Appendix S1. Description of the details of dark diversity estimation with a working example
Alien dark diversity estimations. Here, we give a detailed description and formulas of the methodology used to estimate the alien dark diversity scores for absent species and the size of the alien dark diversity. We use a method where observed alien species indicate which absent species might be suitable for the alien dark diversity of the focal region, based on species co-occurrences in their native ranges. If two species co-occur more often than expected randomly, this suggest that these species will likely share ecological requirements (Carmona and Pärtel 2021, Paganeli, Fujinuma, Trindade, Carmona, & Pärtel, 2024). Thus, the observed species can be used as an indicator for the absent species.
As a working example, we use Southeast Brazil, which is a heavily urbanized and economic rich region hosting two heavily invaded biodiversity hotspots (Lannes 2020, Marques & Grelle 2021, Paganeli et al., 2021, 2020, Vituli et al. 2021). This region has 428 observed alien species, which means that we need to consider scores for 9934 alien dark diversity candidate species, which are absent in that region but have been recorded as alien somewhere else (indicating that these species can potentially invade another region). We outline below the four steps with descriptions and examples.
Step 1. Co-occurrence matrix.
We built a matrix of co-occurrences between alien observed diversity and alien dark diversity candidate species using only the native ranges of those species. An example is given in Table S1. 
Table S1. Example of co-occurrence matrix of observed alien species (428 columns in total) and absent species we consider for dark diversity (9934 rows), in Southeast Brazil. Co-occurrences are numbers of regions where both the species from that row and that column are present as native. The numbers in parenthesis after species names show their frequency (the number of occupied regions as native species).
	
	Capsella bursa-pastoris (94)
	Plantago lanceolata (78)
	…

	Alysicarpus rugosus (60)
	6
	5
	…

	Lycopus lucidus (15)
	13
	4
	…

	Poa palustris (116)
	60
	44
	…

	…
	…
	…
	…



This matrix will be compared with the expected co-occurrences, i.e. the number of co-occurrences that would be expected if two species with the same frequencies would co-occur by chance. The expected number of co-occurrences is described by the hypergeometric distribution, from which we obtain both mean and standard deviation. For this, we use information on the total number of regions (N), the frequency of one species as native (K), and, the frequency of its pair as native (n).
Hypergeometric distribution mean =    
Hypergeometric distribution standard deviation = 
Using one pair of species as an example (Alysicarpus rugosus and Capsella bursa-pastoris) we obtained: N= 369, K=94, and n=60. The hypergeometric distribution mean for that pair of species is 15.3, while its standard deviation is 3.1. In our example, values can be found in Table S2.

Table S2. Expected co-occurrences. Here we display the expected number of co-occurrences based on hypergeometric distribution and the standard deviation (in parentheses).
	
	Capsella bursa-pastoris
	Plantago lanceolata
	…

	Alysicarpus rugosus
	15.3 (3.1)
	12.7 (2.9)
	…

	Lycopus lucidus
	3.8 (1.7)
	3.2 (1.6)
	…

	Poa palustris
	29.6 (3.9)
	24.5 (3.6)
	…

	…
	…
	…
	…



Step 2. Indication matrix.
The indication matrix contains the deviation between observed co-occurrences and expected co-occurrences for each pair of species. This deviation is expressed using standardized effect size (ses, also known as z-score):
ses =   
The standardized effect size represents how many standard deviations from the mean of the hypergeometric distribution the observed number of co-occurrences is, making species with varying frequencies comparable. Positive values indicate that species co-occur more often than expected by random, likely due to shared ecological requirements; negative values indicate that species co-occur less often than expected by chance. Importantly, if a species is very common, it co-occurs with many other species but the same is expected also randomly. Thus, if the observed and random patterns do not differ, there won't be a positive indication from this common species. We show examples of pairwise ses values from Southeast Brazil in Table S3. 
Table S3. Pairwise indication matrix example. Observed alien species (columns) and alien dark diversity candidate species (rows). The indication is expressed as the standardized effect size. Positive values suggest that the indicator species likely share ecological requirements with the absent species.
	
	Capsella bursa-pastoris 
	Plantago lanceolata
	…

	Alysicarpus rugosus 
	-3.0021
	-2.6511
	…

	Lycopus lucidus
	5.5457
	0.5346
	…

	Poa palustris
	7.8255
	5.3425
	…

	…
	…
	…
	…



Step 3. Calculations of inverse Fisher score 
For each alien dark diversity candidate species, we calculated the mean of ses values of all observed alien species. Our example is shown in Table S4, column “Mean ses”. The mean ses is approximately normally distributed (as z-score), but has no upper or lower limits. To attain dark diversity scores ranging between -1 and +1, we applied the inverse Fisher transformation: 
Inverse Fisher score =   
The inverse Fisher score can be interpreted as Pearson correlation, where absent species with values close to +1 are extremely likely to be in the dark diversity, and these closer to -1 values indicate a higher chance of not being. An example of calculations is displayed in Table S4. Since we were interested in dark diversity size based on species that are likely in dark diversity, we used the Rectified Linear Unit (ReLU) function:
Dark diversity score =   
This function generates positive values that increase proportionally to the value of inverse Fisher score (i.e. with the strength of ecological suitability indication). For species that had an inverse Fisher score smaller or equal to 0, the dark diversity scores values are zero. Results from our example are given in Table S4.
Table S4. Dark diversity score calculations. Mean ses values from indication matrix, using all 428-indicator species (not only two examples shown in previous examples), its transformation to inverse Fisher scores, and application of the ReLU function to obtain the dark diversity scores.
	Alien dark diversity candidate species
	Mean ses
	Inverse Fisher scores
	Dark diversity scores

	Alysicarpus rugosus
	3.5909
	0.9984
	0.9984

	Lycopus lucidus
	0.1179
	0.1173
	0.1173

	Poa palustris
	-1.036
	-0.7766
	0

	…
	…
	…
	…



Step 4. Dark diversity size and list of high-scored species.  
Estimates of dark diversity size were calculated as the sum of ReLU-transformed dark diversity scores. Species that got maximum support (i.e. that are very likely to be in dark diversity) contribute with a score close to 1, species with some support contribute between 0 and 1. The dark diversity score also allows listing the most likely dark diversity species in each region as the top-ranked species list.
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