ARCHIVIO ISTITUZIONALE
ONIVERSITA DI BOLOGNA DELLA RICERCA

Alma Mater Studiorum Universita di Bologna
Archivio istituzionale della ricerca

The unified transform method: Beyond circular or convex domains

This is the final peer-reviewed author’s accepted manuscript (postprint) of the following publication:

Published Version:

Hulse, J.J., Lanzani, L., Llewellyn Smith, S.G., Luca, E. (2025). The unified transform method: Beyond

circular or convex domains. PROCEEDINGS OF THE ROYAL SOCIETY OF LONDON. SERIES A, 481(2319), 1-
18 [10.1098/rspa.2025.0313].

Availability:
This version is available at: https://hdl.handle.net/11585/1049413 since: 2026-02-25
Published:

DOI: http://doi.org/10.1098/rspa.2025.0313

Terms of use:

Some rights reserved. The terms and conditions for the reuse of this version of the manuscript are
specified in the publishing policy. For all terms of use and more information see the publisher's website.

This item was downloaded from IRIS Universita di Bologna (https://cris.unibo.it/).
When citing, please refer to the published version.

(Article begins on next page)

10 September 2026


http://doi.org/10.1098/rspa.2025.0313
https://hdl.handle.net/11585/1049413

arXiv:2410.09744v2 [math.CV] 11 Apr 2025

The Unified Transform Method: beyond circular or
convex domains

Jesse J. Hulse!, Loredana Lanzani?, Stefan G. Llewellyn Smith®** & Elena Luca®

'Department of Mathematics
Syracuse University
Syracuse, NY 13244-1150, USA

2Department of Mathematics
University of Bologna
Bologna, Italy

3Department of Mechanical and Aerospace Engineering
Jacobs School of Engineering, UCSD
La Jolla, CA 92093-0411, USA.

4Scripps Institution of Oceanography, UCSD
La Jolla, CA 92039-0213, USA.

°Climate and Atmosphere Research Center
The Cyprus Institute
Nicosia, 2121, Cyprus

Corresponding author: e.louca@cyi.ac.cy

Subject Areas
applied mathematics, transform methods, analysis
Keywords
complex analysis, unified transform method, Cauchy kernel, Szeg6 kernel
Abstract

A new transform-based approach is presented that can be used to solve mixed boundary value
problems for Laplace’s equation in non-convex and other planar domains, specifically the so-
called Lipschitz domains. This work complements Crowdy (2015, CMFT, 15, 655-687), where
new transform-based techniques were developed for boundary value problems for Laplace’s
equation in circular domains. The key ingredient of the present method is the exploitation
of the properties of the Szeg6 kernel and its connection with the Cauchy kernel to obtain
transform pairs for analytic functions in such domains. Several examples are solved in detail
and are numerically implemented to illustrate the application of the new transform pairs.
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1 Introduction

The Unified Transform Method (UTM), introduced by A. S. Fokas in the late 1990s [10], is
a technique for analyzing boundary value problems for linear and integrable nonlinear PDEs.
Since its inception, the UTM has garnered significant interest within the applied mathematics
community. Over time, numerous adaptations of the original method have been developed to
address specific classes of equations. For the Laplace, biharmonic, Helmholtz, and modified
Helmholtz equations in convex polygonal domains, the UTM yields integral representations of
solutions in the complex Fourier plane [11] 4] 5] 7, 21), [6].

In particular, for Laplace’s equation, Fokas & Kapaev [11] formulated a transform method
to solve boundary value problems in simply-connected convex polygons. Their approach ini-
tially utilized various techniques, including spectral analysis of parameter-dependent ODEs
and Riemann—Hilbert methods. Later, Crowdy [2, 8] demonstrated that this method could be
reformulated using a complex function-theoretic framework, leading to the development of a
new transform pair tailored to circular domains (domains bounded by circular arcs, with line
segments and hence convex polygons as a special case). The authors of the present paper have
recently obtained a new construction of so-called quasi-pairs that extends the original approach
of Fokas & Kapaev [11] for convex polygons, to arbitrary convex domains [14], e.g., to ellipses.

The focus of the current study is the development of a transform-based method for Laplace’s
equation in planar domains that may fail to be convex or circular, specifically the class of so-
called Lipschitz domains [18]. Hence this new method provides means for solving mixed bound-
ary value problems in non-convex domains, such as in the interior of a concave quadrilateral.
To achieve this, we build upon Crowdy’s [2] construction for circular domains and develop a
new transform method for solving mixed boundary value problems in Lipschitz domains. We
obtain tailor-made transform pairs to represent the value of a given function at any point in the
domain of interest by exploiting the properties of the Szeg6 kernel for the domain in question,
along with an appropriate conformal mapping.

The Szegé and Cauchy kernels are important in complex analysis and operator theory.
Among their many features, they can be used to produce and reproduce holomorphic i.e.,
analytic functions in a given domain D from the functions’ known boundary values (the classical
Cauchy integral formula is one instance). Both kernels are associated to projections from the
Hilbert space of square integrable functions L*(0D) to the Hardy space H%(D) [14]. (Here
0D denotes the boundary of D.) However, while the Cauchy kernel is completely explicit and
canonical (it does not change with D), the Szegé kernel is domain-specific and in general it is
not known explicitly. On the other hand the Cauchy kernel does not have a good transformation
law under conformal maps, ® : D — D (where D is the unit disc), but the Szegé kernel does.
It turns out that the Szegdé and Cauchy kernels associated to D are identical precisely when
D is the unit disc, i.e. D = D [I5]. This means that whenever one has enough knowledge of
the conformal map for the given domain D, one can use it to obtain an accurate numerical
approximation of the Szegd kernel for D. This idea makes it possible to extend the strategy
of UTM devised by Crowdy [2] for circular domains, to any domain D for which one has a
satisfactory understanding of its conformal map to the unit disc. In this paper, we develop this
idea for a general simply-connected domain D whose boundary satisfies the condition known as
“Lipschitz regularity” [I§], and then we carry it out explicitly for specific choices of D. These
include examples where D is an ellipse, for which a different approach was developed in our
previous paper [14], as well as the cases where D is a concave polygon or a punctured disc.

In §[21 we present the theoretical background needed to formulate the new transform pairs
for analytic functions in Lipschitz planar domains. The transform pairs are then constructed
in §[3] for simply-connected, Lipschitz domains and in §i4] for punctured domains. The next
step involves implementing the method for a variety of mixed boundary value problems in



§BHEL Finally, we conclude and discuss further applications in §[7l (Some technical details are
relegated to Appendices [Al and [Bl)

2 Background

Let D C C denote a bounded domain in C whose boundary is denoted by 0D and closure by
D, that is D = DU dD. In what follows, interior points are denoted by z € D and boundary
points by ¢ € dD. To begin with, we assume that D is a sufficiently smooth domain, say D is
of class C!, so that the unit normal and tangent vectors to D are continuously differentiable
functions of ¢ € dD. The unit tangent vector at any point ¢ € 9D is denoted by Tp(({) and is
given by 0
¢'(t
where ( = ((t) denotes any parametrization for dD. Finally, the arc-length measure for 9D is
denoted by o, and hence
do(¢) = [¢'(1)]dt. (2.2)

It is important to point out that the above and what we say below can also be made meaningful
for less smooth domains, such as the Lipschitz domains [I8] in which case, e.g., (2.I]) and (2.2))
will be valid for o-almost every ¢ € dD. See also the note on the regularity of the conformal
mapping in §2.2.3 below.

Before we proceed further, a couple of definitions are introduced. (See [9], Chapter 10, for
a more detailed discussion.) Let D be a simply-connected domain with at least two boundary
points and let 0 < p < co. An analytic function f on D belongs to H?(D) if the subharmonic
function | f|P has a harmonic majorant in D. The function f belongs to EP(D) if there exists a
sequence of rectifiable Jordan Curves C, (s, ... in D converging to the boundary in the sense
that C), eventually contains each compact subdomain of D, such that

sup/ lf(2)|P|dz] < M < 0. (2.3)

n n

It is a well-known fact that EP(D) and H?(D) coincide if D is the unit disk, and the same holds
true for smooth domains [9]. On the other hand, one has that EP(D) # HP?(D) for Lipschitz
D (see [9], page 183) and we henceforth work with EP(D). If ¢ > p then E9(D) C EP(D). In
particular we have that EP(D) C E'(D) for any p > 1; moreover, analytic functions that are
continuous on D belong to EP(D) for any p > 0.

2.1 The Cauchy integral formula
2.1.1 Definition

For a function f € E*(D), Cauchy’s integral formula states that, for z € D,

fo) =g [ HEL

2ni op G — %

d¢. (2.4)

2.1.2 The Cauchy integral formula as an inner product

In the sequel it will be convenient to express the Cauchy integral formula (2.4]) in terms of the
inner product in L*(0D,do). To this end, recall that the quantity d¢ in (Z4) is the complex
differential d¢ = ¢’(t) d¢, hence

Tp(¢)d¢ =do((), or, equivalently, d¢ = Tp(¢)do((), (2.5)
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where @ denotes the complex conjugate of the quantity a € C. Using (2.5), Cauchy’s integral
formula (24) can be rewritten as

0= [ 105295000 = [ 50 %} (. @)

Thus Cauchy’s integral formula (Z4]) may be reinterpreted as follows:
Theorem 1. (Cauchy formula) For any f € EY(D), we have

f(z) = - f(O)Cp(C,z)da(C) =: (f, CD(-,2)>L2(8D,dJ), z€eD, (2.7)

where (-,-)129p.ds) denotes the inner product in L*(0D,do), and Cp((,z) is the Cauchy
kernel for D [1] and is given by

___1p(¢)
Cp(C,2) = e edD, z¢€D. (2.8)
2.2 The Szeg6 kernel as an alternative for the Cauchy kernel

Let E?(D) be the Hardy space previously defined.

2.2.1 Definition and examples

Theorem 2. (Szegd formula) For any f in the Hardy space E*(D), we have

f(z) = . f(Q)Sp(C, 2)do(C) = (f, Sp(+, 2))r20p,d0)s 2 € D, (2.9)

where Sp(C, z) is the Szeg6 kernel for D [1].

See [I] for the theoretical framework that grants the existence of Sp((, z).
There are a few specific domains whose Szeg6 kernel can be computed explicitly, a number
of examples are listed below:

(a) If D =D = {z € C||z| < 1}, then
LQ 1 1
omi(C—z) 27 (1—(Z)

where we have used that Tp(¢) = i¢. Hence, if D = D, then the Szegé kernel for D equals
the Cauchy kernel. Indeed, the disc is the only domain for which the two kernels are
identical [15].

SD(gaz) = CD(Caz) ==

<=1, lzf <1, (2.10)

It turns out that the Hardy space EP(D) and the Szeg6 kernel may be defined also for so-called
punctured domains [12]. We recall known examples in (b) and (c) below.

(b) If D =D*= {2 € C|0 < |2| < 1} (the punctured disc) and f has a pole of order n € N
at 0 and is otherwise analytic on D* and continuous on D*, then (2Z9) is valid when
interpreted as an integral on 0D with

" 1 1
50 (6:2) = 55(62) = o T Ty

That is, for any f which has a pole of order n at 0, we have

=1, 0<]zl <1 (2.11)

f(z) = mf(C)Sﬂgﬁ)(C,z)da(C):(f,Sﬂg)’Z)(~,z))Lz(aD7dU), 2 e D" (2.12)
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(c) More generally, if D is a simply-connected domain and D* = D\ {2}, for zy € D, is the
punctured domain, and f € E'(D*) has a pole of order n at zp, then

flz) = f(C) (¢, 2)do(C) = (f, S5 (- 2)) 2op.awys 2 € D7, (2.13)

with

52(C,2) = (May 0 ®) " (2) Sp((,2) (Mzy 0 @) (), ¢€0D, zeD*, (214)
where Sp((, z) is the Szeg6 kernel for D, ® : D — D is a conformal mapping, and

Z— 20

M, (2) = (2.15)

1 -2z

The expression (ZI1]) is a special case of (ZI4), with D = D, zp = 0 and ®(z) =
z = M,,(z). Also, note that an analogous formula holds for D* = D\ {z1,...,2,} (a
simply-connected domain with m punctures) [12].

2.2.2 Advantages of the Szegd kernel

The advantage of the Szegd kernel is that it enjoys a good transformation law under conformal
maps between domains in the complex plane, whereas the Cauchy kernel does not. Namely, if
® : D; — Dy is conformal, then

SDI = \/ (I)/ SD2 )) (IY(C)’ C c 8D1, z € D17 (216)

which is valid, for example,

(a) for any z € Dy and any ¢ € 9Dy, if D, is simply-connected and of class C*!, and Dy = D
(the classical setting);

(b) if Dy is simply-connected and Lipschitz, and Dy = D, then equation (216 is valid in the
sense that, for any z € Dy,

Sp, (- \/(IJ’ )Sp(P ®'(-) as functions in L*(D, o). (2.17)

It follows that, for any z € Dy and for o-almost everywhere ¢ € 0D,

Sp, (¢ \/<I>’ )Sp(P (2)VP(C), (2.18)
and this formula for Sp, (, z) can be made even more explicit by employing the expression
2.10) for Sp(P(¢), (2))-

(c) if D1 = A1 (0) ={z € C|l < |z|] < o0} and Dy = D* :=D \ {0}, then (2.I6) is valid for
any ¢ € 0A1 (0) and any z € A; (0) with ®(z) = 1/z; see [23].

Returning to (2.I6]), using (2.1), we can write

Sp,(¢,2) do(Q) = V/'(2) Sp,(2(Q), 2(2)) V¥(C) Tp, (Q) dC. (2.19)
Furthermore it is known ([1], p. 53) that
Tp, (D(O)VP'(C) = V¥ (O)Tp,(C), ¢ €dD. (2.20)
Substitution of (2.20)) into (2.19) gives
Spy(¢,2) = V®(2) Sp,(® )) V'(C) To,(2())dC. (2.21)



2.2.3 Regularity of conformal mapping

e Pommerenke [I8] (Theorems 3.5 and 3.6): Let D C C be a proper simply-connected
domain of class CHl andlet ®: D — Dbea conformal map. Then @ extends to a map:
D — D with ® : 9D — 9D. Furthermore, ® € C''(D) and ®'(¢) # 0 for any ¢ € D.

e Duren [9] (Theorem 3.12): Let D C C be a proper simply-connected domain, let ® : D —
D be a conformal map, and let ¥ : D — D be the inverse map. Then 0D is rectifiable
if and only if ¥ € H'(9D). Cauchy’s theorem holds on domains that have rectifiable
boundary (Duren [9]; Theorem 10.4). Lipschitz domains have rectifiable boundary, thus
Cauchy’s theorem may be applied in Lemma [l below.

2.3 Transform pair for circular domains via the Cauchy kernel func-
tion
2.3.1 The transform pair

Returning to the Cauchy integral formula (24]), for the case when D = D is the unit disc, it
was proved by Crowdy [2] that the expression 1/(¢ — 2) (for ( € 0D and z € ; see Fig. [Tal)
admits the spectral representation

1 1 Zk k eQwik Zk
C — = / 1 — eka CkJrl dk + / CkJrl dk _'_/L‘ 1 — 627ril<: CkJrl dk’ <222)
3

where L;, j = 1, 2, 3 are contours in the spectral k-plane, as shown in Fig. [[bl That is, the
contour L is the union of the negative imaginary axis (—ioco,ir] and the arc of the quarter
circle |k] =7, 0 < r < 1, in the third quadrant traversed in a clockwise sense; the contour Lo
is the real interval [—r, 00); the contour Ls is the arc of the quarter circle |k| = r in the second
quadrant traversed in a clockwise sense together with the portion of the positive imaginary
axis [ir,ic0) [2]; see Fig. [MBl Replacing the function 1/(¢ — z) in (24) with its spectral
representation ([2.22]), we find the following transform pair for the interior of the unit
disc [2]:

_ QL { 1_62 A kdk+/L2p(k)zkdk+/L3%zkdk} , zeD,
(2.23)
p(k) = 7{ 252 d¢, keC.
The global relation states that
plk)=0, keZ; (2.24)

see [2].

3 A transform pair for simply-connected domains

In this section, we show how to obtain transform pairs for simply-connected Lipschitz domains
by exploiting the properties of the Szegd kernel.



Figure 1: (a) Point ¢ on the boundary of D and point z in its interior, (b) The fundamental
contour for circular arc edges with 0 < r < 1 [2].

3.1 The transform pair

Theorem 3. Suppose that D is a bounded simply-connected domain with Lipschitz boundary,
let ® : D+ D be a conformal map, and let f : D — C be in the Hardy space E*(D). Then the
following holds:

flz) = % ®'(2) [/Ll 1 f(?mkq)(z)’“ dk +/

p(k)q)(z)kdk—l—/L M@(z)kdk , z€D,

Lo . 1— eQwik
(3.1)
where 5
o) = [ IEAIOU ke (32)

We refer to the pair (f, p) as the transform pair for D.

Proof. Combining the formula (221 for D; = D and Dy = D with the formula (2.10) for
Sp(¢, 2), we find

501G Mo 6) = VBTN 5 o B ) BTG o
_ Y iV (¢) .
~ 2V e
Substitution of this expression in the Szegé formula (2.9) gives
f(z) = - f(€)Sn(¢,2)da(C)
(3.4)
_ 1 7 (<)
—Q—Wi\/@ an(O W] ¢,  zeD.

Next we point out that ®({) € dD and ®(z) € D by the mapping properties of ®, so the
spectral decomposition (Z22) gives

1 :/L 1 ®2)F dk+/L Mdk+/L e _8(2)" dk, (3.5)

O(C) — d(2) (1 — ek (kI O(()kHT 1 —e2mik ()t
with ( € 0D, z € D and where the contours L;, j = 1,...,3 are shown in Fig. [bl Combining
B3) with (34), we obtain (B1) with p(k) as in ([B.2]). O
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3.2 A new global relation
Lemma 1. Let D be a bounded Lipschitz domain, ® : D +— D be a conformal map and
f € E*(D). Then,
P'(z)
Dk (2)
Moreover, for p(k) as in (8.2), we have

f(z) e H¥(D), ze€D, VYke€Z . (3.6)

p(k) =0, keZ . (3.7)
We refer to (31) as the global relation for D.

Proof. Let k € Z~ and write n == —k — 1 € Z}. We can then write

7(n) = p(—n — 1) \/ Q) f(¢ . (3.8)

In order to prove that p(k) defined as in (BE) satisfies the global relation (B.7), it is enough to
show that
7(n) =0, for n € Zg . (3.9)

We denote the inverse of the conformal map ® by ¥ := &~ : D — D. By Caratheodory’s
theorem [9], ¥ has a conformal 1-1 and onto continuous extension to D. We have W/(z) # 0,
for |z| < 1. Given that the constant function g(z) =1 € E*(D), then by [9, corollary 10.1] we
have that ¥’ € H?(D) ¢ H'(D). Further, \/@ is nonzero almost everywhere on 9D (by [9,
Theorem 10.3]). Therefore we may write U'(w) = /¥ (w)/¥'(w), for almost every |w| = 1.
Now, applying the change of variable formula Q = U(w) to 7(n), we find

\/7 w" W (w) dw
_ / VETR@IT@(S o ) (w0 o U (w)y T du (3.10)
LD[(f ") o U)(w)~/ T’ (w) dw,
where - denotes the pointwise product, and we have used that (® o ¥)'(w) = 1, Vw, because

(PoV)(w) =w.
Following Duren [9], we have

f-®" e F*(D) & [f 9oV -V e H* D)= E*D), (3.11)

in which case 7(n) = 0, for n € Z§, by Cauchy’s theorem for E'(D) (and the fact that
E?*(D) C E'(D)). Therefore, the question whether 7(n) = 0 is reduced to whether the following
statement is true:

f€E*D) and ®:D — D conformal = f-®" € E*D). (3.12)

To this end, we claim that ® extends to ® € C(D) N ¥(D). To see this, by Caratheodory’s
theorem [9], ¥ extends to a homeomorphism ¥ : D + D (more precisely, ¥ € 9(D) N C(D),
U : 9D + D homeomorphism, ¥|p = 1). Hence =1 : D + D is a homeomorphism and we
may take ® := W~!. The claim is proved.

Now it is well known that (with (D) denoting the functions analytic in D),

E*(D)-{9(D)nC(D)} C E*(D), (3.13)



and since ® € ¥(D)NC(D), the above implies that the same is true for ", Vn € Z. It follows
that f - ®" € E*(D) - {9(D)NC(D)} C E*(D). Therefore we have shown that the statement
(312) holds. In order to prove (3.7), one substitutes the definition of p(k) given in (3.2)) into
the formula for f(z) given in (B.1]). Then (B.7) follows by switching the order of integration
and applying Cauchy theorem. See Appendix [Bl The lemma is proved. O

4 A transform pair for punctured domains

As a first step to derive a transform pair for a punctured domain D*, we consider the conformal
mapping ¢ : D* — D* which maps the punctured domain D* to the punctured disc D* =
D\ {0}, and we write n = ®(¢) and w = ®(z), for ( € ID*, z € D*.

The function f is in E%(D*) and we assume, without loss of generality, that it has a first-
order pole at ®1(0). For the definition of the Hardy space for D* see [12]. From (2.I1)), the
Szegd kernel for D* with a first-order pole at 0 is given by

1 1

- = — =1 1. 4.1
S]D) (naw) 271' 77@<1 _ nw)a |77| ) O < ‘U}| < ( )

Therefore, we can write

1 1 1

So (1, w) = 2r iw(1 — nw) T or w(n —w)

(4.2)

Since for Dy = D we have Tp,(®(()) = i®((), expression ([2Z.2I)) can be written as

5o G400 = VIE) 3 g gy VEO-R@.  (43)

Substitution of (£.3) into (2.9) gives

f(z) = f(Q)Sp-(¢, 2) do(¢)

aD*

1V f@[MO‘MO]M’ N 4

T om ®(2) Jop (() — o(2)

Combining ([A4]) with ([3.3]), we obtain a transform pair for the punctured domain D*
with a first-order pole at ®7'(0), namely:

fz) = QLm qj;()z) UL 1f(gﬂkq)(z)kdk+/h p(k)q><z)kdk+/L3%q><z)kdk , ze€ D"

(4.5)
where
V()
k) = fQ)d¢, keC. 4.6
o) = | G0 (16)
One can show that the global relation is again
p(k)=0, keZ . (4.7)

[Note that (£3)—-(6) are different from ([B.I)—-(B.2]) by an extra factor 1/®(z) in the represen-
tation of f(z) in (43]), and an extra factor 1/®(¢) in the integrand of p(k) in (3.2)).]



5 A boundary value problem on an elliptical domain

In this section, we present a generalization of the mixed boundary value problem considered
by Shepherd [20] on the disc to a problem posed on an elliptical domain. The mixed boundary
value problem on an elliptical domain was also analysed in our previous study [14] and here it
is used for verification of the transform method developed in §[3

Consider an elliptical domain D, namely

22
D = {zE(C,:c:Re[z],y:Im[z] E+ﬁ<1}’ (5.1)
whose boundary is
22
aDz{ZGC,x:Re[Z],y:Im[z] ?Jrﬁ:l}' (5.2)

We consider the following incomplete Dirichlet boundary value problem for analytic functions

0f(z) = z €D,
Ref(¢) = Re( e Cy={C€dD and Re( > 0}, (5.3)
Imf(¢) =Im¢", € Cy={CeadDand ReC <0},

for a given m € N.
We parametrize the ellipse using polar coordinates (I, ), with 0 < 6§ < 27 and

ab
[(0) = , 5.4
©) v/ (bcos )2 + (asin6)? (54)
and write .
¢(0) = 1(0)e’ € OD. (5.5)
The boundary value problem (5.3]) can be written in terms of polar coordinates as
af(z) =0, z €D,
Re f = [1(0)]™ cosmd, 0e(—n/2,m/2) (or Cy), (5.6)
Im f = —[I(#)]™ sinmd, 0 e (n/2,3m/2) (or Cy).
On C], we write
f(6,1(0)) = [L(8)]™ cosmb + i(ao + Z [anemne + a_ne_Qi"O] ), (5.7)
n>1
where the coefficients ag € R and {a,, € Cln =1,2,...} are to be determined.
On (5, we write
£(6,1(0)) = (bo +3 [bneQine + Ee—m"ﬂ) —i[U(0)]™ sinmé, (5.8)

n>1

where the coefficients by € R and {b, € Cln =1,2,...} are to be determined.
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ImIf(CO)]
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(a) Parameters: a =2, b = 1. (b) Parameters: a =3, b= 1.

Figure 2: Real and imaginary parts of f(¢(0)), 0 € [—n/2,37/2] along the boundary of the
ellipse, for m = 2: numerical solutions [14] (solid lines) and solutions computed via the trans-
form method presented here (dots).

On substitution of (5.7) and (5.8) into the global relation (3.7), we obtain a linear system
for the unknown coefficients given by

a0 A(0,k) + Y (anA(Qn, k) + G A(—2n, k))

+ bOB(O,_ K+ (an(Qn, k) + baBB(—2n, k)) =r(k), keZ
- - (5.9)
a0 A©K) + > (@ ACn, k) + an A(=2n, )
+ bOB(O,_k) + Z (EB(Qn, k) 4+ b,B(—2n, k)) =r(k), keZ,

where

/2 7 _ 3m/2 7 _
An, k) =1 / W/Qﬁmemec(e)de, B(n, k) = /ﬁ/2 %Mc(e)de, (5.10)

and the function r(k) is defined by

/2 / 3m/2 /
r(k) = — / W/Q[Z(Q)]mcos(me)ﬁgq(ﬁ) 40 +i /ﬁ , [l(@)]msin(me)ﬁmg'w) do.
(5.11)

The conformal mapping ® is defined in Appendix [Al it maps the interior of the ellipse D to
the unit disc D.

To proceed, the sums (5.7) and (B.8) are truncated to include only terms up to n = N
and we formulate a linear system for the 4N + 2 unknown coefficients. The linear system
comprises the conditions (B.9) evaluated at points k = —Ny,...,—2,—1, for N, > 2N + 1,
forming an overdetermined linear system of 2NN, equations. The unknown coefficients are
found by a least-squares algorithm. We found that the coefficients {a,, b,|n =0, ..., N} decay
quickly and, therefore, we choose the truncation parameter to be N = 16. Once the coefficients
{an,bpln =0,..., N} are found, the spectral function p(k) and f(z) can be computed via the
transform pair (BI)-(B.2). Our results here were verified against the numerical solutions of
our previous study [14].

Figure 2 shows the real and imaginary parts of f({(0)), 8 € [—m/2,37/2] along the boundary
of the ellipse, for m = 2 and different parameter choices for a and b, computed via the numerical
scheme of [I4] and the solutions obtained via the transform method presented here. The
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numerical solutions via the approaches agree up to 8 decimal digits for similar parameter
choices. We observe that the two solutions depicted in Fig. 2] display discontinuities in the real
part of f for § = w/2 and 6 = 37 /2 (also corresponding to § = —7/2), which are the values
where the boundary conditions change type. Discontinuities as such are not surprising given
that the solution is in E(D).

6 Application in fluid dynamics: A point vortex inside
a concave quadrilateral

In this section, we present an application of the new transform pairs to a problem in fluid
dynamics, in particular within the framework of a two-dimensional, inviscid, incompressible,
and irrotational (except for point vortices) steady flow. We consider a point vortex (a vortex
with infinite vorticity concentrated at a point) in the interior of a concave quadrilateral and
the aim is to find the resulting fluid flow satisfying the impermeability boundary condition.

6.1 Governing equations

On a given domain D, we consider a two-dimensional inviscid, incompressible (the velocity
field u = (u,v) satisfies the continuity condition V - u = 0), and irrotational (the vorticity
w =V x uis zero) steady flow. Since the flow is irrotational, there exists a velocity potential
¢(z,y) such that:

u= %, v = g—(;j (6.1)
The incompressibility condition then implies that ¢ satisfies Laplace’s equation:
V2 = 0. (6.2)
A stream function ¥ (x,y) can also be introduced such that
u= Z—ZJ, = —g—i}. (6.3)
The stream function 1 also satisfies Laplace’s equation:
V2 = 0. (6.4)
It is natural to introduce a complex potential function h(z), where
h(z) = ¢(x,y) +iv(x,y), with z =z + iy. (6.5)

The complex potential function h(z) is analytic in D since ¢(x,y) and 1 (z,y) are harmonic
conjugates. Note that although h(z) is analytic in the fluid region, isolated singularities are
permitted to model flows of interest.

6.2 Problem formulation and solution scheme

Consider a point vortex with circulation I' at point zy in the interior of the concave quadrilateral
D with vertices v;, j = 1, 2, 3, 4, as shown in Fig. Bl To begin, we introduce the complex
potential function h(z) as in (6.3) and write

h(z) = f:(2) + [ (2), (6.6)
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Figure 3: Schematic of the configuration: a point vortex at zy in the interior of the four-sided
polygon D (left) and the mapped domain D (right) via the conformal mapping ®.

where
fi2) = % log (= — 20). (6.7)

The function f(z) is analytic in D and will be found using the transform method developed in
§Bl

We impose an impermeability condition on the boundary of D which means that the nor-
mal velocity component must vanish on each segment of the boundary. This is equivalent to
requiring that the stream function ¢ be constant along the boundary; without loss of generality
we assume that this constant is zero. The impermeability condition can be expressed in terms
of the complex potential as

¢ =1Im[h(¢)] =0, (e€aD. (6.8)
Substitution of (6.6]) into (6.8) gives
Im[f(¢)] = —Im[fs(C)]. (6.9)
We represent f(¢) on the four sides S;, j =1, 2, 3, 4 of 0D using Chebyshev expansions:
Za]nTn - 1 Im[fS(C]( ))]7 fOI' S 6 [_1’ 1]’ j = ]-72a 374a (610)
n=0

where T,,(s) = cos(n cos™*(s)) is the nth Chebyshev polynomial and {a;, € Rjn =0,1,2,...}
are to be determined. The sides S}, j = 1,2, 3,4 are parametrized by

1—s 1+ s

gj(S) = 2 vj + 2 Vj+1, SE€E [—]_, 1], (611)

respectively, with vertices v;, j =1, 2, 3, 4 (and v5 = v), as shown in Fig.

The infinite sums in (6.10) are truncated to include terms up to n = N. On substitution
of (61I0) into the global relation (3.7)), we obtain (after some algebra and rearrangement) a
linear system for the 4N + 4 unknown coefficients {a;, € Rln =0,...,N}, for j =1, 2, 3, 4.
The interior of D is mapped to the unit disc D via a Schwarz—Christoffel mapping ® computed
numerically [8]. The linear system is given by

4 N
> ) apwPi(n,k) = R(k), forkeZ, (6.12)

j=1 n=0
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Figure 4: Streamlines for a point vortex of strength I' = 1 at point zy in the interior of the
four-sided polygon D with vertices {a — ic,ib, —a — ic, 0}, for (a,b,c) = (4,3,1). Results are
shown for the point vortex at (a) zo = 2i, (b) z0 = 1 and (c) zp = —1.5 + 0.51.

where

P . L)
Pk = [ T G ) d (6.13)

and

—12 / Im|[ f5(¢;(s))] (?/((C;)iz)lc (s)ds. (6.14)

The linear system (6.12) is evaluated at points k = —Ny, ..., =2, —1, for Ny > 4N + 4, which
are used to form an overdetermined linear system. The unknown coefficients are found by a
least-squares algorithm. We found that the coefficients {a;, € Rjn =0,..., N}, for j =1, 2, 3,
4, decay quickly and, therefore, we choose the truncation parameter to be N = 16. Once the
coefficients are found, the spectral functions and f(z) can be computed via the transform pair
BI)—-(B.2). Our results were verified against an exact solution found using conformal mapping
techniques: in our previous study [14], we presented an exact solution for the complex potential
function for a point vortex inside a unit disc. This means that, having a conformal mapping
from the given domain to the unit disc, together with the fact that an exact solution for
the complex potential function inside the unit disc is available, one can obtain the complex
potential inside the given domain. Figure [4 shows the streamline pattern for a point vortex of
strength I' = 1 at points in the interior of the quadrilateral D.

We also note that alternative basis functions, beyond the Chebyshev expansions (6.10]) used
here, could be employed. For instance, Jacobi functions [24] that incorporate the known local
behaviour near corner points could be used. A detailed analysis of optimal function represen-
tations is beyond the scope of this study, but it remains a subject for future investigation.

6.3 Alternative approach via mapping to the punctured disc

Consider the punctured concave quadrilateral D* and introduce the conformal mapping & :
D* — D* which maps D* to the punctured disc D*. The puncture is located at point zy =
®~1(0) and assume we have a point vortex with circulation I' at point z.

We introduce the function w(z):

w(z) = ws(2) + 5= f(2), (6.15)
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where
r 1
ws(z) = 5 ’
21z — 2z
and f(z) is given by (4.5). The function w(z) is analytic in D*. Note that the function w(z)
represents the complex velocity w = u — iv.

The impermeability boundary condition on the quadrilateral can be written as

(6.16)

Im[u-n] =0, (6.17)
where n = (n,,n,) is the unit normal to the boundary. This can be expressed as
I [uw(C)(=1)¢(s)] = 0. (6.18)
Substitution of (6.I5]) into (G.I8) gives

r
tin | 3 OC(9)| =l ) (-0 (5) (6.19)
Next, we write
r
116 meT ) +1 T [w,(¢(s)(=D)¢j(s)] s € [-1,1], (6.20)
on the four sides S5;, j =1, 2, 3, 4 of 9D*, where the coefficients {b;, € Rln =0,1,2,...} are

to be determined.

On substitution of (6.20) into the global relation (A7), we obtain (after some algebra and
rearrangement) a linear system for the 4N 4 4 unknown coefficients {b;, € Rjn =0,..., N},
for j =1, 2, 3, 4. The infinite sums are truncated to include terms up to n = N. The linear
system is given by

4 N
Z > binUi(n, k) = V(k), forkeZ, (6.21)

where
Ui(n, k)= /1 Tn(s)% ds (6.22)

and

(Gi(s))*

The linear system (G.21]) is evaluated at points & = —Nj,...,—2,—1, for N, > 4N + 4,
which are used to form an overdetermined linear system. The unknown coefficients are found
by a least-squares algorithm. We found that the coefficients {b;, € Rjn = 0,..., N}, for
7 =1, 2,3, 4, decay quickly and, therefore, we choose the truncation parameter to be N =
16. Once the coefficients are found, the spectral functions and f(z) can be computed via
the transform pair (LI)-(@6). This alternative approach does not appear to present any
advantages nor disadvantages in comparison with the approach described in §[6.2] namely, the
numerical computations agree up to 16 decimal digits for similar parameter choices.

0 ==Y [ GG S i s (6.23)
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7 Summary and discussion

In this study, we have expanded the scope of the UTM to address boundary value problems
in Lipschitz and in particular non-convex planar domains, including shapes beyond circular.
Building on the work by Crowdy [2] for circular domains, we developed a novel transform
method which is also applicable to punctured domains. We analysed a mixed boundary value
problem in an elliptical domain with different boundary conditions imposed on different arcs of
the boundary, as well as a fluid dynamics problem inside a non-convex punctured quadrilateral;
for the latter problem we have in fact pursued two different approaches in §[6.2H6.3] and neither
appears to be more or less advantageous than the other.

Our work underscores the importance of the Szeg6 kernel and its connection to the Cauchy
kernel in extending the UTM beyond polygonal or circular domains. The Cauchy kernel lacks
favourable transformation properties under conformal maps, while the Szeg6 kernel has a good
transformation law. The applicability of this new transform pair relies on the numerical com-
putations afforded by the conformal mapping ® from the domain of interest to the unit disc.
This provides a framework that broadens the applicability of the UTM to any simply-connected
Lipschitz domain, including non-convex domains, with a conformal map to the unit disc, as
well as punctured Lipschitz domains.

The transform method developed in this paper serves as a stepping stone for further research
in solving boundary value problems in more complex geometries, including exterior/unbounded
domains and multiply-connected domains. The following questions naturally arise:

. Extem'or/un_bounded domains: Given a bounded domain D, we denote its complement by
Dg = C\ D. Note that 9Dg = 9D and dop,(2) = —dop(z). Is it possible to obtain
a Szegd projection/kernel for Dg via a conformal map ® : C\ D +— C\ D? The Szeg6
formula

f(z) = f(O)Sp,(¢,2)dop,(¢),  2€Dp=C\D (7.1)

9D
is valid for any f € E?(Dg).

o Multiply-connected domains: Consider a multiply-connected domain D. Without loss of
generality, assume that D is a doubly-connected domain (for example, the domain D
could be the region exterior to the ellipse (5.1]) and interior to the channel —co < x < 00,
—h < y < h, with b < h); a schematic is shown in Fig. B Assume we can determine
numerically a conformal mapping ® : D +— A, where A is the annulus with 0 < R < 1.
The Szeg6 kernel for the annulus is given by [23]:

1l (za)"
Sa(2) = 5 nz_oo T o=t (7.2)

Is it possible to construct a transform pair for the doubly-connected domain D? Is it
possible to extend this approach to domains with higher-connectivity?

Finally, we note that this new approach can be also used to analyse boundary value problems
for the biharmonic equation (which will involve solving for two analytic functions; Langlois [16],
Luca & Crowdy [17], as well as the complex Helmholtz equation discussed by Hauge & Crowdy
[13] and Hulse et al. [14].
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Figure 5: Domain D is the region exterior to the ellipse (5.I) and interior to the channel

—o0 < x <00, —h <y < h, with b < h (left). The mapped domain A is the annulus with
0 < R <1 (right).
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A Conformal mapping for the ellipse

Consider the ellipse
2 2

x Y
— + 2= 1, (A.1)
with a > b and foci at distance ¢ = va? — b2 > 0.
Mapping the interior of an ellipse to the disc: The conformal mapping ® from the

ellipse (A1) in the z-plane to the unit disc D is given by (Schwarz [19]):

®(z) = Vk sn (ﬁ sml(z),m) : (A.2)

™

where sn is the Jacobi sn function and the definition of parameters k, K and m is given in
[19, 22).

B Switching the order of integration in the transform
pairs

Let d|¢| and d|k| denote the arc-length measures with respect to ¢ and k. For the new transform
pair, the order of integration may be switched if

//M V) fIC 2mkq)(z)k dlk|d|c] < oo (B.1)

k+1 1—
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with analogous inequalities also for Ly and L. Further, we only need to check that the modulus
of the integrand decays sufficiently as |k| — oo. Hence it suffices to check the integrals above
are finite with L; replaced with L} := L; N {|k| > r} for 1 < j < 3. Let Arg({) denote the
principle argument of . The complex exponential is multi-valued, in particular when |w| =1,
we have that

w2k+1 _ eQik(Arg(w)-{-Qnm)’ m e 7Z. (B2)

Choose m = 0 and let k € LT. Recall that LT = {—ilk| : |k| > r} (see Fig. [[h). Denote
0 := Arg(w). Then

1
’wQ(kH)

1 —2|k|Arg(w) __ 72€|k\
o eZikArg(w) ’ =¢ e =e <B3)

Applying the change of variables ( = W(w), we find

/@/
. ki d¢ = / fwk+1 VU (w) dw. (B.4)
Let

a < Arg(w) =60 < b where b — a = 27. (B.5)
Holder’s inequality yields

[Vt i < | [t | ot

6=b
< 201k|
M\// ‘wz e [dlwl = \/[Q\k\e ]9 a

We note that H*(D) C H'(D) so that f2(¥(w))¥'(w) € E'(D) = HY(D) by [9, corollary 10.1].
If we let a =0 and b = 27, then we have

(B.6)

% ’f \I// ’d|w| <M |: —20|k\i| =T M |]_ — e47r\l€|| (B 7)
wk+1 \/ 2|k| O——m 2[k| td .
Combining the observations above gives
/(¢ (IJ’
VT ajciape = VOO gy am
L+ oD 1 _ eZUrk ( k—i—l Lf 1— eka k+1
(2)F M |1 — enlkl|
= / = [«/ M e Tw @3
_ VIL = ) rars(a)
- gl Ul
For the integral at the end of (B.8]) to be finite, we need
—|k|(m — arg(®(z))) < 0. (B.9)

Given that —|k| < 0, this holds when arg(®(z)) < 7. Repeating the work above for L] shows
that we may switch the order of integration when arg(®(z)) > —n. The order of integration
on L3 may be switch regardless of arg(®(z)). Thus the order of integration may be switched
if —7m < arg(®(z)) < m. Repeating the work above with a = 0 and b = 27 shows that the order
of integration may be switched if 0 < arg(®(z)) < 2.
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