PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: January 29, 2025
REVISED: May 16, 2025
ACCEPTED: June 3, 2025
PUBLISHED: July 2, 2025

Resummed effective actions and heat kernels:
the Worldline approach and Yukawa assisted pair
creation

Filippo Fecit®,* Sebastian A. Franchino-Vifias ©%? and Francisco D. Mazzitelli ¢

@ Dipartimento di Fisica e Astronomia “Augusto Righi”, Universita di Bologna,
via Irnerio 46, 1-40126 Bologna, Italy

YINFN, Sezione di Bologna,

via Irnerio 46, 1-40126 Bologna, Italy

¢DIME, Universita di Genova,

via all’Opera Pia 15, 16145 Genova, Italy

dINFN, Sezione di Genova,

via Dodecaneso 33, 16146 Genova, Italy

€ Centro Atémico Bariloche and Instituto Balseiro,

Comision Nacional de Energia Atomica, CONICET,

R8402AGP Bariloche, Argentina

E-mail: £ilippo.fecit2@unibo.it, s.franchino-vinas@hzdr.de,
fdmazzi@cab.cnea.gov.ar

ABSTRACT: We adapt the Worldline Formalism to obtain resummed expressions for the
effective action and the heat kernel of a quantum scalar field coupled to a Yukawa background.
The resummation includes all the invariants built from powers, first derivatives and second
derivatives of the latter. Using such results, we compute the instability of the vacuum
computing the vacuum persistence amplitude and the corresponding Schwinger pair production
probability. We show that the inclusion of an additional, rapidly varying background can
greatly enhance the production of pairs.

KEYWORDS: Nonperturbative Effects, Sigma Models, Differential and Algebraic Geometry

ARX1v EPRINT: 2501.17094

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP07(2025)041


https://orcid.org/0000-0002-9736-9239
https://orcid.org/0000-0002-8408-8366
https://orcid.org/0000-0001-7937-5419
mailto:filippo.fecit2@unibo.it
mailto:s.franchino-vinas@hzdr.de
mailto:fdmazzi@cab.cnea.gov.ar
https://doi.org/10.48550/arXiv.2501.17094
https://doi.org/10.1007/JHEP07(2025)041

Contents
1 Introduction 1
2 Worldline representation of the scalar heat kernel 2

3 Resumming first and second derivatives of the potential: the heat kernel 3

3.1 Generating functional 4
3.2 Resummed heat kernel 7
4 Resummations for the assisted Yukawa interaction 8
4.1 Zeroth order in V 10
4.2 First and higher orders in V 16
5 Conclusions 21
A Boundary conditions and Green functions in the worldline 22
A.1 Kinetic operator and zero mode 22
A.2 Green function with a Yukawa coupling 24

B Computation of the functional determinants and generalized Gel’fand-

Yaglom theorem 26
B.1 Dirichlet boundary conditions 27
B.2 Periodic boundary conditions 28

C Generalized Schwinger-DeWitt coefficients in the string inspired approach 30

1 Introduction

Conventions. We work in D-dimensional Euclidean spacetime, except for sections 4.1.1
and 4.2.1, where we Wick rotate to Minkowski spacetime (using the mostly plus signature);
we do not distinguish the indices used in these different cases. We use Planck units, so
that h = ¢ = 1.

One could say that the Schwinger effect is as old as it is fascinating. Building on earlier
work by Euler and Heisenberg [1, 2], Schwinger showed in the dawn of the 1950s that the
presence of a strong electric field generates an instability in the vacuum state of a fermionic
quantum field theory, leading to the nonperturbative creation of particle-antiparticle pairs [3].

Despite all the technical advances that have taken place over the last 80 years, an
experimental proof of the Schwinger effect has been elusive. The main obstacle to observing
this phenomenon is that the critical field required has remained beyond present capabilities.
However, the latest generation of laser facilities is expected to overcome this issue in the
near future, presently offering field strengths that are just a few orders of magnitude below
the critical Schwinger field. In effect, several strong-field experiments are planned or are



underway at the European XFEL [4, 5], LASERIX [6] and OVAL [7], to cite a few examples.
Additionally, some lower dimensional analogue systems are available to test related effects [8].

The development of appropriate analytical tools to help understand these scenarios is
thus indispensable. Recent advances in nonperturbative physics have involved the resurgence
theory [9], large-N expansions [10, 11], amplitude techniques [12] and newly devised resummed
heat kernel techniques [13] (see also ref. [14]).

In this article, we will develop an alternative approach, starting from the so-called
Worldline Formalism [15] to study the interaction of a scalar field with a Yukawa background.
Relevant to our discussion, the Worldline Formalism has recently been used to perturbatively
study combined Yukawa and axial interactions [16]. Moreover, being a functional approach, it
naturally offers the possibility to perform nonperturbative analyses. This has been particularly
carried out in terms of Worldline instantons [17], which has recently enabled to analyze the
spectrum of Schwinger pair creation in spacetime dependent fields [18]. Additionally, the
scattering of matter with electromagnetic PP waves has been considered in ref. [19]. Of
course, nonperturbative numerical techniques are also available and can readily be applied in
quantum mechanics [20] or in interacting quantum field theories [21].

More specifically, in section 2 we will pose our problem in terms of the Worldline
Formalism. Afterwards, in section 3 we will show how to perform a resummation, at the
level of the heat kernel, of the invariants involving powers, first and second derivatives
of the Yukawa background; this is very much in the spirit of the Parker and Toms large
Ricci scalar resummation [22-25]. In section 4 we introduce an additional fastly varying
background, which will exert the role of an assisting (or catalyzing) field [26]; for this new
field, we will use thus the Yukawa analogue of the Barvinsky-Vilkovisky resummation in
curved spacetimes [27-29]. We will state our conclusions in section 5. Finally, details about
the boundary conditions and Green functions are given in appendix A and appendix B
refers to the computation of functional determinants and the generalized Gel’fand-Yaglom
theorem; appendix C contains the generalized Schwinger-DeWitt coefficients computed using
the string inspired boundary conditions.

2 Worldline representation of the scalar heat kernel

Consider a theory consisting on a single quantum scalar field ¢(z), in flat spacetime and
interacting with a Yukawa background (classical) field, which is described by the action

S= % / dPa [(90)? + V(2)6?] | (2.1)

where Einstein’s sum convention 9% = 0,0" is employed. Generalizations including gauge
background fields or curved spacetimes are in principle possible. However, in this work we
will consider only the scalar coupling through V(z), which will display several important
features of our techniques; the generalization to other couplings, as well as higher spins,
is left to future publications.

We will thus focus on V' (z), which is an arbitrary Yukawa type (scalar) potential and
may naturally include a mass term for the scalar field. As customarily, the one-loop effective
action I', which is the full effective action unless we quantize V' as well, is related to the



operator of quantum fluctuations, Q := —9% + V:
1
= 5 LogDet[Q] . (2.2)

In the Schwinger proper-time parametrization [30] (or Frullani’s representation for the
logarithm [31]), we can write the effective action as

1 e¢]

r=—-
2 Jo

dT
?/deK(x,m;T), (2.3)
in terms of the diagonal of the related heat kernel operator

K(z,2;T) :== e T9(x,2";T) . (2.4)

As customarily, in eq. (2.3) an infinite additive constant is neglected; note also that the
variable T' is often called the Schwinger proper time. The heat kernel operator (2.4) can
now be interpreted in quantum mechanical terms as the matrix elements (z|exp(—TQ)|z’)
of the evolution operator U(T') of an N = 0 spinning particle, with a corresponding proper
time T for the evolution and a phase space Lagrangian

L =—ip,d* +p*+V, (2.5)

where the dot denotes & := dz—g). Following the paradigm of the Worldline Formalism [15],

one can represent the transition amplitude in terms of a path integral over the bosonic
coordinates x#(t) in a first-quantized framework. In this work we are going to follow two
different approaches, depending on whether we absorb the spacetime integral into the path
integral or not. If we do not, then the effective action is computed from the coincidence
point expression of

z(T)=z _ (T @2 x
K(y,z;,T) :/ Dzxe J dt( Al )> . (2.6)
z(0)=y

This approach, which involves Dirichlet (D) boundary conditions (BC) on the worldline, is
of fundamental importance when local quantities are to be analyzed, such as the energy-
momentum tensor. If instead one is interested in global quantities, as is the case for the
effective action in eq. (2.3), one can realize that the spacetime integral can be effectively
incorporated into the boundary conditions of the path integration. A deeper discussion of
this issue will be postponed to section 4 and appendix A, where the so-called string-inspired
(SI) BC will prove helpful.

3 Resumming first and second derivatives of the potential: the heat
kernel

Having at disposal a Worldline representation for the relevant transition amplitude, cf. (2.6),
we are going to show that one can set up a perturbative expansion which already incorporates
the information of all the invariants made up of the first and second derivatives of the
potential. Since we are interested in working at the local level of the heat kernel, we will
employ DBC on the worldline.



As a first step, we follow ref. [13] and Taylor expand the scalar potential about an
arbitrary point Z,

V(z) = V(&) + "0,V (%) + %l“l”@,“,V(i) b (3.1)

where we define the distance I := (x — Z)* and employ the following shorthand notation
for the higher derivatives: 0,,. ,,V = 0y, ...0,, V. Identifying the base point with one of
the arguments of the heat kernel, & — y, and performing the translation z — 2’ =z —y
in the path integral as well (we will omit the prime henceforth), the expression for the
heat kernel can be recast as

z(T)=z—

K(y7 Z; T) — efTV(y) / Y D.’E effdtx‘uauv(y) efsfreefsint , (32)
x(

0)=0

where the quadratic part of the worldline action will be called the free action,

1 [T 1
Shree i= 5/ dt 2# (2% 90, + a,WV(y)) 2 (3.3)
0

while the higher-order terms will be included in the interacting action,

T S 1
Sint 1= / dt Z ] w0y V()
O =" (3.4)

T
= / dt Lint(x(t)) .
0

Note that all the tensorial quantities involving the background field V' and its derivatives
are evaluated at the initial point y; as a consequence, their dependence on the worldline
bosonic variables x(t) is factored out and the expression (3.2) is thus readily usable for a
perturbative computation in powers of the path.

Using Skee as the base action for the expansions is convenient for two reasons. On
the one hand, one only has to deal with a Gaussian path integral. On the other side, the
perturbative expansion additionally corresponds to an expansion in the number of derivatives
acting on a (single factor) V. Taking this into account, it proves useful to introduce an
arbitrary external source n,(t) linearly coupled to the paths, as well as the corresponding
generating functional of path n-point functions,

z(T)=z—y T
Dx e_Sfree_fo dtn“xu, (3.5)

Zlil(y. 5 T) = |

z(0)=0
which lead us to a master equation for the heat kernel:
Tt Lie (— =5
K(y, =) = e V0 el ¥5nC58) zpy)(y, 5 7) . (3.6)
n=0V (y)
3.1 Generating functional

After an integration by parts in the worldline action, we can rewrite the generating functional as

a(T)=2—y Dyt [ dt (2 A+ 2m,0) ’ (3.7)

2y = T) = |

z(0)=0



where the action is defined in terms of a differential operator that acts on paths satisfying
DBC on the interval [0,77]:

1
A (tt) = —iéwﬁfé(t —t)+2Q7,(y)o(t —t') . (3.8)

To simplify the notation of the upcoming results, we have introduced €2,,,,, which is related

to the second derivative of the potential in the following way:
205, (y) = 0wV (y) - (3.9)

Taking all this into account, the computation of Z[n] reduces to the obtainment of both
the inverse and the functional determinant of the operator A,,. The explicit computation
goes as follows. First, it is convenient to recast the path integral in terms of the quantum
fluctuations §#(t) around the classical trajectory zf(t),

zh(t) == 2ty (t) + §H(¢) . (3.10)

Secondly, the classical trajectory z%(t) is defined as the solution to the equations of motion

imposed by the free worldline action, i.e.!

6Sfree
0,

=0 = A*g) =0, (3.11)

satisfying the following boundary conditions
#(0) =0, @A(T) = (=~ )" (3.12)

This fact, together with expression (3.10), implies that the fluctuations satisfy vanishing
DBC, i.e.

§4(0) = §4(T) =0 . (3.13)

Coming back to the classical solution, it can be straightforwardly computed and is given by

g (t) = (W)W (z =9, (3.14)

where the tensorial character of €1,, has been explicitly shown. The resulting partition
function thus reads

3(T)=0 1 . W o s
Z[’I’]] (’y7 zZ, T) = e_Sfree[xcl] e Lnﬂrgl /(0) . Dse 2 ftltg SI’LAWJS ft N8 , (315)
S =

where we have introduced the following condensed notation for (multiple) integrals:?

T T
[ [ 10
tito--- 0 0

'Here and in the subsequent differential equations for the worldline z(t) we will employ an abuse of notation,

such that whenever the differential operator appears as A, we intend it striped-off of the Dirac delta that
should appear according to eq. (3.11). For instance, Az (t) = (=107 + 29%) z(t).
. T A A T T . .
2For instance, ftnum“ = fo dtnu(t)z*(t) and fntz 8A§ = fo dty fo dta 8(t1)A(t1,t2)5(t2).



Performing the shift § — 5 = § + A~y and a subsequent completion of squares one
is lead to
— v 5(T)=0 s IV
Zi\(y, % T) = o Swelal o= Jy el o Joyiy 720 / 0 gt ey s
5(0)=0
; 5O (3.17)
— DBC e_Sfree[xcl]"F%(sl""Sbos) .

~ Det*(a)

As a way to simplify the notation in eq. (3.17), we have introduced actions for the linear
and quadratic contributions in the external source,

Sy wa,n] i= —2 /t (D)2 (1), (3.18)
Shosli = [ 0 (0 01t (). (3.19)

as well as the following short-hand notation for the quotient of functional determinants
with respect to the free case:

Det(A)

Det(4) = Det (—48,,02)

Note that, in expression (3.17), Cppc is a normalization to be determined, after the com-
putation of the determinant and Green function of the A operator, from the well-known
result for the Mehler kernel [32, 33].

In order to obtain an explicit expression for the generating functional, we begin by
writing down the Green function corresponding to the operator A:

sinh(2Q¢) sinh (2Q(T — t')) — O(¢t — ) sinh(2Q7T) sinh (2Q(t — t'))
Qsinh(2Q7) 1 w -+ (3.20)

A (tt) = l

The details of its computation are given in appendix A and, for future reference, we report
also its following integral

But):= [ 8u)01) =

[Smh (T —t)) sinh (Qt)] . (3.21)
pv

Q2 cosh (QT)

Regarding the computation of the functional determinant, this can be carried out by
employing the Gel’fand-Yaglom (GY) theorem [34], as generalized by Kirsten and McKane
for a system of differential operators [35, 36]. As a matter of completion, the salient aspects
of this procedure is given in appendix B. After a direct computation one gets the equality

Dot(A) = det {sinh(QQT)}

0T (3.22)

Finally, the computation of the normalization constant Cppc is straightforward; after replacing
the results for A=! and Det(A) into eq. (3.17), we obtain

Cpec = (4nT)™"" (3.23)



3.2 Resummed heat kernel

Recalling the formula (3.6), we use it in conjunction with the results of the precedent section
to get the following representation for the diagonal of the heat kernel:

K(z,2;T) = Wdet_w (m};g;m) o= Ju Lin (= 5m) o3 Svoslr o (3.24)
The evaluation of this expression naturally proceeds by perturbatively expanding the exponent
in powers of the operator-valued interacting terms contained in Liyt, i.e., in powers of functional
derivatives %. This can be readily used to obtain an expansion of the heat kernel up to a
certain power in the proper time in an improved Schwinger-DeWitt expansion; in our case
this is measured by considering number of derivatives acting on a single Yukawa potential.

Explicitly, the action of the interacting exponential necessary to generate all the terms
contributing up to order 7% in the Schwinger-DeWitt expansion reads

o Tt () o]
n=0vV

— o J At (W) )+ Way ()+...) e;sbos[nl‘
n=0V

(1 —/W /W(4) /W /WG) /W (3.25)

1
- /t Wis) () + 5 Wis) (t)Ws)(t2) + - > e Sbexlr]

tito n=0V ’
with the vertex-generating operators given by
(1" "
Win) () = —=Oupz-uaV : (3.26)

n! O1yy ()07 (2) - -+ 67y (1)

The evaluation of eq. (3.25) can be easily performed in the Worldline Formalism; once
inserted in (3.24) we get the result

o TV+uV [QItena(@D] g, v

sinh(2QT
(4 T) et (2550

K(z,z;T) =

S(x,z;T), (3.27)

where X(z,z;T) contains the information on higher derivatives of the potential, which can
be written in terms of worldline diagrams; more explicitly, the contributions relevant at order
T® are given by manageable worldline integrals,

S(x,z;T) =
1
1+ SOV 0V /t G (¢, £) B (1)
_ éawv /t G (1, )GPN (1, 1) + éawwv 0.V /t GV (1) GO (1, £) B2 (1)

24a,w,,vaa5ﬂ,v » {3(;!“’(1, 1)GP(1,2)G%(2,2) + 2GH*(1,2)G¥P(1,2)GP(1, 2)

1

- @Quup)n’@v /G“V(ta t)GpA (tv t)GT0 (tv t)
t

1

— = BupartasV / G (£, 1) Gt )G (1, DGR (1, 6) + ... | (3.28)
t



where we denoted G(i,7) := G(t;,t;) in the arguments of the Green function G (t,t') :=
A, (t,t') and E*(t) has been introduced in eq. (3.21). Expanding in powers of the
proper time,

Sz, T) =Y cj(a,x) TV, (3.29)
=0

we can read the first few coefficients in the improved Schwinger-DeWitt expansion:

co(z,z) =1, (3.30)
ci(z,z) =0, (3.31)
ca(z, ) =0 (3.32)
1
c3(z,x) = ——8“ WOV (3.33)
ca(z,x) = 308"WV o'V — ﬂaﬂ,ﬁfpv (3.34)
1 v p
cs(x, ) = 50408u WV 0",V + 8408WPV8 v, (3.35)
1 .
= HPH v = HHr wovop A
+2808 WV 0, V+ 8 VOr oV 151203u LAV

These coefficients are valid at the local level and, in particular, have been computed without
the use of integration by parts; they are in perfect agreement with previous calculations
— see refs. [13, 37] and references therein.

4 Resummations for the assisted Yukawa interaction

As already highlighted in ref. [13], the resummed expressions that we have obtained in the
preceding section can be employed to analyze scenarios in which a strong field is involved. In
this realm, an exciting mechanism has been devised in ref. [26], where the rate of Schwinger
pair creation was greatly enhanced by including an assisting, fastly varying field to the
strong background one.

In the following we are going to consider a perturbative approach to the assisted Yukawa
pair production. Using our worldline setup, we are going to study the imaginary part of
the in-out effective action, which is closely related to the probability of pair creation in the
weak-production limit (see below). This is an alternative path to those already considered
for (S)QED, for which a scattering approach was considered in ref. [38] and, as we will see,
we will be able to obtain closed expressions without the need of employing saddle point
approximations, which was necessary in ref. [39].

Let us then consider a potential of the form

V(z) =V(x)+eV(x), (4.1)

where V() is a strong field, while V(x) is a fastly varying field, whose strength is tuned by
the parameter € < 1. Since we are interested in a global quantity (the effective action), we
will employ a worldline model with string-inspired boundary conditions, which we describe
in the following.



Departing from eq. (2.3) for the effective action, we recall the interpretation of the heat
kernel as a transition amplitude; this suggests that the spacetime integral of the diagonal
of the heat kernel (the integrated heat kernel or heat kernel’s trace) can be equivalently
written as a path integral over periodic (P) trajectories,

K@y:/&%K@@ﬂv
2
_ 7{2)95 e—ft(T+V(x)+EV(x)) '
Afterwards, we introduce the loop’s “center of mass”

w:;lwm. (4.3)

Once it is fixed, the path integration can be reobtained by subsequently integrating over
all closed loops that share the center of mass; in other words, we decompose the closed

fm = /d% ]{Ds, (4.4)

where the paths satisfy then the string-inspired boundary conditions:

worldlines as

2(t) = 7 + sh(t)  with /ﬂﬂﬂl (4.5)

For the interested reader, a more general approach to boundary conditions in the worldline
is explained in appendix A.

Coming back to the computation of the integrated heat kernel, for convenience we Taylor
expand the strong potential V' about the center of mass variables:

V@+ﬂ):V@%+¢@Nﬁﬂ+%¢fQWV@y+”.. (4.6)

This allows us to split once more the contributions of V' in the action (4.2) into an interacting
part and a free one. Introducing the string-inspired generating functional

Z[n] (f, T) — ]{DS e_ft %—&-%s#suauyv—f—s”nu—}—e\)(i—‘rs) ’ (47)
we recast the integrated heat kernel as

K(T) = [aPse™V e hbmwto) ziy) @ 7) (4.8)

n=0V .
In the following, we are going to perform a perturbative expansion in the weak-field pa-
rameter e,

Z=27Zy+€eZi+E3y+ ... (4.9)

although each contribution Z; can be explicitly computed in the worldline, we are going
to focus on the contributions up to order €, which will be enough to show the existence
of the assisted effect.



4.1 Zeroth order in YV

At zeroth order, we need to compute
5'2 v
Zoln)(;T) = jf Dse Ji TH Dt stn (4.10)

which is analogous to the path integral in eq. (3.15), replacing the DBC with the SI ones.
The relevant operator for this computation, Agp, satisfies eq. (3.8) using wa(f) =10,V (2)
[instead of Q2 (y)] and we should recall that its domain of definition is made of functions
which obey the condition (4.5):

A (8,1) = —%6“”836(75 —t) 42 ()" @t -t (4.11)

After the replacement s — s = § + AgIln, the generating functional can be brought into
a Gaussian form, which can readily be integrated:

Zon)(@;T) = e% t1to nu(Agr' )" 0" %Dge_% tytg SHAST S

ST

Cey €2 Shos ] (4.12)
m/l/z(ASI) '

This expression is made of three different elements. First, the exponential of the bosonic
action, which is completely analogous to eq. (3.19), but for the fact that one should replace
the operators with the appropriate SI ones. Second, the functional determinant of the Agy
operator, which can be computed by generalizing the Gel’fand-Yaglom method to operators
acting on a domain of periodic functions.? As explained in appendix B, the result is

(4.13)

— sinh?(QT
Det/(ASI) = det l(ﬂ§12)‘|

Third and last, we have introduced the parameter Cgy; as in the Dirichlet case, it can be
determined by appealing to a known result; once more we get

Csr = (4nT) "2 (4.14)

which also agrees with the expected result for the small proper time expansion of the integrated
heat kernel [40]. Note that this normalization yields a well-defined limit for a vanishing €.
Summing all these pieces, we get

(@ T) 3l
Zon|(z;T') = . . 4.15
(4nT)P/2det 2 (200500 (1

3The prime over the determinant means that we are excluding the constant mode: in the SI BC this is
automatically excluded, while in the free operator this is done by hand.

,10,



4.1.1 Non-assisted particle production

As a warm up application of the preceding formulae, consider a strong quadratic potential, i.e.
one whose higher derivatives can be neglected, "3V = 0. This implies that the worldline
interactions in eq. (4.8) are switched off and, inserting the zeroth-order generating functional in
the definition of the effective action, cf. eq. (2.3), we obtain the following effective Lagrangian:

1 fedr TV 1/2( Q%72 )

LglV]=—=[ = ——det? | —
W=k T G T e

(4.16)
The first aspect that deserves being mentioned is the fact that the proper time integral
contains a singularity at T = 0, indicating a UV divergence that needs to be removed by
renormalization. It will eventually require the inclusion of counterterms in the effective
Lagrangian, whose number will depend on the spacetime dimensionality D. However, as
we will shortly see, in our strong field case the integral has developed further poles in the
T-plane if we work in Minkowski spacetime.

The determinant in the equation above can be evaluated from the knowledge of the
eigenvalues of the real and symmetric matrix Q2 defined in eq. (3.9). These in turn depend
on the invariants det(?) and tr (%), for j = 1,2,...,D — 1. For D < 4 it is possible to
obtain analytic expressions for the eigenvalues in terms of these invariants. However, the
resulting expressions become cumbersome unless D = 2, which serves as an interesting and
illuminating special case. Therefore, in what follows we assume that the background potential
depends just on two coordinates (e.g., xg and z1). This results in a nontrivial 2 x 2 block
in the matrix €2, whose eigenvalues entirely determine the effective action. With a slight
abuse of notation, we will continue to denote this block as Q2.

The (real) eigenvalues of the 2 x 2 block are given by

Ar = -3+ V32— 62, (4.17)

where we have introduced the notation

5= —%tr(QQ) B2 = det(0?). (4.18)

We have called these invariants § and &, given that they play roles analogous to §qep :=
F,, F* and &qpp = F w P in four-dimensional quantum electrodynamics. Using these
eigenvalues, the effective Lagrangian can be expressed as

__1 oodg e~ TV /)\+)\,T2
LenlV] = 2Jo T (4nT)" (sinh(ﬁJrT)sinh(ﬁ_T)) ' (4.19)

Depending on the specific values of the eigenvalues, the effective Lagrangian can develop

an imaginary part when rotated to Minkowski space. To patently see this in a particular
case, let us choose v € R and the strong potential in Euclidean time to be

Vo(z) := v g +m?, (4.20)

where we have also included a mass term for convenience. As we will see, this is the analog of
the constant electric field which was considered in ref. [13]. With this choice we have A\ = v?

— 11 —



and A_ = 0. Then, the Euclidean effective Lagrangian is given by

v [ e—T’U2 Tm
Loa[Vi] = —7/ dT . (4.21)
‘ 2.Jo (47TT)D/2 sinh(vT")

Though the rotation to Minkowski space requires some care in the calculations, it can be
done as follows. The FEuclidean quantities Xy are related to the Minkowski ones by adding a
(—1) factor for every Oth component which is involved. For example, for a vector we have
X2 = —iX}Y. Actually, we can keep track of the rotation by including a parameter ¢, so that
Xg = €' Xy; thus, expanding ¢ about —n /2 we can keep track of branch cuts and poles in
the complex plane. The objects that we need to rotate include v (which is to be counted

as a derivative of the potential) and the effective action, which satisfies
T =T . (4.22)
Wick rotated

Taking this into account, the Minkowskian effective action at zeroth order reads

/@ Volp_y /oo ar o T
2 (4m) 72 sin(vmT +40)

(4.23)

where Volip_py is the volume of the (D — 1)-dimensional space and we have kept track of
the rotation through the +i0 contribution in the argument of the sine. Eq. (4.23) shows
nontrivial poles where the sine function vanishes, i.e. at*
n
T="" 0<neN. (4.24)
oM
On their turn, these poles generate an imaginary part in the effective action, as can be seen
from the use of the residue theorem in the complex T plane to perform the proper time integral,

2

_m-nmn

VO]D 1) e M
Imr(o) — m n+1
M2 Tam? Z s (4.25)
e VO].(D,l) % X 7m27r
=3 o e ()

where Lig(+) is the polylogarithm of order s. As explained above, the physical interpretation
of this result follows by identifying it with the vacuum persistence amplitude; indeed, the
transition amplitude between the in and out vacua is (Ogyt|0im) = €™, so that

[{Oout [0} > = e 7210 I = 1 — P (4.26)

In this formula we have defined the pair production probability, Ppair; this definition matches
our expectation, since it takes into account that the instability of the vacuum signals the
appearance of states with a nonvanishing number of particles. As long as the latter are
not largely populated, one can further approximate the probability of pair creation as
Ppair = 2ImT'y.

“These are the values for which the differential operator A, with PBC develops zero modes in Minkowski
spacetime. Although the n = 0 one does not correspond to a zero eigenvalue, as can be extrapolated from the
spectrum (see appendix B.2), it is not surprising that it still represents a divergence, as it is well-known to be
related to the renormalization of the theory.
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4.1.2 Non-quadratic time-dependent potentials

Let us consider an arbitrary time-dependent potential V' (¢). Using the zeroth order result,
to zeroth order also in the generalized heat kernel coefficients, we obtain what we will call
the locally quadratic field approximation (LQFA),

Volp.; [ dT / e T( V<t>+m) V=VTOT
2v/2 )" sinh (V=VT@ET/V2)

which heuristically is expected to be valid when the potentials are slowly varying; in this

T = —

(4.27)

sense, it is equivalent to the locally constant field approximation employed in QED [17, 41].
For the computation of the imaginary part of the effective action, if the potential is positive,
the relevant contributions will be those for which V" is negative.’ Importantly, one should
be careful with the recipe employed to avoid the singularities that appear in the proper time
integral. To take care of this, we can follow as in the previous section; explained in other
words, since our expressions are covariant, we can rotate the 00th component of the metric,
which we will call ngg. In order to be consistent with the —ie prescription, the rotation should
be n% — =™ A further alternative is to consider the heat kernel in Minkowski space
and employ its imaginary proper time expansion [30]. After a proper time Wick rotation,
this implies a T' + ie prescription that will be used in what follows (it will be especially
useful for the space-dependent potentials).
Coming back to eq. (4.27), its imaginary part can be readily computed to be

T (0.0
Im _ " r+1/ "
VolD1 2 Z: o At OV7(1))

(VT (VR (V) +m?)
4/2m2r P V(t) .

We can go beyond LQFA by including higher derivative terms, i.e. by multiplying the integrand

(4.28)

in the equation above by using the improved Schwinger-DeWitt coefficients obtained in the
ST approach (see appendix C). To lowest order, we obtain

-V ] v\
u )" AtV () | Y=
VOID 1 2 ; / ) (4\/§7T2T>

—V27mr (V(t) + m?) 2473 V(A ()
X exp < V”(t) ) (1 — 983 7(‘///)3/2 4+ .. ) .

Im
(4.29)

As a particular case, consider an oscillatory potential; having in mind the analogy with
the electromagnetic case, which in essence is (F?),, — ., a plausible form is

v

V(t) = ;g sin?(wt), Vo >0, (4.30)

which additionally reduces to the quadratic potential when w — 0. The Hessian matrix is
defined in terms of the single element

V" (t) = 2Vp cos(2wt); (4.31)

5For a negative potential, see the discussion at the end of section 4.1.3.
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inserting it in eq. (4.29) and noting that the periodicity of the potential can be absorbed

into the length Ly = %r, we are led to the result

- i 1)rtir / /4 & Vo cos(2t) i
Lo VOlD 1 —r/4 42y

= 2 2 3,2 (4:32)
X oxp _WT\/‘?(sm t+~%) 1+ 1 L)
w cos(2t) 36 /Vp y/cos(2t)
where we have introduced Keldysh’s adiabaticity parameter [42]:
e (4.33)

v i=—.
Vo

Note that the first correction in eq. (4.32) is positive and also reflects the large-potential
character of our expansion, which is not in powers of «, but in terms of the dimensionless,
small parameter w?/1/Vy. For extreme fields, one could work out the time integral using
Laplace’s theory, which effectively leads to a parabolic approximation. Indeed, physically
speaking, the expression (4.32) can be seen as an improvement over simply approximating the
harmonic function with a periodic array of quadratic potentials centered around its minima.
Additionally, in the small w limit the quadratic result is reobtained; this can be seen either
by using Laplace’s theory in the previous equation or by rescaling in w,

FM W >
m-——M = TNy
M ToVolp, 4 TZZI( )
/4w D) bl —r X—OsiHQ(wt) + m?
x/ dt M exp ( i ) (4.34)
—7 /4w dmsr Vo cos(2wt)

wjomi(_ly‘—&-l( v )D/2 1 ox —7T7‘m2
4 = 472y VT P v ’

where we have identified 1/V; — v. Although we have not managed to obtain a closed
analytic formula for eq. (4.32), one can truncate the series at any desired order and readily
numerically perform the integrations, at least for massive fields, for which a decreasing
exponential behaviour is guaranteed.

As a last comment, we would like to emphasize once more that we expect eq. (4.32)
to be a good approximation for small frequency w. If an all-scalar version of the worldline
instantons technique could be developed, it could be used to check all these (and the following
section’s) results and complement them with expressions encompassing all the derivatives
contributions (but just the first large mass one).

4.1.3 Spatial particle creation

The framework is slightly more involved when considering the spatial case. For simplicity
we will analyze the case depending on just one variable, say x3, so that

. iVolp.y [+ dT = e T(V(a)+m?) V7 (23)T
M= — = 3 .
2v2 Jo T ) (4nT)”  sinb (VV7(23)T/V/2)

(4.35)
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In this setup, for weak fields instabilities arise when 95V becomes negative; the difficulty
resides in the fact that the instabilities are already present at the level of the Euclidean
effective action and, thus, the imaginary proper time prescription described in the previous
section is required in order to obtain a sensible answer.

To simplify further the discussion, let us consider the quadratic case

V(x3) = v 22 4+ m?, (4.36)

leaving the sign of v? for the moment undetermined; note that the situation with the inverted
quadratic potential mimics what happens in the electromagnetic homogeneous field in the
spatial gauge. Then, following the lines of the previous section we arrive at

(4.37)

Ium(V] > dr / T(?a3+m®) T

Volp_; (4xT)"?  sinh(vT)

At this point we have to consider the two possible alternatives separately. If v> > 0, all the
integrals in eq. (4.37) are well defined and are real, i.e. there is no creation of pairs. This
is of course logical: since the potential is static, no energetic source is available to create
the pairs. If instead v? < 0, the sinh in the denominator becomes a sine and singularities
appear. However, the integral in x3 becomes ill-defined; this can be seen as a consequence
of the fact that the effective mass V + m? is negative in an infinite region. A way to
circumvent this problem in this simple case is to perform first the integral in x3 (with v2 > 0)
and afterwards appeal to an analytical continuation in® v. The result obtained with this
prescription agrees with the one using the imaginary proper time, and gives the same pair
creation probability as for the quadratic time dependence. This agreement resembles the
situation in the electromagnetic homogeneous case.
As a last example, consider another spatial, now oscillating background,

V(zs) = % sin?(w3). (4.38)
If V5 > 0, then the only change with respect to the time-dependent field is in the integration
region over x3, which is effectively shifted to the complementary interval in the period of”
cos(2wxs); after shifting the integral one gets:

i r+1
VO]D —1
L (4.39)
y /m o (VTcos@ag)\ (G costlaw) + )
3 exp
/4 Am2r cos(2x3)

Since our expansion is valid for strong potentials, the integral in the coordinate x3 can
be done using Laplace’s theory; contrary to the time-dependent scenario, one notices that
cos? x3 > 1/2 in the integration region, and thus the integral is exponentially suppressed in
the strong field expansion. This is consistent with the fact that for a positive potential one

50ne should employ the rule of thumb that the rotation should not interfere with the ie Feynman rule.
"In this case, Volp = L3Volp_1, where L3 denotes a spatial cutoff.
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does not expect particle creation to take place. This can actually be discussed in more general
terms: whenever the potential is strictly positive and its second derivative is negative, an
exponential suppression is present in the imaginary part of the effective action in the LQFA.

Taking into account our discussion for the quadratic case, one would expect that the
harmonic potential (4.38) with V5 < 0 should resemble the most an electromagnetic space-
dependent field. However, in this scenario there is a caveat: for strong (negative) fields
the integral in eq. (4.35) develops infrared singularities. These are related to the divergent
behaviour for large T and could imply a further source of imaginary contributions in the
effective action; they are of course not present for QED, since gauge invariance precludes the
presence of the gauge potential in the effective action. One could still appeal for example
to analytical continuations to analyze the infrared singularities, as done for the quadratic
field; however, for the oscillatory potential the integrals can not all be done explicitly and
the same can be said for the most frequently analyzed pulses in the literature.

For the sake of completeness, let us briefly discuss an analogue expansion in QED; a
thorough analysis will be left for the future. In such a case, the first derivative contribution,
i.e. the equivalent of the w?/y/Vy term in eq. (4.32), is given by the C?ED coefficient. For a
background field which is exclusively electric (Fo; = Ej(x) and Fj; = 0), it can be shown that

9 y A
QD : 0B E — 0B, 0" E| (4.40)

cf. the o3 coefficient in ref. [14]. This expression clearly displays a sign flip when shuffling from
purely spatial to time-dependent potentials, meaning that the pair production probability is
enhanced in the latter case, while it decreases for the former. This seems to be in agreement
with the threshold which has been observed using worldline instantons for potentials depending
on spatial coordinates [17].

4.2 First and higher orders in V

Before analyzing the first-order contribution in €, we will sketch how the computation to
any order can be done. At nth order in the assisting potential, the contribution to the
generating functional is

Zn[n)(z;T)

= (_1)n]§z>s / e S Rt s(10))V(E + s(82))

n . n
H aQJ’f}(‘h)] / 74 Dse i i1 @i, S Qb sty s, 01 al'S(r—t:) )
t1e-e

j=1
(4.41)
where we have Fourier transformed V as
V(z) = /aq e T Y(q) (4.42)
and used the short-hand notation dg := (g:)%. The expression (4.41) is still manageable,

since introducing explicitly the classical solution to the equations of motion of the worldline,

st — st + 8", (4.43)
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the exponent becomes quadratic in the quantum fluctuations. A direct calculation shows
that we need to find the solution of

(As)w 8a(7) = =n0u(7) = 0pu(7) (4.44)

where 0 contains all the momentum inhomogeneities:
n
oH(r) = iqué(T —ti) . (4.45)
i=1

This can be simply solved by considering the Green function of the operator, G := Agll,
which is computed in appendix A:

1 cosh (Q(T + 2t — 2t')) sinh (2Q(¢t — )"

G L) = |~ opqe 2Q sinh (QT") — 0t Q , (446)
so that
() = =i g (m gl = [ G mle) (4.47)
=1

After replacing eq. (4.47) in the expression for Z,,, we obtain

Zuli)(&:T)
= |
_ (1)”@2?;/2det1/2 (%)
< [ [Hl dg;V(q))| i X0 / o3 Ju (49,9 (r42),, .
=

If we are just interested in the contribution without worldline interactions, this formula

n
H aqu(QI)] efi ZZL:I " / j{DS e_% ftt’ éHA‘“’gu'i_% tt,(n—i—b)#gf“’(n—f—b)y
=1 tito--

can be further simplified to

TV 0212
2 T) = (—1)"——p7 det/? | ——5 ——
Zn[n)(#T) = (-1) det <sinh2(QT)>

] (4.49)

given that the SI Green function satisfies
/ G (1,410, (z) = 0 . (4.50)
t/

It is important to note that, in eq. (4.49), an integral in z is not simply going to give a
Dirac delta, which would imply momentum conservation, because of our nonperturbative
approach. Indeed, there are also implicit dependences on T through V and €2; the former
will be a crucial difference with respect to the Abelian gauge field case.
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Let us now focus on the first order contribution in the assisting potential. The relevant
computation reads

TV 22
(47T) sinh”(QT) (4.51)
% /aqe iq- xi,qug/‘ qu V(q)/ e%Sbos[n]“ring(tvtl)n(t) ,
t1
with QT coth (QT) — 17"
v o _ cot - ]
g (t,t) [ 2027 ’ (4.52)

Once these results are replaced in eq. (4.8), we can perturbatively recast the trace of the
heat kernel as

k)= Lo [eom e ans (T
(4nT)"? sinh?(Q7)

(4.53)
% /aqe zqz—*qusﬂ qu ]}(q)/ (1_|_E(1)(j;T’ tl)),
t1

where higher-derivatives contributions in the Yukawa potential are encoded in (M) (z; T ;).
If we split them according to the number of momenta they contain,

SO T4) =S @) + 3@ T t) + - (4.54)

we get the first terms

T T
gaww grverr _ 5 eV EFVEPAETO

T
_ @a,ul//»n’eaﬂv g,ul/gp)\gTG(gaB

1
+ OV OV / (@G @G @)+, (45)

20 (@ T) = —

=@ Toh) = 5 0V 4a [ (067 (1)
; t (4.56)
+ 6 a,uup)«rv qa ‘/tgﬂl’@? t)Gp)\(tv t)gTa(tv tl) oy
where we reported only the terms contributing to order T° once expanded in powers of T.
These results can be compared with the known expansion for integrated heat kernels, the
difference with the local results in section 3 consisting just in boundary contributions.

4.2.1 Gauss assisted pair creation at first order

The results from the previous section can be readily used to analyze the effect of assisted pair
creation. For simplicity, let us consider a minimal model in which the background, assisted
field is quadratic in the coordinates, so that the integrated heat kernel simplifies to

2 2
K(T)=———p: [ dPze ™V det? | —5 — /d ST 0E T P(g) (457
() = o [ 07 ao i ) [ dae (). (@57
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Without losing generality, we can further restrict the potential to be only time-dependent,
as we have done in eq. (4.20):

Vo(z) = v? 22 +m?, v = const . (4.58)

As assisting field we propose instead a Gaussian (infinitely wide) pulse, which is frequently
employed in the description of experimental setups:

w 2,2

V(z) = = et (4.59)

Replacing these profiles for the fields into eq. (4.57) and performing the integral in Zp and in
the energy qp, we get a compact expression for the trace of the heat kernel:

(4.60)

oy Volpoy _wI ) 2T ( L coth (UT))W .

T) = — i
T) (47T)"/2 sinh (vT ¢ w? v

Using this expression, the Euclidean effective action is immediately obtained. As we have
already performed at zeroth order in the assisting field, in the present case we can analyze
the Minkowskian scenario by performing a Wick rotation, the only difference being that
the frequency w shall be also included among the quantities that have to be Wick-rotated.
Keeping track once more of the necessary regularizations resulting from the rotation, we get

2

Wm UM

(1) Volp_pewnm [~ dT e—mT 1 cot (omT) . s
r _  Volo- ar__ (Lt ) T e
2(4m)P2 Jo  TP=Y/28in (vyT +i0)

The analytic structure of the integrand in this expression is severely influenced by the square
root factor. On the one hand, notice that the zeros of the sine are not poles of the integrand,
given that the cotangent inside the square root partially compensates the divergence, rendering
it integrable. On the other hand, its argument vanishes periodically in T, generating an infinite
number of branch cuts in the complex T plane, the —:0 resulting from the Wick rotation
telling us on which side of the cut the integral shall be performed. To simplify the discussion,
let us use vy as scale and define the following complete set of dimensionless parameters:

_ WM
UM
o= (4.63)
UM
T = ouT* . (4.64)

Then, the cuts from the cotangent give rise to an imaginary part in the effective action,
whose analytic expression can be straightforwardly found to be

Volp_ Y —m*T
Im Fl(\/l[) = Tri(DDl)'UM(Dil)/QEe_WﬁT (D/ dTe—,
2(27r) 0 sin (T + T*)
~ (4.65)
N o D—1 T+ T*
X ‘@*2 + cot(T +T7) 2 i) (—e”mQ, —5 ki ) 5
T
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Figure 1. The left panel is a density plot of log (P(:,)> as a function of m and @, taking e = 1072 and

D = 4. The right panel shows % as a function of w, for three different values of the dimensionless

mass: m = 2 (yellow, dotted line), m = 1 (blue, dashed line) and m = 0.5 (red, continuous line).

where T is the first positive root of @2+ cot (T*) = 0 and ®(-, -, -) is the Lerch transcendent
function,

n

o0
(z,8,a) := Z (atn) (4.66)

Importantly, T* always belongs to the interval T € [7/2, 1), since we consider vy, wy > 0;
this implies that the exponential decay of the pair creation effect can be greatly softened
by the assisted field. Such a softening can be readily observed by inspecting the ratio of

the pair creation probability at first assisted order, PM) | with respect to the non-assisted
p)
PO
function of m and @; the integral in the proper time T has been performed numerically,

case, PO, In the left panel of figure 1, one can observe a density plot of log( ) as a
while the value € = 1072 has been chosen so that in the depicted region we roughly satisfy
the small potential criterium ew? < 1.

As expected, the ratio of probabilities fastly increases as a function of the rescaled
frequency @. Indeed, the higher the frequency w the larger the available energy to catalyze
the production of pair creation. One can also see that, for the depicted values of the parameters,
the ratio also increases with the mass; the reason is that the transseries structure in eq. (4.65)
is shifted with respect to that in eq. (4.25), thanks to the exponential prefactor oM T",

We have also depicted the double logarithmic plot of the ratio of pair creation assisted
and non-assisted probabilities as a function of @w in the right panel of figure 1, for a few
values of the rescaled mass. For large values of w, the behaviour is linear, as dictated by
the prefactor in eq. (4.65). Going to smaller values, there is a transition to a &? behaviour.
For small @ the hierarchy of the curves with respect to the mass is kept, thanks to the
following effect: in this region the softening e~ T plays no role, the Lerch function becomes
essentially a polylogarithm and the relevant ratio is governed by the dimensionality of the

two polylogarithms.
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5 Conclusions

In this article we have shown how the Worldline Formalism can be used to perform nonper-
turbative computations for a scalar quantum field coupled to a Yukawa background.

In particular, using Dirichlet boundary conditions in the Worldline, we have seen that
a local, resummed expression for the heat kernel is obtainable, cf. section 3. In this way
one can straightforwardly compute the first generalized heat kernel coefficients, which agree
with those recently found in the literature.

Instead, in section 4 we have developed what would be combined Parker-Toms and
Barbinsky-Vilkovisky resummations, the former being used for the strong field background
and the latter for the assisting field. Since the ultimate goal was to obtain the pair production
probability, the so-called string inspired boundary conditions proved to be more efficient.

From the master formula (4.8), an expansion of the integrated heat kernel to include
higher derivative terms for arbitrary fields can be obtained by direct replacement. This
enables one to compute the imaginary part of the Minkowskian effective action and, ergo,
the instabilities of the vacuum in terms of the probability of pair creation. The advantage
of our method over other available techniques (such as the Worldline instantons [17]) is
that our method provides a formula that can be computed for arbitrary, inhomogeneous
fields to any desired level of precision.

Using these results, we have seen that the assistance occurs already at the first order in
the assisting field. To illustrate this effect, we have worked out in detail the calculations for a
Gaussian assisting field; compared to the non-assisted effect, the transseries structure of the
pair creation probability is translated, leaving room for a large exponential enhancement. On
the contrary, in (S)QED one has to resort at least to second order in order to observe the
assisted effect [39], because gauge invariance precludes a term like e=7V in eq. (4.57).

Our work can be generalized in several directions. First, a possible new effect of pair
creation in the presence of gravitational fields is under discussion [43-47]. Using the curved
spacetime version of the Wordline Formalism, such a situation is tractable. In this scenario,
we would also expect the possibility to have a first order assisted pair creation, if a mixed
of strong/fastly-varying potentials is used. In this sense, our computations in this article
are of great help, since at least in a perturbative approach, the computation in a curved
spacetime is totally analogous to a scalar computation [48]. Second, the interaction of
fields with higher spins is also accessible in the worldline; the corresponding resummed
expressions could be already inferred from our present results. Finally, understanding whether
further resummations of derivatives are possible would be a further step in the analysis
of nonperturbative phenomena, in particular related to the transseries structure of the
corresponding physical effects.
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A Boundary conditions and Green functions in the worldline

In this appendix we will discuss some of the technicalities mentioned throughout the work
regarding boundary conditions; first we will consider the case of the free operator, i.e. the
pure kinetic one, and will compute the corresponding Green functions. Afterwards, we will
extend the results to the Yukawa case.

A.1 Kinetic operator and zero mode
The kinetic term of the worldline theory that we study corresponds to the free worldline action

1 ) . 1
Skin = 5 / O (1) (1) = —5 z () [5uuat216(t1 - t2)} z"(t2), (A1)
2 )i 2 Jyt,
where the boundary terms arising from the integration by parts vanish both for Dirichlet and
periodic BC. In particular, we are interested in the case where the trajectories are periodic,
since we will see that the vanishing DBC can be reobtained as a special case.

The associated differential operator,
n o 1 2 /
K,uzx(tat) - _26w/8t 5P(t_t)7 (A2)

is defined on the interval ¢,¢' € [0,7T] and has a zero mode on the circle: periodic boundary
conditions allow for the presence of constant paths, preventing thus K, to be invertible.
Note that dp(t —t) is the Dirac delta function on the space of periodic functions on [0, 7] [49];
the subscript has been dropped throughout the work for notational convenience.

One way to solve the invertibility issue consists of factoring out the zero mode, i.e.
to decompose the generic periodic path into the zero mode z# and a quantum fluctuation
y*(t), so that

2 () = T + P (1) | (A.3)

This amounts to introducing a redundant (pure gauge) field z* in the worldline theory; indeed,
there is now a shift symmetry, which is actually a gauge symmetry:

5z = ¢,

Sy () = —€ (A4
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Differently to what happens in the background field method [50], here both fields are considered
dynamical.® This explains why the shift symmetry (A.4) is promoted to a gauge symmetry,
and therefore must be gauge-fixed. The gauge-fixing procedure can be performed by means
of BRST methods, as analyzed in refs. [51-54] within the Worldline Formalism. The outcome
of the discussion is that one can introduce a gauge condition of the form

/p(t) y(t) =0, (A.5)

t

where p(t) is usually called the background charge (in analogy with electrostatics) and is
normalized to

/t p(t)=1. (A.6)

The gauge-fixing (A.5) allows to invert the free kinetic operator of the fluctuations y#. It is
clear that different choices of background charge will result, in general, in different boundary
conditions for the quantum fluctuations and propagators. Nevertheless, the p-independence
of the path integral is still guaranteed by the BRST symmetry.”

More precisely, the Green function &(¢,t') of the operator —%8,52 acting on fields con-
strained by the equation (A.5) depends on p(t) and satisfies

_%af (L, 1) = 5(t —t') — p(t) . (A7)

Let us discuss the most prominent choices for the background charge for the free theory.

¢« DBC — The choice
o(t) = 3(1) (A.8)

is tantamount to factorizing out the zero mode as in (A.3) where z* is identified with
a base-point in the target space along the loop. Indeed, such a background charge
produces, from (A.5), vanishing Dirichlet boundary conditions for the fluctuations:

y(0) =y(T) = 0. (A.9)

In this scenario, i.e. when working in the space of functions with vanishing DBC on
the interval [0,7], the Dirac delta function is actually (¢ — ¢) and vanishes at the
boundaries ¢, = {0, 7} [49]. The delta function will still be denoted as usual, since no
confusion should arise. The free propagator is given by

/
GOty = |t =t |+ (t+1) — 2% (A.10)

8That is, they are integrated over in the path integral and the overcounting of physically distinct configura-
tions must be avoided by a gauge-fixing procedure.
9To be more precise, the worldline partition function can be expressed as an integral over the zero mode

Z = /dDa"cz(p>(i:,p),

where the partition function density z(*) may depend on the gauge-fixing choice p(t), but this can only happen
through total derivatives, which must then integrate to zero [51].
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which can be obtained by solving

—%83G<f)(t, )y =6(t—1t), (A.11)
with boundary conditions
GO0,y =61, t)=0. (A.12)
e SI — The choice )
(1) =7 (A.13)

gives rise to the so-called “string-inspired” boundary conditions, as the factoriza-
tion (A.3) of the zero mode is akin to the customary practice in string theory, namely
to identify z# with the “center of mass” of the worldline (4.3) and separate it from the
quantum fluctuations. The resulting boundary conditions for the latter are

/t y(t) =0, (A.14)

while the free propagator is given by

GOty = —|t—t| + t _Tt/)Q + % . (A.15)
It satisfies the equation
—lafgm t,t)=6(t—1t) — 1 , (A.16)
2 T
with the conditions
/t G,y =0, GO, =G¢D(T,1). (A.17)

Note that G (¢, ') actually depends only on t — ¢/, while G\ (¢,t') is a true function
of two variables.
A.2 Green function with a Yukawa coupling

Let us now consider quadratic interactions, namely the linear, one-dimensional differential
operator

1
AW,(T, 7'/) = —55”,,875215(251 — tg) +2 wa(y)é(tl — tz) . (A.18)

The corresponding Green functions are described in the following (we omit Lorentz indices
throughout the calculations).

e DBC — We start with the computation of section 3, namely with the case of vanishing
DBC for the fluctuations 8, cf. eq. (3.13). The Green function G*(t,t') = A;l} is
defined by the following differential equation,

ALY)YGH ) =0t —1t"), (A.19)
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together with the boundary conditions
G0,y =G(T,t')=0. (A.20)

We can build an Ansatz starting from the solution of the homogeneous equation
associated with (A.19), namely

A t/ 20t B t/ —20t f t < t/
G(t,t’):{ (t) e+ B(t)e ' (A.21)

C(t)e*™ +D(t')e 2 if ¢/ <t

Imposing the usual conditions on the (dis)continuity of the (first derivative of) the
Green function at ¢t =/, we can relate the four unknown functions A4, B, C, D to get

_ sinh(29Q¢) sinh (2Q(T — t')) — O(t — t') sinh(2Q7") sinh (2Q(t — t'))

/
Gt.t) Qsinh(207)

. (A22)

where one should not forget that the Green function carries Lorentz indices GH¥(t,t').
Note that, in the case of vanishing strong field (2 — 0), the Green function reduces to
the free propagator (A.10).

SI — Let us move on to the computation of section 4, where string-inspired boundary
conditions are enforced for the fluctuations 8. The Green function GH(t,t’) associated
with the linear, one-dimensional differential operator AL{ (¢) is defined by the differential

equation
1
Asi(t, )Y GH' ")y =6 —t") — T (A.23)
and must satisfy the following conditions:
/ G(t.¢) =0, G(O,¢)=G(T,1). (A.24)
t

The final result for the Green function reads

1 1 < _ sinh(QT)

G(t.t) = 55 Lmh(QT) qr T cosh (T +2t - 2t’))>

(A.25)
— Ot — )2 sinh (20t - t’))] .

As already mentioned, the SI propagator depends only on the difference of its two

arguments: for instance, note that the coincidence limit reads

QT coth (2T") — 1
2Q02T

G(t,t) = (A.26)

In the case of vanishing assisted field (2 — 0) the Green function reduces to the free
propagator (A.15), as expected.
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B Computation of the functional determinants and generalized
Gel’fand-Yaglom theorem

The Gel'fand-Yaglom (GY) theorem [34] and its extensions [35, 36, 55] have been extensively
applied in the context of the worldline formalism [17, 18, 56]. Let us recall the main statement
of the theorem: given a one-dimensional operator defined on an interval z € [0,T] with
vanishing Dirichlet boundary conditions

d? .
[—dzz - v<z>] () = A0(), with 9(0) = v(T) =0, (B.1)
there is no need to explicitly know its eigenvalues (not even one of them) if one desires to
compute its functional determinant [57]. The only required information is the boundary
value of the unique solution to the initial value problem

[—;; + V(z)] d(z) =0, with ®0)=0, @0)=1, (B.2)

which satisfies

d2
Det [_dz? + V(z)] x ®(T) . (B.3)
The result (B.3) can be extended to more general boundary conditions and for higher-
dimensional differential operators. Indeed, consider a family of Sturm-Liouville type operators
of the form

Li= —5 (PG5 ) 2o +Vi(2) (B.4)

where 1, is the r x r identity matrix and V; can also be matrix-valued. Then, the ratio
of the functional determinants of the operator L relative to that of another operator Lo
of the same type can be expressed in terms of four 2r x 2r matrices M, N and Y;, which
are built as follows [36]. The matrices Y; contain the 2r solutions u/)(z) of the eigenvalue
problem!® Lyu@ = Aul? with A — 0 and their weighted first derivatives

VO(2) 1= Pi2) Sul(z) (B.5)

using these vectors as (semi)-column entries, we have
) (2r)
u .ou
}/i = <V(1) . V(Qr) > . (BG)

For simplicity, one generally chooses the initial conditions as'!

Y (0) = Lorxar - (B.7)

We omit a subscript i in the eigenfunctions for readability reasons.
"For instance, in the case r = 1 we have two one-dimensional solutions u'?(z
whose initial conditions read u(* (0) = 1,v™ (0) = 0,4®(0) = 0 and v? (0) =

) with first derivatives v12(2),
1.
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On the other hand, the matrices M and N are fixed by the choice of the boundary conditions;
in fact, the latter can be recast in full generality as

MY(@O)+NY(T)=0. (B.8)

As an example, in the case of vanishing DBC these matrices reduce to

MD — (ILTXT ®7"><7‘> , ND — <®7’><7‘ ®7”><7"> , (B.9>

®7’><7‘ ®T‘X7" I]-T’X’I‘ ®7”><7"

while in the case of periodic boundary conditions they read

MP — <]l'r><r (Dr><r> 7 NP — <_]lr><'r (Drxr ) ) (B10>

(Dr><7" ILT’X’I‘ ®7"><’r’ _I]-’!’XT

Employing this notation, the generalized GY theorem states that the ratio of the
functional determinants satisfy

Det(Ly)  det(M + NYi(T))
Det(Ly)  det(M + N Y5(T))

(B.11)

Let us now show how to use this formalism for the interacting differential operator A,
defined in eq. (3.8).
B.1 Dirichlet boundary conditions

For DBC, relevant to section 3, the formula (B.11) reduces to the evaluation of the determinant
of an r x r solutions-submatrix:

Det(A) = det(u™D .. u®))y (B.12)

Thus, we don’t need to know the whole set of 2r solutions of the homogeneous equation;

instead, we only need the r = D solutions go;(f ) which have initial conditions

Py =0, ¢P0)=2". (B.13)

Building from the one-dimensional solution an Ansatz of the form

gpl(f)(z) = (Aemzy“ + (Be_mzyu, (B.14)
one obtains
1 p
o (z) = [29 sinh(zgz)} . (B.15)
Using as a reference operator the free kinetic operator Lo = —%(5,“,82, whose Y-matrix can

be effortless computed, the final result for the functional determinant reads

(B.16)

Det(A) = det {sinh@QT)}

2QT
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As a double check of this result, we can calculate the determinant as a (-regularized infinite
product of the eigenvalues of the operator A divided by those of the free operator. Using a
simple Fourier expansion to solve the eigenvalue equation, we get

' o0 ] 2
Det(A) = [T TI [H (29( )T>

j=1n=1 mn

_ [Sinh (QQT)} 7

S (B.17)

where QU) are the eigenvalues of the matrix Q#, and we have used the well-known result

IO—O[ <1+ 2 ) _ sinh (z) ' (B.18)

m2n?2 x
n=1

Note in particular that the free limit is regular:

§121£n>0 Det(A) =1. (B.19)

B.2 Periodic boundary conditions

The PBC, relevant to section 4, require more carefulness; let us first show the exemplificative
non-matricial case, i.e. r = 1.

Proposition 1. Assuming eq. (B.10) for the matrices M and N, and considering an arbitrary
operator of the form given in eq. (B.4), the relevant determinant for the GY formula in the
one-dimensional (r = 1) case reduces to

det (M + N Yi(T)) = 2 — tr (Y= (7)) = 2 — 2cosh(207) . (B.20)
Proof. In general, a direct calculation gives actually

det (M + NYl(T)) =1- (u(l) + v(z)) ‘z:T + (uMo® — (D)

z=T (B21)
=1 — tr (V=1 (T)) + det (Y;=1(T)) ,

with the matrix of solutions given by

uM(2) u@(z
Yi—1(2) = (Uu)EZ; v(z)éi) . (B.22)

One can recognize in the r.h.s. of (B.21) the Wrosnkian
WD, u®)(2) = u®(2)v@(2) — D (2)u? (2), (B.23)

evaluated at z = T, which is associated with the two independent solutions u!2(2) of the
eigenvalue equation for a Sturm-Liouville operator. It is a stablished result that this type of
Wronskian is constant; therefore, extracting from the initial conditions its value at z = 0,

W™, @) 0)=1, (B.24)

we also have that W(u(l),u(2))(T) = 1; hence, using the explicit solutions ") and v(®,
eq. (B.20) follows. ]
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It is not hard to convince oneself that the previous one-dimensional result can be directly
generalized to higher dimensions.

Theorem 1. Consider an operator of the form given in eq. (4.11), defined on the domain of
periodic functions. Be ugb) the ath component of the bth solution of the homogeneous equation
Liu® =0 and v its corresponding weighted derivative, as in eq. (B.5). Then, the relevant

determinant for the GY theorem satisfies
det (M + N Ya ppc(T) ) = det (2 — 2cosh(207)) . (B.25)

Proof. Note first that, in contrast to the DBC, to compute the functional determinant using
the generalized GY theorem we do need the whole set of 2r solutions of the homogeneous

equation
(P —
Ag‘f®£n>:0, @LH)Z lz) it II=1,...,r (B.26)
o i O=r+1,...,2r
Considering eq. (B.7) as initial conditions, namely
de®)
P (o) =gr. —= = B.2
O =g L =0 (5.27)
dy (P)
) (0) = hut = 4P B.2
o =0, L) =, (5.28)
an explicit computation gives
(bl(f)(z) = 1%”)(2) = [cosh(?Qz)r : (B.29)

I

Note then that in arbitrary dimensions we can straightforwardly prove that the nth power of
the matrix Y is

i) = () i) e

and consequently, from eq. (B.11), we have the equalities
det(12, — YA ppc) = etr1og[2-2cosh(2QT)] _ ot (2 — 2cosh(2Q7)), (B.31)
which indeed agree with the r.h.s. of eq. (B.25). O

As a corollary of Th. 1, recall that the difference between P and SI BC resides just in
the omission of the constant mode in the latter; in the free case, this mode corresponds to a
zero mode. The quotient of Agy with the free operator, after extracting the zero mode of
the latter (denoted with a prime in the Det), is thus given by

(B.32)

— sinh?(QT
Det' (Agr) = det [(ﬂ(ﬂ)l

This is consistent with the fact that we have omitted the constant mode, so that the free
limit Q@ — 0 is nonvanishing. As an alternative check of the GY result, we can directly
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evaluate the determinant of Agr as a product of its eigenvalues; using a Fourier expansion
and dividing by the free eigenvalues (we exclude the vanishing one), we get the following
(-regularized infinite product

. o0 0272\’
Det/(AgI) = det {H (1 + — )

2
el T™n

sinh?(QT)
02772

, (B.33)

:det[

which confirms eq. (B.32).
C Generalized Schwinger-DeWitt coefficients in the string inspired
approach

The first generalized Schwinger-DeWitt coefficients computed using the SI BC, defined in
the expansion

s (@3 T) = Y S @) 17 (C.1)
j=0
are given by
cg'(x) =0, (C.2)
Az) =0, (C.3)
Sz) =0, (C.4)
1 14
C%I(.f) —%6#“,, V, (C5)
1 14
cil(x) - _10368 uuu P V7 (C 6)
SU(0) = =Dy, VOV 4 — O\ VN — 0,8 TV (C)
5 45360 H° 4320 " *F 497664 7 P

Recall that these coefficients are only valid at the integrated level, i.e. they are related via
integration by parts to the ¢; coefficients in eq. (3.29).
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