow vector ¢, the nonsymmetric
Lanczos iteration generates two sets of vectors {u;},5;, {w;};5;
such that w]u; =1 and w]u; =0 for j #i, and are therefore
biorthogonal. The Lanczos iteration has been used in the litera-
ture for eigenvalue computations [27], linear systems [2, Ch. 28],
[28, section 3], [29], Model Order Reduction [30-32].

For u,,w, such that w]u, =1 (e.g., uy = c/llcll, w, = &/l ¢),
the next iterates are computed by means of the recurrences?

s 5 AT
Ui = Au; — w0 +u;_ B, Wiy =A w; —w;o; — w;_4 6
. o7 _ _ . .

with o; = w; Ay;, fy = 0,8, =0, while f,,,,6,,, scale &, and
i;,,, respectively, so that w] u,, =1 [2, section 7.1]. For
later convenience, in the following, we consider f,; = [|i; ||
so that |lu, || =1, and 6, = @, u;,,. In all our experiments,
weset ¢ =c.
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After k iterations, the two recurrences can be compactly writ-
ten as

T T T T
AU, = U Ty +tpatiaiey . AW =W +wiatiaee,  (3.5)

where T}, is tridiagonal, and has diagonal elements equal to «; and
off-diagonal elements equal to f;,, (upper part) and 6,,, (lower
part). Moreover, Uy, = [uy, ...,ul, W = [w;, ..., w;]. Assum-
ing that no breakdown occurs, in exact arithmetic, the matri-
ces U, W, satisfy W/ U, = I, for all k > 0, and no explicit full
biorthogonalization needs to be enforced. Hence, unless they
are used for later purposes, the two bases do not need to be
stored. Biorthogonality also ensures that 7; = W' AU,, which is
obtained, for example, by premultiplying the first Lanczos recur-
rence by W,"'; a (1)-inverse of U, is thus available by construction.

Loss of biorthogonality of the generated Lanczos bases is a very
well-known plague of the iteration, where breakdown can occur
if for some index i, it happens that wiTu,- = 0. Over the years,
several different strategies have been adopted. A common strat-
egy aims at recovering some sort of partial biorthogonality [11,
34], also called semiduality in Reference [35]. Breakdown can, in
some cases, be “cured” by a so-called look-ahead procedure, [36,
37], [38]. A less dramatic but still highlighted weakness of the
Lanczos recurrence is the fact that the recurrence requires know-
ing AT, which may not be available for certain applications. In
the following, we shall assume that AT can be accessed as easily
as A, and that no incurable breakdown takes place.

In our context, the Lanczos recurrence becomes particularly
appealing because it is inherently three-term, and the matrix 7},
is tridiagonal by construction. Hence, as opposed to truncated
and restarted procedures, there is no need for a parameter selec-
tion k, and, at least in exact arithmetic, the biorthogonality is
preserved. The possibly severe loss of biorthogonality as itera-
tions proceed is due to finite precision computations: Loss of
biorthogonality manifests itself both at failing wl.Tui =1, but also
at failing iju,- =0, for j # i. As a result of the latter, in finite
precision arithmetic, the method will somehow resemble a trun-
cated method, but without a clear-cut explicit truncation point:
Biorthogonality will degrade with the index distance between the
basis vectors u;, w;. For these reasons, nonsymmetric Lanczos is
a good target for sketching strategies to mitigate the aforemen-
tioned problems caused by finite precision arithmetic.

4 | Some Spectral Properties of Krylov
Decompositions

In this section, we refine certain structural spectral properties of
the Rayleigh quotient matrix appearing in the Krylov decompo-
sition. Hence, these properties apply to all methods described in
the previous section. As we shall see, they also apply to the sub-
space embedding procedures that will be described in Section 6,
since it will be shown that these procedures also fit the Krylov
decomposition framework.

Let us consider the Krylov decomposition (2.1) with the assump-
tions that B, is upper Hessenberg and b,,, « e,. The approaches
recalled in the previous section all fit this setting. It is well
known that as soon as the Krylov decomposition deviates from

the full Arnoldi relation (i.e., not all columns of U, are mutually
orthonormal), then the spectral properties of the reduced matrix
B, may be distorted [6]. For instance, without orthogonality of
the basis, the field of values W(B,) may significantly differ from
that of A. On the other hand, in the orthonormal case it holds that
W(B,) C W(A). The set W(A) is used, for instance, in the anal-
ysis of functions of matrices and of their approximations. More
generally, for any f analytic in W(A) it holds that [39]

IF AN <A+ V2) sup |£(2)] (4.1)

ZEW(A)

Hence, the fact that W(B,) C W(A) ensures that the bound can
also be adopted for || f(B,)]l.

We next show that for a nonorthogonal basis, certain anomalous
spectral behavior of B, may have very little impact on the per-
formance of the method. This suggests, as already discussed in
References [20, 40], that W(B,) may not be representative of the
recurrence behavior. More precisely, and based on Proposition 4.1
below, it was stated in Reference [20] that a more descriptive
region is given by the effective field of values, which is defined by
means of the projection of the Rayleigh quotient matrix B, onto
the invariant space associated with the eigenvalues not far from
the field of values of A. We refer to [20] for details and computa-
tional examples.

We first recall a technical result from [20] on the decay of the
entries in the unitary matrices of the Schur decomposition of
(ﬁk + 8¢} )*. The result states that if some of the eigenvalues
of (ﬁk + 8¢} )" are distant from the field of values of B,, then
the components of the corresponding Schur vectors will have a
decay pattern, so that, in particular, the first component of each
Schur vector has a value ((6%) for some 0 < § < 1. This structural
property plays a crucial role in describing the quality of the given
a Krylov approximation space.

Proposition 4.1 ([20, Lemma 4.3]).  Let (B, + gl ) =
QRQ* be the Schur decomposition of the given matrix, with ﬁk
upper Hessenberg and irreducible. For n > 0 assume that there
exists an index 7 < k such that dist(R,.i,W(ﬁk)) =0n™), i=
1, ...,7 for an appropriate spectral ordering in the Schur decom-
position. Then it holds that Q,; = o((n/&F) fori=1, ...,7with

¢ = max;; |1/(Bk)j+1,j [

The following result applies the proposition above to an expand-
ing matrix. In particular, in our setting, the result reads as fol-
lows: given the matrix B,_,, if at the kth iteration the matrix is
expanded by adding a new row and a new column in a way that
the new matrix B, has an isolated eigenvalue with respect to the
rest of the spectrum of both B, and B,_;, then a decay of the mag-
nitude of the corresponding vector entries in the Schur form can
be observed.

Corollary 4.2. Let B, € R** beirreducible upper Hessenberg,
and let B,_, be its principal (k — 1) X (k — 1) left upper part. Let
D, be the smallest between the Gerschgorin disks by row and by
column, centered at (B,), .- If D, does not intersect W(B,_,), then
itis possible towrite B, as B, = Ek + 8l and there exists an index
1 for which Proposition 4.1 applies.
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Proof. The hypothesis on the Gerschgorin disk ensures that
there exists an eigenvalue away from the field of values of the
(k —1) x (k — 1) principal part of B,. We define ﬁk with (ﬁk)k,k =
7, so that B, = B, —e,(r — (Bu)iies . We chose 7 € R so as
to be well inside W(ﬁk). Hence, B, satisfies the hypotheses of
Proposition 4.1 for the eigenvalue contained in the isolated Ger-
schgorin disk. m]

Lemma 4.3 in Reference [20] was used to show that the field of
values of B, may be a misleading information in the context of
Sylvester equations: The distorted, outlying eigenvalues of B, do
not contribute to the actual solution of the problem. To appreci-
ate the result of Corollary 4.2 we need to put it into the Krylov
subspace context. Assume that B, is generated by one of the
discussed recurrences, so that Bk +1 < ¢, in Equation (2.2) and
that B, is upper Hessenberg and irreducible. Let (B, + e =
QRQ* be the Schur decomposition of the Rayleigh quotient
matrix in Equation (2.2). An element in the Krylov subspace
K,(A, ¢) can be represented as ¢,(A)c for some polynomial ¢,
of degree # < k. Moreover, since ¢ = ﬁkely (in the following we
sety = 1) and §k + §ke£ is upper Hessenberg, explicit computa-
tion shows that ¢,(A)c = U, ¢, (B, + gie] e, for £ < k. Assume
that Corollary 4.2 is satisfied by some j, and let Q = [Q,, g,] be a
partitioning of Q so that g, has a single column, and |gge,| < ¢
for some ¢ > 0. The matrix R = [R;;, Ry,:0, Ry,] is partitioned
accordingly, with R, a scalar. Then

b (A)e = U,10,, 401, (RIQ;. go e, (4.2)

Hence, since the magnitude of the elements in ¢,(A)c depend on
the magnitude of the elements of ¢,(R), the quality of the vector
¢,(A)c as an approximation to some target vector depends on the
quality of ¢,(R). In particular, if ¢,(R,,) is very different (e.g.,
very large) from what is expected, then the approximation may be
affected. On the other hand, in the considered hypotheses, |g;e; |
will be very small, possibly far below the roundoff unit, in exact
arithmetic. For the sake of the argument, let us first assume that
dye; = 0. In this case, it follows that

b (A)e = U,0,¢,(R,))0% e

Hence, the vector ¢,(A)c behaves as if the possibly anoma-
lous value of ¢,(R,,) did not exist. In other words, if there
exists an isolated eigenvalue away from the field of values of
B,_, such that ¢,(R,) is very large but g;e; =0, then that
eigenvalue will not contribute to an approximation from the
Krylov subspace K, (A, v). Hence, eigenvalue information alone
may be misleading. We remark that the discussion above shows
that the approximation space is reduced to the subspace gener-
ated by ﬁle. As a consequence, although the outlying eigen-
value does not contribute, the approximation space shrinks.
If in the next few iterations more outlying eigenvalues arise,
the effective subspace will not expand, making the approxi-
mation stagnate. In conclusion, unless a basis self-correction
occurs, the iteration will start to deviate from the orthogonal
(ideal) one.

Assume next that g;e, is nonzero, but that ¢ is of the order of
machine precision, so that gje; = O(u), where u is the round-
off unit. This is what we expect to occur in finite precision

arithmetic®. The relation (4.2) indicates that
~ . 0
llps(A)e = U169, (RO erll < NNULI Nl (R) [1] le. e=0)

The actual magnitude of the upper bound depends on how large
the matrix norms on the right are. In turn, the second of these
norms depends on the selected polynomial ¢,, which is problem
dependent.

In most cases, we expect ||(7k|| [l¢,(R)[O; I|| to be significantly
smaller than u™!, so that the error behavior will be similar to
the case gye; = 0. Extreme cases can occur, though, whenever
R, is such that [|¢,(R)[0; I]|| > u~!. One such exceptional case
is reported in Example 8.1 for the exponential f (1) = exp(—4)
with W(A) contained in the right-half complex plane, so that
|| f(A)]| remains moderate (see (4.1)). In that example, after a
certain number k of iterations, the classical Lanczos recurrence
has generated a matrix B, with one very outlying eigenvalue on
the left-hand plane, that is far away from the field of values of A
where f is well behaved, so that || f(By)e; || > u™t. As a conse-
quence, the approximation error with respect to the target vector
f(A)c increases tremendously. The proposed stabilization proce-
dure aims to cure precisely this type of misbehavior, by transform-
ing the reduced matrix in a way that its spectrum is not too far
from W(A), see Section 7.

In general, this analysis suggests that strategies that are able to
correct anomalous spectral behaviors of the nonorthogonal recur-
rences are desirable.

5 | Randomized Row Selection

Randomization procedures have recently been used in the Krylov
subspace context to improve the linear independence of a trun-
cated basis. In this section, we recall some commonly employed
randomized row selection strategies and point out certain key
subspace properties that will be used in later sections, together
with Krylov decompositions.

Given a full column rank matrix U € R™*+D and an integer s
with (k + 1) < s < n, we consider the problem of finding a lin-
ear combination of s rows of U, denoted as S(U), with smallest
possible condition number in the Euclidean norm.

In our context, where the Krylov subspace basis is generated iter-
atively, the basis is not all available at the same time, unless
it is all stored. With these premises, the selection operator S
has to be chosen a priori, turning to a suboptimal—in some
sense —selection.

In the following, we consider two examples of a priori selections,
based on randomized subsampling strategies. Accessible descrip-
tions of these and other methods can be found in the References
[41, 42]; we follow the derivation in the latter. A common denom-
inator of the approaches we are going to consider is that they are
oblivious subspace samplings, that is, they are not associated with
a specific subspace, but with a class of matrices (basis) satisfying
certain properties.
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We start by recalling a founding definition for uniform embed-
dings, in our notation; see, for example, [42, Def. 2.1].

Definition 5.1. A (1 + ¢) ¢,-subspace embedding for the col-
umn space of U € R™* is a linear operator S : R" — R* such
that*, for all x € R¥

ISWxI; =1 +o)lUx|;

We remark that this definition was also employed in [43, def. 1]
and recalled in [41, 9.1] for Johnson-Lindenstrauss and uniform
embeddings, respectively, whereas for Gaussian embeddings,
the relation ||S(Ux)|l, =1 x¢)||Ux]||, is used, for instance,
in [41, 8.1].

The linear operator S can be identified with a matrix S € R*",
so that we can also write S(Ux) = SUx for any x. As short-hand
notation, when we write S(U) we mean that S is applied to each
column of U. The definition does not depend on the specific basis
used for spanning the space. In particular, this implies that U
could be taken to have orthonormal columns, so that it holds that
||S(Ux)||§ =(1=x e)||x||§, from which it also follows

I, — (SU)SU|, <e

Oblivious embeddings represent a distribution on matrices of
dimension s X k, where s depends on n, k, € and the parame-
ter &, the failure probability, so that 1 — § represents the least
probability of selecting an (1 + ¢) £,-subspace embedding for a
fixed n X k matrix U drawn from this distribution. Using stan-
dard terminology [41, 42], in the following we say that a subspace
embedding satisfies a certain property with high probability if 6 is
small.

We also recall a result from Reference [13] for later convenience,
where we use the notation

ulv

cos £(u,v) = —

lluell Mo

for the cosine of the angle between two nonzero vectors.

Lemma 5.2 ([13, Lemma 4.3]). For £ >0, let u,v sat-
isfy |Sully = A £ &)llull, and ||Svll, = A x e)llvll, for the (1 + &)
¢,-subspace embedding S. Then, with high probability, it holds that

cos £(u,v) — € cos £(u,v) + ¢
# < cos £(Su, Sv) < #
1+¢ 1—¢

5.1 | Randomized Subsampling

The idea consists of sampling a small number of rows of U uni-
formly at random and rescaling by means of a probability mea-
sure. This works well for dense matrices, as is our case. We
consider .S an s X n portion of the identity matrix, where each
nonzero entry per row is given by 1/z;, and x; is the proba-
bility of that row to be selected. Proving a relation of the type
ISWUx)|l; = A x¢)||Ux||; (in the #; norm now) is involved and
we refer to [42, section 3.1] and references therein. We will denote
this operator as Sy or Sgg.

5.2 | Johnson-Lindenstrauss Transform

This may be considered a more costly improvement of the proce-
dure above, as it aims to avoid zero rows in the sampled operator
image. In this case, the operator is given by the composition of a
diagonal matrix D of +1 with probability 1/2, then a Hadamard
or Fourier-type transform H, and then a row sampling operator
J, that is, [26, section 9]

SU = \/ZJHDU
N

The cost of applying this product to a vector u will be
O(nlogn) [42, section 2.1]. Then S samples s rows with s =
Q(e2(log k)(\/z + y/log n)?) and with probability at least 0.99 for
a fixed U it holds

I, = (SU'SU|, <€
We will denote this operator as S;; or .S, ;.

Other randomization operators can be employed, although not
all are efficient in terms of computational costs. For instance,
a properly scaled matrix .§ with normally distributed entries
has been considered in the literature, although matrix-vector
products with these embedding operators become too expensive
within an iterative procedure.

Remark 5.3. If all columns of U were known simultaneously,
then the problem could be stated as:

Given U € R™*+D for some s with k + 1 < s < n, find S giving
the best conditioned matrix

U:=UR?
where S(U) = OR is the QR decomposition of S(U).

This is a combinatorial problem whose computational cost
becomes too high for large n. Most importantly, it requires all
columns to be available at the same time. In our context, where
the Krylov subspace basis is generated iteratively, the solution of
the problem above would imply storing the whole Krylov decom-
position basis, something we cannot afford.

6 | Subspace Embeddings and Krylov
Decompositions

In this section, we report the main results of the paper by closing
the gap between subspace embeddings and Krylov decomposi-
tions. Recently, it has been shown that reduced sketched bases
used within a Krylov iteration satisfy a reduced Krylov decom-
position relation; see [40, Pro] and Proposition 6.1 below. Here
we show that subspace embedding indeed fully determines a
well-defined and well-conditioned Krylov decomposition with
high probability, under the hypothesis of linear independence of
the original basis.

Assume that a maximum of k iterations can be afforded (in
the computational experiments, we will denote this value with
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kmax)- Then, consider a tall full column rank matrix U; whose
columns are a basis for the generated Krylov subspace. Let
SU; = O; Ry be the reduced QR decomposition of SU;. Thanks
to the e-embedding property of the sketching, it holds that

(see, e.g., [12])
K(UzRT) < \/1%2 (6.1)

with high probability. In particular, from the definition of sub-
space embedding, it follows that

(1 - OIIUZR VI < ISUER= 0> < (1 + &) lUZR VI (6.2)

since the embedding property does not depend on the chosen
basis. Thus, we will label the quantity k as the reference maxi-
mum affordable approximation space dimension, for which the
probabilistic argument holds.

The bounds (6.1) and (6.2) will be crucial for proving our results,
and for assessing the good behavior of the considered methods,
with high probability.

The following result provides an Arnoldi-like relation for any
row-reduction operator S applied to (2.1). In particular, this
will apply to the subspace embedding operators discussed in
Section 5. We stress that deriving an Arnoldi-like relation for the
sketched basis turned out to be crucial for the analysis of sketched
Krylov subspace methods [20, 40]. The following result is the
same as that in [40, Pro] where specific choices of S and B, were
made. We include its proof because it is constructive.

Proposition 6.1. LetS : R" — RS bea sketching operator.
Let A € R™" and [U,,uy,,] € R™** 1 with linearly independent
columns. Then for the quantities constituting (2.1) there exist 7, p
and q1.SU, such that

S(AU)) = S(U, (B, +7e] ) + pgby 1 1)
where by, = by, e, and e, has k components.

Proof. Let SU,,, = O, R, be the reduced QR decomposi-
tion of the given matrix, and R, = [R,,7;0,pl, Oy, =[Oy ql.
Letalso B, ,, = [By; by, ce; ]. We have

SAU, = SUk+1§k+1 = Qk+1Rk+1§k+1

_ [Rk B, + rhk+1,ke£:|
k+1

T
[0%,p]B,

= O, Ry(By + R'rbyyy ve)) + pabyy, ey

= SU(B, + R;'rbyy ;) + apbyy ce)
and the result follows. ]

We notice that in the proof of Proposition 6.1 we used the fac-
torization of the row-reduced matrix S(U,,,), that is SU, ., =
Q)41 Ri;1;in the sketching context this is called “whitening”, and
it will also be used in the following. Indeed, the Arnoldi-type pro-
cedure to be used in practice is a combination of sketching and
whitening, where the orthogonalization of the reduced matrix
is highly recommended [12, 15, 16]. Numerical experiments in

the literature illustrates the importance of this orthogonalization
step. In the following, we assume that whitening of the sketched
basis is always performed. As in the proof above, we can refer to
the relation

Ly T

SAUR' = Q, R (B, + R;'rb ;e )R + ——ue (6.3)
k,k

with R, = [R.r;0,p] and r, , = e] Rie,, and use the matrices

U, :=UR.', By := RBR +rb, el R
where, U « s the stabilized basis and §k is the corresponding pro-
jected and restricted representation of A in the generated space.
The term “stabilization” is used here in virtue of property (6.1),
which holds for T, « With high probability, for the given sketching
operator S.

For practical purposes, it is important to stress that the sketch-
ing the procedure is performed iteratively as the recurrence pro-
gresses, by adding a column to the sketched basis SU, and
expanding the triangular matrix R, at each iteration, as k grows.
This allows us to avoid storing the full basis, while controlling the
computational costs.

We next show that the rank-one modification of the reduced
matrix B, leads to an equivalent Krylov decomposition of the
original (unsketched) Krylov decomposition. This result appears
to be new. The formulation of the whitened-sketched procedure
in terms of the Krylov decomposition allows us to highlight the
advantages of the method in a well-established context, in which
all the aforementioned methods can be framed. In particular,
this result completes the path of including the sketching strategy
into the Krylov framework, first taken in Reference [40] with the
Proposition 6.1 above.

Proposition 6.2. Assume that U, is full rank. Let R, be
the upper triangular matrix of theAQR decoAmposition of SU.,.,
With Ry = [Ry. 714130, pega ] and Uy g = (U, U] = Uy R
Then any Krylov decomposition (2.1) can be transformed by
sketching and whitening in the following equivalent Krylov
decomposition

A s A s i S
AU, = U B + U1 Pre,, By = Ry B R +rgqbiyq e, R

T -1
Brs1 = Prgrbrsrnt s

Proof. Consider the Krylov decomposition AU, =U,B, +
Upp1byi ey - Add and subtract Uy R;'rby,, 4e; to have

AUy = Up(By + R by ) + (CURR Py + )by e
Next, with little algebra with R;* we obtain
AUR = U RN (R B R +rby iy el R
+ (“UR i + )b ey R

Finally, we observe that [ﬁk,ﬁk ) =10 uy +1]R;i1 so that for
the last column it holds that @, = —U, R rip1pp ) + Ues1 Py

Hence,
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AUR = Uy R (R B R + gy by e R
+ gy pk+1bk+l,kezR;1

The result thus follows. o

This sketching-based Krylov decomposition may be interpreted
as a way to transform the Krylov recurrence into an equiva-
lent one, with the hope of improving stability. Indeed, for the
decomposition to be well posed, and for the recurrence to make
progress in expanding the space, it is sufficient that the columns
of [U > U111 be linearly independent. We measure this indepen-
dence in terms of the angle between u,,, and 1//'\k = Range(ﬁ )
More precisely, for |||l =1, we define the canonical angle
between #, ., and l?k as the quantity

0,(U;. Uy ) = min £, Uy) (6.4)
veV . |lv]I=1

where £(v, yy;) := cos™ o Uy | /(10N 1 1) [44, p. 45].

The following result shows that linear independence is preserved,
in probabilistic terms.

Proposition 6.3. Let0<e <1.Let U, = [U,.7,,,] beafull
rank sketched Krylov matrix. Let ©, be as defined in Equation (6.4).
Then, with high probability,

cos(®,) <€

Proof. Let V, be a matrix with orthonormal columns such
that Range(V,) = U,. Then O, (U}.iy,,) = 2V, V] ljy1.liyy);
[10, section 6.4.3]. The cosine of this angle is given by

~ ~ (VkVTﬁk+1)T/u\k+1

€08 LV V! gy ligy) = —————
e ViV, el
Using Lemma 5.2, we have

T/\ ~
oS £(Vi V, Uy, Ugyy) — €

l+¢

< cos Z(SV Vi iy, Siyy)  (6.5)
‘We recall that
SI/kI/kTak+1 = Sﬁka_leTi’\k+l = Qka_lI/kT{ik+l

and  Su,, =¢;,;. Then cos 2Z(SV, VI, Siy,,) = cos £

(O TV iy, 4541) = 0. Plugging this into (6.5) we finally
obtain

cos £V V. ) < € (6.6)

=

As a consequence of the angle result above, we observe that
as long as linear independence is maintained via sketching,
the space keeps growing and the approximation keeps mak-
ing progress. This is in line with previous discussions for trun-
cated methods [9]. In later Figure 4(right) (cf. Section 8) we
report on the convergence behavior of the nonsymmetric Lanc-
zos method as s varies for a particular example. The cosine of
the angle associated with the space expansion remains smaller
than one for all selections of s, with smaller values for s larger,

as intuitively expected. In particular, we notice that convergence
(Figure 4(left)) is not at all affected by the choice of s, at least for
this example.

Finally, we emphasize that if a “naturally truncated” recurrence
is employed, such as the Lanczos method, the sketching opera-
tion does not have to act as a convergence-enforcing procedure,
but mainly as a stabilization strategy, to make the basis better
conditioned. Truncation parameters are no longer involved in the
convergence behavior. In this context, the size of s can be dictated
merely by memory constraints for storing the matrix SU,, as long
as SU, remains a tall matrix. In other words, s could be chosen
as large as the memory allocations for SU, allow.

The following remark provides a different and new—to the best
of our knowledge —interpretation of the role of the sketching
operators when the original basis is numerically rank-deficient.

Remark 6.4. In exact arithmetic, the full rank matrices U,
and ﬁk span the same space, which corresponds to K, (A, ¢). If
U, is not numerically full rank, thanks to (6.1) the matrix lA]k
will be better conditioned, with high probability. On the other
hand, numerically it will partially build a different subspace than
a Krylov subspace. Indeed, let U, = INIkM . be the reduced QR
decomposition of the constructed nonorthogonal basis U,. In
general, Range(U,) C Range(ﬁk), and equality holds numerically
only if M, is numerically nonsingular. Hence, if U, is numerically
rank deficient, then numerically Range(U,) C Range(ﬁk) strictly.
Now, sketching ensures with high probability that the matrix U k
is well conditioned. Since

U, = U,R' = U (M, R;")

this implies that Range(ﬁk)z Range(ﬁk), where Range(ﬁk) may
contain spurious vectors, i.e, vectors that do not belong to
K (A, c). How faithful Range(U «) is to the original Krylov space
for the given data depends on how much information is retained
numerically. In Figure 6 of Example 9.2 we provide an illustra-
tion of this phenomenon: we show that in the truncated Arnoldi
recurrence, if the value of the truncation parameter k, is not large
enough, important information of K, (A4, ¢) is lost early during
the recurrence, to the point that the sketched iteration cannot
recover.

7 | Spectral Distance From the Field of Values
of A

In this section, we deepen our understanding of the spectral prop-
erties of the Rayleigh quotient matrix B, by making a closer
connection with the field of values of A, W(A). Thanks to the
discussion in Section 4 and the bound in Equation (4.1), we expect
this connection to give indications on when a sketching proce-
dure will be successful in stabilizing the underlying algorithm.

In the analysis of orthogonalization-based Krylov subspace meth-
ods, the fact that the field of values of B, is contained in that of A
isindeed crucial. In our more general setting, the nonorthogonal-
ity of the matrix [U,, u,, ] in the Krylov decomposition (2.1) may
lead B, to have spectral properties quite different from those of
A. Tt is very easy to construct examples of decompositions where
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some of the eigenvalues of B, fall far beyond the field of val-
ues of A. In Example 8.1 below, we report one such instance,
for the decomposition associated with the nonsymmetric Lanc-
zos method.

The following result aims to bound the distance of the spectrum
of B, from the field of values of A in terms of the quantities avail-
able in the Krylov decomposition, as a means to quantify the
distortion caused by the nonorthogonality of the basis. Then the
bound will be specialized to the Krylov decomposition stemming
from the whitened-sketched procedure. We mention that the geo-
metric properties of Krylov subspaces have long been employed
to characterize the quality of Krylov approximations for various
problems, see, for example, [45]. The first result holds for any pair
of matrices [U,, u,,,1, B, and nonzero vector b,_, satisfying the
conditions of a Krylov decomposition.

Proposition 7.1.  Consider the Krylov decomposition (2.1). Let
A be an eigenvalue of By, and let U = l7kMk be the reduced QR
decomposition of U,. Then there exists a unit norm vector y € C"
such that

14—y Ayl < | cos@©)| llupp ll 1B, M|

< 1cos@)IM ] by

where ©, is the canonical angle between Range(U,) and
Range(uy,;).

Proof. In the proof, we drop subscripts. We first recall that in
the Krylov decomposition, the columns of [U, u] are linearly inde-
pendent. Let U = UM be the reduced QR decomposition of U,
with U having orthonormal columns. By similarity transforma-
tion we thus write the Krylov decomposition (2.1) as

AU =UB +ub" M (7.1)

Then we define & to make u orthogonal to U, thatis# = u — l~Jg
with g = UTu. By translation we then transform (7.1) into

AU=UB+gh" M) +ub" M™! (7.2)
From Equation (7.2) we obtain
UTAU = B+gb"M™!

Let (A, %) be an eigenpair of B with unit norm X. Note that due to
the similarity transformation, 4 is also an eigenvalue of B. Then
we have

UTAUX = A+ X g M™'%

so that, setting y = UX we have |A— y*Ay| < ||g|l |6 M71].
Noticing that ||g|| = | cos(®)] ||u|| the result follows. o

The bound is nontrivial only if 4 ¢ W(A), and it is generally not
sharp, as there may be points in W(A) that are closer to A than
that obtained in the proof of Proposition 7.1. However, for 4 ¢
W(A) it provides important information on the quantities that
may influence the location of the eigenvalues of B, with respect
to W(A). More precisely, ®, describes the linear independence
between U, and u,,,, while || M, || accounts for the conditioning
of the basis U,.

It is crucial to realize that Proposition 7.1 holds for any equiva-
lent Krylov decomposition, whenever U, and B, are replaced by
the appropriate quantities. This allows us to make similar deduc-
tions for all the methods we have considered. Clearly, for a recur-
rence leading to a Krylov decomposition with cos(®, ) close to one
and large [|[M, 11|, some of the eigenvalues of the reduced matrix
B, may happen to lie away from W(A). More importantly, if the
recurrence is such that both quantities have modest values, the
corresponding iteration will behave as if the eigenvalues of B
belonged to W(A). This is indeed the case for the sketched itera-
tion, as shown in the next result.

Proposition 7.2.  Consider the sketched-and-whitened Krylov
decomposition AU K= 0 X §k + 1), +1ﬁk +1e£ asin Proposition 6.2. Let
A be an eigenvalue of ﬁk. Then, with high probability, there exists a
unit norm vector y € C" such that

+ &
[A—y"Ay| <

e [|All

1-¢

Proof.  The bound of Proposition 6.2 for the sketched quantities
reads

14— y* Ayl < 1cos@)| Nyl 1Bsrey Ml
where O, is the canonical angle between Range(lA]k) and ;.
From Proposition 6.3 we have that |cos(®,)| <& and from

Definition 5.1, ||#@,,, || < 1/4/1 — . Tobound the other quantities,
we need to recover the sketched relation. Proposition 6.2 gives

AU, =U; B, + i‘\k+1ﬂk+lef
Using the same notation as in the proof of Proposition 7.1, let
U = U M, be thereduced QR decomposition of U, with

M, =[M,;,*0,M; ] Thenfor g = Ura,

7 7 (R A Tar-1\ A Tar-1
AUy = U (By + gfae, M) + gy My g1 Braey My

Multiplying from the left ‘tly ., we obtain M, ../ Brsrel M1
U, AU,. Hence, ||fie, (UTUYTUN = [1Brpaey M|

-1 ~r 7
1M ¥ AUl Thus

B ML < 1ML ] 1A < (L4 )21 All

. . 1

The last inequality follows from the fact that |Mk+/1< el S
1 — -1/2 _ -1/2

||Mk+’1\|| = and (1+¢&)7 Y2 =1+ ) 26,,,(SU,,,) <

Gmin(Uis1), S0 that ||[M7L]| < (1+¢€)V2. The inequality thus

k+1
follows. |

min

8 | Computational Illustration: Approximating
the Action of a Matrix Function

Numerical experiments showing the good behavior of the
sketched procedure have been abundantly reported in the recent
literature of matrix function evaluations—including the inverse,
of eigenvalue problems, and matrix equations, see the references

10 of 16

Numerical Linear Algebra with Applications, 2025

B5UB017 SUOLULLOD 31D 3|edl|dde aUy Ag pausenob a1 3ol YO ‘8sn 0 S3|nJ 104 AR1q1T BUIUO /8|1 UO (SUORIPUOD-PLR-SLLBYW0D" A3 | 1M ARIq 1 [RU1IUO//SARY) SUORIPUOD PUe SWiB L 8U} 885 *[9202/T0/6T] Uo ARiq1 aulluo A8|1M e1felieuriyo0d Aq 2200. 2IU/200T OT/I0p/wod 3| im Afelq | feul|uoy/sdny Wwoi papeo|umoq ‘€ 'SZ0C ‘90STE60T



in the introduction. In this section, we illustrate our theoret-
ical results using the approximation of the action of a matrix
function to a vector, while in Section 9 we focus on the solu-
tion of the Lyapunov equation, as a model problem. In both
cases, we mainly focus on the use of the nonsymmetric Lanczos
method as an underlying iteration, which provides a different per-
spective, while highlighting the regularization properties of the
randomization-based procedure.

In the following we mainly compare f(A)c with the vanilla
Lanczos approximation f, := ka(Bk)elﬁ'O, where f, = ||u,ll,
and w1th its stab1l1zed -via-sketching version f, : L= Uk f (Bk)e1 Bo»
where Uk, Bk are defined as in Proposition 6.2, and f, =
(S(u))T S(c). Without loss of generality, we assume ||c|| = 1. In
some of the examples, we will also use the truncated Arnoldi basis
and its sketched variant, as a well-exercised equivalent Krylov
decomposition.

We stress that in a practical implementation, the whole of ﬁk will
not be available, but a two-pass strategy should be employed to
recover the final approximation at termination; see, for example,
[40, 46] and references therein.

Example 8.1. We work with f(41) = exp(—4), and consider
the matrix A € R™" with n=4900 stemming from the dis-
cretization by finite differences of the operator £ = L(u) =
—(exp(—=xy)u,), — (€xp(xy)u,), — 100(x + y)u,, + 500u in the unit
square; ¢ has all equal entries, normalized to have unit norm. The
matrix A has eigenvalues all in the right half complex plane. This
coarse discretization is used to be able to explicitly compute the
vector f(A)c for comparison purposes. The convergence of the
Lanczos approximation, in terms of the error norms || f(A)c —
Sills 1 f (A)e — fkll is reported in Figure 1 (dash-dotted and solid
lines, resp.) as k grows. The approximation fk was obtained by
means of the stabilized strategy using Sy, the simple random-
ized subsampling with z; a normalized random probability from
a uniform distribution®, and s = 2k, = 80.

We observe the occurrence of the error peak at the 10th itera-
tion in the standard iteration, corresponding to a sizable nega-
tive eigenvalue (Ritz value) of B, (of the order of —200), while
all other eigenvalues are on the right-hand side of the com-
plex plane. Our analysis in Section 4 implies that the contribu-
tion of the undesired eigenvalue to the approximation should
be irrelevant. More precisely, let B, = QRQ* denote the Schur
decomposition of By, with O =[Q,, gq,] with ¢, consisting of
a single vector, and |gge,| < e. According to the discussion
around (4.2), we notice that at iteration 10, although gge; =
0(1071%), the term f(Ry,) satisfies f(Rgy,) = exp(—(—200)) =
0(10%) so that the quantity f(Ry)q;e, is no longer negligible.
This gives the peak in the error norm, thus strongly affecting the
computation.

In the Lanczos process B, is tridiagonal, and at k = 10 the diag-
onal value (B,),; = w] Au, is about —200, while the entries
(B k-1 and (By),_,, are moderate, leading to an isolated Ger-
schgorin disk. The large value of w{Auk is due to a small value
of i0] i, which scales the new basis vectors i, , i, so has to have
wlu, = 1. Apparently, u, is close to U,_, and it is almost orthog-

k
onal to u,. Forcing the unit norm of these two vectors results

— stabilized

Tl
i
i ~-standard
P
P
i
i
Q
£
o
c
s
5
o
2
'_
10-15, =
0 5 10 15 20 25 30 35
space dimension
FIGURE1 | Example 8.1. Error norm—as space dimension

increases—between f(A)c and its approximation: Lanczos vec-
tor f, =U,f(B,)e; (dashed) and stabilized (sketched) vector
i = Ui f(Bpe, y (solid).

in the shown peak. This irregular convergence behavior is well
known and often reported in the literature, and may have con-
tributed to disregarding the Lanczos recurrence for matrix func-
tion evaluation purposes.

The considered simple stabilization strategy relaxes the biorthog-
onality by making the basis [0 4 U411 more linearly independent.
This allows the resulting Ritz values to be closer to the good half
complex plane, as predicted by Proposition 7.2. For complete-
ness, we mention that the full Arnoldi procedure on this problem
behaves exactly like the stabilized procedure.

We explicitly remark that the previous example may serve as
a source of inspiration also in the eigenvalue problem setting,
where the construction of the left basis W, can be used to approx-
imate the left eigenvector. In our setting, such construction may
be regarded as a parameter-free way to impose a weak orthogo-
nalization property.

Example 8.2. We consider again the same matrix as in the
previous example and the same dimension. This time, we ana-
lyze the performance when dealing with the function f(x) =
exp(—\/Z)c and ¢ is a normalized random vector. In the left
plot of Figure 2 we report the error norm history for the Lanc-
zos iteration (dashed line) and its sketched regularization (solid
curve) using S;; and s = 2k, = 360. In the right plot, we show
the angle of the cosine between U, and u,, (dashed line) and
between ﬁk and 7, (solid line) (the left Lanczos sequence pair
W, and w,_, behaves similarly to the right one, and is thus not
reported). As expected, the stabilized approach is better able to
preserve linear independence (smaller angle cosine) than the
standard procedure.

For completeness, corresponding plots for truncated-and-
sketched Arnoldi are reported in Figure 3, where the truncation
value k, = 3 was used. The full correspondence between the loss
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FIGURE2 | Example 8.2. Left: Error norm—as space dimension increases—between f(A)c and its approximation: Lanczos vector U, f(B))e,

(dashed line) and stabilized (sketched) vector ﬁk f (13,()(31 B, (solid line). Right: Cosine of the angle between the Lanczos quantities Range(U,) and
space(u,,) (dashed line) and between their sketched counterparts Range(ﬁk) and space(i,) (solid line).
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FIGURE3 | Example 8.2. Left: Error norm—as space dimension increases—between f(A)c and its approximation: Truncated (k, = 3) Arnoldi

vector U, f(B,)e, (dashed line) and stabilized (sketched) vector U S (l?,()e1 B, (solid line). Right: Cosine of the angle between the Arnoldi quantities
Range(U,) and space(u,, ) (dashed line) and between their sketched counterparts Range(ﬁk) and space(i,, ) (solid line).

of independence in the basis and the degradation of the error
norm can be appreciated.

Finally, in Figure 4(left) we report the behavior of nonsymmet-
ric Lanczos as s varies from s = 190 to s = 390, which appears to
be rather insensitive to s, at least on this example. Moreover, as
expected, we see in Figure 4(right) that the cosine of the angle
between ﬁk and &, is larger for smaller s (upper curves), as less
independence is induced by the sketched orthogonality. Nonethe-
less, independence is preserved in all cases, envisioning a similar
convergence history.

9 | Computational Illustration: The Lyapunov
Equation in the Lanczos Bases

We consider using the Lanczos bases with sketched regulariza-
tion for approximating the solution to the following Lyapunov
equation

AX + XAT =ccT

Using the two Lanczos recurrences, we can look for an approx-
imation X, = U, Y, U] ~ X, and impose the Petrov-Galerkin
condition on the residual, using the basis for the left space,
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FIGURE4 | Example 8.2. Exploring different values of the sketching parameter s, s =190 : 50 : 390. Left: Error norm—as space dimension
increases—between f(A)c and stabilized (sketched) nonsymmetric Lanczos approximation 0, f (§k )e, B,- Right: Cosine of the angle between Range(ﬁk)

and space(ii, ) for different values of s (the larger s the lower the curve).

W,.. More precisely, let Res, = AX,, + X, AT — ccT. Imposing the
condition
W[ Res W, =0

and using the biorthogonality property WkT U, = I, we obtain
0=wWTlAUUIW, + WU Y UTATW, - W] Upeel U W, (9.1)

=T,Y, +Y, T —ejel (9.2)
This is what we would get by using the “canonical” Lanczos
bases, as it is common in dynamical system reduction processes
[30, Part]. We notice in passing that for stability purposes, the
biorthogonality property is often relaxed to WkT U, = D,,with D,
diagonal. In the matrix equation context, it is important to realize
that the spectral properties of the reduced matrix T} affect even
the existence and uniqueness of the reduced solution matrix Y,,
as the eigenvalues A; of T, should satisy 4; # —4; for all i # j
[47]. If W(A) is, for example, in C* then spec(T},) Cc C* is a suf-
ficient condition for preserving a uniquely well defined Y,. The
sketched recurrence helps achieve this goal, as Proposition 7.2
suggests. Any equivalent Krylov decomposition for which a
sketched relation, as in Proposition 6.2, holds can be used to
obtain an approximation. In the following, we recall the general
strategy, also discussed in Reference [20], keeping in mind that it
will be applied to the Lanczos recurrence.

Using the regularized basis U, = U, R;' with the notation in
Proposition 6.2, and setting X, = U,Y, U, we can write the resid-
ual as
Res; = Al/)k?kﬁ];" + l/)k?kﬁl;"AT - ﬁkelﬁge{l/),;"
= (U By + 1 B )V U] + U YU By + Wy friaef) — Ukelﬁoze{UkT
BY, + VB —e\f2el finVe,

PRI [0, 001"
BriefY '

= [ﬁkﬁkﬂ]

where //?;, =[|1S©)|l.

The reduced solution matrix )A’k can be obtained by solving the
inner matrix equation B, Y, + Y, BT = ¢, j2!. Once again, we
recall that lA]k is not available, and that the final approximation
X « can be obtained, in factored form, via a two-pass strategy. Fur-
ther discussion for the truncated and sketched Arnoldi methods
can be found in Reference [20].

Remark 9.1. 1In the derivation above the basis W, is only used
to impose the biorthogonality of U,, but carries no biorthogonal-
ity relations over 0, « Sketching could in fact be applied to both
bases, that is

U, = U.R",

W, = W,G.!

where R, and G, are the matrices enforcing biorthogonality of
the sketched matrices S(U,) and S(W)), see, for example, [38].
The approximate solution is thus written as X, = U, Y, U], while
the Petrov-Galerkin condition can again be imposed as

Wkr Res, Wk =0
Proceeding as in Equation (9.1), we obtain
0= WTAD T, 07 W, + W 0,5,07 ATW, — W Oyere 0T W, (9.3)
=T.Y, K] + K.Y, T] - Kel K (9.4)
where T, = Ijl\/kTAlAJ cand K, = WkT U,. The biorthogonality of the
sketched basis will possibly make K, well conditioned, though
the basis U, may lose the good properties outlined in the previous

sections. Our numerical experiments did not give us enough pos-
itive insight to encourage us into pursuing this approach further.

The following numerical example illustrates the behavior of the
sketched Lanczos approach, compared to the sketched trun-
cated Arnoldi procedure, for a particularly difficult problem. The
sketching operator S, was used throughout.
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Left: k = 150. Middle: k = 230. Right: k = 290.

Example 9.2. We consider the matrix A € R™" with n=
16 641 stemming from the discretization by finite elements of the
operator £(u) = —eAu +2y(1 — x*)u, + 2x(1 — y*)u, (convection
diffusion with recirculating wind [48]) with ¢ = 0.1, on the unit
square with homogeneous boundary conditions. This is a hard
problem from the benchmark set in the IFISS® software [49], and
a regularized SUPG discretization on a stretched grid was used
to generate the matrix. The vector ¢ was chosen to have nor-
mally distributed random entries. The left plot of Figure 5 reports
the convergence of the original and sketched Lanczos methods
applied to the corresponding Lyapunov equation. In all cases, s =
2k .« = 1200 was used. The regularizing effect of the reduction
procedure in the Lanczos recurrence can be fully appreciated in
the solid curve. The remaining plots of Figure 5 show the conver-
gence history of the original and sketched Arnoldi methods, for
the truncation parameter k, = 5 (middle) and k, = 10 (right). The
convergence obtained by the full orthogonalization recurrence is
included in all plots as the reference method. Clearly, it is very dif-
ficult to know a priori which truncation value will ensure good
convergence of the Arnoldi procedure. On the other hand, the
Lanczos approach completely avoids this issue. For this particu-
lar case, it seems that if k, is too small, too much information gets
lost in the generated space, and the sketched Arnoldi approach
is unable to recover (middle plot). According to Remark 6.4, we

deepen the analysis of this phenomenon by comparing the space
built by the sketched bases ﬁk and the full Arnoldi basis U ;; here
U « is generated by either the sketched truncated Arnoldi method
with k, = 5,10 or by the sketched Lanczos recurrence. The com-
parison is done by computing the cosine of all canonical angles
between the two spaces’. As long as the original matrix U, is full
rank, we expect all cosines to be equal to one, or very close to it.
If U, is numerically rank deficient, then 0 « Will be better condi-
tioned, with high probability, but it will partially build a different
subspace than a Krylov subspace. Figure 6 reports the cosines of
the canonical angles at iteration k = 150, 230, 290, showing that
for all k considered, the Sketched Lanczos iteration is capable of
retaining far more information of U, than the other bases.

The previous example highlights the fact that the weak implicit
biorthogonalization of the Lanczos method overcomes the possi-
ble misconvergence of truncation based procedures, in case a too
small truncation parameter is employed.

10 | Conclusions and Outlook

Sketching strategies have been used in truncated Arnoldi
recurrence-based methods for a variety of numerical linear
algebra problems, although only very recently their algebraic
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properties have started to be investigated. We have shown that a
larger class of methods, verifying a Krylov decomposition relation
can be analyzed using the same framework, and we have derived
an equivalent Krylov decomposition that includes sketched quan-
tities. The class of methods comprises recurrences that have
inherently few terms, so that no truncation needs to be imposed.
In this context, we have proved that randomization can help
stabilize the recurrence by ensuring more linearly independent
iterates, and by controlling the deviation of the eigenvalues of
the reduced matrix from the target spectral region of A. On the
other hand, we have highlighted that sketching may create spu-
rious information if the original basis loses numerical rank too
soon. We have mainly focused on the performance of the non-
symmetric Lanczos recurrence, which satisfies a biorthogonal-
ization property in exact arithmetic. Although in finite precision
arithmetic, this property no longer holds, our (albeit limited)
experimental experience has shown that the “quasi” biorthogo-
nality, together with the sketched procedure, results in an effec-
tive parameter-free method.

Finally, we remark that one could be tempted to use this idea,
“as is”, to stabilize the symmetric Lanczos recurrence. Indeed,
although in exact arithmetic the Lanczos iteration applied to a
symmetric A generates an orthonormal basis, computations in
finite precision arithmetic cause loss of orthogonality; this fact
has been analyzed in great detail starting with the seminal PhD
thesis work of C.C. Paige, see [50]. Some preliminary experi-
ments, however, seem to indicate that our procedure is not appro-
priate, at least in its current general form. Indeed, the matrix ﬁk
determined in Proposition 6.2 is nonsymmetric also in the case
when B, is symmetric, and complex eigenvalues do arise during
the recurrence, irrespective of the possible loss of orthogonality
in the Lanczos basis. Nonetheless, we believe that the topic is of
great interest, and it grants a more specialized analysis.
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Endnotes

1Bold face is used to highlight the fact that all basis vectors are
orthonormal.

2 A coupled two-term recurrence may be preferred for stability purposes,
see, for example, [33].

3 See, for instance, the right plot of Figure 6.1 in Reference [40], where a
similar discussion was performed in terms of eigenvectors.

*The notation ||S(Ux)||3 = (1 + €)||Ux||3 is equivalent to (1 — €)||Ux||3 <
ISWx)I3 < (1 +&)||Ux]]3, see [42].

5 In matlab, prob=rand (s, 1) ; prob=prob/norm (prob,1).

6 Available  at
silvester/ifiss/.

https://personalpages.manchester.ac.uk/staff/david.

71t is sufficient to compute the singular values; in MATLAB it reads
svd (orth(U,)"U,) [10, section 6.4.3].
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