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ABSTRACT. We carry out an analysis of the existence of solutions for a class of nonlinear partial differ-
ential equations of parabolic type. The equation is associated to a nonlocal initial condition, written
in general form which includes, as particular cases, the Cauchy multipoint problem, the weighted mean
value problem and the periodic problem. The dynamic is transformed into an abstract setting and by
combining an approximation technique with the Leray-Schauder continuation principle, we prove global
existence results. By the compactness of the semigroup generated by the linear operator, we do not
assume any Lipschitzianity, nor compactness on the nonlinear term or on the nonlocal initial condition.
In addition, the exploited approximation technique coupled to a Hartman-type inequality argument,
allows to treat nonlinearities with superlinear growth. Moreover, regarding the periodic case, we are
able to show the existence of at least one periodic solution on the half line.

1. INTRODUCTION

In this paper we consider the following class of nonlinear partial differential equations of parabolic type

ug = Au+ h(t,z,u(t,x)) for (t,x) €]0,T[xQ (1.1)
where Q C R¥| is a bounded domain with C2-boundary and h: [0,7] x Q x R — R is a given map, under
the following assumptions:

(h1) for every v € R, h(-,-,v): [0,T] x © — R is a measurable function;
(h2) for every t € [0,T] and x € Q, h(t,z,-): R — R is continuous;
(h3) there exists m > 0 and £: [0,T] x @ — R, such that
- L(-,x) € L=([0, T);Ry) for a.e. x €
- L(t,-) € LI(;Ry) for ae. t € [0,T];
and such that

\h(t,z,0)| < £(t,x) +m|v|P/9, for every v € R and for a.e. (t,z) € [0,T] x €,

k
with2§q<p<oofork§2and2§q<p<oo,ﬂ>§,fork>2;

q
(h4) v h(t,z,v) <0, for every v € R and for a.e. (t,z) € [0,T] x Q.
The symbol A denotes the usual Laplace operator and we consider Dirichlet boundary conditions on 9f).
A simple example of a map satisfying the required assumptions is

sin(u) +2 4
( » Ly ) 241 ) ( )
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see Example More generally, h can be a cubic polynomial, thus, the reaction diffusion model consid-
ered fits into the general Chafee-Infante class of partial differential equations studied by Henry [13]. In
such a model, the semilinear parabolic equation describes the evolution of the gene frequencies in the dif-
fusion approximation for migration and selection at a multiallelic locus. Henry investigated the problem
of existence of solutions as well as equilibria for two alleles in the case of homogeneous, isotropic migration
(corresponding to the Laplacian). Since then, the problem was extended by many authors, for instance,
Lou and Nagylaki in [26] considered the case of multiple alleles and of arbitrary migration (corresponding
to an arbitrary elliptic operator); Huang and Huang in [I7] consider (LI with h(t,z,u) = A(t)(u — u?)
and prove the existence of periodic mild solutions; Viorel in [33] studies (I.I)) with Neumann boundary
conditions, combined to an integral-type nonlocal initial condition and proves the existence of global
solutions near asymptotically stable equilibrium points.

We associate to the above equation a general nonlocal initial condition:

u(0,-) = g(u), (1.3)

where g : C([0,T]; LP(Q2;R)) — LP(;R), for 2 < p < oo, is a continuous function satisfying hypotheses
(g91), (92) of Section Bl These assumptions allows to consider all the usual examples of nonlocal initial
conditions such as periodic/antiperiodic, multipoint and integral-type initial conditions.

The growing interest for the existence of solutions of (II) which satisfy given nonlocal initial conditions
arises with the possibility of these trajectories to capture additional information on the dynamics. In
particular, the study of differential problems with nonlocal initial conditions was started by Byszewski
with his pioneering paper [6], where the initial condition is given by

w(0) + g(t1, -y tm,u(r)) = uo (1.4)

where 0 < t; < -+ < t,, <T. Concrete nonlocal initial-boundary value problems for semilinear parabolic
equations arising in physics (particularly in the mathematical modeling of heat conduction or diffusion
processes) are analyzed in [9], [I9]. In particular, in [9] the multipoint initial condition is used to describe
the diffusion phenomenon of a small amount of gas in a transparent tube. In these cases, the condition
(C4) allows the measurements at ¢ = 0,t1,...,t,, rather than just at ¢ = 0. So more information is
available. Subsequently, the abstract problem associated to (IT]) with initial nonlocal conditions has been
extensively studied in the literature. For instance, Boucherif and Precup in [5] consider the multipoint
condition under the assumption of the compactness of the semigroup generated by the linear part. In
the same setting, see also [40] for functional semilinear differential equations and [§] for strong solutions.
Paicu and Vrabie [28] consider a general nonlocal initial condition of type (L3).

Compared with the existing literature on the argument, the main novelty of our result is that we construct
an abstract theory to solve differential equations that can take into account the superlinear growth of
the Nemytskii operator associated to the function h, as well as the nonlocal initial condition ([3)). This
technique was developed by the first author in [4] for an abstract Cauchy problem. In this paper we
extend it to abstract nonlocal problems. More precisely, the approach in both [4] and here is constructed
in a generic abstract framework, and its application is not limited to partial differential equations in the
form (II)).

In this abstract setting, to prove the existence of at least one solution, by exploiting the compactness of
the semigroup generated by the Laplacian operator, we do not require that the nonlinearity be neither
locally Lipschitz nor monotone, nor completely continuous, but only that it satisfies a Carathéodory
condition.

We remark that if h(t,2z,0) # 0 for some (t,x) € [0,T] x Q, or g(0) # 0, then we obtain a non-zero
solution of (LIJ).
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Regarding the periodic case, we extend the obtained existence result to the half-line. More precisely, we
prove the existence of at least one mild solution of the problem

uy = Au+ h(t,z,u), z€Qt>0,
u =0, x €00, t>0, (1.5)
u(t,z) =ut+T,x), t>0,z€Q,

for amap h: Ry x Q xR — R, T-periodic in the first variable and satisfying assumptions (h1)-(h4) with
[0, T] replaced by R, see Theorem [[3l

In relation to the above, in [10], [12], [18], [30] the authors prove existence results for positive classical
solutions of (L) under superlinear growth conditions on the nonlinear term, with different type of
restrictions on the exponents p and ¢, and in [I] for radial solutions. We also refer the reader to the
monograph [31] dedicated to this topic.

Finally, adding the following monotonicity type assumption

(h5) (u—v) (h(t,z,u) — h(t,z,v)) <0 for every u,v € R and for a.e. (t,z) € [0,T] x Q,
we prove the uniqueness of the solution for the equation ([II]) associated to the nonlocal initial condition
(C3). Simple examples of a maps that satisfy conditions (h5) and (h4) are —u® for each odd « € N.

2. DISCUSSION AND RESULTS

The usual approach to study the existence of solutions for the equation (II]) consists in writing it as an
abstract ordinary differential equation in a suitable infinite dimensional framework. More precisely, one
considers the Nemytskii operator f : [0,7] x LP(Q;R) — LP(2;R), associated to h : [0,T] x @ x R - R
and the Laplace operator A4 : D(A) = W, P(Q;R) N W2P(Q;R) € LP(;R) — LP(Q;R), Aw = Aw for
every w € D(A). Thus, one obtains the ordinary differential problem

{u’(t) = Au(t) + f(t, u(t)), for ae. t € [0,T], 1)

u(0) = g(u).
The problem of finding mild solutions is then transformed into a suitable fixed point problem.
As stated in the well known Vainberg Theorem, the Nemytskii operator f maps continuously the space
LP(;R) into itself if and only if A is sublinear.

Theorem 2.1 (Theorem 19.1 in [32]). Let B be a measurable set in a s-dimensional euclidean space and
h:B xR — R be a Carathéodory function, i.e. continuous with respect to u € R for almost every x € B
and measurable with respect to x € B for every u € R. Then the Nemytskii operator associated to h,
fu)(z) = h(z,u(z)), is a continuous and bounded operator from LP(B;R) into LY(B;R), p,q € [1,+00),
if and only if there exist a function a € LY(B;R) and a constant b > 0 such that for every v € R

|h(z,v)|] < alx) + b|v|p/q.

Therefore, following the described abstract approach the nonlinearity term h is forced to have a sublinear
growth.

We overcome this difficulty by considering the domain and the arrival set of the Nemytskii operator
f two different spaces, namely f : [0,7] x LP(;R) — LI(;R), 2 < ¢ < p < oo. Then, exploiting
the fact that the semigroup generated by the Laplacian on LP(Q;R) can be extended to L7(Q;R) with
p > ¢, by means of an approximation technique developed in [37] (see also [21]) and the Leray-Schauder
continuation principle, we obtain the existence of a mild solution of (1) associated to (L3]) localized in
a ball of radius Ry and center 0.

In case of lack of compactness of the semigroup generated by the linear part in (2]), the usual assumption
is to require that the nonlocal initial condition is compact, condensing or a contraction, e.g. see, among
other papers, [20], [39], [42]. Moreover, we mention also the papers [I6] for g depending also on the
derivative of the solution wu, [14], [36] for delay equations and [27],[41] for impulsive equations. The
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nonlocal problems studied under these assumptions do not recapture the periodic problem. In [2] and in
[38], the authors overcome this impediment by considering all the assumptions of regularity with respect
to the weak topology. This approach, however, introduces restrictions on which forcing terms can be
considered. In this paper, exploiting the compactness of the semigroup, we avoid these restrictions both
on the nonlocal initial condition and on the forcing term. The idea is to require on the nonlinear term f
only a condition of Carathéodory type and on g a condition slightly stronger than continuity, but weaker
than compactness, see assumption (g1) below. This idea derives from the observation that the nonlocal
initial condition g of type (L)) is completely determined on [d,T] for some small § > 0, i.e., such a g
ignores t = 0. Liang Liu and Xiao in [24], see also [7], [15] and [37], in the case of compact semigroup,
generalize this idea and formulate a related condition for a general mapping g : C([0,T]; E) — E, with
FE a Banach space:

(g*) g is continuous and there is a § € (0,T) such that if u,v € C([0,T]; E) are such that u(s) = v(s)
for every s € [0,T] then g(u) = g(v).

Nevertheless, this hypothesis bears a strong requirement on the behaviour of ¢ within a nonzero measure

interval around the starting time, that it is not satisfied by the classical mean value integral-type condition

T

In order to consider this nonlocal condition, or more general integral initial conditions, it is possible to
require the following assumption:

(g1) If {up}tnen C C([0,T]; E) and u,(t) — u(t), for t € (0,T], with v € C([0,T]; E) then g(u,) —
g(u).
To see that this assumption is weaker than the previous one, it is enough to consider a sequence {uy, }nen
in C([0,T]; E) such that w,(t) — u(t), for t € (0,7, with v € C([0,T]; E), and consider the sequence
vp 1 [0,T] — E so defined:

1 T
u(0,x) = —/ u(t,z)dt a.e. on €.
0

 un0), teo,o),
%@_{%@,te@ﬂ.

The sequence {vy, }nen converges to v : [0,7] — E defined as

~[u(), teo,o),
“”_{mm te (5,T).

So that, by assumption (¢*), we obtain the desired condition g(u,) = g(v,) — g(v) = g(u). On the
other hand, these conditions are not equivalent. For instance, the map g which identifies the mean value
condition, i.e.

satisfies (g1) but not ¢g*. To see it, consider ¢ € (0,7) and w : [0,7] — R defined as

t€[0,9)

| =+

1 telsT)

and v:[0,7] = R, v=1.

We refer the reader to [3] and [28] for existence results for semilinear differential equations with nonlocal
initial conditions satisfying (¢1) and to [25] for a discussion on the assumption ¢* and alternate condition
both to ¢* and (g1). Hypothesis (g1) is general enough to consider a nonlocal initial condition belonging
to one of the following map classes:
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1. periodic/antiperiodic condition:
w(0,2) =u(T,z) / u(0,2) = —u(T,x), forevery x € (2.2)

2. multipoint condition

u(0,2) = Z ciy(u(ty, x)), for every ax €, (2.3)
i=1

withe, e R, i=1,....m,y: R>Rand0<t; < - <ty <T;
3. integral type condition:

T
u(0,x) :/ n(t, z,u(t,x))dt, for every x€Q, (2.4)
0

where 7 : [0, 7] x 2 x R = R.

Hence, we are able to prove the existence and uniqueness of mild solutions of (ILl), according to Definition
B2l associated to each one of the above nonlocal initial conditions, as stated in the following theorems.

Theorem 2.2. Consider equation (1)) under the assumptions (hl) — (h4). Then the equation (LI
associated to the nonlocal condition [22) admits at least one mild solution uw € C([0,T]; LP(C;R)) such
that ||u(t)|l, < Ro, for every t € [0,T] and for a suitable Ry > 0.
Furthermore, if in addition we assume (h5) and we require that

u(0,2) =uo(x) =uw(T,z) forae x€Q (2.5)
with ug € LP(S;R), then the mild solution w € C([0,T); LP(€;R)) of (TI)-(Z3) s unique.

Theorem 2.3. Consider equation (1) under the assumptions (hl) — (h4). Moreover, we assume that

(i1) ici <1;
i=1

(i2) ”yi: R — R is a continuous function such that |y(v)| < |v| for every v € R.

Then the equation ([[LI) associated to the nonlocal condition (Z3)) admits at least one mild solution
u e C([0,T]; LP (% R)) such that ||u(t)||, < Ro, for every t € [0,T] and for a suitable Ry > 0.

Furthermore, if, instead of (i2), we assume that
(i) - v:R =R is Lipschitz continuous with a Lipschitz constant £ € (0, 1),
- 7(0) =0,
then the mild solution uw € C([0,T]; LP(;R)) of ([LI)-@3) is unique.

Theorem 2.4. Consider equation (1) under the assumptions (h1) — (h4). Moreover, we assume that
(131) n:]0,T] x @ x R = R is a Carathéodory function
(ii2) there exists o € L'([0, T];R) with ||at]| L1 (jo,ry) < 1 such that
[n(t,z,v)] < at)|v] forae (t,x)€[0,T]xQ and for every v eR.
Then the equation ([[LI) associated to the nonlocal condition (Z4l) admits at least one mild solution
u e C([0,T]; LP (4 R)) such that |[u(t)||, < Ro, for every t € [0,T] and for a suitable Ry > 0.
Furthermore, if instead of (iiz) we assume that
(iiy) there exists a € L'([0,T];R) with ||l L1 (jo,77) < 1 such that
- n(t,z,v) —n(t,z,u)] < alt)|v —u| for a.e. (t,x) € [0,T] x Q and for every u,v € R,
- n(t,xz,0) =0 for a.e. (t,x) € [0,T] x Q,
then the mild solution u € C([0,T]; LP(S; R)) of (TI)-@A) is unique.

Remark 2.5. Notice that assumption (h5) coupled with the hypothesis h(t,x,0) = 0 for a.e. (t,z) €
[0,T] x = € Q, implies condition (h4).
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We point out the fact that, exploiting assumption (g1), unlike the cited papers [14], [16], [20], [27], [39],
[41], [42], we are able to recover the periodic or the anti-periodic condition, as well as, unlike [7], [I5],
[24], and [37] we can consider the mean value integral condition.

Finally, we will prove the existence and uniqueness of at least one mild solution of ([A) v €
C(R4, LP(2;R)), see Section [7

To the best of our knowledge, the most general result regarding the restrictions on the growth of & for
the problem (L)) is the one in [I8], where the author assumes that h(t,z,v) = m(t)e(x,v) and

(h3*) |p(z,v)| < C(1+ [vP) with 1 < p < (k+2)/(k—2)ifk>2,and 1 <p < oo if k < 2.
In comparison to this result, while on one side we find only mild solutions and do not take into account

the sign problem, on the other side the growth condition (h3) is less restrictive than (h3*). Moreover,
our existence result is not limited to the periodic problem.

The outline of this paper is the following. In Section Bl we present the abstract setting. In Sections []
and [Bl we prove an abstract existence result via the approximation technique. In Section [0l we give the
proof of our main results, i.e. the existence and uniqueness of mild solutions of (II]) associated to (22,
@3), or (Z4). Finally in Section [ we obtain the existence and uniqueness of at least one mild periodic
solution on the half line.

3. ABSTRACT THEORY

As stated in the Introduction, we extend to differential problems with nonlocal initial conditions a the-
oretical approach developed in [4] for Cauchy differential problems in a generic abstract framework. For
this reason, we consider the problem (2.1 in the abstract setting determined by two generic real Banach
spaces (E,| - ||g), (F,]| - ||r) such that F C F and assume that E has a strictly convex dual E*.

We denote with Bg , the ball in E of radius r > 0 and with @, the ball in C([0,T]; E) of radius r with
the supremum norm, denoted by || - ||o. For any z,y € E, the normalized upper semi-inner product on F

[u7 U]+ = 1}%?01 [uv U]hv
where for h € R\ {0} we set
1
[w, vln = 5 (lu+ holle — fJullg)
is well defined (see Lemma 1.4.1 and Definition 1.4.2 of [34]). Moreover, denoting by (-,-) the duality
product between E* and E and by Jg : E — E* the duality map, i.e.
Jp(u) = {u" € B*: |[u*||p- = ||ullp and (u*,u) = ||ull3} (3.1)
for every u,v € E, u # 0, we have
1
[,y = —— sup{(u*,0): u* € Jp(u)},
[ull

see Lemma 1.4.2 and 1.4.3 in [34].
In particular, since E* is strictly convex, J is a single valued map. Thus, we get

oy = —— (J(w),v). (3.2)
Tll 5

Moreover, for every A € R and 2 € X, it holds

Je(Au) = NJg(u).
We consider the abstract differential problem (ZII) under the following assumptions:
A: D(A) C E — E is a linear operator such that

(A1) 0 € D(A), generating a compact Cy—semigroup of contractions {S(¢)}:>0 in E;
(A2) the semigroup {S(t)}+>0 can be extended to a semigroup in F, i.e.
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(A2.1) there exists a semigroup {S*(¢)}+>0 on F generated by A such that for every w € E, it holds
S*(t)yw = S(t)w;
(A2.i) for every v € F and ¢t > 0, we have S*(t)v € E;
(A2.iii) there exists a function ¢ € L"([0, T]; R4 ), with 1 < r < co such that for any v € F' it holds

15" ()ells < e(®)o]l# for every ¢ € (0, T7;

the map f:[0,7] x E — F is specified as follows

(f1) for every v € E the map f(-,v) : [0,T] — F is measurable;

(f2) for a.e. t € [0,T] the map f(¢,-) : E — F is continuous;

(f3) for every bounded subset D C E there exists a function vp € L" ([0, T]; R, ), with 1+t =1
and v’ = oo if r = 1, such that

”f(tvU)HF < I/D(t)v

for a.e. t € [0,7] and all v € D;
(f4) there exist constants 0 < rg < Ry and ng € N such that for every n > ng

(. 5° (1) o) <o

for a.e. t € [0,7] and for every v € E such that rq < ||v||; < Ro, where Jg denotes the duality
map on F;

and finally g : C([0,T]; E) — E satisfies the conditions
(1) if {un}tnen C C([0,T]; E) and un(t) — u(t), t € (0,7], with u € C([0,T]; E) for t € (0,T] then

g(un) = g(u);
(92) sup |lg(u)||g < R, for rg < R < Ry, where ro, Ry > 0 are given by the transversality condition
uEQR

(f4) on f above.

Remark 3.1. Because of condition (A2), we can denote the Cp-semigroup generated by A, on the space
E or on the space F, by the very same symbol {S(¢)};>0.

Moreover notice that, being {S(¢)}+>0 a Cop-semigroup on the space F', there exists a constant M > 0
such that

1S®)llr < M, (3.3)
for every ¢ € [0, T7.

We will prove the existence of at least one mild solution of ([21I), i.e. a function u satisfying the following
definition.

Definition 3.2. By a solution of 2.1 we mean a function v € C([0,T]; E) satisfying the nonlocal initial
condition (L3) and such that for each t € [0,T]

u(t) = S(t)g(u) + /0 St —71)f(r,u(r))dr . (3.4)

Now we consider the ball
Qr={¢eC(0,T];E):|lqt)||lr < RVt €[0,T]}, R € (ro, Ro), (3.5)

where rg and Ry are from assumption (f4). By a solution on Qr we mean a map u € Qg satisfying (3.4)
for each ¢ € [0, T7.
Moreover to prove uniqueness of the solution we assume that
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(f5) there exists ng € N such that for every n > ng

Uﬁw—v%?(l)ﬁﬁw)—ﬂuwﬁﬁo

n

for a.e. t € [0,T] and for every u,v € E, where Jg denotes the duality map on E;
(92') there exists L € (0,1) such that for every u,v € F

lg(u) —g(@)|l& < Llju—wvllo
and
LR+ lg(0)[le <R for ro <R < Ro,
where 79, Ry > 0 are given by the transversality condition (f4) on f above.

Our main abstract result is the following.

Theorem 3.3. Let conditions (A1), (A2), (f1)—(f4)—(g1) —(92) being satisfied, then the set of solutions
on Qg is nonempty and compact in C([0,T]; E).
Moreover, if condition (f5) is satisfied and condition (g2) is replaced by (92') the solution is unique.

There are several definitions of solutions of ([Z1]). In the proof of our main abstract existence result we
make use of the concept of integral solution and of the equivalence between the integral and the mild
solutions in the particular case of linear Cauchy problems. More precisely, consider the linear problem

u'(t) = Au(t) + B(t), for a.e. t € [0,T], (3.6)
uw(0) =¢ € E, |

where A: D(A) C E — E is the infinitesimal generator of a semigroup {S(¢)};>0 and 8 € L*([0,T]; E) is
a given map.

Definition 3.4 (Definition 3.5.1 in [22] and Definition 1.7.4 in [34]). A function u: [0,T] — E is called
an integral solution of BHA) on [0,T] if u € C([0,T]; E) satisfies u(0) =& and
t
Ju(t) = 2l < luls) ~ alle + [ fulr) = 2, 5(r) + Aal dr
for each x € D(A) and 0 < s <t <T.

From Theorems 1.7.3, 1.7.4 and 1.8.2 in [34] we can deduce the following existence result and the equiv-
alence between the mild and the integral solutions.

Theorem 3.5. For each £ € E and B € L'([0,T]; E) there exists a unique integral solution u of (B.0)
on [0, 7).

Theorem 3.6. A function u : [0,T] — E is a mild solution of [B.Q) if and only if u is an integral solution
of B on [0,T] satisfying u(0) = &.

The following estimate holds for integral solutions of ([B.6]) and it will be useful to prove the uniqueness
of the mild solutions.

Theorem 3.7 (Theorem 1.7.5 in [34]). Let B1, B2 € L([0,T); E) and let u,v € C([0,T]; E) two solutions
of the equation in [B.G) corresponding to $1 and to B respectively. Then

[u(t) —v(@®)lle < luls) —v(s)llz +/ [u(T) = v(7), Bu(7) = Pa(T)]4 dT

foreach 0 <s <t <T.
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Moreover, the proof of the existence result is based on an approximation technique and on the compactness
result Proposition B8 (see [4]).

Given £ € F and 8 € LT/([O,T];F)7 where 1 < 7’ < oo is such that 1 —i— = =1, where 1 <r < o0 is
defined in (A2), and 7’ = oo if r = 1, we denote by F(§,8) : [0,T] = E 'the mlld solution of ([3.4]), that is

F(&,B)(t) f-i—/ S(t — s)B(s)ds, for every t € [0,T]. (3.7)

Proposition 3.8 (Proposition 3.4 in []). If A : D(A) C E — E satisfies (A1) and (A2), then for
each bounded subset B of E and each subset H in L ([0, T); F) such that {||8||s, 5 € H} is uniformly
integrable, the set F(B x H) is relatively compact in C([6,T]; E) for each § € (0,T). If, in addition, B
is relatively compact in E, then F(B x H) is relatively compact in C([0,T]; E).

We transform the problem to find solutions of (2.]) into a fixed point problem and we apply the Leray-
Schauder continuation principle, see e.g. [I1] or the original paper [23].

Theorem 3.9. Let Q be a closed subset of a Banach space B and let ¥2: Q x [0,1] — B be a continuous
map sending bounded subsets of @ x [0, 1] into relatively compact subsets of B. Assume that

(a) 3(x,0) =z9 € int(Q), VzeQ;
(b) The fized point set

F={zeQ,x=X(z,\), for some X €0,1]}
is bounded and does not meet the boundary 0Q of Q.
Then the map x — X(x,1) has a fized point in Q.

4. APPROXIMATING PROBLEM

The proof of Theorem B3] relies on an approximation technique. We introduce a family of approximating
problems: for n € N, we consider the following semilinear problem.

(P.) {u’(t) = Au(t) + S(1/n)f(t,u(t)), forae. te[0,T],
"V u(0) = S(1/n)g(u) € E
Lemma 4.1. Let conditions (A1), (A2), (f1) — (f4) — (g1) — (¢2) being satisfied, then there exists ng € N

such that for every R € (ro, Ro) and every n > ng the problem P,, admits a mild solution u,, € C([0,T]; E)
satisfying ||un(t)||g < R, for every t € [0,T].

(4.1)

Proof. Our strategy is to show that for every n > ng it is possible to apply the Leray-Schauder continu-
ation principle to each problem (P,).

Let ng from assumption (f4) and let n > no be fixed. We define the operator ¥, : Qg x [0,1] —
C([0,T7; E) by

Snlg, N)(E) = AS(t)S(1/n)g(q) + )\/0 St —7)S(1/n)f(r,q(r))dr t€]0,T). (4.2)

The operator 3, is well defined because of condition (A2.ii) (see for instance Proposition 3.3 in [4]), and
a mild solution of problem (P,) is exactly a fixed point of the operator 3,(-,1).

As a first step we show that the operator ¥, is continuous.

Let ¢ + {qx}ren C Qr and X < {Ap}ren C [0,1] be two convergent sequences. We observe that by
assumptions (g1) and (¢2) on the map g and by the properties of the semigroup {S(¢)}+>0 it follows that

[IAeS(#)S(1/n)g(qr) — AS()S(1/n)g(9)lle < [MeS#)S(1/n)(9(ax) — 9(D)le
+H(Ae = N)S#)S(1/n)g(l e
< g(ar) = 9(@)lle + X = Mllg(@) e
< lglar) = 9(@)lle + R[Ax = Al = 0, fork — oo.
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Next, by (f2) we have that

1f(t a(t)) = F(t g =0 Vit el0,T],
hence, by (A2.iii) it follows

1505 (1) (7t (0) = SEalO)le < (1) 1o - e a@)lr +0 ¥ee0.7)
Moreover, by (A2.iii) and (f3) we get
15005 (3 ) steanO)le < (5 )15l <c (5 ) voao) forac.tc 7]

Thus, by the Lebesgue’s Dominated Convergence Theorem we conclude that for every ¢ € [0,T]
150 (gr, M) (8) = Zn(g, V(D) e < |[AS(E)S (1/n 9(ar) = AS()S(1/n)g(q)l|m+

st-5 (5) fra)| ars

E

+|/\k—

+)\k/
0

1 1
<l = 9@l + e = MR-+ D= Me (1) THvzalgorye, +
dr 2 k—00 0

T
x [ |sa=ns (3) tlmato = st

Hence %, (qk, A\x) = Xn(g, A) in C([0,T]; E), obtaining the continuity of the operator %,,.

Now, as a second step, we show that for every n € N, the operator ¥,, sends Qg x [0, 1] into a relatively
compact set of C([0,T]; E).

We observe that ,,(Qr x [0, 1])(0) is a relatively compact set, since it coincides with [0,1] x S(1/n)g(Qr)
and g(Qr) is bounded by (¢2), while S(1/n) is a compact operator.

Finally, by (f3) and the boundedness of the semigroup {S(¢)}+>0 in the Banach space F', there exists a

function vz, € L™ ([0,T]; R, ) such that
< Mvp,(t), forae.t € [0,T]and for everyq € Qr,

Is (7) # eatn|

where M is defined in (B3], 1mply1ng that the set {S (%) f(-.q(")).q € Qr} is a family of maps in
L7 ([0, T], F) such that {Hs(n)
(9),5 (5

(q
Sn(g, N) = AF(S(1/n)g(q), S (£) f((),q())) for every (¢, \) € Qr x [0, 1] we obtain, by Proposition B.§
that the set 3, (Qr % [0, 1]) is relatively compact in C([0,T]; E).

To show that X, (Qr x {0}) C int(Qr), it is enough to observe that £, (Qr x {0}) = 0.

dr

stt-75 (1) Fralr) - 1(ra)

E

H F1EQ R} is uniformly integrable. Therefore, observing that

Finally we need to prove that the operator %, (-, \) has no fixed points on 9Qg for every A € [0,1] and
n > ng, where ng is from (f4).

We argue by contradiction: let us assume that there exists A € [0,1], @ € Qg and to € [0,T] such that
U= Y,(u,\) and ||[u(ty)||r = R. Since A = 0 implies % = 0 and \ = 1, gives the existence of at least one
fixed point @ = %,,(%, 1), we may assume X € (0,1).

Notice that ¢ty # 0. Indeed, if to = 0 we have by hypothesis (¢2)

R =[a(0)|[e = [Zn(@ A)(0) |2 = A|S(1/n)g(a)] 2 < R.
Hence, there exists ¢ > 0 such that ro < |[u(t)||z < R for every t € [to — d,to] and ||a(to — )|z < R.
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Denoting by f,,(t) =S (L) f(t,u(t)), gn = S(1/n)g(w), t € [0,T], we consider the linear problem

n

uw'(t) = Au(t) + fn(t), for ae. t € (0,71,
u(0) =g, € E.

By the fact that ||u(t)||g < R for every ¢t € [0,T], by (A2) and (f3), we have that

Igolle =5 (5) £ )| <e(F) v foracrepm

obtaining that f, € L" ([0,T]; E). Let u € C([0,T]; E) be the unique mild solution of #3), i.e.

u(t):S(t)gn—i—/O S(t—8)fu(s)ds, t€0,T].

By Theorem B0 we have that u is the unique integral solution of [3]), i.e.

Ju(®) = 2l < lJu(s) =l + [ [ur) =2, fulr) + Acl dr

for each z € D(A) and 0 < s <t < T. Since F has a strictly convex dual, bearing in mind that
1

= (Je(2),y),
|z]]

[Iay]Jr

we have that

u(t) — z||g < Hu(s)—xHE—l-/ mufg(u(r)—x),fn(r)—l-/lx}clr

for each x € D(A) and 0 < s <t < T. By the definition of the operator ¥,,(-,A\) and the fact that 7 is a
fixed point of it, for every ¢ € [0, T], we obtain

ult)
<
Now, considering © = 0 € D(A) and observing that ||u(s)||g > 0 for every s € [tg — 0, to], it follows that

@(to)ll e — la(to — d)lle
A

= Nuttolls = utto =Dl < [ e Uptu(r)). £ dr

/5 m <JE<“<T>>=S (%) / <nﬂ<¢>>> ar
B /5 ||u<i>|\E <JE (ﬂ({)) S (%) f<T,a<T>>> dr

- /5 TP <JE<E<T>>, s (%) f <T,a<7))> ar,

where the last equality follows from the properties of the duality map. Now, by (f4) for every n > ng we
get the contradiction

w(t) = S(t)gn + /OtS(t O fu(rds = S1)S (%) o(@) + /OtS(t e <%> F(r () dr =

0 <

u(t — ||@(to =6
0 < [Eto)lls — l[alto — 9)|le
A
By Leray-Schauder continuation principle, for every n > ng, we obtain the existence of a fixed point
u = X (u,1). Thus for every n > ng, we get a mild solution of (P,). O

<0.
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Lemma 4.2. Let conditions (A1), (A2), (f1)—(f5)—(g1) — (¢92') being satisfied, then there exists ng € N
such that for every R € (ro,Ro) and every n > mng the problem P, admits a unique mild solution
un, € C([0,T); E) satisfying ||un(t)||e < R, for every t € [0,T].

Proof. First of all, notice that condition (¢2’) implies condition (¢2). Indeed

sup [[g(u)|e < sup ([lg(w) = g(0)|[r +1lg(0)]£) < sup (L|ullg +[9(0)lr) < LR+ [9(0)]|r < R.
u€EQR u€EQR u€EQR

Thus, existence follows from LemmalZIl Now, assume by contradiction that there exist two mild solutions

u,v € C([0,T]; E) of (P,) with u # v. Hence, in particular, v and v are integral solutions of the

equation in (B.6) corresponding to 81,82 € L'([0,T], E) defined as 1 (t) = S (&) f(t,u(t)) and Ba(t) =

S (L) f(t,v(t)), t € [0,T] respectively. Let

to = inf {¢ € [0,T] such that u(t) # v(t)} .

By continuity, to # T and there exists ¢ > 0 such that u(t) # v(t) for every t € [to, o + J].
Firstly, assume to # 0, thus, u(t) = v(t) for every ¢ € [0,t0) and u(t) # v(t) for every t € [to,to + d]. Let
t € (to, to + 0], by Theorem B and (f5), we have

0<ut) = vlz < Ju®) = vO)llp+ [ u(r) = o) B (r) = Aa(r))
= [ lulr) = o). ) - Balr)

= su) (). S <1> (f(ru()) — F(ro(@)))dr <0

to () = 0(7)|| & n

getting a contradiction. In the case to = 0, for every ¢ € [0, d], by Theorem B (f5) and (¢2") we have

0< ut)=v®lls < a0 - Oz + [ ur) = (). fr(r) - pa(r)l dr
= o) =0l
/ L ) - <>>s(1) (F(ru(r)) — f(ro(x)) dr
Ta(r) —o(7m n
< L||U—UH0
¢ 1 1
[ o Ve — o). 8 (3 ) () - fom)) ar
< Liju—vlo.
Thus we have
0< sup [Ju(t) — o(t)]| = llu— vllo < Lifu—vllo < flu—v]o.

t€[0,T]

getting again a contradiction. As a consequence, we have for every n > ng, the uniqueness of the solution
of P,. O

5. PROOF OoF THEOREM

By Lemma 1] we know that there exists ng > 0 such that problems (P,) have at least one mild solution
for every n > ng. We consider now the set of these mild solutions. More precisely, by the characterization
introduced in Lemma F.I we consider the set

MR:{’U’HGC([OaT];E>mQR : un:En(unvl)an>n0}'
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Let u, € Mp. By the fact that u, € Qr, we have that ||u,(t)||g < R for every t € [0,T]. Thus, by (f3)
there exist a function vp, € L ([0, T];R,)
< Mvg,(t), forae.te|0,T],

5(2) 7o) )

implying that the set G = {S () f (-,un(-)),n > no} is a family of maps in L7 ([0,T], F) such that

1
n

{HS (%) f (,un())HjP ,n > no} is uniformly integrable. Hence, applying Proposition with the
bounded set B = {S(1/n)g(Mg), n > no} and G, for each chosen 6 > 0 we have the relative com-
pactness of Mg in C([§,T); E).

Let {un}nen be a sequence in Mp. By previous counsiderations, for each § > 0 chosen, there exists
{ud}nen C {Untnen — uj in C([0,T]; E). By uniqueness of the limit, when 6, < 6,1 then uj =uj |
in [0,—1,T]. Consider any sequence of numbers §,, | 0 and perform a Cantor diagonal argument to show
that there exists a function u* € C((0,7); E) such that a particular (diagonal) sub-sequence {u}}nen
of each {u’"},en converges to u* in C((0,T]; E). Moreover, since E is reflexive and {u, }nen C Qr by
property (¢g2) there exists ug € E such that g(ul') — ug. Now we define a function @ € C([0,T]; E) by

a(t) == S(t)uo + /0 S(t—s)f(s,u*(s))ds.

We claim that {u?(t)}nen — u(t) for each t € [0,T]. By the continuity of S (1) and of f(t,), for every
n € N we obtain

S <%> Fltur@®) S ft,ut)), forae. te (0,7T),

moreover, since ||ul(t)||g < R for every t € [0,T], the convergence is dominated

IS (%) FEaR(0) |F < Muga(t) for ace. t € [0,T),

Thus we get

/Ots“ -8 (%) f (7 un(r)) dr — /0 CS(t— ) f(rut(r) dr, Wte[o,T].

Again, by the continuity and linearity of the semigroup we have that
1 1
Sit)S | — )= S)S | —

05 (3 ) atu) = 505 (+) uo

and so the claimed result. By the uniqueness of the limit we have that u*(¢t) = @(t) for every ¢t € (0,77,
thus {ul'(t)}nen — u(t) for each t € (0,T], with @ € C([0,T]; E). By property (¢g1) this means that
g(ul) — g(u) in C([0,T); E), declaring again by uniqueness that g(4) = wuo. In conclusion we get that
for every ¢ € [0, T

at) = S(t)g(@) + / S(t — 5)f (s a(s)) ds,

proving that @ is a solution on Qg of (ZI).
So the set of solutions on Qg

S:= ]:(9(8)7 f([ov T],S))
is nonempty, now we prove that it is compact by the very same argument used above for Mp. Indeed,
f£([0,T],S8) is uniformly integrable by (f3) and g(S) is bounded by g(2), so, by Proposition 3.8 for each
0 > 0 we obtain that F((g(S), f(s,S))) is relatively compact in C([§,T]; E). Then again by a Cantor
diagonal argument we have that for each sequence {uy}necy C S there exists a subsequence {ul},en
converging to u* € C((0,T]; E) and exactly as before we can continuously extend u* to [0,T]. Next,
by (g1) we have that g(ul)) — g(u*) and so we get that ¢g(S) is relatively compact. Applying again
Proposition [3.8] we obtain that S is a relatively compact set.
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Assuming, in addition, condition (h5) and (¢2') instead of (¢2), by Lemma[Z2 we have the existence of a
unique sequence {uy,}, n > ng, of solutions of the problems (P,). By the above reasonings we have that
{un}, n > ng converges to some u solution on Qg of (1), getting the uniqueness of the solution.

6. EXISTENCE AND UNIQUENESS RESULTS FOR THE PROBLEM ([L.1))-(L3)

In this Section we prove the main result of the paper, i.e. the existence of at least one solution u €
C([0,T); LP(€;R)) for the problem (II]) associated to each one of the nonlocal initial conditions (22I),

)

To prove such existence results we will apply Theorem Indeed, the equation (LI]) associated to one
of the conditions (2.2, [Z3)), 24, can be rewritten as an abstract evolution equation of the form (2T
with £ = LP(;R) and F = L1(Q;R), 2 < g < p < o0.
The Laplace operator A : D(A) C LP(€;R) — LP(Q;R) subjected to Dirichlet boundary conditions on
LP(;R) and defined by

D(A) = Wy P(Q;R) N W2P(Q;R),

Aw = Aw,
satisfies conditions (A1) and (A2).
Indeed, A is the generator of a Cy-semigroup of contractions {S,(t)}i>0 (see e.g. Theorem 4.1.3 and
Remark 4.1.2 of [35]). Moreover, by Lemma 7.2.1 of [35], for each p,q € [1, 4], each £ € C(Q;R) and
each t > 0, we have S,(t)§ = S, (t)€. Thus, we can denote the Cp—semigroup generated by the Laplace
operator subjected to the Dirichlet boundary conditions on any of the spaces L?(€);R) by the very same
symbol {S(t)}+>0. By Theorem 7.2.5 of [35], {S(¢)}+>0 is a compact semigroup. Finally, by Theorem
7.2.6 of [35], for each 1 < g < p < o0, each £ € LI(2; R), and each ¢ > 0, we have

ISl < (4mt)~2G=5) e,

1

Hence, A satisfies (A1) and (A2) with c(t) = (47rt)_§(5_%). Notice that g (% - %) < 1, provided
k
2<g<p<oofork<2and2<¢g<p<oo, P > 3 for k > 2, hence the function ¢ € L*([0,T], R, ).
p—q

6.1. Proof of Theorem We will prove that all the hypotheses of Theorem [3.3] are satisfied.

By (h1), (h2), (h3) and the Vainberg Theorem (see [32]) we have that the Nemytskii operator f : [0, 7] x
LP(;R) — LI(;R) defined as f(t,u)(z) = h(t, z,u(z)) maps the space LP(2;R) into LI(2;R) and is
continuous. Moreover again by (h3), we get

1

U@M%=(LM@%M@W¢OQSQW@NE+MM@,

by Minkovski inequality, where C' > 0 is a suitable constant. Hence for every bounded subset D of
LP(Q;R), we have that
£t w)llg < CUIE, )G + C1) = vp(t),

for a.e. ¢t € [0,T] and for every u € D, with C; > 0 another suitable constant. So assumption (f3) is
satisfied with vp € L*°([0,T];R4).
Now, let 0 # u € LP(;R) and ¢ € [0,T]. Denoting by sign(z) the sign function and with

[u> 0] ={x € Qu(z) > 0},

[u< 0] ={x € Qu(z) <0},
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we perform the calculation to show that the transversality property (f4) holds. First of all we recall the
definition of the duality map in the space LP(2;R). For every 0 # u € LP(Q;R), we have

<JLT’(Q;R)(U)7U> = W /Q |u(§)|p_2u(§)v(§) dg,

see e.g. Example 1.4.4 in [34]. Let Ny C [0,7] and Qo C Q be two sets with Lebesgue measure zero and
let (t,z) € {{0,T]\ No} x {Q\ Qo} be such that (h4) is satisfied. Thus, for every u € LP({;R), |lull, # 0

we have

(Tio(sm) (u),S(1/n) f(t,u)) =
# ’U,p_2u l u
s [ s () (e u(e) e

: 1

— i (/[Do] lulP~t S (%) h(t, & u(§)) d€ — o lu[P~1 S <E> h(t,g,u(g))d§> <0.

We explain the last inequality. The semigroup {S(¢)} generated by the Laplace operator subjected to the
Dirichlet boundary conditions is a positive semigroup in LP(Q;R) when p > 2, i.e. for every w € LP({2;R)
such that w(x) > 0 for a.a. z €

S(t)w(z) > 0 for a.e. z € Q and for every ¢ € [0, T,
see [35], Lemma 7.2.3 and moreover by property (h4) we have
h(t,&,u(§)) <0, forae ¢&€lu>0]

and the converse inequality in [u < 0].

Finally, if the equation (LI)) is associated to a periodic or anti periodic condition, trivially satisfies
conditions (g1), (¢2).

Thus all the assumptions of Theorem are satisfied and we get the existence of at least one mild
solution of (- (22).

Now we show that condition (h5) on h implies condition (f5) on the superposition operator f. Indeed,
similarly as above, for every u,v € LP(€;R), ||lu — v, # 0 we have

(Jrrm) (u = 0),S(1/n)(f(t,u) = f(t,v))) =

W /Q lu— P2 (u—v) S (%) (h(t, &, u(€)) — h(t, & u(€))) dé
= W</{( ) lu —vP~t S <%) ((h(t, & u(€)) — h(t, & u(€))) dE

- /[(u—v)<0] =0l S <%) (h(t, & u(€)) — h(t, & u(€))) d§> <0.

Finally, since by Z3]), w(0,2) = v(0,2), x € Q for every u,v solutions of (L.I]), we get uniqueness of
mild solutions of (2] under conditions (f1) — (f5) and (g1), (¢2) and so we get the uniqueness of mild
solution of (L))-(23H). Thus the proof is completed.

6.2. Proof of Theorem The only difference with the previous theorem is the nonlocal initial
condition. Thus we have only to prove that conditions (g1), (92) are satisfied.
In this case the initial datum g : C([0, T]; LP(; R)) — LP(Q; R) is defined as

90)@) = Y- e o(t) @)
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Clearly it is a continuous map and we have by (i1), (i2)
m

sup [lg(v)]lp < sup Y cillo(ta)ll, < R,
VEQR vEQR i=1

for 1o < R < Ry. Moreover, if we consider {u,} C C([0,T]; E) such that u, (t) — u(t) for every ¢t € (0, T,
with u € C([0,T]; ) we have that

Is(un) = 5015 <3 / by utn(2) () — (st @) P dz

Now, as u € C([0,T]; LP(2;R)) the sequence u, is equibounded for n big and using (i) joint to the
Dominated Convergence Theorem we obtain that (¢, x, u, (t)(x)) converges to y(t, z, u(t)(z)) in LP(2; R)
for a.e t € [0,T] and so that g(u,) — g(u) in LP(%;R) as well.

Furthermore, if we replace (i2) by (i}) we get

- 1/p
lg(u) —g()ll, < Zci (/Q y(u(t) (x)) — y(u(t;) (@))]P da:)
& 1/p
= 2.4 (/Q | (u(ts) () — (v(ta) ()] dl‘) < étes[%%] Ju(t) = v(t)]],-

So, g : C([0,T]; LP(; R)) — LP(Q;R) is Lipschitz continuous with Lipschitz constant L = £. Finally,
¢(0) = 0 and so trivially LR + ||g(0)]|, < R, thus (¢2) is satisfied.

Hence, also in this case all the assumptions of Theorem [3.3] are satisfied and we have the existence and
uniqueness of mild solution for the problem ([I))-(Z3]) on Q.

6.3. Proof of Theorem [2.4l In this case the initial datum g : C'([0, T]; LP(€; R)) — LP(2; R) is written
as

T
9(v)(x) = / n(t,z, v(t)(x)) dt.

By condition (ii1) and (ii2) we have

T P
sw gl < sw [ | [ a@p@@ld] d
vEQR veQrJalJo
p T p
< sup/(max|v(t)(x)|> / a(t)dt| dx
vEQr JQ \ [0,T] 0

< RpHa”il([oj]) < R”.

for ro < R < Ry.

To verify condition (g1), consider a sequence v, € C([0,T]; LP(€;R)) converging to a function v* €
C([0,T]; LP(Q; R)) for each t > 0. Then, as v* € C([0,T]; L?(Q;R)) the sequence v, is equibounded for n
big and using (i’) joint to the Dominated Convergence Theorem we obtain that n(t, z, v, (t)(z)) converges
to n(t, z,v*(t)(z)) in LP(Q;R) for a.e ¢t € [0,T]. Thus, we get

P

T
lg(on) — g = /Q / (1(t, 2, 0a(B)(@)) — n(t 2,0 (£) (2))) dF| de

IN

</ ) ([ 1t 00(0)0) = e 0" NP do) at

where the last term tends to zero by the convergence of n(t, z, v, (t)(x)) to n(t,z,v*(t)(x)) in LP(2;R).
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» 1/p
dx)
T p 1/17
/ at)dt dw)
0

So, g : C([0,T]; LP(;R)) — LP(€;R) is Lipschitz continuous with Lipschitz constant L = [|a||L1([0,77)-
Finally, since n(t,z,0) = 0 for a.e. (t,z) € [0,T] x  we get condition (¢2) as well.

Thus, also in this case all the assumptions of Theorem B3] are satisfied and we have the existence and
uniqueness of mild solution for the problem ([T)-(24).

Furthermore, if we replace (ii2) with (ii5) we get

lg(w) — g)ll, < (/Q
</Q (%?ﬁilu( )(z) — v(t)(xﬂ)p

llll Lo,y sup [Ju(t) — v(t)]]p-
te[0,7)

T
/0 a(®)lu(t)(x) — v(t) ()] dt

IN

IN

We conclude this study with an example that include the mean value initial condition.

Example 6.1. An example of nonlocal differential problem that satisfies all the requirements is the
following.

sin(u) +2 4

Ut = =Au Wu s (t,(E) S (O,T) X Q,
u(t,z) =0 a.e. on (0,T) x 09,
1 T
u(0,z) = / a(t)|u(t, )| dt a.e. on
0

where Q C R¥ k > 2, is as in (L), o« € L*([0,T],R,) is such that [|a|; < 1. Indeed trivially,

h(t,z,u) = S”i(fzfj 243 is a continuous function, assumptions (h2) is satisfied for instance for £ < g < o0,

p = 3q, with £ =0 and m = 3. Finally,

sin(u) + 2

1 ut <0 for every wu € R.

uh(t,z,u) = —
So, applying Theorem P4 we obtain the existence of at least one global mild solution u €
C([0,T]; LP (4 R)).

Example 6.2. If we consider a similar equation as in Example associated to (Z3) with ug # 0 we
get the uniqueness of a non zero mild solution. Consider the problem:

=Au—u3 (t,z) € (0,T) x Q,
u(t,z) =0 a.e. on (0,T) x 99,
u(0,2) = uo(z) = uw(T,z) a.e. on,

where 0 C R¥, k > 2, is as in (LI)). As in Example [G]it is possible to prove that conditions (h1) — (h4)
are satisfied. Moreover for every u,v € R

(u—v)(—u® +v3) = (u—v)(v —uw)(u? +uv +v?) = —(u — v)?(u? + uww +v?) <0,

so, condition (h5) is satisfied as well and we get the existence and uniqueness of a global mild solution
u € C([0,T]; LP(2;R)) by Theorem 22

7. PERIODIC SOLUTIONS ON THE HALF LINE

In this Section we prove an existence result for solutions of (IH). To this aim, we have to consider the
abstract problem (1)) in the half line. Let T > 0 be fixed and let f : [0,400) x LP(;R) — L1(Q; R),
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2 < ¢ < p < o0, be the Nemytskii operator associated to a T-periodic function h : [0,4+00) X @ X R — R,
thus obtaining the ordinary differential periodic problem

{u’(t) = Au(t) + f(t, u(t)), for ac. t € Ry,

u(t+T) =u(t), VteRy (7.1)

where A is as before the Laplace operator. We consider the abstract differential problem (Z.I) under the
same assumptions of previous problem (Z1]), with the exception of the following needed adjustments:
(A200) the semigroup {S(t)}i>0 can be extended to a semigroup in F, i.e.
(A2.i) there exists a semigroup {S*(¢)},>0 on F generated by A such that for every w € E, it holds
S*(t)yw = S(t)w;
(A2.ii) for every v € F and t > 0, we have S*(t)v € E;
(A2.iico) there exists a function ¢ € L], (R4;R;), with 1 <7 < oo such that for any v € F' it holds

loc
187 @0l < e(®)][o]1x for every t € (0, +o0);
(floo) the map f: Ry x E — F is Carathéodory;
(f200) for every z € FE the map f(+,z) : [0, +00) — FE is T-periodic;
(f300) for every bounded subset D C E there exists a function vp € L (R, ;Ry), with 1+l =1and
" = oo if r = 1, such that
| f(t,v)|lp <vp(t), forae. teRy, VveD;

(f400) there exist constants 0 < rg < Ry and ng € N such that for every n > ng

(. 5° (1) o) <o

for a.e. t € [0,T] and for every v € E such that ry < ||v||z < Ro.
(f500) there exists ng € N such that for everyfor every n > ng

(JE (), 5" (1) (F(tw) — F(t,0))) <0,

n

for a.e. t € [0,T] and for every u,v € E.

Remark 7.1. Notice that by the construction of the solution on the half line (see the proof of Theorem
[T2]), we need only to assume (f4o0) for a.e. t € [0,7] and not, as to be expected, for a.e. t € Ry.

We will prove the existence of at least one mild solution of (Il), i.e. a periodic function u €
C(R4, LP(£2;R)) such that for each ¢ € Ry it holds ([34).

Theorem 7.2. Let conditions (A1)-(A200) and (floo)-(f4o0) being satisfied, then there exists at least
one solution u € C(Ry; E) on Qg of the periodic problem (1)).
Moreover if we assume (f500) and

u(0) = ug = u(T) (7.2)
with ug € E, then the solution w € C([0,T); E) of (TI)-[C2) is unique.

Proof. By Theorem B3] there exists at least one mild solution of 1), w : [0,7] — E, such that
u(0) = u(T). Now we show how to extend u to Ry in order to obtain a solution of (Il). For every
t € Ry = Upenm>1[(m — 1)T, mT], there exists m € N such that ¢t € [(m — 1)T, mT], so we define the
mapu: Ry — F as

u(t) =u(t—(m-1T), m=>1,te[(m—-1)T,mT)
and we will prove that @ is a periodic map satisfying (B4 for every ¢t € R...
Let ¢t € [(m — 1)T,mT], then t + T € [(mT, (m + 1)T] and so

ut+T)=ult+T—mT)=ult—(m-—1)T)=1u(t),
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thus obtaining the periodicity of w. Now we proceed by an induction process. For m = 1 is trivial,
since w = u in [0,7] and u is a mild solution of ([2I)). Now, we assume that @ satisfies (84 for every
t € [(m—2)T,(m — 1)T] and we will prove that this is still the case for every ¢t € [(m — 1)T,mT]. Let
t € Ry, and m € N such that ¢t € [(m — 1)T, mT]. Then t = r+ T with r € [(m — 2)T, (m — 1)T]. So, by
the periodicity of @ and the inductive assumption we have that

u(t) = ulr+T)=1a(r) = /S’r—s (s,u(s)

= S(r) ﬂnmn+/’ﬂT—ﬂﬂ

0

/OST—S (s, 7(s)) ds
— S(r+T)a(T) + /OTS(T+T—5) +/O S(r— s)f(s + T, (s + T)) ds
[

T
= S(T—FT)H(T)—F/O S(r+T—3s)f( ))ds + S(r+T—mn)f(n,uln))dn

= S(t)ﬂ(T)—I—/O S(t—s)f(s,u(s))ds.

Hence 7 is a solution of problem (Z.1I).
Any two mild solutions u,v € C([0,T]; E) of problem 1)) with g : C([0,T]; E) — E given by g(u) =
u(T), satisfying also (T2)), are such that

[u(0) = v (0)[|z = 0.
So, reasoning as in Theorem B3] we obtain a unique mild solution of (2.I) under (f500). Extending such
solution as above, gets a unique solution of problem (TI]) associated to (Z2). O

We are now able to prove the existence of a periodic solution for problem ([H]). Consider problem (LX)
under the following assumptions:

(hloo) for every v € R, h(-,-,v): Ry x @ — R is a measurable function;
(h200) for every t € Ry and x € Q, h(t,z,-): R — R is continuous;
(h3c0) there exists m > 0 and £: Ry x Q — R, such that
- l(-,x) € L®(R4;Ry) for ae. z €
- U(t,-) € LI Ry) for ae. t € Ry
and such that

\h(t,z,0)| < £(t,x) +m|v|P/9,  for every (t,x v) eRy x O xR,

_pg

with2<g<p<oofork<2and2<g<p< o0, >§f0rk>2
-9

(hdoo) v h(t,xz,v) <0 for a.e. t € [0,7T], x € Q and for every v € R;
(hboo) for every z € Q and v € R the map A(-,z,v) : Ry — R is T-periodic;
(h6oo) (u—v) (h(t,z,u) — h(t,z,v)) <0 for a.e. (t,z) € [0,T] x Q and for every u,v € R;
Theorem 7.3. Under the assumptions (hloo)-(hb5o0o), the problem (LH) admits at least one solution
u € C(Ry; LP(S;R)) such that ||u(t)||, < Ro for every t > 0 for a suitable Ry > 0. Moreover, if (h6c0)
is satisfied we have the uniqueness of mild solutions for the problem (L) with the restriction

u(0,2) =uo(x) =w(T,z) forae x€Q
where ug € LP(Q; R).
Proof. Following the same reasonings as in Section [l we can write problem (LH]) as the abstract problem
1) with f : Ry x LP(;R) — L9(Q;R) the Nemytskii operator associated to h. As in the proof of
Theorem it is possible to prove that f satisfies the assumptions (f100),(f300), (f4oco) and (f5o0).

Moreover, condition (h500) trivially implies the periodicity of f with respect to the first argument. Thus
we get the existence and uniqueness of periodic mild solution applying Theorem O
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