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ABSTRACT 11 

In this paper, a two-step automated procedure based on adaptive limit and pushover analyses is developed for 12 
the seismic assessment of masonry structures. Inspired by an akin procedure previously developed by the 13 
authors for the out-of-plane behaviour, the procedure herein presented is extended to in-plane and combined 14 
in- and out-of-plane loading conditions, accounting also for the effect of masonry crushing failure. In the first 15 
step, an upper-bound adaptive limit analysis tool is used to predict the collapse mechanism (and the 16 
corresponding multiplier) of the structure given a certain loading condition. A novel ad-hoc routine is then 17 
developed and utilized for the automatic import of the collapse mechanism geometry of any complexity into a 18 
solid model ready to be used in a finite element framework. In the second step, cohesive-frictional contact-19 
based interfaces are automatically inserted in the cracks of the collapse mechanism formerly obtained, and a 20 
pushover analysis is conducted to investigate the load-displacement response of the structure. A series of 21 
parametric analyses are conducted to highlight the effect of different mechanical assumptions. Finally, the 22 
effectiveness of the procedure proposed is shown on a full-scale masonry building case study. 23 

 24 
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Nomenclature 
𝐀𝐀 matrix of geometric constraints 
𝐁𝐁 matrix containing the normal unit vectors for the linearized 3D failure domain 
𝐜𝐜 vector of internal dissipated power 
𝑐𝑐 cohesion of the contact shear response 
𝐷𝐷 scalar damage variable for the contact behaviour 
𝑑𝑑𝑐𝑐 compressive scalar damage variable for the plastic-damage model 
𝑑𝑑𝑡𝑡 tensile scalar damage variable the plastic-damage model 
𝐸𝐸 Young’s modulus of the material 
𝐸𝐸0 initial Young’s modulus of the material 
𝑓𝑓 three-dimensional failure domain 
𝑓𝑓𝑏𝑏0 biaxial initial compressive strength 
𝑓𝑓𝑐𝑐0 uniaxial initial compressive strength 
𝑓𝑓𝑐𝑐 compressive strength 
𝑓𝑓𝑠𝑠 contact shear strength 
𝑓𝑓𝑡𝑡 contact tensile strength 
𝐺𝐺𝑓𝑓 fracture energy 
𝐾𝐾𝑛𝑛𝑛𝑛 contact cohesive stiffness in normal direction 
𝐾𝐾𝑠𝑠𝑠𝑠 contact cohesive stiffness in shear direction 
𝑛𝑛 normal unit vector to the interface 
𝐩̇𝐩 non-negative plastic multiplier 
𝐪𝐪0 dead-load vector 
𝐪𝐪 live-load vector 
𝐑𝐑 matrix containing the local reference systems 
𝑠𝑠 first tangential unit vector to the interface 
𝑡𝑡 second tangential unit vector to the interface 

tan𝜙𝜙 initial friction of the contact shear response 
𝑢𝑢 contact normal displacement 
𝑢𝑢0 separation at the limit of the linear elastic behaviour in tension 
𝑢𝑢𝑘𝑘 ultimate separation of the cohesive behaviour 
𝑢𝑢𝑀𝑀𝑀𝑀𝑀𝑀 maximum separation ever experienced by the contact point 
𝐮̇𝐮 velocity vector  
∆𝐮̇𝐮 velocity jumps in the external reference system 
𝑤𝑤 material density 
𝛿𝛿 contact tangential slip 
𝛿𝛿0 slip at the limit of the linear elastic behaviour in shear 
𝛿𝛿𝑘𝑘 ultimate slip of the cohesive behaviour 
𝛿𝛿𝑀𝑀𝑀𝑀𝑀𝑀 maximum slip ever experienced by the contact point 
𝜀𝜀𝑐𝑐 uniaxial compressive strain 
𝜀𝜀𝑡𝑡 uniaxial tensile strain 
𝜀𝜀𝑐𝑐
𝑝𝑝 uniaxial compressive plastic strain 
𝜀𝜀𝑡𝑡
𝑝𝑝 uniaxial tensile plastic strain 
𝜖𝜖 smoothing constant 
𝜈𝜈 Poisson’s coefficient 
𝜌𝜌 shape constant 
𝛔𝛔 vector of stress in the local reference system 
𝜎𝜎 contact normal stress 
𝜎𝜎𝑐𝑐 uniaxial compression 
𝜎𝜎𝑡𝑡 uniaxial tension 
𝜆𝜆 live-load multiplier 
𝜇𝜇 residual friction 
𝜏𝜏 contact shear stress 
𝜑𝜑 friction angle used in the limit analysis  
𝜓𝜓 dilatancy angle of the quasi-brittle material 

  28 
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1 Introduction 29 

The prediction of the seismic collapse and near-collapse behaviour of existing and historical masonry 30 
structures is a burning issue in the scientific community. Indeed, many modelling strategies have been 31 
developed in the last decades [1] to overcome the several challenges which characterize these structures, e.g. 32 
highly nonlinear mechanics of masonry, anisotropic masonry behaviour, complex geometries of masonry 33 
structures, etc.  34 

Two main analysis approaches can be distinguished for masonry structures [2]: (i) limit analysis-based and (ii) 35 
incremental-evolutive approaches.  36 

Limit analysis-based approaches (i) are well-known reliable tools for the investigation of the collapse 37 
mechanism and collapse multiplier of masonry structures. Beginning from the research work proposed by 38 
Heyman [3], many approaches have been developed using lower bound [4, 5, 6, 7, 8] and upper bound [9, 10, 39 
11, 12] limit analysis formulations. Within a finite element method (FEM) framework, upper bound limit 40 
analysis-based tools are generally preferred [13, 14, 15], following the hypothesis of energy dissipation on 41 
interfaces between elements (firstly developed in [16]). These tools have also been lately optimized by using 42 
adaptive mesh refinements to boost the computations [17, 18, 19]. However, limit analysis-based approaches 43 
typically do not provide information about the structural load-displacement response, although this would be 44 
essential in displacement-based seismic verification procedures, which are extensively used in practice and 45 
seem to be preferred rather than force-based procedures [20].  46 

Incremental-evolutive approaches (ii) are widely utilized tools for the step-by-step investigation of the 47 
structural equilibrium in nonlinear iterative analysis frameworks, often used in pushover analyses for the 48 
seismic assessment of masonry structures [21]. These approaches can be used within three modelling strategies 49 
for masonry structures:  50 

• Macro-element models or simplified models in general (see e.g. [22, 23, 24, 25, 26, 27]), widely used 51 
in common engineering practice due to their simplicity, although typically limited to ordinary 52 
buildings and not applicable for complex monumental structures; 53 

• Block-based models (see e.g. [28, 29, 30, 9, 31, 32]), where masonry is block-by-block modelled 54 
(typically into Finite Elements) and the interaction between blocks can be accounted for through 55 
various formulations. Although potentially highly accurate, their main drawback could be represented 56 
by the large computational demand; 57 

• Continuum models (see e.g. [33, 34, 35, 36]), where masonry is modelled through a deformable 58 
continuum and the constitutive law can be defined directly or through a multi-scale framework. These 59 
models, although interesting and potentially very effective, could be computationally expensive or 60 
could find difficulties in representing the post-peak response due to convergence issues, as well as the 61 
collapse mechanism predicted could be, in general, not fully clear [37]. 62 

• Discrete element models -or restricting the family of the approaches proposed, Distinct Element 63 
Methods DEMs- (as for instance those presented in [38, 39, 40, 41, 42, 43, 44, 45, 46, 46] without 64 
being exhaustive) where masonry is modelled with rigid or elastic blocks and all non-linearity is 65 
lumped on joints typically assumed with a cohesive frictional behaviour [46, 45]. Such approach is 66 
conceived mainly for Non Linear Dynamic Analyses [47, 48, 49] computations NLDAs but performs 67 
in a quite reasonable manner both for pushover and non linear analyses in general, in presence also of 68 
foundation settlements, albeit requiring typically huge computational efforts. There are obviously 69 
other important drawbacks that cannot be summarized in few words in this introduction, but it is 70 
interesting to point out how they have recently inspired the implementation of FEM combined with 71 
DEM for large scale analyses (see for instance [50, 51, 52]). 72 

Accordingly, both limit analysis-based and incremental-evolutive approaches present either advantages or 73 
disadvantages, and their coupling would represent a favourable solution. The research carried out by part of 74 
the authors in [53] represented a fist attempt to couple limit analysis-based solutions to displacement-based 75 
evolutive analysis strategies for out-of-plane-loaded masonry structures. Particularly, in [53] the collapse 76 
mechanism deduced by genetic algorithm-based adaptive limit analysis has been used in a pushover-based 77 
framework using two different approaches to introduce nonlinearities in the model. The first one considered 78 
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3D plastic damaging strips governed by a nonlinear continuum constitutive law, while the second exploited 79 
zero-thickness contact-based interfaces governed by a cohesive-frictional contact behaviour. Both the 80 
approaches showed good performances in simulating the out-of-plane behaviour of masonry structures, with 81 
the latter showing a lower computational demand. 82 

In this paper, a two-step automated procedure based on adaptive limit and pushover analyses is developed for 83 
the seismic assessment of masonry structures. This approach extends the one developed in [53] to in-plane and 84 
combined in- and out-of-plane loading conditions, accounting also for the effect of masonry crushing failure. 85 
Accordingly, the procedure herein presented represents a general method for the seismic assessment of historic 86 
and ordinary buildings of any geometrical complexity. In other words, the two-step procedure herein presented 87 
becomes general as it can deal with in-plane, out-of-plane, and both combined failure modes, accounting also 88 
for crushing failures which may appear substantial in many practical cases. 89 

In the first step, an upper-bound adaptive limit analysis tool is used to predict the collapse mechanism (and the 90 
corresponding multiplier) of the structure given a certain loading condition. A novel ad-hoc routine is then 91 
developed and utilized for the automatic import of the collapse mechanism geometry of any complexity into a 92 
solid model ready to be used in a finite element framework.  93 

In the second step, cohesive-frictional contact-based interfaces are automatically inserted in the cracks of the 94 
collapse mechanism formerly obtained, and a pushover analysis is conducted to investigate the load-95 
displacement response of the structure. Accordingly, the pushover curves of a masonry structure can be 96 
obtained and used in most verification procedures, see e.g. [54], for its seismic assessment. A series of 97 
parametric analyses are conducted to highlight the effect of different mechanical assumptions, e.g. continuum 98 
plastic-damage behaviour to account for crushing. Finally, the effectiveness of the procedure proposed is 99 
evaluated on a full-scale masonry building case study. 100 

The paper is organized as follows. Section 2 presents the main features of the two-step analysis framework 101 
herein proposed. Section 3 shows a set of parametric analyses carried out on an in-plane loaded windowed 102 
panel, as well as the validation of the proposed approach. Section 4 shows the effectiveness of the two-step 103 
procedure on a full-scale masonry building case study. Finally, Section 5 highlights the conclusions of this 104 
research work. 105 

 106 

2 Two-step analysis framework 107 

A graphical overview of the two-step analysis procedure developed in this paper is represented in Fig. 1. Given 108 
a structure and its material properties, an upper-bound adaptive limit analysis is carried out for a certain loading 109 
condition (Section 2.1). The outcomes of this first step (Step 1 in Fig. 1) consist in the geometry of the collapse 110 
mechanism and its collapse multiplier, which can be expressed in terms of maximum base shear.  111 

The geometry of the collapse mechanism is then processed by an ad-hoc routine that disassembles it in 112 
elementary parts, removes superfluous information, and returns a set of polylines which can be easily exploited 113 
to generate a 3D model in a CAD environment (Routine 1-to-2 in Fig. 1), to which favourable adjustments can 114 
be applied in order to generate a structure geometry representation which is consistent with the requirements 115 
of a FE software. More details about the Routine 1-to-2 are given in Section 2.2. 116 

The solid CAD geometry is finally imported in a FE software in Step 2 (Fig. 1), where zero-thickness contact-117 
based surfaces (Section 2.3) are automatically inserted in correspondence of the fissures derived through the 118 
adaptive limit analysis collapse mechanism. Once constraints and loading conditions (coherent with those 119 
adopted in Step 1) are defined by the user, as well as the mechanical properties assumed in agreement with 120 
those adopted in Step 1, a pushover analysis is carried out to derive the load-displacement response. Eventually, 121 
the maximum base shear derived through the two strategies is compared to assess the consistency of the present 122 
approach. 123 
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Concerning the geometry management along with the procedure (Fig. 1), it is worth mentioning that the 124 
masonry structure is initially modelled through planar NURBS surfaces. Then, each surface is converted into 125 
a 3D element through the assignment of the thickness and 2D interfaces are defined between adjacent elements 126 
in Step 1. In Step 2, 3D solid FEs are used to model the portions of the structure and 2D contact surfaces define 127 
the interaction between the adjacent portions. 128 

 129 

 130 

Fig. 1 - Two-step analysis procedure. 131 
  132 
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2.1 Adaptive NURBS-based limit analysis 133 

The first step of the procedure consists of an adaptive kinematic limit analysis based on the use of NURBS 134 
three-dimensional (3D) finite elements. The first presentation of this method, initially conceived for the limit 135 
analysis of masonry vaults, is reported in [18]. 136 

The masonry structure is firstly modelled into the Rhinoceros environment by using NURBS curved or planar 137 
surfaces. A NURBS surface (Non-Uniform Rational Bezier Spline, [55]) is a parametric surface whose basis 138 
functions are piecewise polynomial rational functions obtained starting from the traditional spline basis 139 
function. They are widely used in the representation of curved geometries. In this approach, NURBS properties 140 
are used to both represent exactly curved geometries and facilitate mesh adaptation procedures.  141 

The NURBS model of the whole masonry structure is imported within MATLAB as IGES standard file. Each 142 
surface is here converted into a 3D element once that a thickness value has been assigned to it. Each element 143 
is supposed rigid and infinitely resistant. Moreover, a mesh composed of few elements can be obtained by 144 
considering each initial surface as the union of trimmed surfaces. By applying some simple subdivision 145 
algorithms directly within MATLAB, an assembly of rigid blocks can be defined. A kinematic limit analysis 146 
is then applied.  147 

Given a configuration of loads [𝐪𝐪0,𝜆𝜆𝐪𝐪], in which 𝐪𝐪0 are the permanent loads and 𝐪𝐪 is a live-load depending 148 
on a multiplier 𝜆𝜆, a mechanism involving the few rigid elements composing the initial mesh can be identified 149 
by solving a standard linear programming problem. The mechanism is described by a velocity field 𝐮̇𝐮 that 150 
contains the six velocity components (three translational and three rotational) of each centroid and presents 151 
discontinuities (i.e. velocity jumps) at the boundaries of each portion. To properly quantify the velocity jumps, 152 
two-dimensional (2D) rigid-plastic interfaces are defined at the common boundaries between adjacent 153 
elements. Each interface is discretized through points to which the associative flow rule is imposed: 154 

𝐑𝐑∆𝐮̇𝐮 =  �𝐩̇𝐩𝑇𝑇
𝜕𝜕𝜕𝜕
𝜕𝜕𝛔𝛔
�
𝑇𝑇

 ( 1 ) 

where ∆𝐮̇𝐮 are the velocity jumps defined in the external reference system, the transformation matrix 𝐑𝐑 contains 155 
the local reference systems 𝑛𝑛𝑛𝑛𝑛𝑛 (in which 𝑛𝑛, 𝑠𝑠, and 𝑡𝑡 are respectively the normal and the two tangential 156 
directions) on each point, 𝐩̇𝐩 are the non-negative plastic multipliers, 𝛔𝛔 = [𝜎𝜎𝑛𝑛𝑛𝑛, 𝜏𝜏𝑛𝑛𝑛𝑛, 𝜏𝜏𝑛𝑛𝑛𝑛]𝑇𝑇 is the local stress 157 
vector, and 𝑓𝑓 is the linearized three-dimensional failure surface assigned to masonry.  158 

The surface 𝑓𝑓 represents a Mohr-Coulomb failure criterion expressed in the local reference system. A tension 159 
cut-off and a linear cap in compression are included to limit respectively the maximum tensile strength 𝑓𝑓𝑡𝑡 160 
(usually equal to 𝑐𝑐/𝑡𝑡𝑡𝑡𝑡𝑡(𝜑𝜑) within a standard Mohr-Coulomb frictional law, where 𝑐𝑐 is the cohesion and 𝜑𝜑 is 161 
the friction angle) and the maximum compression strength 𝑓𝑓𝑐𝑐 that masonry can undergo.  162 

The linear programming problem that solves the kinematic formulation is summarized as follows: 163 

min �𝜆𝜆 =
𝐜𝐜𝐩̇𝐩 − 𝒒𝒒0𝐮̇𝐮

𝐪𝐪𝐮̇𝐮 �  such that �

𝐀𝐀𝐮̇𝐮 = 𝟎𝟎
𝐑𝐑∆𝐮̇𝐮 − 𝐁𝐁𝐩̇𝐩 = 𝟎𝟎

𝐪𝐪𝐮̇𝐮 = 1
𝐩̇𝐩 ≥ 𝟎𝟎

  

(𝑎𝑎)
(𝑏𝑏)
(𝑐𝑐)
(𝑑𝑑)

 ( 2 ) 

where: 𝜆𝜆 is the kinematic multiplier deduced by applying the Principle of Virtual Powers, (a) are the geometric 164 
constraints, (b) represent the imposition of the associated plastic flow rule at interfaces, (c) is the normalization 165 
of the power dissipated by live-loads for a unitary load multiplier, and (d) is the constraint of non-negativity 166 
of the plastic multipliers. A mechanism is thus obtained.  167 

However, the use of a reduced number of macro-elements makes the problem highly mesh-dependent. 168 
According to the upper bound theorem of limit analysis, the collapse load multiplier is the minimum of the 169 
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kinematic load multipliers and it is associated to the real collapse mechanism, which is properly identified only 170 
if the interfaces between adjacent elements coincide with the real position of fracture lines. Therefore, a 171 
procedure of mesh adaptation must be applied. The initial mesh is iteratively adjusted until the global minimum 172 
of the kinematic load multipliers is found. For this operation, a meta-heuristic approach is used. Among the 173 
several available meta-heuristic algorithms (Genetic Algorithm, Particle Swarm Optimization, Firefly 174 
Algorithm, and Prey-Predator Algorithm [56]), a Genetic Algorithm (GA) [57] with crossover through random 175 
binary vectors is here applied. 176 

Within the GA, a population of random individuals is generated at the first iteration. Each individual consists 177 
of a vector which contains the information (usually, the nodal displacements) for the adjustments relative to 178 
the initial mesh, thus defining a possible varied mesh. The evaluation of the kinematic load multiplier (Eq. 2) 179 
is the objective function. For each individual, the objective function is evaluated and that associated with the 180 
minimum value of the objective function is the best individual. Then, a crossover procedure is used to combine 181 
individuals in pairs and generate a new population. In particular, for each couple of individual vectors a random 182 
binary vector is used to swap their genes (nodal displacements) and generate two new individuals. Random 183 
changes can be then inserted in new individuals to preserve diversity and avoid premature convergences around 184 
local minima. Several numerical strategies can be followed in this step, for the sake of simplicity the reader is 185 
referred to [57]. Once the new population has been defined, a new iteration starts. The procedure stops when 186 
the minimum function value achieves the convergence. The best individual of the last iteration represents the 187 
mesh associated with the real collapse mechanism and the collapse load multiplier. For a theoretical 188 
dissertation and applications about this method, we refer to e.g [18] [19] [58]. 189 

A final consideration is reported. Since the final mechanism is identified according to the fundamental 190 
hypotheses of limit analysis, an associative behaviour in shear is considered for masonry. Dilatancy effects are 191 
thus observed when shear failures occur. To avoid dilatancy and obtain pure-sliding collapses in shear, a non-192 
associative behaviour can be represented by using the sequential linear programming procedure described in 193 
detail in [59].  194 

2.2 Automated import of the geometry 195 

In this section, the automated import of geometry from Step 1 to Step 2 (Routine 1-to-2 in Fig. 1) herein 196 
developed to overcome the drawback of manually recreating the geometry of the collapse mechanism is briefly 197 
described. The interested reader is referred to Appendix A for further details.  198 

It appears clear, indeed, that more complex is the collapse mechanism to be investigated, the more time would 199 
be needed to manually adapt the imported geometry to perform the pushover analysis. Furthermore, it has to 200 
be pointed out that the automatization of this task substantially minimizes the human error, which could have 201 
a significant impact especially when dealing with large and complex geometries. 202 

The starting point (i.e. the outcome of Step 1) consists in a file where the collapse mechanism is represented 203 
by means of an assembly of patches, namely graphical objects used to model 3D entities, which are in turn 204 
defined by the coordinates of their nodes (Fig. 1). The geometry of every portion of the mechanism is described 205 
independently (e.g. the surface between two structural portions in contact is described by two identical 206 
overlapping patches), and a filtering process is implemented to avoid redundant nodes (see Fig. 2 and Appendix 207 
A), using as filtering criterion two values of tolerance called in the Appendix toll1 and tool2.  208 
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 209 

Fig. 2 - Graphical interpretation of the filtering algorithm. 210 

Accordingly, the description of the mechanism can be utilized to generate a 3D model in any CAD 211 
environment, which is a useful middle step that allows to apply, if needed, practical adjustments before it is 212 
imported into a finite element software capable of importing the most common 3D file formats. Routine 1-to-213 
2 takes in input a figure file and returns another file that automatically generates the solid geometry in a CAD 214 
environment (Fig. 3). 215 

a     b     c 216 

Fig. 3 – Collapse mechanism geometry in the CAD environment: (a) polylines model generated without 217 
applying the filtering process, (b) polylines model generated using the filtering process, (c) solid model. 218 

 219 

2.3 Load-displacement description 220 

Step 2 aims at the load-displacement description of the collapse mechanism (Fig. 1). To this scope, an 221 
incremental-evolutive approach is employed, and the interaction between the portions composing the collapse 222 
mechanism is idealized through a contact-based formulation with friction and cohesion (Fig. 4).  223 

a   b 224 

Fig. 4 – Tensile (a) and shear (b) contact behaviour between portions. 225 
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Particularly, the tensile and shear contact stresses are computed as:  226 

𝜎𝜎 = � 𝐾𝐾𝑛𝑛𝑛𝑛𝑢𝑢,       with  𝜎𝜎 ≥ 0
Lagrange contact constraint,       with  𝜎𝜎 < 0 

,              𝜏𝜏 = 𝐾𝐾𝑠𝑠𝑠𝑠𝛿𝛿 
( 3 ) 

where 𝜎𝜎 is the normal contact stress positive in tension, 𝜏𝜏 is the shear contact stress, 𝑢𝑢  is the normal 227 
displacement between portions, 𝛿𝛿 is the tangential slip between portions, 𝐾𝐾𝑛𝑛𝑛𝑛 is the normal cohesive stiffness 228 
and 𝐾𝐾𝑠𝑠𝑠𝑠 is the shear cohesive stiffness in shear. The setting of these stiffness values in block-based models is 229 
discussed e.g. in [60]. It has to be pointed out that, in this work, the values of 𝐾𝐾𝑛𝑛𝑛𝑛 and 𝐾𝐾𝑠𝑠𝑠𝑠 are assumed to be 230 
compatible with the elastic properties of the portions in contact, avoiding excessive localized deformations at 231 
the contact surfaces if compared to the overall structural response. Failure in contact point occurs when the 232 
contact stress reaches a Mohr-Coulomb-type failure surface with tension cut-off. Such failure criterion, which 233 
has been implemented in Abaqus [61] through an automatic user-defined subroutine, can be expressed as: 234 

max �
〈𝜎𝜎〉
𝑓𝑓𝑡𝑡

,
|𝜏𝜏|
𝑓𝑓𝑠𝑠(𝜎𝜎)� = 1, 

( 4 ) 

where 〈𝜎𝜎〉= (|𝜎𝜎| + 𝜎𝜎)/2 indicates that merely compression does not cause contact failure, 𝑓𝑓𝑡𝑡 is the tensile 235 
strength and 𝑓𝑓𝑠𝑠 is the shear strength described as: 236 

𝑓𝑓𝑠𝑠(𝜎𝜎) = 𝑐𝑐 −𝜎𝜎tan𝜙𝜙, ( 5 ) 

being 𝑐𝑐 the shear cohesion and tan𝜙𝜙 the initial friction. In a contact point, accordingly, the maximum normal 237 
and shear stresses are defined as: 238 

𝜎𝜎 = �
(1 − 𝐷𝐷)𝑓𝑓𝑡𝑡, with  𝑢𝑢 < 𝑢𝑢𝑘𝑘

0, with  𝑢𝑢 ≥ 𝑢𝑢𝑘𝑘 
,      𝜏𝜏 = �

(1 −𝐷𝐷)𝑓𝑓𝑠𝑠(𝜎𝜎) + 𝐷𝐷𝐷𝐷〈−𝜎𝜎〉, with  𝛿𝛿 < 𝛿𝛿𝑘𝑘
𝜇𝜇〈−𝜎𝜎〉, with  𝛿𝛿 ≥ 𝛿𝛿𝑘𝑘

 
( 6 ) 

where 𝜇𝜇 is the residual friction, 𝑢𝑢𝑘𝑘 and 𝛿𝛿𝑘𝑘 are the ultimate separation and the ultimate slip of the cohesive 239 
behaviour, respectively, and 𝐷𝐷 is the contact damage, which is assumed to evolve linearly along with 240 
displacements as: 241 

𝐷𝐷 =

⎩
⎪
⎨

⎪
⎧

0,  with 𝑢𝑢 ≤ 𝑢𝑢0 and 𝛿𝛿 ≤ 𝛿𝛿0

max

⎩
⎨

⎧
𝑢𝑢𝑀𝑀𝑀𝑀𝑀𝑀 − 𝑢𝑢0
𝑢𝑢𝑘𝑘 − 𝑢𝑢0

,  with 𝑢𝑢0 < 𝑢𝑢 < 𝑢𝑢𝑘𝑘

𝛿𝛿𝑀𝑀𝑀𝑀𝑀𝑀 − 𝛿𝛿0
𝛿𝛿𝑘𝑘 − 𝛿𝛿0

,  with 𝛿𝛿0 < 𝛿𝛿 < 𝛿𝛿𝑘𝑘

1,  with 𝑢𝑢 ≥ 𝑢𝑢𝑘𝑘 or 𝛿𝛿 ≥ 𝛿𝛿𝑘𝑘  

. 

( 7 ) 

being 𝑢𝑢0 and 𝛿𝛿0 the separation and the slip at the elastic limit in tension and shear, respectively, and  𝑢𝑢𝑀𝑀𝑀𝑀𝑀𝑀 242 
and 𝛿𝛿𝑀𝑀𝑀𝑀𝑀𝑀 the maximum separation and the maximum slip ever experienced by the contact point, respectively. 243 
In the following, the assumption 𝜙𝜙 = tan−1(𝜇𝜇) = 30° is considered, being a typical value for masonry [53]. 244 
Furthermore, it should be noted that 𝑢𝑢𝑘𝑘 can be easily deduced from the value of contact fracture energy 𝐺𝐺𝑓𝑓 and 245 
the assumption of 𝑢𝑢𝑘𝑘 = 𝛿𝛿𝑘𝑘 is also adopted for simplicity.  246 

The potential effects of masonry crushing failure can be accounted for in the portions of the collapse 247 
mechanism through a nonlinear continuum plastic-damage constitutive law. Particularly, the standard concrete 248 
damaged plasticity (CDP) model implemented in Abaqus [61] has been herein considered. The interested 249 
reader is referred to Appendix B for details about the CDP model and its setting. 250 
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The resulting model is then considered in a pushover-based framework (Fig. 1) to predict the load-251 
displacement description (i.e. pushover curve) of the structure.  252 

 253 

3 Preliminary analyses 254 

3.1 Benchmark description and adaptive limit analysis 255 

The first benchmark consists of a windowed panel tested in [62]. The panel (see  Fig. 5) was composed of 18 256 
courses of bricks 210×52×100 mm3 and mortar joints 10 mm thick, resulting in the overall width and height 257 
respectively equal to 990 mm and 1000 mm. A central opening has been realized. As permanent load, a vertical 258 
pre-compression of 0.3 MPa was applied and maintained constant during the test. The test was conducted by 259 
applying a horizontal load by means of a steel beam fixed at the top of the wall. Previous homogenized limit 260 
analysis and non-linear analysis performed on this benchmark were presented in [63].  261 

 262 

Fig. 5 - Masonry windowed panel: geometry and load conditions. 263 

The adaptive limit analysis has been applied to this panel. An additional rigid element has been added to the 264 
model to represent the steel beam. The live-load is modeled through a horizontal pointed load equal to λ·1 kN 265 
applied at the top. A tensile strength of 0.25 MPa and a compression strength of 10.5 MPa have been assigned 266 
coherently with [63] (see also Table 1 for reference parameters); as regards the shear behavior, a fictitious 267 
shear resistance equal to 0.5 MPa has been used to avoid unrealistic pure sliding failures.  268 

The NURBS model of the masonry panel has been subdivided into rigid elements by following two initial 269 
mesh separately, one composed of quadrangular elements and the second one composed of triangular elements 270 
as depicted in Fig. 6a. In both the cases, the mesh adaptation is applied by moving the nodes from their initial 271 
position. Considering that nodes at the external boundaries are constrained to be moved along their boundary, 272 
both the mesh adjustments are described by a total of 16 parameters. A total number of 80 individuals and 50 273 
maximum generations have been used. As it can be noted in Fig. 6b, the best solution is found after few 274 
iterations with both the mesh. A final collapse load of 39.75 kN has been found. This result is in good 275 
agreement with the previous ones reported in [63]. The final collapse mechanism obtained through 276 
quadrangular elements is depicted in Fig. 6c. Considering the lower number of elements with reference to the 277 
mesh by triangular elements, the next pushover analysis has been conducted starting from this mechanism. 278 
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    a 

 b c 

Fig. 6 – Adaptive limit analysis of the windowed panel: (a) two different initial mesh adopted, (b) GA-279 
convergence diagrams, and (c) collapse mechanism obtained through the initial quadrangular mesh.  280 

3.2 Parametric analyses 281 

In this section, the results of several parametric analyses carried out to evaluate the influence of the adopted 282 
parameters on the load-displacement solution are shown and discussed. The mechanical properties listed in 283 
Table 1 are taken as reference values (i.e. for a set of parametric analyses executed to study e.g. the influence 284 
of 𝐺𝐺𝑓𝑓, only this value will change in a predetermined range, while the remaining parameters will be kept equal 285 
to those specified in Table 1). 286 

Table 1. Windowed panel reference parameters. 287 

Material density 𝑤𝑤   [𝑘𝑘𝑘𝑘 𝑚𝑚3⁄ ]  1900 

Material Young’s modulus 𝐸𝐸   [𝑀𝑀𝑀𝑀𝑀𝑀]  8000  

Material Poisson’s coefficient 𝜐𝜐   [−]  0.2 

Contact cohesion 𝑐𝑐  [𝑀𝑀𝑀𝑀𝑀𝑀]  0.5 

Contact tensile strength 𝑓𝑓𝑡𝑡    [𝑀𝑀𝑀𝑀𝑀𝑀]  0.25 

Contact normal cohesive stiffness 𝐾𝐾𝑛𝑛𝑛𝑛    [𝑁𝑁 𝑚𝑚3⁄ ]  2∙109 

Contact shear cohesive stiffness 𝐾𝐾𝑠𝑠𝑠𝑠   [𝑁𝑁 𝑚𝑚3⁄ ]  1010 

Contact fracture energy 𝐺𝐺𝑓𝑓    [𝑁𝑁 𝑚𝑚⁄ ]  5000 
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The influence of mesh refinement has been firstly investigated. The models with different mesh sizes and the 288 
results in terms of pushover curves are shown in Fig. 7. According to the outcomes exposed in the graph, it 289 
can be noted that mesh refinement does not appear to particularly affect the results, which can be a big 290 
advantage in terms of computational effort needed to perform the analyses. Anyway, a good compromise 291 
between accuracy and computational effort can be achieved providing a mesh refinement near the contact 292 
surfaces. Accordingly, all the analyses exposed in the following have been conducted on models which employ 293 
the optimized mesh shown in Fig. 7e. 294 

a           295 

Fig. 7 – Mesh influence, approximate global size of: (a) 0.02m, (b) 0.1m, (c) 0.15m, (d) optimized. 296 

In [53], the numerical procedure has been applied to out-of-plane loaded structures for which the compressive 297 
damage was not considered as, in general, it has a negligible influence on the structural response. In an in-298 
plane loaded structure, compressive stress is more likely to reach the compressive strength of the material and 299 
crushing damage cannot just be disregarded as done for the out-of-plane case. Accordingly, crushing failure 300 
has been accounted for by means of the CDP model (Appendix B). The specimens tested experimentally in 301 
[62] were characterized by a compressive strength 𝑓𝑓𝑐𝑐 = 10.5 𝑀𝑀𝑀𝑀𝑀𝑀, and, hence, this value has been firstly 302 
considered. As shown in Fig. 8, compressive failure appears to be not significant and, indeed, its pushover 303 
curve does not noticeably differ from the one with infinite compressive strength. To highlight the potential 304 
impact of crushing, a lower value of compressive strength 𝑓𝑓𝑐𝑐 = 2.5 𝑀𝑀𝑀𝑀𝑀𝑀 has been considered (for the complete 305 
set of CDP parameters see Appendix B). As can be noted, for this benchmark crushing failure slightly 306 
influences the structural response, mostly affecting the post-peak response (Fig. 8).  307 

b c 

d e 
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 a                  308 

Fig. 8 - Parametric analysis - Influence of the compressive strength on the pushover curves (a). 309 
Compressive damage pattern on a model with: (b) fc=10.5MPa, (c) fc=2.5MPa. 310 

 311 

Then, the influence of normal cohesive stiffnesses on the overall response has been parametrically evaluated 312 
(Fig. 9). As it can be noted, the normal contact cohesive stiffness primarily influences the slope of the linear 313 
branch of the pushover curve, whereas its influence on the peak shear load appears very limited.  314 

 315 

Fig. 9 - Parametric analysis - Influence of the normal contact stiffness. 316 
 317 

Another aspect that has been investigated is the influence of the fracture energy 𝐺𝐺𝑓𝑓. Referring to Fig. 10a, it 318 
can be observed that its influence on the structural response is significant. Indeed, the post-peak response of 319 
the structure goes from having a softening trend to a ductile one for increasing values of 𝐺𝐺𝑓𝑓. Particularly, the 320 
limit case with 𝐺𝐺𝑓𝑓 = 10000𝑁𝑁 𝑚𝑚⁄  (i.e. an unrealistic value) shows a load-displacement response without 321 
softening. It has to be pointed out that the maximum base shear obtained in this case results slightly lower from 322 
that obtained through upper-bound adaptive limit analysis. This appears reasonable given that the limit analysis 323 

b 

c 
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gives an upper-bound solution and the deformability of the system considered in Step 2 can have a slight 324 
impact on the peak shear load (see e.g. Fig. 9). 325 

The pushover-based step (Step 2) can be also performed accounting for the orthotropic nature of the masonry 326 
material. Indeed, considering a reference system with the 𝑥𝑥 axis horizontal, parallel to the bed joints of a brick 327 
masonry specimen, and the 𝑦𝑦 axis in the vertical direction, we can refer to 𝑓𝑓𝑡𝑡𝑡𝑡 as the masonry tensile strength 328 
when the specimen is subjected to traction in the vertical direction, while 𝑓𝑓𝑡𝑡𝑡𝑡 represents the masonry tensile 329 
strength when traction forces act in the horizontal direction. Likewise, 𝐺𝐺𝑓𝑓𝑓𝑓 and 𝐺𝐺𝑓𝑓𝑓𝑓 are respectively the 330 
associated fracture energies, and 𝑐𝑐𝑦𝑦 and 𝑐𝑐𝑥𝑥 the respective cohesion values. In order to consider the orthotropic 331 
behaviour, the following expressions are then introduced: 332 

𝑓𝑓𝑡𝑡(𝜃𝜃) = 𝑓𝑓𝑡𝑡𝑡𝑡 ⋅ �𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃)�2 + 𝑓𝑓𝑡𝑡𝑡𝑡 ⋅ (cos(𝜃𝜃))2,  

𝐺𝐺𝑓𝑓(𝜃𝜃) = 𝐺𝐺𝑓𝑓𝑓𝑓 ⋅ �𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃)�2 + 𝐺𝐺𝑓𝑓𝑓𝑓 ⋅ (𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃))2, 

𝑐𝑐(𝜃𝜃) = 𝑐𝑐𝑥𝑥 ⋅ �𝑠𝑠𝑠𝑠𝑠𝑠(𝜃𝜃)�2 + 𝑐𝑐𝑦𝑦 ⋅ (cos(𝜃𝜃))2, 

( 8 ) 

where 𝜃𝜃 denotes the angle between the 𝑥𝑥 axis and a line parallel to the contact surface. Moreover, it is assumed, 333 
in general agreement with consolidated homogenization literature comparing horizontal and vertical inelastic 334 
properties (see for instance [64] [65]) that:  335 

𝑓𝑓𝑡𝑡𝑡𝑡 = 6 ⋅ 𝑓𝑓𝑡𝑡𝑡𝑡;        𝐺𝐺𝑓𝑓𝑓𝑓 = 10 ⋅ 𝐺𝐺𝑓𝑓𝑓𝑓;        𝑐𝑐𝑥𝑥 = 6 ⋅ 𝑐𝑐𝑦𝑦 ( 9 ) 

with 𝑓𝑓𝑡𝑡𝑡𝑡, 𝐺𝐺𝑓𝑓𝑓𝑓, and 𝑐𝑐𝑦𝑦 taken equal to the values of 𝑓𝑓𝑡𝑡,𝐺𝐺𝑓𝑓, and 𝑐𝑐 in Table 1. Particularly, the relations in ( 9 ) are 336 
assumed as they represent the maximum ratio between horizontal and vertical masonry properties observed in 337 
[66], that we adopted also with the aim to maximize the differences with the constant properties case and check 338 
the range of expected solutions. The influence of fracture energy in the pushover curves has then been studied 339 
for the orthotropic material (Fig. 10b), i.e. considering the contact mechanical properties varying along with 𝜃𝜃 340 
according to ( 8 ) and ( 9 ). As can be noted, higher values of peak base shear are observed, obtaining a more 341 
significant softening behaviour in the cases with low fracture energy. In this case, higher or slightly higher 342 
load values with respect to the limit analysis solution are observed (Fig. 10b). Particularly, the curve in Fig. 343 
10b characterized by 𝐺𝐺𝑓𝑓𝑓𝑓 = 500𝑁𝑁 𝑚𝑚⁄    and 𝐺𝐺𝑓𝑓𝑓𝑓 = 5000𝑁𝑁 𝑚𝑚⁄  is assumed in the following as reference 344 
solution, since it considers the orthotropic nature of masonry and employs values of fracture energy typically 345 
assumed in masonry structures. 346 



Submitted to Computers & Structures 

15 
 

  a   b 347 

Fig. 10 - Parametric analyses - Influence of the fracture energy: (a) constant contact mechanical properties, 348 
(b) contact mechanical properties depend on the surface slant. 349 

3.3 Validation 350 

The reference solution obtained in the previous section is compared in Fig. 11 with the results of an 351 
experimental campaign executed on a windowed shear panel (two replicates) by Raijmakers and Vermeltfoort 352 
in [62], and with a series of pushover curves obtained through other numerical approaches. In detail, these are 353 
derived through the following approaches: a micromodel with interface elements used as potential damage 354 
planes described by Lourenço and Rots in [60], a continuum model with a mechanical behaviour described by 355 
an implicit orthotropic model based on continuum damage mechanics by Pelà [36], an in-plane stress state 356 
continuum model with orthotropic failure criterion presented by Bilko and Malyszko in [67], and a quadratic 357 
programming (QP)-based model composed by rigid triangular elements interacting through zero-thickness 358 
nonlinear interfaces, investigated by Milani in [63] for three different meshes. Furthermore, the maximum base 359 
shear obtained with the adaptive limit analysis procedure in Section 3.1 is added, see the horizontal dotted line. 360 

Inspecting Fig. 11, it can be observed that the two-step procedure herein proposed shows favourable results. 361 
Indeed, the outcome of the present procedure appears particularly in agreement with those obtained with the 362 
strategies proposed in [60] and [63], as well as  with the experimental results in terms of max base shear and 363 
stiffness of the linear path of the curves.  364 

 365 
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 366 

Fig. 11 – Comparison of the present procedure results with other numerical and experimental results. 367 
 368 

4 Full-scale case study 369 

The application of the two-step procedure to a full-scale two-storey masonry building is here presented. As 370 
shown in Fig. 12, the horizontal projection of the construction is completely described by the 4 perimeter walls, 371 
each one 0.25 m thick, which define a rectangle 6.00×4.40 m2. The overall height is equal to 6.44 m. Some 372 
openings are present on the two longitudinal walls, here named as wall A and wall B. The masonry is composed 373 
of rectangular bricks and lime mortar. Both storeys are characterized by rigid horizontal floors, sustained by 374 
walls A and B and connected to the perimeter walls by concrete edgings. The vertical load given by the floors 375 
is equal to 10 kN/m2. This benchmark comes from the experience within the Italian ReLUIS project [68]. 376 

The case study is here analyzed under a horizontal load applied along the longitudinal direction. Considering 377 
the different disposition of openings between walls A and B, a non-symmetrical behavior is expected. Two 378 
horizontal load cases, LCA and LCB in Fig. 12, have been investigated. In both cases, the horizontal load is 379 
proportional to the applied vertical weights, which are the masonry self-weight and the load given by the floors. 380 
However, whereas in LCA the horizontal loads are concentrated at floor levels, in LCB each modeled element 381 
and each non-structural mass considered is subjected to a horizontal load proportional to its weight.   382 

A NURBS model of this full-scale case study has been realized. Two NURBS surfaces have been used for 383 
each wall, one for each storey. An initial mesh composed of quadrangular elements has been used. The initial 384 
surfaces representing the longitudinal walls have been subdivided into 4×3 elements, whereas 1×3 elements 385 
have been used for transversal walls. Additional surfaces have been used to represent concrete edgings, even 386 
if no cracks are supposed to occur within these elements. Analogously to the first numerical examples, the 387 
mesh adaptation is performed by moving the nodes that constitute elements’ vertices, resulting in a total of 82 388 
parameters.  389 

Limit analyses have been performed by assuming 0.04 MPa as tensile strength, 6.2 MPa as compression 390 
strength, cohesion of 0.163 MPa and a tangent of the friction angle of 0.58 in shear. Moreover, a specific 391 
weight of 17.5 kN/m3 has been assigned to masonry. With the aim of providing a more realistic representation 392 
of the masonry behavior in shear, a non-associative flow rule has been used in this example.  393 

For both the load cases, a population of 80 individuals and a maximum number of 200 generations have been 394 
used within the GA. The final results obtained are depicted in Fig. 13. Results are shown in terms of collapse 395 
mechanism and collapse base shear, this last one derived from the horizontal load multiplier. It can be noted 396 
that the worst damage is observed at the first storey, where both flexural openings and sliding cracks occurred 397 
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at all the 4 walls. As already pointed out in [68], LCB typically shows higher base shear than LCA, specifically 398 
when the mass of the walls is comparable with the mass of the floors. 399 

 400 

 
 
 

 

 

 
 

Fig. 12 – Full scale case study: geometry (left, measures in cm) and two load cases considered (right).  401 

 402 

LOAD CASE A LCA  LOAD CASE B LCB 

 
Base shear = 547.5 kN 

 
Base shear = 607.5 kN 

Fig. 13 – Full scale case study: collapse mechanisms and base shear values obtained through adaptive limit 403 
analysis. 404 

Concerning the complexity of the collapse mechanism obtained through limit analysis, it appears clear the 405 
advantage of introducing the automated import of the geometry, which avoids the time consuming manual 406 
modeling of the many different parts that form the actual mechanism. 407 

The model has been studied in Step 2 of the proposed two-step procedure considering the four different 408 
hypotheses listed below: 409 

- linear material with constant contact properties, whose mechanical parameters are collected in Table 410 
2;  411 

WALL A 

WALL A WALL B 

WALL B 



Submitted to Computers & Structures 

18 
 

- linear material with variable contact properties, for which 𝑓𝑓𝑡𝑡𝑡𝑡 = 𝑓𝑓𝑡𝑡, 𝐺𝐺𝑓𝑓𝑓𝑓 = 𝐺𝐺𝑓𝑓, 𝑐𝑐𝑦𝑦 = 𝑐𝑐, the ratios 412 
between tensile strengths, fracture energies and cohesion in ( 9 ) and the relations in ( 8 ) have been 413 
assumed; 414 

- variable contact properties as above and material with finite compressive strength (“crushing” model 415 
in the following), whose CDP properties are collected in Appendix B; 416 

- continuum approach introduced for comparison (see Appendix B for CPD parameters and their 417 
calibration).   418 

 419 

Table 2. Full scale model parameters. 420 

Material density 𝑤𝑤   [𝑘𝑘𝑘𝑘 𝑚𝑚3⁄ ]  1784 

Material Young’s modulus 𝐸𝐸   [𝑀𝑀𝑀𝑀𝑀𝑀]  1800  

Material Poisson’s coefficient 𝜐𝜐   [−]  0.2 

Contact cohesion 𝑐𝑐   [𝑀𝑀𝑀𝑀𝑀𝑀]  0.163 

Contact tensile strength 𝑓𝑓𝑡𝑡    [𝑀𝑀𝑀𝑀𝑀𝑀]  0.04 

Contact normal cohesive stiffness 𝐾𝐾𝑛𝑛𝑛𝑛    [𝑁𝑁 𝑚𝑚3⁄ ]  5 × 108 

Contact shear cohesive stiffness 𝐾𝐾𝑠𝑠𝑠𝑠   [𝑁𝑁 𝑚𝑚3⁄ ]  5 × 109 

Contact fracture energy 𝐺𝐺𝑓𝑓    [𝑁𝑁 𝑚𝑚⁄ ]  500 

The results of the present modelling procedure on a full-scale structure show a good agreement with the base 421 
shear values obtained with limit analysis and with those obtained through a continuum approach, in terms of 422 
both pushover curves (Fig. 14) and damage pattern (Fig. 15). Indeed, although a comparison between damaged 423 
zones appears not trivial due to the differences of the two numerical approaches, it can be observed in Fig. 15 424 
that tensile damage in the continuum models is mainly concentrated at the ground floor as in the present model. 425 
Furthermore, the magnitude of compressive damage remains limited for both approaches. Concerning the post-426 
peak response, the continuum model exhibits a plateau, while a considerable softening is shown by the variants 427 
of the proposed approach, which is further accentuate in the case with crushing. Accordingly, the proposed 428 
approach appears significantly robust and able to account for softening behaviors without numerical issues. 429 

 430 

 a   b 431 

Fig. 14 – Full scale case study analyses results: (a) LCA, (b) LCB. 432 
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Furthermore, referring to the time required to run the analyses, the present procedure allows to significantly 433 
reduce the computational cost when compared to a standard continuum approach, see Table 3. Being 434 
continuum models often the only pursuable strategy when dealing with structures of complex geometry, the 435 
proposed procedure herein developed can be surely seen as a performing and efficient alternative to continuum 436 
models. 437 

 438 

Table 3. Times required to complete the full-scale case study numerical analyses. 439 

 Present model 
 

(hh:mm:ss) 

Present model 
”Crushing” 

(hh:mm:ss) 

Continuum 
model 

(hh:mm:ss) 

LCA 00:01:54 00:07:51 02:07:24 

LCB 00:01:43 00:11:06 02:49:34 

Analyses performed on a commercial laptop equipped with a processor 
Intel Core i7-2670QM 2.20 GHz and 8 GB RAM. 

 440 

  441 
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LCA LCB 

 a 

 b 

 c 

 d 

Fig. 15 – Full-scale case study: (a) deformed shapes for the case 𝑓𝑓𝑡𝑡 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,  𝐺𝐺𝑓𝑓 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, (b) compressive damage 442 
patterns for the case “crushing”, (c) compressive and (d) tensile damage patterns for the continuum case. 443 

 444 

 445 

  446 
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5 Conclusions 447 

In this paper, a two-step automated procedure based on adaptive limit and pushover analyses has been 448 
developed for the seismic assessment of masonry structures. This procedure, originally proposed for the force-449 
displacement description of out-of-plane loaded masonry structures, has been extended to in-plane and 450 
combined in- and out-of-plane loading conditions, accounting also for the effect of masonry crushing failure. 451 
Accordingly, the generalization of the two-step procedure to in-plane, out-of-plane, and both combined failure 452 
modes, accounting also for crushing failures which may appear substantial in many practical cases, appeared 453 
particularly appealing for the seismic assessment of historic and ordinary buildings, as it allows to run 454 
Standards-based pushover analyses in an efficient and reliable way.  455 

A novel ad-hoc routine has been developed and utilized for the automatic import of the collapse mechanism 456 
geometry of any complexity into a solid model ready to be used in a finite element framework. The 457 
development of this tool led to an overall enhancement of the procedure efficiency, which is evident from the 458 
higher quality that can be reached for the geometry and the reduced amount of time needed for its modelling, 459 
particularly when dealing with complex structures.  460 

Mesh refinement appeared to have a minor influence on the structural response. Although a coarse mesh could 461 
be adopted without substantially altering the solution, an optimized mesh characterized by a refinement near 462 
the contact surfaces has been found to be the best compromise between accuracy and computational effort. 463 
Crushing failure has been included in the proposed procedure by means of a nonlinear constitutive law for the 464 
portions of the collapse mechanism. Fracture energy of contact-based interfaces was found to significantly 465 
influence the pushover curves. Its influence has been investigated through parametric analyses on a windowed 466 
shear panel, first considering constant properties for the whole set of interfaces, and then varying them 467 
according to relations that account for the orthotropy of masonry. 468 

The proposed procedure has been finally applied to a full-scale case study, where both in-plane and out-of-469 
plane loaded structural elements were present. The results of the proposed procedure in terms of maximum 470 
base shear have been found in agreement with the ones obtained through adaptive limit analysis and standard 471 
continuum nonlinear analysis for two different load cases. The proposed procedure appeared computationally 472 
efficient, particularly if compared to standard continuum models.  473 

Accordingly, the proposed two-step procedure can be considered as a general and efficient method for the 474 
reliable seismic assessment of historic and ordinary masonry structures of any geometrical complexity.  475 
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 480 

Appendix A 481 

Here, further details about the Routine 1-to-2 described in Section 2.2 are presented. Particularly, given the 482 
collapse mechanism in the form of a figure file, the nodes coordinates of the n patches of the mechanism are 483 
retrieved and stored in a structure array 𝐴𝐴, whose form is: 484 

𝐴𝐴 =

⎣
⎢
⎢
⎢
⎡
𝒙𝒙1 𝒚𝒚1 𝒛𝒛1
⋮ ⋮ ⋮
𝒙𝒙𝑖𝑖 𝒚𝒚𝑖𝑖 𝒛𝒛𝑖𝑖
⋮ ⋮ ⋮
𝒙𝒙𝑛𝑛 𝒚𝒚𝑛𝑛 𝒛𝒛𝑛𝑛⎦

⎥
⎥
⎥
⎤
 

( 10 ) 

where the 𝒙𝒙𝑖𝑖 field is defined as follows: 485 



Submitted to Computers & Structures 

22 
 

𝒙𝒙𝑖𝑖 = �𝑥𝑥𝑖𝑖1, … , 𝑥𝑥𝑖𝑖𝑖𝑖 , … , 𝑥𝑥𝑖𝑖𝑖𝑖 � ( 11 ) 

being m the number of nodes of the i-th patch. Considering the i-th patch, it is easy to state that its geometry 486 
is definitely described once the position of its nodes is known. However, many superfluous nodes lie on the 487 
segments between the essential ones, which if not filtered and directly imported in the CAD environment can 488 
lead to graphic lags (particularly when dealing with large models) and overabundant nodes that can bring the 489 
user to make mistakes more likely. Therefore, a filtering process has been developed to solve this 490 
inconvenience. First, keeping unchanged the global reference system used in the figure file, the projections of 491 
the i-th patch in the 𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥 and 𝑦𝑦𝑦𝑦 planes are derived. Then an algorithm, beginning from the first node, goes 492 
forward on the perimeter of each projection of the patch checking the slope of two consecutive segments, 493 
described respectively by the node pairs (j-1, j) and (j, j+1). Established a tolerance 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙1 that takes into account 494 
imprecisions due to numerical approximation, the algorithm checks the conditions: 495 

�
𝑥𝑥𝑗𝑗 − 𝑥𝑥𝑗𝑗−1
𝑦𝑦𝑗𝑗 − 𝑦𝑦𝑗𝑗−1

−
𝑥𝑥𝑗𝑗+1 − 𝑥𝑥𝑗𝑗
𝑦𝑦𝑗𝑗+1 − 𝑦𝑦𝑗𝑗

 � < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙1

�
𝑥𝑥𝑗𝑗 − 𝑥𝑥𝑗𝑗−1
𝑧𝑧𝑗𝑗 − 𝑧𝑧𝑗𝑗−1

−
𝑥𝑥𝑗𝑗+1 − 𝑥𝑥𝑗𝑗
𝑧𝑧𝑗𝑗+1 − 𝑧𝑧𝑗𝑗

 � < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙1

�
𝑧𝑧𝑗𝑗 − 𝑧𝑧𝑗𝑗−1
𝑦𝑦𝑗𝑗 − 𝑦𝑦𝑗𝑗−1

−
𝑧𝑧𝑗𝑗+1 − 𝑧𝑧𝑗𝑗
𝑦𝑦𝑗𝑗+1 − 𝑦𝑦𝑗𝑗

 � < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙1

 

( 12 ) 

If at least one of the conditions in ( 12 ) is satisfied, the two checked segments belong to the same straight line, 496 
the nodes are therefore discarded and the loop in which the conditions are implemented jumps to the next two 497 
segments, described by the nodes pairs (j, j+1) and (j+1, j+2) and so on. In the opposite case, the two segments 498 
belong to two different straight lines, the middle node is essential for describing the patch geometry and 499 
therefore it is stored to be eventually utilized for the generation of the three-dimensional model in the CAD 500 
environment. The process is naturally repeated for all the patches in the structure array. To further strengthen 501 
the filtering capacity, another control has been introduced to act when the previous lacks in efficiency, i.e. 502 
when nodes laying on segments parallel to the coordinate axes are checked. Once established a new tolerance 503 
𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙2, the following three conditions are inspected: 504 

�𝑥𝑥𝑗𝑗+1 − 𝑥𝑥𝑗𝑗−1� < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙2 & �𝑦𝑦𝑗𝑗+1 − 𝑦𝑦𝑗𝑗−1� < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙2 & 𝑧𝑧𝑗𝑗 ≠ 𝑧𝑧𝑗𝑗−1
�𝑥𝑥𝑗𝑗+1 − 𝑥𝑥𝑗𝑗−1� < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙2 & �𝑧𝑧𝑗𝑗+1 − 𝑧𝑧𝑗𝑗−1� < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙2 & 𝑦𝑦𝑗𝑗 ≠ 𝑦𝑦𝑗𝑗−1
�𝑧𝑧𝑗𝑗+1 − 𝑧𝑧𝑗𝑗−1� < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙2 & �𝑦𝑦𝑗𝑗+1 − 𝑦𝑦𝑗𝑗−1� < 𝑡𝑡𝑡𝑡𝑡𝑡𝑙𝑙2 & 𝑥𝑥𝑗𝑗 ≠ 𝑥𝑥𝑗𝑗−1

   

( 13 ) 

If one of the conditions in ( 13 ) is satisfied, the checked nodes are on the same segment and thus are discarded, 505 
and the algorithm goes forward similarly to what exposed regarding the first filtering approach. 506 

 507 

Appendix B 508 

This appendix briefly recalls the CDP model originally developed by Lee and Fenves [69]. It assumes two 509 
scalar damage variables 𝑑𝑑𝑡𝑡 and 𝑑𝑑𝑐𝑐, whose values can vary between zero and one. Under uniaxial tension and 510 
compression, the stress-strain relations are: 511 

𝜎𝜎𝑡𝑡 = (1 − 𝑑𝑑𝑡𝑡)𝐸𝐸0�𝜀𝜀𝑡𝑡 − 𝜀𝜀𝑡𝑡
𝑝𝑝�,    𝜎𝜎𝑐𝑐 = (1 − 𝑑𝑑𝑐𝑐)𝐸𝐸0�𝜀𝜀𝑐𝑐 − 𝜀𝜀𝑐𝑐

𝑝𝑝� ( 14 ) 
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where 𝜎𝜎𝑡𝑡 and 𝜎𝜎𝑐𝑐 are the uniaxial stresses in tension and compression, 𝐸𝐸0 is the undamaged Young’s modulus 512 
of the material, 𝜀𝜀𝑡𝑡 and 𝜀𝜀𝑐𝑐 are the uniaxial tensile and compressive strains, 𝜀𝜀𝑡𝑡

𝑝𝑝 and 𝜀𝜀𝑐𝑐
𝑝𝑝 are respectively the 513 

uniaxial plastic strains in traction and compression. 514 

The model assumes a non-associated potential plastic flow [69], with a plastic potential defined by the 515 
dilatancy angle 𝜓𝜓 and an eccentricity 𝜖𝜖 acting as a smoothing parameter. The evolution of the yield surface is 516 
governed by two hardening variables and depends on a shape constant 𝜌𝜌 and on the initial ratio 𝑓𝑓𝑏𝑏0 𝑓𝑓𝑐𝑐0⁄  between 517 
the biaxial compressive yield stress 𝑓𝑓𝑏𝑏0 and the uniaxial compressive yield stress 𝑓𝑓𝑐𝑐0. The values of the above 518 
parameters have been assumed in agreement with the literature for masonry materials [69] [70], see Table 4. 519 
The CDP model is then fully characterized by uniaxial stress-strain relationships in tension and compression. 520 

 521 

Table 4. CDP model parameters. 522 

𝜖𝜖 𝜓𝜓 𝑓𝑓𝑏𝑏0 𝑓𝑓𝑐𝑐0⁄  𝜌𝜌 

0.1 10° 1.16 2/3 

In Step 2 of the proposed procedure, material nonlinearities are introduced to account for the possibility of 523 
compressive failure. It has to be pointed out that although the CDP model is introduced in this case to account 524 
only for damage in compression, it still requires the tensile behaviour to be specified. Accordingly, a tensile 525 
strength higher than the strength of the interfaces 𝑓𝑓𝑡𝑡 is assumed. 526 

In Section 4, the CDP model is also used in a full continuum fashion, i.e. standard approach, for comparison. 527 
Accordingly, a calibration akin to the one proposed in [71] has been carried out to evaluate the mechanical 528 
parameters for the full-scale case study in a standard continuum model framework.  529 

The complete set of CDP parameters used to introduce the crushing damage for the models in Sections 3.2 and 530 
4 and for the standard continuum models in Section 4 are shown in Table 5. 531 

 532 

Table 5. CDP uniaxial stress-strain relationships in tension and compression. 533 

Compressive 
yield stress 

[𝑀𝑀𝑀𝑀𝑀𝑀] 

Inelastic 
strain 

Compressive 
damage 

variable 𝑑𝑑𝑐𝑐  

Tensile 
yield stress 

[𝑀𝑀𝑀𝑀𝑀𝑀] 

Cracking 
strain 

Tensile 
damage 

variable 𝑑𝑑𝑡𝑡 

Crushing implementation 
Models 
in Sect. 

3.2 

Models 
in Sect. 

4   

Models 
in Sect. 

3.2 

Models 
in Sect. 

4 
  

10.5 
(2.5) 6.2 0 0 2 1 0 0 

10.5 
(2.5) 6.2 0.003 0 0.2 0.1 0.001 0 

1.05 
(0.25) 0.62 0.01 0.9     

Continuum models in Sect. 4 
5.5 0 0 0.198 0 0 
6.2 0.002 0 0.02 0.001 0.9 
0.7 0.01 0.9    

 534 

  535 
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