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ARTICLE INFO ABSTRACT

Keywords: Let (X,) be a sequence of real, square integrable random variables. Define S, = 27:1 X; and

(éen:ir'a% hmllt theorem suppose E(X,) =0 and ¢2 =Var(S,) > 0. Conditions for j— — N(0, 1) stably are provided. The
onditional expectation main of such conditions is that E(X,,, | X,,...,X,) — 0 (in some sense) at a suitable rate.

Pairwise independence

Predictive distribution Various examples are given as well.

1. Introduction

Throughout, (X, : n > 1) is a sequence of real, square integrable random variables. We let S, = Z;'=1 X; and we assume
E(X,)=0 and o> =Var(s,)> 0. a

Under such condition, we say that the classical central limit theorem (classical CLT) holds if the probability distribution of % converges
weakly to N(0,1) as n — co. "
If (X,,) is independent, a sufficient condition for the classical CLT is
max; ., E(Xf)

DD
L= T and 2T, 2
o2 o2
n n
Moreover, if (X,,) is i.i.d., condition (2) is necessary as well; see e.g. Gut (2006). Hence, in addition to (1), we also assume condition
(2).

This note stems from the following (naive) question. Define ¥, = 6(X|, ..., X,,) and suppose that
E(X,. | F,) — 0, in some sense, as n — co. 3)

Does the classical CLT hold under conditions (1), (2) and (3) ? Sometimes, the answer is yes.

Example 1. Suppose 0 < E(X 12) < oo and (X,) is conditionally identically distributed (c.i.d.) in the sense of Berti et al. (2004),

ie, (X,....X,. X)) ~(Xy,....X,, X4, for all k > n > 0. Then, both E(X,, | F,) and E(X§+1 | F,) converge a.s. and one can define

V Z lim, E(X,,, | F,) and U < lim, E(X?, | | ). By Theorem 3.1 of Berti et al. (2004), n~'/2(S, — nV') converges stably to the
kernel N(0,U — V2) provided the sequence (X,;,,—V : n > 1) is still c.i.d. for some k > 0. Unless (X,) is exchangeable, the latter

P
condition is quite strong and rarely satisfied. However, such condition is trivially true if E(X,,, | ,) — 0, for in this case V' =0
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a.s. Moreover, under (2), one obtains U = u a.s. where u is the constant « = lim,, aﬁ/n. To sum up, if (X,) is c.i.d,, 0 < E(Xf) < ©
and conditions (2)—(3) hold, then

S, n S bl
y_ VS, T L N@©.u) = NGO, ).

o o Vi e
In particular, this result applies if (X,,) is exchangeable. In this case, condition (3) is equivalent to E(X;X,) = 0. Hence, exploiting
(3), we obtain an alternative formulation of a well known CLT; see e.g. Klass and Teicher (1987).

Generally, however, conditions (1), (2) and (3) do not imply the classical CLT. Interestingly, this may happen even if (X,) is
pairwise independent.

Example 2. Following Janson (1988), define Y, =RE(UV""!) where U and V are independent complex random variables, both
uniformly distributed on the unit circle T = {z € C : |z| = 1}. Among other things, it is easily seen that (Y,) is pairwise independent
and identically distributed, with |Y;| < 1, E(Y;) = 0 and E(le) > 0. In addition, 27:1 Y;| < L as. where L is a suitable random
variable. Next, define X, = n~!/2Y,. Then, (X,) is still pairwise independent and condition (3) is trivially true since |X,| < n~'/2.
On noting thgt E(X,;X;) =0 for i # j, one obtains ¢2 = Z;’:] E(Xj?) = E(Yf) Z;’Zl(l/j). Letting A, = ;2 2;’:1 X]?, it follows that
E(A,) =1 an

YL EXD  EQ X530/
o EQPP (3 a/py

—

Var(4,) <

L
Hence, A, = 1, so that conditions (1) and (2) are satisfied. However, the classical CLT fails. To see this, let L, = Z;.’Zl Y;. Then,

n n—1
Sn=2j_l/2Yj=n_1/2Ln+Z{j_]/2_(j+l)_l/2}l’j
Jj=1 Jj=1

so that
n—1
IS0 <n 2L Y (=G + T L=nTPL+ (=0T L= L as.
j=1
Therefore,
Ky

n

S _—
ot EOH X A/)

It is worth noting that the sequence (X,) of Example 2 is pairwise independent but not identically distributed. There are actually
a number of examples where the classical CLT fails even if

L a.s.

— 0

(X,,) is pairwise independent, identically distributed, E(X;) =0 and 0 < E(X 12) < oo0. 4

In such examples, however, condition (3) fails; see e.g. Avanzi et al. (2021), Janson (1988), Pruss (1998), Raic (2025) and references
therein. Therefore, an (intriguing) open problem is whether the classical CLT holds whenever conditions (3) and (4) are both true.
Another open problem is mentioned in Remark 10.

Coming back to the general case, despite Example 2, condition (3) has to do with the classical CLT. In fact, we will prove that the

L
classical CLT holds if E(X,, | F,) converges at a suitable rate. For instance, under some conditions, it holds if \/Z EX,41 | F) —Lo.
This note investigates the connections between condition (3) and the classical CLT. Our main results are Theorem 3 and its

S stably
£ —

corollaries, which give conditions for = N(0,1). One of such conditions is just that E(X,,, | F,) converges to 0 quickly

enough. Another possible condition is based on the sign of the differences E(X;X;) - E (E(X i | Fio) E(X | F/-_,)) for i < j; see
Corollary 7. Various examples are given as well.
Finally, due to space constraints, all the proofs are gathered in the “Supplementary Material”.

2. Results

We first briefly recall some well known facts. Let (£2, A, P) denote the probability space where (X,,) is defined.

A kernel on R (or a random probability measure on R) is a map K on £ x B(R) such that:

— K(w,-) is a probability measure on B(R) for fixed w € Q;

— the map w — K(w, B) is A-measurable for fixed B € B(R).

A popular example is K = 6y, where X is a real random variable and 6, denotes the unit mass at the point x. Another example
is the Gaussian kernel K = N(0, L), where L is a real non-negative random variable and N(0,0) = §;.

Say that X,, converges stably to K, where K is a kernel on R, if the probability measures P(X, € - | H) converge weakly to
E{K() | H} for all H € A with P(H) > 0. Obviously, stable convergence implies convergence in distribution (just let H = Q). In
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P
addition, stable convergence is connected with convergence in probability. In fact, X, — X if and only if X, converges stably to

the kernel K = 6.
A last general remark is that, as apparent from the proofs, a fundamental tool for this note is the martingale CLT; see e.g. Berti

et al. (2004, p. 2042) and the “Supplementary Material”.
We next turn to our main result. In the sequel, F, is the trivial c-field.

bi
Theorem 3. % i g N(0, 1) provided:

(i) Conditions (1)—(2) hold;
(i) UL max; <<, | X;| iR 0;
n 0-2
(iii) liminf, —” > O'
@(iv) E(X,,+l | F ) —> 0;

| ECXGIF; P
()— 0

o‘n

L

Moreover, under (iii), a sufficient condition for (v) is ﬁE(X,, w1 I Fy) o
In a nutshell, Theorem 3 states that, under some standard conditions (such as (i) and (ii)), the classical CLT holds whenever
E(X,,, | F,) vanishes at a suitable rate and the ratio ¢2/n is lower bounded by a strictly positive constant. Note that condition (ii)
trivially holds if 6, — oo and the X, are uniformly bounded. Similarly, condition (iii) certainly holds if u := inf, E(X?) > 0 and
E(X;X;) >0 for all i, j. In this case in fact 03 > nu. Moreover, as shown in Corollaries 6 and 7, conditions (ii), (iii) and (v) may be

replaced by some other assumptions.
Our feeling is that, apart from minor technicalities, the conditions of Theorem 3 cannot be substantially weakened. The next

two examples support this claim.

Example 4. In Example 2, condition (iii) and the classical CLT both fail, but all the other conditions of Theorem 3 hold true.
We briefly discuss how to check (v). Recall that X, = n~!'/2RE(UV"~") with U and V i.i.d. complex random variables uniformly
distributed on the unit circle. Mimicking Remark 2 of Janson (1988), write U = exp(i W) and V = exp(i Z) where W and Z are
i.i.d. random variables uniformly distributed on (—z, z). On noting that cos(W') = cos(|W|),

F| =0(X)) = o(cos(W)) = o(cos(| W) = a(|W]).

Define Y =1 (W0} % As shown below, Y is F;-measurable. Moreover, on the set {W # 0}, one obtains
n2 X, =cos{W +(n-1)Z} =cos {[W|(1l+@m-1DY)}.

Therefore, E(X,,, | F,) = X, a.s. for each n > 3. Arguing as in Example 2, it follows that

3
YLEX I FL) S EXGIFL) T X)
= + — 0

Oy Oy Op

It remains to show that Y is F;-measurable. First note that

F3=0(X, X5, X3) = o-(cos(W), cos(W + Z), cos(W + ZZ))
- 6(COS(|W|), cos(|W + Z|), cos(|W + 2z|)) = a(lWl, W+ Z|, |W + 2Z|).
Hence,
(Z=0}={|W|=|W+Z|=|W+2Z|} €T3,
which in turn implies {Y =0} = {W =0} U {W # 0, Z = 0} € F;. Finally, on the set {W # 0, Z # 0}, one obtains
1 _w_2wz+2z?

1_ W +2Zy - 1
Y Z 222 2T W2 2W + 22+ (W +2Z2 2

Therefore, Y is F;-measurable.

P
Example 5. Say that condition (i*) holds if condition (1) holds, ¢ maxl< <j<n E(X 2y — 0 and 0’2 > Xj? — ¢, where the
constant c is strictly positive but not necessarily 1. We now give an example where the classical CLT fails even if conditions (i*),
(ii), (iii), (iv) are satisfied. Suppose

X,e{-1,1}, EX))=0 and E(X,, |F,)=n""2X, forn>0. (5)

Then,

1
=2 E(XX)—2 .
1<§<n 2 J— ;Vl—lj;rl Vi—-1

3
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Since 0,21 =n+gq, and %" — 4, conditions (i*), (ii), (iii) and (iv) are easily seen to be true. In particular, lz >
Oy

Arguing as in the proof of Theorem 3 and using (i*), (ii), (iii) and (iv), one obtains

XX - EXG 1 F)) stably (0, 1)

n 2_ n 1
j=1""j n+q, 5°

o, 5

n

In addition,

n Zn—l 1
2,':1 E(X; |Pj—l) i=l i as. 2X,

=X, e —
o, NN

Hence, the classical CLT fails. Define in fact the probability measure v =

D=

2 1 2 1 : -1 =
{N (ﬁ’ 5>+N<_\@’ 5>} Since P(X; = 1) =
P(X, = —1) = 1/2, stable convergence yields

() ner) b () ) e

for each bounded continuous function f : R — R. Hence, the probability distribution of Su

converges weakly to v (and not to

n

N(0,1), as required by the classical CLT). A last remark is that, to obtain a sequence (X,,) satisfying condition (5), it suffices to let
Xt =21Hn(U)_1 for all n >0,

where the random variable U is uniformly distributed on (0, 1) and

Hy = (0, %) and H,,:(o, \ﬁ;l>u<% %+ \f\/_;).

We next give two corollaries of Theorem 3.

stabl
Corollary 6. Assume conditions (i), (iv), (v). Then, % by N(0, 1) provided

n XZ
inf E(Xfl) >0, 0;2 Z E(X% — 1, the sequence "_ :n>1) is uniformly integrable. 6)
n = J E(X2)

2
Note that, in particular, condition (6) holds if the X, are identically distributed and %” — E(X 12) > 0.

bl
Corollary 7. Assume conditions (i)—(iv) and o2 Z;.’= . E(Xj?) — 1. Then, % TN ©,1) if

o
liminf — Z {E(X,-Xj) - E(E(x,. | Fio) ECX, | PH))} >0,
n 1<i<j<n

orif
n—1
. 1 2 2
11£n6—5 Zf {E[E(S,,—S,,_j |rn_j) ] —E[E(S,,— - |r,,_,_1) ]}:0.

We close this note with two examples and a remark. Even if trivial, the examples are possibly to be stressed. The remark gives
some hints for possible future work.

Example 8. A meaningful special case is when E(X,, | F,) is a linear combination of (X, ..., X,), say

n

E(X,y1 | F) =Y a,.X, as.

r=1

stabl
where the a,, are real constants. In this case, % YN (0,1) provided conditions (i), (ii), (iv) hold, E(Xf) = 1 for all n, and

E(X;X;) = 0 whenever |i — j| > k for some integ%r k > 1. To prove this fact, for the sake of simplicity, we assume k = 1, but the
argument used below works for any k. By condition (iv),

n—1 n—1 n—1
ﬁ |Z E(X,X,+1)| - ﬁ | > E{X, EX,, | 7»",.)}( < % 3 E{EX | FR} —o.
i=1 i=1 i=1

2
Since k = 1 and E(Xf) = 1 for all n, then 03 =n+2 Z::]l E(X;X,,,). Hence, 07” — 1, which in turn implies condition (iii) and
o;? Z;;l E(Xf) — 1. Moreover, for all i < j,

i—1
E(E(X,. | Fro) ECX, | Pj_1)> = E{X;EX; | Fi_)} = Y ap_y, E(X;X,) = 0.
r=1

4
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Therefore, it suffices to apply Corollary 7 after noting that

n—1
1 n 1
= Z {E(X,.Xj)—E(E(X, | Fiop) E(X; | Fj_]))} === ZE(X,-X,-H) —0.
On 1<i<j<n o, Mg

Example 9. By Corollary 6, the classical CLT holds whenever E(X,, | F,) =0 a.s. for all n > 0 and

E(X?) =1 for all n, E(Xfxf) <lforalli#j, supEX?}<co. @
n

In fact, since E(X,,; | F,) = 0 a.s., conditions (iv)-(v) are trivially true and E(X;X D=0 for i # j. Hence, 6'2‘ = n and condition
" X2 as.

(6) is straightforward. Moreover, # 2% 1 due to cov(Xiz,X?) < 0 and sup, E(X?) < co. However, E(X,,, | F,) = 0 as.

is actually a strong assumption. Hence, we assume condition (7) only and we replace (X,) with a related sequence (Y,). Let

Y, = X,Z,, where (Z,) is i.i.d., it is independent of (X,) and P(Z, = 1) = P(Z, = —1) = 1/2. Then, the classical CLT holds
bl
for (Y,), i.e., s, Z?zl Y, by N(0,1) where s? = Var <27=1 YJ) In fact, (Y,) satisfies (7) and

E(Y,,, |Yl,...,Y,,):E{E(Z,,+1)E(X,,+1 |X1,Zl,..4,Xn,Z,,)|Y1,...,Yn} =0 as

Remark 10. The predictive distributions of (X,) are a,(-) = P(X,,,; € - | F,), where each «, is meant as a random probability measure
on B(R). The «, play a role in various frameworks, including Bayesian inference, machine learning and species sampling models. A
basic question is whether ¢, converges (in some sense) as n — oo; see e.g. Berti et al. (2013, 2025), Efron (2020), Fong et al. (2023)
and Pitman (1996). Now, on noting that E(X,,, | F,) = f x a,(dx) a.s., the arguments of this note could be developed to obtain
CLTs (not necessarily of the classical type) under some assumptions on the asymptotic behavior of «,. For instance, in Leisen et al.
(2025), conditions for «, to converge weakly in probability are provided. This means that there is a random probability measure «
on B(R) such that

E(fX, )| F,) = / fda, iR /f da for each bounded continuous function f : R —» R. (8)
Suppose now that
2
E(X,)=0, EX»=1, lim %~ and (X?) uniformly integrable. 9)
n n

Despite (9), condition (8) does not imply the classical CLT. As an example, suppose (X,,) is exchangeable with E(X ) = E(X,X,) =0,
E(X f) =1and E(X fX ;) > 1. Then, conditions (8)-(9) hold but ;i converges stably to a mixture of centered normal distributions
(and not to the N (0, 1)). An open problem is whether the classical CLT holds under conditions (8)—(9) with a non-random, i.e., @ = a,
a.s. for some (fixed) probability measure a, on B(R).

Appendix A. Proofs
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.spl.2026.110689.
Data availability

No data was used for the research described in the article.
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