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Abstract

In this paper, we consider a special class of Capelli bitableaux, namely the
Capell bitableaux of the form K* = [Der}|Der,] € U(gl(n)). The main results
we prove are the hook coefficient lemma and the expansion theorem. Capelli-
Deruyts bitableaux K%, of rectangular shape are of particular interest since they
are central elements in the enveloping algebra U(gl(n)). The expansion theorem
implies that the central element KJ, is explicitely described as a polynomial in the
classical Capelli central elements Hgf ). The hook coefficient lemma implies that
the Capelli-Deruyts bitableaux K, are (canonically) expressed as the products

of column determinants.
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1 Introduction

The study of the center ¢(n) of the enveloping algebra U(gl(n)) of the general linear Lie
algebra gl(n,C), and the study of the algebra A*(n) of shifted symmetric polynomials
have noble and rather independent origins and motivations. The theme of central
elements in U(gl(n)) is a standard one in the general theory of Lie algebras, see e.g.
[18]. It is an old and actual one, since it is an offspring of the celebrated Capelli identity
(see e.g. [T, [14], [21], [22], [36], [41], [42]), relates to its modern generalizations and
applications (see e.g. [1], [24], [25], [29], [30], [31], [32], [40]) as well as to the theory of
Yangians (see, e.g. [27], [28]).

Capelli bitableaux [S|T] and their variants (such as Young-Capelli bitableauz and double
Young-Capelli bitableauz ) have been proved to be relevant in the study of the enveloping
algebra U(gl(n)) = U(gl(n), C) of the general linear Lie algebra and of its center ((n).

To be more specific, the superalgebraic method of virtual variables (see, e.g. [4], [5],
[6], [, [8], [9], [10]) allowed us to express remarkable classes of elements in U(gl(n)),
namely,

— the class of Capelli bitableaux [S|T] € U(gl(n))
— the class of Young-Capelli bitableaux [S|] € U(gl(n))

— the class of double Young-Capelli bitableaux [|S | T'|] € U(gl(n))

as the images - with respect to the Adg,)-adjoint equivariant Capelli devirtualization
epimorphism - of simple expressions in an enveloping superalgebra U(gl(mg|m, + n))
(see, e.g [10]).

Capelli (determinantal) bitableaux are generalizations of the famous column determi-
nant element in U(gl(n)) introduced by Capelli in 1887 [11] (see, e.g. [9]). Young-
Capelli bitableaux were introduced by the present authors several years ago [5], [6], [7]
and might be regarded as generalizations of the Capelli column determinant elements
in U(gl(n)) as well as of the Young symmetrizers of the classical representation theory
of symmetric groups (see, e.g. [42]). Double Young-Capelli bitableaux play a crucial
role in the study of the center {(n) of the enveloping algebra ([8], [10]).

In plain words, the Young-Capelli bitableau [S | is obtained by adding a column
symmetrization to the Capelli bitableau [S]7"] and turn out to be a linear combination of
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Capelli bitableaux (see, e.g [10], Proposition 2.13). The double Young-Capelli bitableau
[| S| T'|] is obtained by adding a further row skew-symmetrization to the Young-Capelli
bitableau [S \ ([10], Proposition 5.1), turn out to be a linear combination of Young-

Capelli bitableaux (see, e.g [10], Proposition 2.14) and, therefore, it is in turn a linear
combination of Capelli bitableaux.

Capelli bitableaux are the preimages - with respect to the Koszul linear U(gl(n))-
equivariant isomorphism IC from the enveloping algebra U(gl(n)) to the polynomial
algebra C[M,, ] = Sym(gl(n)) ([26], [7], [9]) - of the classical determinant bitableauz
(see, e.g. [19], [17], [16], [20], [4]). Hence, they are ruled by the straightening laws and
the set of standard Capelli bitableaux is a basis of U(gl(n)).

The set of standard Young-Capelli bitableaux is another relavant basis of U(gl(n))
whose elements act in a nondegenerate orhogonal way on the set of standard right
symmetrized bitableaux (the Gordan-Capelli basis of C[M,,,]) and this fact leads to
explicit complete decompositions of the semisimple U(gl(n))-module C[M,, ] (see, e.g.

A, [5])-

The linear combinations of double Young-Capelli bitableaux

Sa(n)=—= > [|S]5]]€Ulgl(n)), (1)

where the sum is extended to all row (strictly) increasing tableaux S of shape sh(S) =
Ak h, A the conjugate shape/partition of A ), are central elements of U(gl(n)).

We called the elements Sy(n) the Schur elements. The Schur elements Sy(n) are
the preimages - with respect to the Harish-Chandra isomorphism - of the elements of
the basis of shifted Schur polynomials s}, of the algebra A*(n) of shifted symmetric
polynomials [38], [33]. Hence, the Schur elements are the same [10] as the quantum im-
manants ([38], [31], [32], [33]) , first presented by Okounkov as traces of fusion matrices
([311, [32]) and, recently, described by the present authors as linear combinations (with
explicit coefficients) of “diagonal” Capelli immanants [§]. Presentation () of Schur
elements/quantum immanants doesn’t involve the irreducible characters of symmetric
groups. Furthermore, it is better suited to the study of the eigenvalues on irreducible
gl(n)—modules and of the duality in the algebra {(n), as well as to the study of the
limit n — oo, via the Olshanski decomposition (see, Olshanski [34], [35] and Molev
[27], pp. 928 ff.)

In this paper, we consider a special class of Capelli bitableaux, namely the class of
Capelli-Deruyts bitableauz. These elements are Capelli bitableaux of the form

K* = [Der;|Dery] € U(gl(n)),

!Given a partition (shape) A = (A > X2 > --+ > \,) b n, let A= (XLXQ > ... > )\,) F n denote

its conjugate partition, where Ay = #{t; \s > s}.



where A = (Ay > A\ > --- > \,) is a partition with A\; < n, and

— Dery is the Deruyts tableaux of shape A, that is the Young tableau of shape A:

12 ... ... ... A1

Dery = 12 ... ... A2
12 ... )

— Dery is the reverse Deruyts tableauzr of shape A, that is the Young tableau of
shape \:

Mo 21

Der o o 21
Ap .. 21

Capelli-Deruyts bitableaux arise, in a natural way, as generalizations to arbitrar
shapes A = (A\y > Ao > --- > \,) of the well-known Capelli column determinamﬁé
elements:

€1,1 + (n — 1) €1,2 c.. €1n
e eao+(n—2) ... e,

HO = edet| 2 2TUTP e pom @
€n,1 €n,2 N R )

introduced by Alfredo Capelli [11] in the celebrated identities that bear his name (see,
e.q. 1], [, 211, 221, [36), (A1), (2], [1], [24), 25, (290, B0, (1], [32), ).

The main results we prove are the following:

— The hook coefficient lemma: let v, be a gl(n,C)-highest weight vector of
weight 1 = (1 > pe > ... > py), with g; € N for every i = 1,2,... n.
Then, v, is an eigenvector of the action of the Capelli-Deruyts bitableau K?*
with eigenvalue the (signed) product of hook numbers in the Ferrers diagram of
the partition p (Proposition [).

— The expansion theorem: the Capelli-Deruyts bitableau K* € U(gl(n)) ex-
pands as a polynomial, with explicit coefficients, in the Capelli generators

€iy,iy + (.7 - 1) €i1,ia cee Cipg
i Cig,i1 Cinip T (] - 2) coe Cigig
H,(f) = g cdet , , , !
1<y <-<i; <k ' ' '
Ciy i1 Cijia s Gy
2The symbol cdet denotes the column determinat of a matrix A = [a;;] with noncommutative

entries: cdet(A) = ZU (—1)‘0‘ G5(1),100(2),2 """ Go(n),n-
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of the centers of the enveloping algebras U(gl(k)), k =1,2,...,n,j=1,2,...,k
(Theorem [3]).

Capelli-Deruyts bitableaux KP of rectangular shape A = n? = (n, nl,)ﬁ:?e-s- ,m) are of

particular interest since they are central elements in the enveloping algebra U(gl(n)).

— The expansion theorem implies that the Capelli-Deruyts bitableau KP (with p
rows) equals the product of the Capelli-Deruyts bitableau K2 (with p—1 rows)
and the central element

n

Cn(p—1)= Z (_l)n_j(p — D)nj Hg)

J=0

(see Corollary [M). Hence, by iterating this procedure, the central element KP
is explicitely described as a polynomial in the classical Capelli central elements

HY (see Corollary [3)).

— The hook coefficient lemma implies -via the HarishChandra isomorphism- that
the element C,(p) also equals the column determinant element

Hn(p) = cdet [6h,k —+ 5hk(—p +n— h’)]h,kzl

-----

Notice that

€1,1 + (TL — 1) €1,2 - €1n
e eso+(n—2) ... e,

H,(0) = cdet 2! 22t n=2) ol =H,
€n,1 €n,2 e Cnn

the classical Capelli column determinant element.

From these facts, the Capelli-Deruyts bitableaux KP are (canonically) expressed
as the products of column determinants:

p

K2 = (—1)") H,(p—1) --- H,(1) H,(0)

(see Corollary [7).

The method of superalgebraic virtual variables ([4], [5], [6], [7], [8], [9], [10]) plays a
crucial role in the present paper; we provide a short presentation of the method in the
Appendix.



2 The classical Capelli identities

The algebra of algebraic forms £(x,,...,x,) in n vector variables z; = (z;,...,2;4) of

r=n

dimension d is the polynomial algebra in n X d (commutative) variables:

.....

11 T1d
o1 ... To4

Mn,d = [Iij]izl ..... nyj=1,..,d : : ' <3)
Tnl Tnd

The algebra C[M,, 4] is a U(gl(n))—module, with respect to the action:

Caj.ai f = D] (f>7

Tj,Tq

l

Zj,Tq

for every f € C[M, 4], where, for any 4,5 = 1,2,...,n, where D
derivation of the algebra C[M,, 4] such that

is the unique

D:lcj,xi(xhk) = 6ih Tk,
for every k=1,2....,d.
Proposition 1. (The Capelli identities, 1887)

H(")(f): 0 ifn>d
[Zy,...,2,] Q(f) ifn=d,

where f(x,,...,x,) € C[M,q] is an algebraic form (polynomial) in the n vector vari-
ables x; = (1, ..., x;q) of dimension d, and, if d =n, [x,,...,z,] is the bracket
11 ... Tin
[glv"'vzn]:det )
Tn1 - Tnn

and ,, is the Cayley -process

0 o)

011 0x1n
Q,, = det :
0 0

8:(:”1 61‘7m



O

From [9], we recall that the determinant element H'"” can be written as the (one row)
Capelli-Deruyts bitableau [n . ..21|12...n] ([5], see also [§], [26]).

Proposition 2. The element

er1+ (n—1) €1,2 e C1p
e eaa+(n—2) ... ea,

H™ = cdet 2! 2 ( ) o € U(gl(n))
€n,1 €n,2 N R

equals the one row Capelli-Deruyts bitableau (see, e.g. Subsection [ below)
n...21[12...n] =p(ena- " €20€l0  €a1€a2 " €an),

where p denotes the Capelli devirtualization epimorphism (see, e.g. Subsection
below).

From eq. (2)) and Proposition 2] it follows:

Proposition 3. We have:

1. Let v, be a gl(n,C)-highest weight vector of weight = (p1 > po > ... > i),
with p; € N for every i = 1,2,...,n. Then v, is an eigenvector of the action of

H'" with eigenvalue:

(o +n—=1)(p2+n—2) .

In symbols,
HY o, = (0= 1z +n—2) - in) e

2. The element HY" is central in the enveloping algebra U(gl(n)).

3 The Capelli-Deruyts bitableaux in U(gl(n))

We generalize the one row Capelli bitableau HJ” = [n...21]12...n] to arbitrary

shapes (partitions)
)\:()\12)\222)\p), )\Z’GZ+.



3.1 Capelli-Deruyts bitableaux K of shape \.

Given a partition(shape) A = A\ > Xy > -+ > ), we recall that the Deruyts tableauz
of shape A is the Young tableau

Dery = (A Ao, ) (4)

and the reverse Deruyts tableaux of shape X is the Young tableau
Dery = (A", Ao, ... ,&*),

where
Ai=12 )\

and

forevery i =1,2,...,p.
The Capelli-Deruyts bitableau K* is the Capelli bitableau in U(gl(n)), n > \;:
K* = [Der}|Der,] = ]3(61)er;cA : QCADem)u

where p denotes the Capelli devirtualization epimorphism and eperscy, €cyper, are
bitableax monomials (see., e.g. Subsection 0.6 eq. (9.6])).

Example 1. Let A = (3,2,2). Then

321|123
K®22 = | 21 12 | =
21 | 12

= P (€301 €201 €10 €205 1026205 €103 * €a11€a12€a13Cas1€as2€a31€a52) € U(gl(n)), n >3,

where ay, ag, ag are (arbitrary, distinct) positive virtual symbols.

O
Remark 1. Given a Young tableau
xll x12 ......... xl)\l
To1 T22 Tox,
T = ] , Tii € X (5)
7 5
Ti1 Ti2 o Ty
l’pl ’Z'p2 ------ prp |




of shape A = (A > Ag > -+ > \,) over the set X is said to be of Deruyts type
whenever

{%‘1, T2y .-, IL"M} C {!L'z'—l 1, Li—125---5 Li—1 AH},
forvo=2,...,p.

Clearly, any tableau of Deruyts type (3) can be regarded as a Deruyts tableau (), by
suitably renaming and reordering the entries.

3.2 The Capelli-Deruyts bitableaux KP of rectangular shape
A=nP

Given any positive integer p, we define the rectangular Capelli/Deruyts bitableau, with

p rows of length Ay = Ay =--- =\, =n

[nn—1...321 123 ...n—1n]
nn—1...321 123 ...n—1n

Kee | . € Ulgl(n).

nn—1...321 123 ...n—1n

From Proposition 26], we infer:

Proposition 4. The elements K® are central in U(gl(n)).

Set, by definition, K% = 1.

4 The hook eigenvalue Theorem for Capelli-Deruyts
bitableaux

Any rectangular Capelli-Deruyts bitableau KP well behaves on gl(n, C)-highest weight
vectors (compare with Proposition B item 1)).

Theorem 1. (The hook coefficient lemma)

Let v, be a highest weight vector of weight = (1 > pg > ... > 1), with p; € N for
everyt=1,2,...,n. Then v, is an eigenvector of the action of K¥ with eigenvalue the
(signed) product of hook numbers in the Ferrers diagram of the partition ji:

P
(H (1 =j+n)(ue —j+n—1)- (un—j+1)>-
7j=1

10



In symbols,
p
Ky o= (H pr—J+n)(pe—j+n—1)-- (un—j+1)> Ups-
7=1

Theorem [I] generalizes to arbitrary Capelli-Deruyts bitableaux K of shape A as follows:

Proposition 5. Let v, be a highest weight vector of weight 1= (1 > po > ... > py),
with p; € N for every i = 1,2,....n. Let A\ = (A, > --- > \,) be a partition(shape).
Then

K)\ . ,Uu — (_1)>\p()\p71+"'+>\1)+)\p71(>\p72+"'+)\1)+"'+)\2)\1 X

X (H (Ml—i+Ai)(M2—i+/\i—1)"'(Mm—i+1)> Ups-

1=1

5 The factorization Theorem for Capelli-Deruyts
bitableaux

we write J for the increasing word J
=gk Jagn

Given a partition A= (A\; > Ao > --- > Ap), set [A| = A1+ X+ -+ Ay
We have

Let J ={j1 <jo<- - <7Jpt Cn={12;. n} With a slight abuse of notation,
=]

12+ Jk and J* for the decreasing word

ATl A
o | ] R
A 7
and, consistently, we write, for J C M,
| A
A" | Ag
K* e i
= ] wee
A )
REAN RPN

Theorem 2. (The row insertion theorem) Let m < \,. Given M C \,, |M|=m

we have
SEIESED SRUNEED SIS R

k=0 J; JCM; |J|=k

11



where (p); denonotes the raising factorial
p);=plp+1)---(p+j—1)

O

Theorem 3. (The expansion theorem) Let m < \,. Given M C \,, |M| =m, we

have
o | 8] -

where (p); denonotes the falling factorial

o A () M N P o

m
k=0 J; JCM; |J|=k

(p)j=pp—1)--p—J+1).

Proof. By Theorem [2

k=0 J; JC M; |J|=k
D IC IR VD WD M N
k=0 J; JC M; |J|=k 1=0 I; ICJ; |I|=i

=D D SENN D SN s U NN

; M DJ DI |J|=k

2 (3 U™ (s (7};_‘;)) (—1y [ K ] _

Example 2.

12



1. We have

- 3211] 123
321 123 321] 123
[mum[21 '12 }—6 51 L9 +21 21 12
L 1 1
[321] 123 3211|123
+21] 21 12 +121 12
|2 2 21 12
2. We have
3%1 133 —2[321'123}—2MH{321‘123}
51 Lo 21 12 21 12
3211] 123 3211] 123
—zmﬂ{21 ‘12 ]+p1uﬂ[21 ‘12 }

6 The center ((n) of U(gl(n))

6.1 The Capelli generators of the center ((n) of U(gl(n))

In the enveloping algebra U(gl(n)), given any increasing k-tuple integers 1 < i; <
e < <1

We recall that the column determinant

6i1,i1 + (k? — 1) 6i1,i2 Ce e,-l,ik
Cini Civin+(k—2) ... e

cdet e e ( ) . e U(gl(n))
eik,h €ik7i2 e eik’ik

equals the one-row Capelli-Deruyts bitableau
[igig—1 a1t lg_1l) =P (eikaeik,la ©€ialaiy "t '€aik,1€aik) € U(gl(n))

(see, e.g. [9]).
Consider the k-th Capelli element

€irin + (K —1) €y io e €y

H(k;) o Cdet e’iz,i1 ei27i2 + (k - 2) e 6i2,’ik
1<ip<<ip<n :

Ciki1 i iz s Gy

13



Clearly, we have
Hglk) - Z [ig -« - doiy|i1dg - - - k). (6)

1< << <n

We recall the following fundamental result, proved by Capelli in two papers ([12], [13])
with deceiving titles.

Proposition 6. (Capelli, 1893) Let ((n) denote be center of U(gl(n)). We have:

— The elements H%k), k=1,2,...,n belong to the center {(n).
— The subalgebra ((n) of U(gl(n)) is the polynomial algebra
((n) = CHY,HY, ... ,H],

n

where
HY H? . HW

n n

is a set of algebraically independent generators of ((n).

6.2 The factorization Theorem for rectangular Capelli-Deruyts
bitableaux KP

The crucial result in this section is that Capelli-Deruyts bitableaux KP of rectangular
shape A = n? expand into commutative polynomials in the Capelli elements HY ), with
explicit coefficients.

The next result was announced, without proof, in [3]. By eq. (@), it is a special case
of Theorem [3

Corollary 1. (ExpansionTheorem)

Let p € N and set HY = 1, by definition. The following identity in ((n) holds:
KP = (=1)""") C,(p—1) KB,

where, given p € N,

3

Colp—1) =, (=1)"(p = 1)py HY. (7)

where
(m)p=m(m-—1)---(m—k+1), mkeN

denotes the falling factorial coefficient.

14



If p=0,eq. (@) collapses to
K} =H" = C,(0).

Notice that the linear relations ([7), for p =0,...,n — 1, yield a nonsingular triangular
coeflicients matrix.

Corollary 2. The subalgebra ((n) of U(gl(n)) is the polynomial algebra
¢(n) = C[C,(0),C,(1),...,C,(n—1)],

where
C,(0),C,(1),...,C,(n—1)

is a set of algebraically independent generators of ((n).

Corollary 3. The rectangular Capelli-Deruyts bitableau KP equals the commutative
polynomial in the Capelli generators:

K2 = (-1)'® Culp—1) -+ Ca(1) Co(0).
Example 3. Let n =3, p=2. Then

321|123
<= [531] 133] - - o oo - () e

O

6.3 The Harish-Chandra isomorphism and the algebra A*(n)
of shifted symmetric polynomials

In this subsection we follow A. Okounkov and G. Olshanski [33].

As in the classical context of the algebra A(n) of symmetric polynomials in n vari-
ables 1, xs, ..., x,, the algebra A*(n) of shifted symmetric polynomials is an algebra
of polynomials p(z1,zs, ..., x,) but the ordinary symmetry is replaced by the shifted
symmetry:

flry, . o mp i, wn) = flg, oz — Lxg+ 1,000, 1y),
fori=1,2,....,n—1.

The shifted elementary symmetric polynomials are the elements of A*(n)

— for every r € Z™,

62(1’1,1’2,...,1’”): Z (Iil +k—1)(xi2+k_2)'”(xik)a

1<t <o << <n

15



— ej(r1, 19, ..., x,) = 1.

The Harish-Chandra isomorphism is the algebra isomorphism
Xn * C(n) — A*(n)v A XH(A)v

Xn(A) being the shifted symmetric polynomial such that, for every highest weight
module V,,, the evaluation x,,(A)(t1, f2, - - -, i) equals the eigenvalue of A € ((n) in
V., ([33], Proposition 2.1).

6.4 The Harish-Chandra isomorphism interpretation of The-
orem [1] and Theorem [3]

Notice that
Xn(Hg’)) =e(x1,To,...,2,) € A" (n),

for every r=1,2,....,n

Furthermore, from Theorem [ it follows

Corollary 4.

Xn(KB) = (—1) (ﬁ rr—j+n)(ra—j+n—1)-- (n—j—1)>.
j=1
By Corollary [Il, we have
Xn(KE™) = Xa(Ca(p) xa(KR).
and Corollary 4] implies
Proposition 7. For every p € N,
Xn(Cn(p)) = (1 —p+n—1)(z2—p+n—2)--(zn —p).

Proposition 8. The set

Xn(Cn(0)), Xa(Cu(1)), -, Xa(Culn —1))
is a system of algebraically independent generators of the ring A*(n) of shifted sym-
metric polynomaials in the variables x1,xs, ..., T,.
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Given p € N, consider the column determinant

€11 —p+ (n — 1) €1,2 S €1n
€21 €292 — P —+ (n — 2 e €2.n
H,(p) = cdet i . ( ) . (8)
en,l 6n,2 oo en,n —p

We recall a standard result (for an elementary proof see e.g. [41]):
Proposition 9. For every p € N, the element
H,(p) = cdetlen s + On(—p+n—h)],

is central. In symbols, H,(p) € {(n).

Equation (§]), Proposition [@ and Proposition [7 imply

Xn(Hn(p)) = (21 =p+n—=1)(zs =p+n—=2)- (20 = p) = Xa(Ca(p)).
Hence, we get the well-known identity (see, e.g. [27]):

Corollary 5. For every p € N, we have

H,(p) = cdet [€h7k + opp(—p+n— h)]h,kzl

_ zn: (=1)" 7 (p)n_; HY = C,(p).

Corollary 6. The subalgebra ((n) of U(gl(n)) is the polynomial algebra
((n) = C[H,(0),H,(1),...,H,(n—1)],

where

is a set of algebraically independent generators of ((n).

Corollary 7. The rectangular Capelli-Deruyts bitableau KP equals the product of col-
umn determinants:

KP = (—1)"¢) H,(p— 1) --- H,(1) H,(0).

17



Example 4. Letn =3, p=2. Then

3211123
2 _ _
ein+1 ep €13 e+ 2 €12 €1,3
= —cdet €21 €22 €23 cdet 2.1 ea2+1 ex3

€31 €32 e33—1 3.1 €32 €33

O

Corollaries 3 and [T generalize to Capelli-Deruyts bitableaux K* of arbitrary shape \.

Theorem [3] implies:

Proposition 10. Letn € Z, A= (A > X > - > X)), Ay <n. Set N = (A > Ay >
- > Xp—1). Then
K = (=1) et Gy, (p - 1) K,

where
Ap

O

Corollary 8. Letn € Z, A= (A > X g > - > A), Ay <n. Fori=1,2,...,p, set

z—l:Z DN (i — 1)y, HY.
Then,

1. The element Cy,(i — 1) is central in the enveloping algebra U(gl()\;)), for i =
1,2,...,p.

2. Tf(yc; Capelli-Deruyts bitableau K* equals the polynomial in the Capelli elements
HU).
K> = (= 1) Opmrttd)tdok Cy,(p—1)---Cy(1) Cy,(0).

18



Example 5. Let n =3, A = (3,2) and let

321|123
(32) _
K {21 ‘12 }

Then,
K = Gy(1) Cy(0) = (B - 1) 1YY,

O

For ¢ = 1,2,...,p, consider the center (()\;) of U(gl();)) and the Harish-Chandra
isomorphisms

Yo £ C0) — AT ().
Proposition Bl and Proposition [I0 imply:
X (Co(i—1) = (1 —i+XN) (@ —i+ X — 1) (xz\, — i+ 1). (9)
Proposition [9 implies that the element

is central in the enveloping algebra U(gl();)). In symbols, H, (p) € ((\;).
Clearly,

X)\Z(HM(Z — 1)) = ([L’l —Z‘l' )\Z)(ZL'Q —’l—f—)\z — 1) .. '([L’)\i —Z+ 1),
and, therefore, from eq. (@), we have

Corollary 9. H, (i — 1) = C,,(: — 1).

From Corollary [§, we have

Corollary 10. The Capelli-Deruyts bitableau K equals the product of column deter-
minants:

KA _ (_1)Ap()\p,1+...+>\1)+---+)\2)\1 HAp(p _ 1) . _H>\2(1) H)\l (0)

Example 6. We have

3211 123
K62 __ { ‘ ] — H,(1) H(0) =

21 12
e1,1 €1,2 e+ 2 €12 €1,3
= cdet €21 €22 — 1 cdet €21 €22 +1 €23
€3,1 €3,2 €33
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6.5 Polynomial identities

Let t be a variable and consider the polynomial

€11 — t+ (n - 1) €1,2 Ce €1.n
e ero—t+(n—2) ... €an
H,(t) = cdet 21 22 . ( ) % —
€n,1 €n,2 cee Cpnp T t

= Cdet [ei,j + 51](_t +n — Z)] =
with coefficients in U(gl(n)).

Corollary 11. (see, e.g. [41]) In the polynomial algebra ((n)[t], the following identity
holds:

n

H,(1) = (~1)"7 HY (1),

=0
where, for every k € N, (t)y =t(t—1)---(t — k+ 1) denotes the k—th falling factorial
polynomial.

Corollary 12. In the polynomial algebra A*(n)[t], the following identity holds:

n

(@1 —t+n—D(@e—t+n—2)(x,—t) =Y (=1)"7 ej(x1,72,...,2) ().

=0

Following Molev [28] Chapt. 7 (see also Howe and Umeda [22]), consider the “Capelli
determinant”

€1,1 + s €12 Ce €1n
€21 €22 +s—1 ... €2n
Cn(s) = cdet i . —
en.1 Cn.2 cee Cpnt+s—(n—1)

= cdet [ei,j + 5ij(s — 1+ 1)]1',]‘:1 7777 no
regarded as a polynomial in the variable s.

By the formal (column) Laplace rule, the coefficients e e U(gl(n)) in the expansion

Co(s) = s" +CHs" 1 4 P2 4™,

n
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are the sums of the minors:

ch = Z Mg, i

1< <ia<...<ip<n
where M;, ;, ;. denotes the column determinant of the submatrix of the matrix C,,(0)
obtained by selecting the rows and the columns with indices i1 < iy < ... < 7.

Since C,(s) = H,(—s + (n — 1)), from Proposition [[1]it follows:

Corollary 13.

Cals) = 3~ (~1)" (s + (n— 1)), HY.

J=0

Corollary 14. We have:

— The elements C,(Lh), h=1,2,...,n are central and provide a system of algebraically
independent generators of ((n).

- Xn(Cr(Lh)) =en(x1,22,...,2,) = ep(x1,29 — 1,..., 2, — (n— 1)), where e, denotes
the h—th elementary symmetric polynomial.

6.6 The shaped Capelli central elements K)(n)

Given a partition A = (A1, Ag,. .., Ap), A1 < n, consider the shaped Capelli elements
(see [9])

Ki(n) =Y plescs -eczs) = Y [S]5] € Ulgl(n)),
S

S

where the sum is extended to all row-increasing tableaux S, sh(S) = A.

Notice that the elements K,(n) are radically different from the elements Hy(n) =
H,, (n)---H, (n) and are radically different from the elements K*.

Since the adjoint representation acts by derivation, we have
ad(eij)(z 65’0; . 60;75) = 0,
S
for every e;; € gl(n) and, then, from Proposition 26, it follows
Proposition 11. The elements Ky(n) are central in U(gl(n)).

Let ¢(n)"™ be the m-th filtration element of the center ¢(n) of U(gl(n)).
Clearly, Ky(n), Hy(n) € ¢(n)™ if and only if m > |A|.
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Proposition 12.
Ki(n) = +H\(n) + ) e, F

where F,(n) € ¢(n)™ for some m < |).
Proof. Immediate from Corollary [I6l O

Therefore, the central elements Ky(n), |\| < m are linearly independent in ¢(n)™,
and the next result follows at once.

Proposition 13. The set
{K,\(n);)\l <n }
is a linear basis of the center {(n).
Let K be the Koszul equivariant isomorphism [9]
K :U(gl(n)) = C[Mp],
K : [S|S] — (S]9). (10)

Clearly, the Koszul map K induces, by restriction, an isomorphism from the center
¢(n) of U(gl(n)) to the algebra C[M,, ,]*%) of adgyy,)—invariants in C[M,, ,].

Consider to the polynomial
hp(n) = > (g dgigiviy - -ig)

1< < <ip<n
(ir]iy) ... (islix)
= ) det : : e C[M,..].

1<ig < <ig<n (zk\zl) (Zk|lk)

Clearly, hi(n) € C[M,,,] s,

Notice that the polynomials hy(n)’s appear as coefficients (in C[M,, ,]) of the charac-
teristic polynomial:

Py, (t) = det(t] — M,,,) ="+ (=1)" hy(n) t"~".

i=1
From (I0), we have
Proposition 14.

K(Kx(n)) = (=1)(2) by, (), (n) -1y, (), [A] = ZA
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Proposition [[3 implies (is actually equivalent to) the well-known theorem for the alge-
bra of invariants C[M,, ,,]| s :

Proposition 15.
C[M,, )" = C[hy(n), hy(n), ..., hy(n)].

Moreover, the hy(n)’s are algebraically independent.

Proposition [[5 is usually stated in terms of the algebra C[M,, ,]9*™ = C[M,,,]*%!m,
where C[Mn,n]GL(”) is the subalgebra of invariants with respect to the conjugation
action of the general linear group GL(n) on C[M,,,] (see, e.g. [36]).

7 Proof of Theorem [2

7.1 A commutation identity for enveloping algebras of Lie su-
peralgebras

Let (L = Lo @® Ly,[, ]) be a Lie superalgebra over C (see, e.g. [23], [39]), where [, ]
denotes the superbracket bilinear form.

Given a € L, consider the linear operator T, from U(L) to itself defined by setting
T,(N) =a N — (=1)lININ ¢,

for every N € U(L), Zy-homogeneous of degree |INJ.

We recall that T, is the unique (left) superderivation of U(L), Zs-homogeneous of

degree |a|, such that
To(b) = [a> b]>

for every b € L.

Furthermore, given a,b € L = Ly & Ly, from (super) skew-symmetry and the (super)
Jacobi identity, it follows:

TooTy— (=1)PITy o T, = Tjp .
The Lie algebra representation
Adp . L = Ly & Ly — Endc[U(L)] = Endc[U(L)], & Endc[U(L)],
e, +— Ty

is the adjoint representation of U(L) on itself.
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Proposition 16.
Ay Qg * =+ A W = Wiy Qg * * aim(_I)IWI(‘ail‘+|ai2|+m+|aim|)+
m
+ E E : ((Taiau) "'T%(k) (w)) Cigh1) " " Vig(m) ¥
k=1 o(l)<-<o(k);o(k+1)<:--<o(m)

. lwl(lai, gy gy 1 Flai g 0 D
X Sgn(a”lo(l) e aia(k:) ) aio(k+1) T aia('m)) (_1) (k+1) (m) )

Proof. By induction hypotesis,

_ wi(|aiy |+-+]a;
i iy = 01, )0 = Qw0 -+ -, (—1) 0o Dy

m

+ gy Z Z (Tair(z) C Tair(h) (w)a'ir(thl) . aiT(m) X

h=2 7(2)<--<7(h);7(h+1)<---<7(M)
. lwl(las [+ telai o DY
X Sgn(aiT(z) e air(h) ; air(h+1) Ce . ai‘r(m))(—l) (h+1) (m) ) =

= Wy, - (1) o ) T (), -, (<)o

m

_'_ Z Z (Tail Ta7(2) . e Ta‘r(h) ((,U)aT(h_,’_l) . e aiT(m) X
h=2 7(2)<--<7(h);T(h+1)<---<7(m)

X SGN(ar(z) - Ar(hyi Gr(ha) gy ) (—1) 0Ol Dy

+ sy Ty gy (W) iy Qr(igny iy X
)

(1)l [l Hlar [+ Hai | el el ) DY,

X8gn(ar(2) ** Qr(); Or(hi1) * * Grm) )(—1)
where

)Flwl(larhgnyl+--+lai_, 1)

T(m) ‘ T(m) |

lagy [(|lwl+ai g, [4+la; . B
(—1) @ XSgn(aiT(z) gy Qi gy " 'aiT(m)) =

) lwl(laiy |+as +eFlai 00
= Sgn(aiT(Q) - qy i, Q; )(_]_) "1 “r(h+1) tr(m)!

r(h)? TG

r(ht1) (m)

Then, the assertion follows. O

In the Sweedler notation of the supersymmetric superbialgebra Super(L), Theorem
can be stated in the following compact form:

Proposition 17. Let
Q= Aj; gy =+ * Ay -

Then
aw= Z Ta<1>(W)Oé(z)(—l)w%)\.
(a)
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Proof. Let
O = Aj; Ajy * * Gy

m*

Then, the coproduct (in the Sweedler notation)

Al) =) ap) ® ag)
()

equals
m
Z Z (@ipsy -+ iy @ iy " iy X
k=0 o(1)<--<o(k);o(k+1)<--<o(m)
ngn(aiau) iy Qg T aia(m)))’
]
Furthermore

Lemma 1. Let T, =1T,T,,---T1,, . Then

m

To(wr - wo) = Z Ta(l) (wl)Ta(z) (W2)(_1)|a(2)llw1‘~
(a)

7.2 Some preliminary remarks and definitions
7.2.1 The virtual algebra and the Capelli devirtualization epimorphism

Given a vector space V of dimension n, we will regard it as a subspace of a Zs—graded
vector space V@ Vi, where V) = V. The vector spaces Vj (we assume that dim(Vy) = m
is “sufficiently large”) is called the positive virtual (auziliary) vector space and V is
called the (negative) proper vector space.
Let Ay = {a1,...,amy}, £ = {1,2,...,n} denote fized bases of Vy and V = V],
respectively; therefore |as| =0 € Zo, and |i| = 1 € Zo.
Let

{€a7b;a,b€A0U£}, ‘ea,b| = ‘CL|—|—‘b| € Zo

be the standard Z,;—homogeneous basis of the Lie superalgebra gl(m|n) provided by the
elementary matrices. The elements e, € gl(m|n) are Z;—homogeneous of Zy—degree
|€as| = la +1b].

The superbracket of the Lie superalgebra gl(m|n) has the following explicit form:

[ea,b> 6c,cl] = 5bc €a,d — (_1)(|a‘+|b|)(|c‘+|d|)5ad €cb,
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a,b,c,d e Ay U L.

In the following, the elements of the sets Ay, £ will be called positive virtual symbols
and negative proper symbols, respectively.

The inclusion V' C Vi @ V; induces a natural embedding of the ordinary general linear
Lie algebra gl(n) = gl(0|n) of V into the auxiliary general linear Lie superalgebra
gl(m|n) of Vo & V; (see, e.g. [23], [39]) and, hence, a natural embedding U(gl(n)) C
U(gl(m|n)).

In the following, we will systematically refer to the Capelli devirtualization epimorphism
p: Virt(m,n) — U(gl(0n)) = U(gl(n)),

where Virt(m,n) is the virtual subalgebra of U(gl(m|n)).
For definitions and details, we refer the reader to Subsection

7.2.2 A more readable notation

In the following, we will adopt the more readable notation:

— We write {a|b} for the elements e, of the standard basis of gl(m|n).

— Given two words I =4y 49 -+ i, J = J1 Jo -+ Jp, With 45, j, € £ and a virtual
symbol «, we write

{Jlay ={j g2 - dlot, {all} ={aliriz -+ iy}

in place of
€j1,a€j2,0 """ Cjp,ay  Cayin Caia T " Cavips

respectively.
In this notation, given a pair of Young tableaux
S:(wl,wg,...,wp), T:(EI,EQ,...,@D), Sh(S):Sh(T):A,

the Capelli bitableau
[SIT] = p(esc, - eoyr) € Ulgl(n))
is
[S|IT] = p(Ps - Pr),

where

Ps = {w:|BiH{ws|Ba} - - - {w,| By}, Py = {B1[wy }{ Ba|W2} - - - { Bp[1W0, }-
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Furthermore, for the adjoint representation
Adgiimpny : gl(m|n) = Endc[U(gl(m|n))]
we write

— Tio, T,; in place of Te;,, T,

€ai”

— Tha, Tor inplace of Tj Ty o Tiyar  ToinTayiy - Tay,, respectively.

7.2.3 The coproduct in A(V) = A(L), Sweedler notation and split notation

Given a word I = iy iy -+ iy, i@ € L in A(V) = A(L), and a natural integer
k, k=0,1,---,m, consider the homogeneous component

of the coproduct
A:ANL)— AL)®@AL).

Given a permutation o with
o)< ---<alk), ok+1)<---<a(m),
and the two subwords
Iy =tdo)y =+ lok),  L2) = loke1) ~ lo(m)

we call the pair (I(1), [(2)) a split of I of step (k,m — k) of signature sgn(l; Iy, I2)) =
sgn(a). Clearly, I = sgn([; I(l), I(g)) I(l)[(g).

We denote by S(I; k,m — k) the set of all splits of I of step (k,m — k).

Then, the coproduct component

Nemi(D)= D> Tny @Iy

(I)k,mfk

can be explicitly written as

Apm-r(I) = Z sgn(l; Iy, L2y) Iy ® Lia).
(I(l),I(z))GS(I;k,m—k)
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7.3 Some lemmas
Consider the Capelli bitableau

[S|T] = p(Ps - Pr)
as in Eq. (T.2.2).

From Proposition [I7], we derive the following pair of Lemmas.

Lemma 2. Let I =iy 9 by, J =J1 J2 =+ Jm, M < Ap.

Then
{JlaHall} Ps
equals
{J]a} Z > Ty, (Ps){allpH(—1)Fsltmh),
( k,m—k
Since

p({/la}{all} Ps- Pr) = [J|1] [S|T],

Lemma 3. We have

[J|I] [S|T] = (—1)(Prl+R)m=k)y

X p(z Z Z TJ(1)aTaI(1) (PS) {J(2)|a} Pr {a|I(2)})' (11>

(I)k,mfk (J)k,mfk

Proof. We have
{JlaH{all} Ps Pr =

—WY}Z Z o 10 (Ps) {all} Pr (~1)Psl0nb) =

B Z Z {Jla} To 1) (Ps) {all)} Pr (—1)!Psltm=h) =
k=0 (I)k,mfk

m

=Y > | D ToelTuny (Ps)){Jla} (=1)IFswin=t )

k=0 (I)k,mfk h=0 (J)h,mfh
X {CM|I(2)} PT (—1)‘PS‘(m_k).
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Now, if h < k, then m — h > m — k and, hence,

Z Z TJ(l)a(Ta Iy (PS)){J(2)|O(} (_1)(|PS\+h)(m—h) y

(I)k,mfkr (J)h,mfh
x {allg)} Pr (=1)Fsitn=h

is an irreqular element, since the {Jo)|a}{a|l2)} are irregular monomials; so, its image
with respect to the Capelli epimorphism p equals zero.

If h > k, then,
TJ(UQ(TQ Ty (Ps)) = 0.

and, hence,

Z Z TJ(l)a(Ta Iy (PS)){J(2)|O(} (_1)(|PS\+h)(m—h) y

(I)k,mfkr (J)h,mfh

X {a|I(2)} Pr (—1)‘PS‘(m_k) =0.
Then,

[J|1] [S|T] = (—1)(Psl+R)m=k)(_1)IPsl(m=Fk)

<p(D. D D TigeTury (Ps) {Jela} {all)} Pr)
k=0 (I)k,mfkr (J)k,mfkr
_ (_1)(|PT\+k)(m—k)X

X p(z Z Z TyyaTarg, (Ps) {Jla} Pr{allz)}).

k=0 (I)k,mfk (J)k,mfk

Corollary 15. Let m < \,. Then

(1] [S|T] = + { 5 ) C[F ] + ) ma G,

where
1] [S|T7, [*j ' ﬂ ¢ U(gl(n))™  whenever n<m+ |\,

and
G € U(gl(n)™  for some n <m+ |\
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Corollary 16. Let m < \,. Then
[SIT) = % [wi[@n] [wal@e] - [wplcy] + Y dx Fa,
where
[SIT], [wif@n] [wafera] -+ [wplw,] ¢ Ulgl(n))™  whenever n <A,

and
F\ € U(gl(n))™  for some n <|\|.

We specialize the previous results to Capelli-Deruyts bitableaux K*.

Let
M* = {58} AN B, M= {Bi| A} - {Bp|Ap ),

where A= (A\y > --- > \,) and [M*| = M| = |\ = A+ -+ )\, € Zs.
Given an increasing word W = hy hy -+ hy, on £ = {1,2,...,n}, denote by W* its
reverse word, that is:
W*=h, --- hy hy.
Let =12 ---m, I"=mm-—1---1,m <A\,

In this notation
K*=p(M*-M)

and
(|1 K* = p( {I*|a}{a|I} M*-M).

We apply Lemma B to the element [I*|I] K*. As we shall see, the double sum

2. 2.

(I*)k,mfk (I)k,mfk

>

(I)k,mfk

in eq. ([[I]) reduces to a single sum

since the only splits [ (*1), I (*2) in (I*)m—k that give rise to nonzero summands are those

for
Ity = In)" and 5 = (I»)",

where (1(1))*, (I(2))* are the reverse words of I(;y and I(y), respectively.
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Lemma 4. The element
(1] K = p({I*|a}{all} M* - M)
equals
S ST (T (T 1, (M) () a0l ).
k=0 (I)k,mfkr

Proof. From Lemma [3, we have

p({I*la}a|l} M- M) =) (—1)IMERm=k)

NE

B
Il

0

(Y > p(Ta(Ta gy, (M) {Uxla} M {all)} ).

(I)k,mfk (I*)k,mfk

Let £k =0,1,...,m and examine the element

Z Z TIEH)a (Ta I1) (M*)){[(*z)‘o‘} M{allg)} =

(I)k,mfk (I*)k,mfk

- Z Z TIG)O‘(TQ1(1)({ﬁ*|ﬁl}"'{ﬁ*‘ﬁp})){(f(z))*\a} M{all()}.

(I)k,mfk (I*)k,mfk

If i € I1p), then i ¢ I(;). Hence, all the variables

{i|8,} g=1,2,...,p
appear in
Ta,I(U ({£*|ﬁ1} T {ﬁ*‘ﬁp})v
for every ¢ =1,2,...,p.
Assume that ¢ ¢ I(;), then i € If}). Hence, 3 ¢ € {1,2,...,p} such that the variable

{2lBq}

is created by the action of

TI(*I) a

on

Toaey (A8} AN 1Bp}) (%)
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Then (*) contains two occurrencies of {i|3,} and, hence, equals zero. Therefore

TIG)O‘T‘)‘J(U ({ﬁ*wl} T {ﬁ*|ﬁp}) 7é 0

implies
1€ ](2) == 1 € ](*2).

Since I(3) and I, (*2) are words of the same length m — k, this implies that the only not
zero summands - with respect to the action of the Capelli epimorphism p - in

Yo > p(Ta(Ta 1, (M) {yla} Miallz)})

(I)k,mfkr (I*)k,mfk

are for 17, = (I1))" and I, = (I(2))", that is

P (Tt al(Ta 10, (M) {(Ze2) |} M{allz}).

U
Let us examine the expression
> (=DM Ty oo (Ta 1y (MF)) {UT)) [} alT@)}- (12)
(I)kxmfk
in the notation of splits.
Corollary 17. The expression (I2) equals
> Tiea(Ton (M?)) {B*la}{a|B}.
(A,B)eS(I;k,m—k)
Proof. In the notation of splits, the expression (I2]) equals
(—1)Fm=k) > Taea(Ta a(M)) {B*|a}{a] B} x
(A,B)eS(I;k,m—k)
sgn(l; A, B)sgn(I*; A*, BY).
We have
(—1)*"Psgn(I; A, B)sgn(I"; A", B*) =
= (=) (—)Mm P sgn(T; A, B)sgn(I™; B, A7).
But sgn([; A, B)sgn(I*; B*, A*) = 1. O
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Given (A, B) € S(I;k,m—k),let A =ajas---ag, {a1 <as <---<ar} C{1,2,...,m}
and recall

M* = {81} - {185

we examine the element
TasaTo 4(M). (13)

Lemma 5. We have

TaraTo a(MF) = (p)y AMIB1} - {718} = (), M,

where
(p)p=plp+1)---(p+k-1)

is the raising factorial coefficient.

Proof. By skew-symmetry, a simple computation shows that (I3]) equals
2 2 ToanyoTan (Q0711) -+ TiayraTon, ((715,)- (14)
hitthp=k (A1,...,Ap)ES(Ashi,....hp)

We examine the value of
TC*aTaC({g*|5})
for C =cico - cp, {ar<ea<...<c} C{1,2,...q}.

Clearly
('8} = {alB}(~1)&),

and a simple computation shows that
TC’*aTaC({g|ﬁ}) = h! {QW}
Indeed, we have
TaC({g‘ﬁ}) = Tc1a to T%a({”ﬁ} e {q|ﬁ})
= {UB} - A{alBHalB} - {enlBHalB} - {qlB} (-1)n et
= {alBY {118} - {arl B} - {enl B} - {alB} (1)o7l

Nnow,

TC’aTaC({g|5}) = Tcha s Tcwé({a|ﬂ}h{1|ﬁ} R m .. _)(_1)ch—1+~~+c1—1

= hl{eu|B} - {a|B} - m e m(_l)ch—1+---+c1—1
= hi{118} - - {qlB} = h!{q|B}-
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Then,
ToroToc ({°18}) = (—1) & T Tuc ({018Y) = (=1)E) 1l {g|8} = 1! {¢°|8}.

Hence, (I4]) equals

3 3 hl- bl (1B AN 180)) =

(h1seshp)shatthp=k (A1,...,Ap)€S(A;h1,....hp)

k! . )
= X g b h (A8 1)
that equals

<§> K18 180) = (o 18 (A1)

Hence, from Lemma [l and Lemma [5] we infer:
Proposition 18. Let [ =12---m, I* =m---21. Then
(|1 K* = p( {*|a}{all} M- M)
= p({I"|aH{alI} {518} AN 1B HB ALY - {By[ A1)

equals

> (e > (P)y p(M{B|a} M{a|B}).

m
k=0 (A,B)eS(I;k,m—k)

7.4 Proof of Theorem [2|

Let m < A, and M C ﬁ, |M| = m, as in Theorem [2
Recall that [M| = |M*| = || € Zy, where [A| = A1 + -+ A,

From Remark [I] and Proposition [I8], we have:

[M*M]K* = p ({M"|a}{a|M}M" - M)

=3 e (CDME ST (M} M{al )

k=0 J; JCM; |J|=k
def “ K*
23 b ey [
k=0 J; JCM; |J|=k
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8 Proof of Theorem 1

Proof. Recall that
vy, = (Der,1|Der§),

where (Derj|Dery) is the Young bitableau (see, e.g. Subsection 0.7 below)

12 «on .. fa | 12 - -n i
12 fh2 12 fh2
12 f 12 f,

in the polynomial algebra C[M,, 4].

Set

eDer;p,Codernp = €nag """ Clag " €na,—1 " Clap_16nay * 7 Clay-
Set

€Coderpp,Derpp — €aql """ Cayn """ €ap_11° " €ap_1n€apl * " Eapn-
Since

Klr)1 = p €Der*, ,Coder,p eCOdBT‘np,De’f‘np ;
np

the action of K¥ on v, = (Derp|Derf) is the same as the action of
eDer;p ,Coder,p €Coder,p,Der,p-

We follow [37] (see Proposition 5).
Now, if p,, = 0, then

Capn - (Derﬁ\DeTfj)
1s zero.

In the following, we limit ourselves to write the left parts of the Young bitableaux
involved.

If p,, > 1, then
Capn * (Der,ﬂDeréD)
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equals

1 2 n—1 o,
12 n—1 n
1 2 -n—1 n
12 v ...

by Proposition
A simple sign computation shows that (I5]) equals

1 2 n—1n
12 n—1mn
+(=1)nlee=Din=b

1 2 n—1 o,
1 2 en vun

1 2 n—1 q

1 2 n—1 n

1 2 -n—1 n

12 v ...
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Now, again by Proposition 30l and simple computation, we have:

n
Copn—1 | =
12 -+ ...
L2 Qp  Qp
1 2 n
e | e
— (-1 L s
192 «ov ...
1 2 n—1 o
1 2 n—1 n
12 a,
Hn
o (”—1)+(2—2)n+(n—2) .........
+;( D 12 oo von ;| T
- 1 2 n—1
1 2 n—1
1 2 -
12 n—1 o
1 2 n—1 n
p 12 n
n—1
+ Z (_1)(n—1)+(un—1)n+(z’—un—1)(n—1)+(n—2) 12 ---n-1 ’
i=pn+1 1 2 ap
1 2 n—1
1 2 -

where the tableaux in the two sums are the tableaux with the second occurence of «,
in the ith row.

By the Straightening Law of Grosshans, Rota and Stein ( [20], Proposition 10, see also
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[2], Thm. 8.1), each summand in the two sums equals

1 2 o,
1 2 n—1mn
I B
(=1) 21 12 n
12
and, hence,
12 n—1aq,
1 2 n
......... i1
Corm1 _ (_l)n—2 (/J, 1+ )
e 2
192 o0 ...
By iterating this argument, we obtain:
12 -3 ol
1 2 - g -n
N [
apj'((n_j)| 1 2 - -n )_
12
12
12
(_1)j_1 [4j +n —j ......
(n—j+1)! 12 -
12
By iterating this procedure,
€apl " Capn ° (Derﬁ|D€T5> =
(1))
= (tn—1z+n-2)-
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12 o,
12 n—1mn
1 2 n
12 -
=1 ag—jﬂ
~j=1 7 n
J—1 n
Qp Qp Qp
1 2 n
g9 n
1 2




and

eCodernp,Dernp . (D6’l"ﬂ|D€’f’§) =

o, ayp
Qp_1 Op_q Qp_1
1 n
_ h(ul—l+n—1) ~-(,un—z) (—1)(2)10 .. _
P (n')iﬁ aq (o7 aq
h 1 2
(03] (03] (03]
() o,
. . ( 1) 2 2 Qp_1 Oy (e 7]
= — — 1) (g, — P P P
<Z_O (,Ul 1+n ) (:u Z)) (n')p , , a,
1 2
Since
(05) (05) aq
a _ a _ “ .. a _ n
DersyCoteryy - | 0070 00T = () Bl (Derg| Derf) =
4 4 P
1 2

=KP(v,) =KE - (Derﬁ|Der5) = €Der*, Coder,p €Coder,p Deryp * (Derﬁ|Der5) =

p—1 . (Z)p .
- <H <u1-¢+n_1>---<un—z‘>> Co (D

1=0
aq aq e aq
Ap_1 Oy Oy 1
p p p —
X €Der*, ,Coder,p * ( ) -
D
" " Qp  Qp Qp
1 2

|
_

- ( (1 —i+n—1)- (i —z‘)) (1) )" (Derg| Derf).

Notice that, if y,, < p, then K®(v,) = 0.

Il
=)
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9 Appendix. A glimpse on the superalgebraic method
of virtual variables

In this section, we summarize the main features of the superalgebraic method of virtual
variables. We follow [8] and [9].

9.1 The general linear Lie super algebra gl(m|n)

Given a vector space V of dimension n, we will regard it as a subspace of a Z,—graded
vector space Vo @ Vi, where Vi = V. The vector spaces V; (we assume that dim(Vp) = m
is “sufficiently large”) is called the positive virtual (auziliary) vector space and V is
called the (negative) proper vector space.
The inclusion V' C Vi @ V; induces a natural embedding of the ordinary general linear
Lie algebra gl(n) of V,, into the auziliary general linear Lie superalgebra gl(m|n) of
Vo @& Vi (see, e.g. [23], [39]).
Let Ay = {a1,...,am}, L = {x1,29,...,2,} denote fized bases of Vj and V = V7,
respectively; therefore |as| =0 € Zo, and |i| = 1 € Zo.
Let

{ea,b;a7b€A0U£}7 ‘6a,b| = ‘CL|—|—‘b| €Z2
be the standard Z,;—homogeneous basis of the Lie superalgebra gl(m|n) provided by the
elementary matrices. The elements e, ), € gl(m|n) are Zy—homogeneous of Z,—degree
|€as| = lal +[0].
The superbracket of the Lie superalgebra gl(mg|m, +n) has the following explicit form:

(lal+[B)(le|+d]

[ea,b> 6c,cl] = 5bc €a,d — (_1) )6ad €cb,

a,b,c,d € Ay U L.
For the sake of readability, we will frequently write £ = {1,2,...,n} in place of £ =
{213'1, To, ... ,LIZ‘n}.

The elements of the sets A, L are called positive virtual symbols and negative proper
symbols, respectively.

9.2 The supersymmetric algebra C[M,,, 4]

For the sake of readability, given n,d € Z*, n < d, we write

1) ... (1)
Mya = [C))iz1. pjm1a = : '

(1) ... (nld)



in place of

11 ... 14

o1 ... T94
Mg = [Ty et =

Tnlt --- Tpd

(compare with eq. ([B])) and, consistently,
(C[Mn,d] = C[(”j)]i:l ..... n,j=1,....d

in place of
C[My, 4] = Clzijliza,.. nj=1,..d

for the polynomial algebra in the (commutative) entries (i|j) of the matrix M, 4.

We regard the commutative algebra C[M,, 4] as a subalgebra of the “auxiliary” super-

symmetric algebra
C[Mm\n,d]

generated by the (Zy-graded) variables
(alj), ac AUL, jeP={j=1,....d;|j| =1¢€Z},
with [(alj)| = |a| + |j| € Za, subject to the commutation relations:
(alh)(blk) = (=1)/WICEL (b]k) (aln).
In plain words, C[M,,, 4] is the free supersymmetric algebra
Cl(asl), (il)]

generated by the (Zs-graded) variables (aglj), (i]7), j = 1,2,...,d, where all the vari-
ables commute each other, with the exception of pairs of variables (agl|j), (ay|j) that
skew-commute:

(aslg)(eulg) = =(eulg)(as]s).
In the standard notation of multilinear algebra, we have:
C[Mpjn.a] = A[Vy ® Py] @ Sym[Vi @ Py

where P; = (P;); denotes the trivially Zs—graded vector space with distinguished basis
P={j=1,....d;|j| =1 € Zs}.
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9.3 Left superderivations and left superpolarizations

A left superderivation D' (Zs—homogeneous of degree |D!|) (see, e.g. [39], [23]) on
C[Mjn,a] is an element of the superalgebra Endc|[C[My,,.q4]| that satisfies ”Leibniz
rule”

D'(p-q) = D'(p) - q + (—1)!"Plp . D(q),
for every Z,—homogeneous of degree |p| element p € C[M,jn 4]
Given two symbols a,b € Ay U L, the left superpolarization Dé,b of b to a is the unique
left superderivation of C[Mynq] of Zy—degree |D},| = |a| + |b] € Z, such that

Dy ((clg)) = 6 (alj), c€ AUL, j=1,...,n.

Informally, we say that the operator Dé,b annihilates the symbol b and creates the
symbol a.

9.4 The superalgebra C[M,,, ] as a U(gl(m|n))-module

Since
DL, DL, — (~1)(eHBDetd pt Dt — 6, DY, — (—1)lal+eitladg, pi
the map
€ap — Dé,ba a, b e .A(] ULl
is a Lie superalgebra morphism from gl(m|n) to Endc [(C [Mm‘md]] and, hence, it uniquely
defines a representation:

0: U(gl(m|n)) = Endc|C[My,q]],

where U(gl(m|n)) is the enveloping superalgebra of gl(m|n).

In the following, we always regard the superalgebra C[M,,, 4] as a U(gl(m|n))—supermodule,
with respect to the action induced by the representation o:

€ap P = Dé,b<p>7

for every p € C[Myjn,al.

We recall that U(gl(m|n))—module C[M,,),, 4] is a semisimple module, whose simple
submodules are - up to isomorphism - Schur supermodules (see, e.g. [4], [3], [2]. For a
more traditional presentation, see also [L5]).

Clearly, U(gl(0|n)) = U(gl(n)) is a subalgebra of U(gl(m|n)) and the subalgebra
C[M,, 4] is a U(gl(n))—submodule of C[M,,;, 4]-
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9.5 The virtual algebra Virt(m,n) and the virtual presenta-
tions of elements in U(gl(n))

We say that a product
Cam b+ €ar by € Ulglim|n)), a;,b; € AgUL, i=1,....m
is an irregular expression whenever there exists a right subword

€a;,b; * " Cag,byCay by

1 < m and a virtual symbol v € A such that
#{J;bj =0 < iy > {505 = 7,7 < i}

The meaning of an irregular expression in terms of the action of U(gl(m|n)) by left
superpolarization on the algebra C[M,y,, 4] is that there exists a virtual symbol v and a
right subsequence in which the symbol v is annihilated more times than it was already
created and, therefore, the action of an irregular expression on the algebra C[M,, 4] is
zero.

Example 7. Let v € Ay and x;,x; € L. The product

Cy.a;€aiyCa; oy Cra;
1S an irreqular expression.
]
Let Irr be the left ideal of U(gl(m|n)) generated by the set of irregular expressions.

Proposition 19. The superpolarization action of any element of Irr on the subalgebra
C[M,, 4] C C[Mnjn,a] - via the representation o - is identically zero.

Proposition 20. The sum U(gl(0|n)) + Irr is a direct sum of vector subspaces of
U(gl(m|n)).

Proposition 21. The direct sum vector subspace U(gl(0|n)) & Irr is a subalgebra of
U(gl(m|n)).

The subalgebra
Virt(m,n) = U(gl(0|n)) & Irr C U(gl(m|n)).

is called the wvirtual algebra.
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Proposition 22. The left ideal Irr of U(gl(m|n)) is a two sided ideal of Virt(m,n).

The Capelli devirtualization epimorphism is the surjection
p : Virt(m,n) = U(gl(0|n)) & Irr — U(gl(0|n)) = U(gl(n))

with Ker(p) = Irr.

Any element in M € Virt(m,n) defines an element in m € U(gl(n)) - via the map p -
and M is called a virtual presentation of m.

Furthermore,

Proposition 23. The subalgebra C[M, 4] C C[M,n 4] is invariant with respect to the
action of the subalgebra Virt(m,n).

Proposition 24. For every element m € U(gl(n)), the action of m on the subalgebra
C[M,,.q) is the same of the action of any of its virtual presentation M € Virt(m,n). In
symbols,

if p(M)=m then m-P=M- P, forevery P e C[M,4.

Since the map p a surjection, any element m € U(gl(n)) admits several virtual presen-
tations. In the sequel, we even take virtual presentations as the definition of special
elements in U(gl(n)), and this method will turn out to be quite effective.

The superalgebra U(gl(m|n)) is a Lie module with respect to the adjoint representation
Adgi(mn)- Since gl(n) = gl(0|n) is a Lie subalgebra of gl(m|n), then U(gl(m|n)) is a
gl(n)—module with respect to the adjoint action Adg,) of gl(n).

Proposition 25. The virtual algebra Virt(m,n) is a submodule of U(gl(m|n)) with
respect to the adjoint action Adg) of gl(n).

Proposition 26. The Capelli epimorphism
p: Virt(m,n) - U(gl(n))
is an Adgny—equivariant map.

Corollary 18. The isomorphism p maps any Adg,y—invariant element m € Virt(m,n)
to a central element of U(gl(n)).

Balanced monomials are elements of the algebra U(gl(m|n)) of the form:

T Civpy T Gk, Crpradt T Cvpgdin
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o eilveql e eikyeqk ’ €9q1 yVp1 T eequ'\fpk ’ 67P1 Jit e eﬁfpk Jko

— and so on,
where iy,... ik, j1,--.,Jk € L, i.e., the iy,... i, j1,...,Jx are k proper (negative)
symbols, and the v,,, ..., Vs, 00, .., 04, ... are virtual symbols. In plain words,

a balanced monomial is product of two or more factors where the rightmost one anni-
hilates (by superpolarization) the k proper symbols ji, ..., ji and creates (by superpo-
larization) some virtual symbols; the leftmost one annihilates all the virtual symbols
and creates the k proper symbols iy, ..., i; between these two factors, there might be
further factors that annihilate and create virtual symbols only.

Proposition 27. Every balanced monomial belongs to Virt(m,n). Hence, the Capelli
epimorphism p maps balanced monomials to elements of U(gl(n)).

9.6 Bitableaux monomials and Capelli bitableaux in U(gl(n))

We will introduce two classes of remarkable elements of the enveloping algebra U(gl(n)),
that we call bitableauzr monomials, Capelli bitableauz, respectively.

Let A F h be a partition, and label the boxes of its Ferrers diagram with the numbers
1,2,...,h in the following way:

1 2

A\
M+ M+2 0 M+

h

A Young tableau T of shape A\ over the alphabet A = AgU L isamap T : h =
{1,2,...,h} — A; the element T'(7) is the symbol in the cell i of the tableau 7'

The sequences
T()TQ2)---T(M),
TN +DTA+2)---T(A + No),

are called the row words of the Young tableau T

We will also denote a Young tableau by its sequence of rows words, that is T =
(w1, ws, . ..,wy). Furthermore, the word of the tableau T is the concatenation

w(T) = wiws - - - Wp.
The content of a tableau T is the function ¢y : A — N,
cr(a) =4{i € h; T(i) = a}.
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Given a shape/partition A, we assume that |4y = m > Xl, where \ denotes the
conjugate shape/partition of A\. Let us denote by ay,...,q, € A an arbitrary family
of distinct positive symbols. Set

o = . (16)

The tableaux of kind (I6) are called virtual Coderuyts tableaux of shape A,.
Let S and T be two Young tableaux of same shape A - h on the alphabet Ay U L:

Ziq vem e ZZM ZRhy v veeeeens ZhA1
V7 PN z Ry « o0 v ve Rk
— J1 IX _ 1 A
S = 2 , T = 2
Zgp v ZSAP 2ty e Zt)\p

To the pair (S,T), we associate the bitableau monomial:

€S, T = Czip,zn, 7" eziAlvzhA1 €zj2e; er,\272kA2 €zsys2ty 'eZskp%tAp

in U(gl(m|n)).

Given a pair of Young tableaux S,T of the same shape A on the proper alphabet L,
consider the elements

esc; ecyr € U(gl(m|n)).
Since these elements are balanced monomials in U(gl(m|n)), then they belong to the
virtual subalgebra Virt(m,n).

Hence, we can consider their images in U(gl(n)) with respect to the Capelli epimor-
phism p.

We set
p(escs ecyr) = [SIT] € Ulgi(n)), (17)
and call the element [S|T] a Capelli bitableau.

The elements defined in (I7) do not depend on the choice of the virtual Coderuyts
tableau Cf.
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9.7 Biproducts and bitableaux in C[M,,, 4|

Embed the algebra

into the (supersymmetric) algebra C[(aslj), (i]7), (7]7)] generated by the (Zs-graded)
variables (as|7), (i|7), (7]7), 7= 1,2,...,d, where
) =1 €2y for every j=1,2,....d,

and denote by Dlzm the superpolarization of v to z;.

Let w = 2129+ -+ 2, be a word on Ay U L, and @ = ji, ji, - - - Ju, & word on the alphabet

P={1,2,...,d}. The biproduct

q

(wlw) = (2122 - - ‘Zp|jt1jtz e 'jtq)

is the element
DLy Dy DLy ((013e)is) -+ (i) ) € C[Mipgnd

if p = ¢ and is set to be zero otherwise.

Claim 1. The biproduct (w|w) = (2122 - - 2p|Je, Jto - = - Jt,) 18 supersymmetric in the z’s
and skew-symmetric in the j’s. In symbols

1. (=129 2i%ig1 - - 'Zp‘jtljfa o 'jtq) =
(=D)lFllEerl 2y e 2iaz o 2| g -+ ey

2. (z122 - ZiZig1 - 'ZpUtljtz ot Jtien 'th) =
— (2122 2iZig1 - Zplin o JegaJe i)

Proposition 28. (Laplace expansions) We have
1. (w1w2|w) = Z(w) (—1)‘w(1)||w2| (w1|w(1))(wQ|w(2)).
2. (wlmms) = By (DIl (wa)lwr) (we) @)
where
A(w) = Z(w) w(1) @ W(2), A(w) = Z(w) W(1) & W(2)

denote the coproducts in the Sweedler notation of the elements w and w in the su-
persymmetric Hopf algebra of W (see, e.g. [2]) and in the free exterior Hopf algebra
generated by 7 = 1,2,...,d, respectively.
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Let w = dyig - - -4y, @ = j1J1 - - - Jp be words on the negative alphabet £ = {1,2,...

and on the negative alphabet P = {1,2,..., d}.

From Proposition 28 we infer
Corollary 19. The biproduct of the two words w and w
(wlw) = (iria - - - iplirja -~ Jp)

15 the signed minor:

(l=) = (=)&) det( (ilj) ) € C[My ).

ry5=1,2,....p
Following the notation introduced in the previous sections, let
Super[Vo ® Vi] = Sym[Vo] @ A[Vi]
denote the (super)symmetric algebra of the space
Vo Vi
(see, e.g. [39]).

;n}

By multilinearity, the algebra Super[V,& V1] is the same as the superalgebra Super|A,U

L] generated by the ”variables”

Ay ey Qg € Ao, 1,...,n €L,
modulo the congruences

22 = (=) 2 22 e AgUL.
Let d. ., denote the (left)polarization operator of z’ to z on
Super[W] = Super[AqU L],
that is the unique superderivation of Z,-degree
2| + || € Zy

such that
dlz,z’(zu) = 52’,2” 2

for every 2,2/, 2" € Ay U L.

Clearly, the map
€Z,Z/ — di’zl

is a Lie superalgebra map and, therefore, induces a structure of
gl(m|n) — module

on Super[AoU L] = Super|[Vy & Vi].
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Proposition 29. Let @w = jy, ji, - - - jy, be a word on P = {1,2,...,d}. The map
O, w (ww),
w any word on Ay U L, uniquely defines gl(m|n)—equivariant linear operator
O Super[Ag U L] = C[Mpyn.al,

that s
Po(esyw) =Py (dgz,(w)) = Di,z,((w|w)) =e,. - (ww),
for every z, 2" € AgU L.

With a slight abuse of notation, we will write (29) in the form
D ((wlw)) = (d. ., (w)|@). (18)

Let S = (wy,wa,...,wp, and T = (wy,ws, ..., w,) be Young tableaux on A4, U L and
P =1{1,2,...,d} of shapes X\ and p, respectively.

If A= p, the Young bitableau (S|T) is the element of C[M,,, 4] defined as follows:

Sy = | 7T | =% @olm) @) @)l

where
+ — (_1)|w2\\W1\+|w3|(\W1\+|W2\)+"'+|wp|(\m'1|+\W2\+"-+\Wp71|)'
If A\ # p, the Young bitableau (S|T') is set to be zero.

By naturally extending the slight abuse of notation (Ig]), the action of any polarization
on bitableaux can be explicitly described:

Proposition 30. Let 2,2 € AgU L, and let S = (w1, ...,w,p), T = (w1,...,w,). We
have the following identity:

w1 w1
Wa T2
€z, * (S|T) = Di,z’ ( . )
Wp | Wp
w1 (2
W9 W2
p
_ 1)+ Des |
2. (=Y daw)| |
Wp wp
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where

61:1, ES:|M1|+"'+|MS_1|, 8:2,...,]9.

Example 8. Let a; € Ay, 1,2,3,4€ L, |D,, 2| = 1. Then

132123 132 123

a2 | 23 | 23 =D\, (|23 |23 |)=
42 31 42 31

13a;| 123 132] 123 132] 123

=1 23 23 - o 3 23 +1 23 23
42 31 42 31 4 o 31
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