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CHAPTER 8
Making visible what seems to be invisible in mathematical problem-solving:
Integrating qualitative methods

Patrizia Selleri ORCID 0000-0001-8921-7692
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We dedicate this chapter to Gabriel Mugny, professor of Social Psychology at the University of Geneva, who
untimely passed away in October 2021. Gabriel has worked relentlessly to uncover social processes such as
socio-cognitive conflicts and minority influence during his career. Beyond his impressive academic career,
Gabriel was a warm and caring person, colleague, and friend. His scientific heritage is a significant gift for
the new generations of young researchers in social, developmental, and educational psychology

Abstract

The main objective of this chapter is to show how the combination of a priori analysis of mathematical tasks,
protocol analysis and thinking aloud methods can generate empirical insights and contribute to theory
development on mathematical learning. First, we describe these classical methods and their functional
characteristics. Second, based on the socio-constructivist approach, we propose a combination and re-
conceptualisation of these methods, which allows to develop a more nuanced unit of analysis for studying
students’ solving of mathematical tasks. Third, we use empirical examples in which three students engage
with a Pisa item to illustrate the significance of the methodological approach. Combining the fine-grained
analysis of the students’ activity on the task with the examination of their verbal reports allows tracing the
dialogic processes associated with the construction of the task. In particular, the task is co-constructed
through both an inner dialogue of the student with himself and a social practice embedded in school
socialisation. Integrating the three methods could represent a methodological innovation that allows us to re-
conceptualise the socio-constructivist approach to mathematical learning and conceive an extended unit of
analysis making visible the role of social practices embedded in everyday school life for mathematical
thinking.
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Introduction

Students meet many problem-solving situations in school daily life, such as mathematical tasks, from
arithmetic to equations. For several decades, scholars have developed and adopted several research methods
for documenting problem-solving dynamics through experimental or qualitative tools. In particular, scholars
adopting qualitative methods have conducted empirical research to examine students’ problem-solving based
on a fine-grained understanding of how students make sense of the task and decide how to approach it. In
line with this tradition of research, we propose the combination of three qualitative methods that have the
potential to reveal psychological processes which tend to remain invisible with quantitative methods. They



also highlight how combining established methods could allow a re-theorising of mathematics learning
activities from a socio-constructivist perspective, which assumes learning as a social practice embedded in
students’ everyday life (Daniels et al., 2010; Selleri & Carugati 2018).

In the case of mathematical problem-solving, to make sense of the task, students are required to master both
every day and mathematical languages with specific difficulties described for decades by the linguistic
literature (Daroczy et al. 2015). Indeed, solving this type of problems requires to read and comprehend
written texts, tables, and figures. Accordingly, the relation between fluency in word recognition and
performance in mathematics is at stake. This claim is consistent with research results showing that low-
performer students in mathematics are also not fluent in word recognition. In addition, when students still
need to sound out words to understand a text, part of their short-term memory is consumed by decoding.
When that is the case, there is little capacity left for comprehension (Pressley, 2002, 292). Researchers argue
that it is often in the phase of problem comprehension that students make errors on many mathematical
problems (Leiss, Plath & Schwippert, 2019).

In the present chapter, the theoretical status of errors within the learning to think mathematically is submitted
to new theoretical perspectives. While traditionally errors are considered the most dangerous elements in
learning, some authors consider them as one of the essential experiences in the learning process, to such an
extent that they suggest redesigning lessons by making errors central to classes, as “springboards for
learning” (Santagata & Bray, 2015). Moreover, Schoenfeld (2016) recommends a radical re-
conceptualisation of mathematical errors as social practices embedded in everyday life at school (Madihah &
Embong, 2020).

When looking at the significance of social practices for learning, an important role is played by the
representation of the didactic contract and its rules (Brousseau, 1987; Schubauer-Leoni & Grossen, 1993)!,
which has been more recently elaborated in terms of didactic situations (Brousseau, Sarrazy, & Novotna,
2020) or socio-mathematical norms (Levenson et al. 2009). Despite some differences, both lines of research
examine the norms and the reciprocal expectations established in the classroom micro-cultures (Mottier
Lopez & Allal, 2007) and activated when students address a mathematical task. These dynamics are
extensively discussed in the literature, also by authors with different research approaches (Séljé &
Wyndhamn, 1993).

According to Brousseau, Sarrazy & Novotna (2020), students in conventional school settings expect the
teacher to ask questions that can be answered. Students expect the teacher to formulate a question that refers
to what has been previously taught (as a part of the curriculum) in such a way as to suggest an appropriate
algorithm (arithmetic operations, theorems, algebraic procedures). Students expect the data of a
mathematical task to formulate the solution to be necessary, sufficient, and relevant (Schubauer-Leoni,
1986). Moreover, the didactic contract evokes specific school norms and the student’s personal history of
approaching mathematics during school socialisation, for example, their sensitivity to the evaluation of
mathematical competence in comparison to their classmates (Quiamzade & Mugny, 2001). It is well-
established that school years are an inescapable experience of learning the student’s job (Selleri & Carugati,
2004) with its wake of cognitive, social, and emotional components (Martinot & Monteil, 1995).

A qualitative approach to mathematical tasks

Let us consider a student engaging in a mathematical task, a sub-category of problem-solving typically
defined as a verbal description of problem situations, including numbers, tables, symbols, graphics, as well
as common and technical words. One or more questions are proposed, each requiring to apply mathematical
operations to numerical data available in the problem statement or to numerical data derived from it

1 A “didactical contract” is an interpretation of the commitments, the expectations, the beliefs, the means, the results,
and the penalties envisaged by a participant in a didactical situation (student, teacher) for him- or herself and for each
of the other participants, & propos of the mathematical knowledge being taught (Brousseau, Sarrazy & Novotnd, 2020)
The objective of these interpretations is to account for the actions and reactions of the partners in a didactical situation.
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(Verschaffel et al. 2020). From a mathematical view, the task requires a specific procedure for reaching the
correct solution, with possible variations. The first method we adopt in this chapter, that is, the mathematical
a priori analysis, allows to map the possible procedures required by a task. The second method — the thinking
aloud technique — involves asking the research participants to verbalise what they are thinking and doing
when engaging in a task. Finally, the third method - called protocol analysis - allows to use verbal data,
obtained by thinking aloud, to reconstruct the entire path of the student’s activity to produce a solution.
Combining the three methods, and using the protocol analysis as the tool for documenting all the students’
activity, enables researchers to enrich our understanding of the students’ engagement with mathematical
tasks, if compared with the separate analysis of mathematical tasks in terms of simple error performances, or
individualistic verbal reports. As mentioned above, such approach is based on a socio-constructivist
approach to learning mathematics, which interprets mathematical tasks in terms of social practices.

The a priori analysis

The first method refers to Polya’s invaluable contribution (1945) for the examination of the logical
procedures to approach a mathematical task (Schoenfeld, 1992). Polya’s classical analysis maps four steps
necessary for solving a problem. First, the student has to understand the problem, which involves identifying
the necessary underlying mathematical concepts and considering the terminology and notation used in the
task (Step 1). Second, the student has to understand how the various elements of the problem are connected
and how the unknown answer is linked to the data provided in the problem statement, which allows to
develop a solution idea and make a plan (Step 2). Third, the student carries out the plan (Step 3). Fourth, they
look back at the completed solution to review and discuss it (Step 4) (Polya, 1945, 5-10).

According to Polya, one of the primary reasons leading to poor performance with mathematical tasks is that
no single procedure works all the time; each problem is slightly different. If students misunderstand the
problem or the underlying situation, they may make mistakes or incorrect assumptions. Polya warns that in
mathematics, details matter. Two terms or symbols that look and sound similar may have mathematical
meanings that are significantly different. For example, we use the terms equal and equivalent
interchangeably in every language, but these terms do not mean the same in mathematics. Moreover, the
importance of this issue has been documented for the Turkish version of a mathematical item in PISA
Framework 2003 (Yildirim & Berberoglu, 2009). Indeed, since the terms “mean” and “average” have one
common word in the Turkish language, Turkish students might interpret the phrase “on average” as if they
need to calculate an arithmetic mean, although the item does not require any such calculations.

This example shows that even when mathematical problem-solving is clearly defined a priori, several
arithmetical and linguistic components, not directly related to arithmetic per se, contribute significantly to
their difficulty: for instance, the influence of idiomatic or culturally specific lexical references or the
complexity of linguistic constructions. Accordingly, mathematical word problems are among the most
complex tasks that students encounter during their mathematical socialisation (Daroczy et al., 2015). These
considerations imply that the a priori analysis is not sufficient for a comprehensive understanding of how the
students approach mathematical word problems, such as PISA tasks, because it overlooks the socio-cultural
dynamics involved. Since verbal reports allow to trace how the participants construe the task, how their
construal develops during the activity, and which aspects of the activity help to account for this construal,
methods based on verbal reports (such as the thinking aloud and protocol analysis described below) can
contribute to shed light on the socio-cultural dimensions of mathematical problem solving.

Thinking aloud

The second method we address is the thinking-aloud. It is designed to elicit a verbal report of an individual’s
thinking during task performance. Researchers typically elicit verbal protocols to access information heeded
(attended) during task performance. This method is usually adopted to make visible the mental operations,
knowledge representations and concrete activities responsible for the observed performance. It allows the
concurrent verbalisation of thoughts while a student reads and solves math problems (Ericsson & Simon,
1980), potentially making visible the path a student follows in search of a solution. Students are invited not



to interpret or analyse their thinking. Thinking aloud utterances may vary in quantity and quality. A
language-based activity at an intermediate difficulty level is appropriate for thinking-aloud research because
it requires more than an automatic response but is not expected to be cognitively overwhelming.

Such a method allows the researcher to obtain data that are collected and submitted to protocol analysis,
useful for domains in which the problem space has been clearly defined a priori, but they belong to the most
complex problems, that students encounter during their mathematical socialization (Daroczy et al. 2015).

The protocol analysis

The third method, called protocol analysis, used throughout the 20" century for the development of theories
of human cognition, is based on concurrent verbal accounts of thought processes during problem-solving
activities. Ericsson & Simon (1980) have provided extensive justification for using this method to investigate
cognition from an information-processing perspective. Their arguments have characterised protocol analysis
as a methodology that documents how people attend to the information stored in short-term memory to solve
problems. The central assumption is that it is possible to instruct subjects to verbalise their thoughts in a
manner that does not alter the sequence of thoughts mediating the completion of a task and can therefore be
accepted as valid data on thinking. Protocol analysis has since been a staple of the methodological tool kit for
studying problem-solving activities by following the theoretical principles of the information-processing
theory. Its purpose thus lies in developing and testing detailed information processing models of cognition,
which can often be formalised in computer programming languages and analysed by computer simulation.
The protocol analysis is considered helpful for domains in which the problem space has been clearly defined
a priori and for developing models of problem-solving processes, which is the case of mathematical tasks
(Nunan, 1999).

According to the perspective of this chapter, the proposed combination of these three-methods could be
labelled as “socially-and-culturally- mediated data collection”. What is revealed through them is not only an
internal process but a process that reflects cultural practices. They are internalised through participation in
speech-based interactions, where speech is among the cultural tools serving a mediating function. As Cole
(1996) noted, cognitive activities elicited by thinking aloud are not simply internal cognitive structures, but
representatives of and participants in social practices (pp. 128-130). According to these arguments, the
accomplishment of a mathematical task should be conceptualised as a social-cultural practice and the unit of
analysis for examining the underlying learning processes is not conceptualised in terms of individual
cognitive processes, but in terms of “socially-and-culturally-mediated-sense-making”.

Applying the combination of methods

We present an empirical illustration where a task is studied using a combination of the three methods
outlined above: the mathematical a priori analysis, the thinking aloud and the protocol analysis. This
approach enables researchers to retrace both the path towards the solution and the student’s effort to meet the
requirement of school social practices (Selleri & Carugati, 2018).

The task chosen is Question 1 (Question 1: PM942Q1; level 2 out of 6; score 464.0) of the Mount Fuji PISA
item (Programme for International Student Assessment OECD-PISA) released by the 2012 PISA research team?
according to the PISA development, assessment and analytical framework (OECD 2013). Question 1 lies in the
guantity content category since it asks students to make calculations using dates and measurements, and to
make conversions. It requires interpreting the text to understand the task; formulating a strategy; defining a
period in a required unit (days); combining information to devise a method to calculate a daily average,
perform the calculation. This task is appropriate for students at PISA Proficiency Level 2, which means that
the students can interpret and recognise situations in contexts that require no more than direct inference.

2 https://www.oecd.org/pisa/pisaproducts/P1SA%202012%20framework%20e-book_final.pdf.
A detailed description of the 6 levels is available at the same site
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They can extract relevant information from a single source and use a single representational mode. Students
at this level can employ basic algorithms, formulae, procedures, or conventions. They are capable of direct
reasoning and literal interpretations of the results. PISA considers Level 2 a baseline level of mathematics
proficiency at which students begin to demonstrate the skills that enable them to use mathematics in ways
deemed fundamental to their future development. The PISA framework defines ‘low performers’ those 15-
year-olds who score below Level 2 on the criteria for mathematics, science, and reading assessments.

The three empirical examples analysed below are chosen from a sample of twelve 15-year-old students (8
boys and 4 girls) of a Italian vocational school involved in a public project aimed at reducing dropout levels
in the Spanish Quarter, a highly deprived neighbourhood of Naples (Selleri & Carugati, 2018). Their
teachers have assessed them as low-performers. In Italy, low performers in mathematics are more likely to be
enrolled in vocational tracks (70% compared with 20%, which is in line with the OECD average). Moreover,
vocational students in Italy are also low performers in reading, a characteristic correlated to low performance
in mathematics (Radisic¢, Selleri, Carugati, & Baucal, 2021). The phenomenon is crucial considering that
high school tracking occurs before the students participate in PISA.

Question 1 was introduced individually by a master’s student in Educational Psychology as a researcher in a
room separate from students’ classroom. Students were requested to think aloud to understand their thinking
processes better. Based on Jefferson’s (2004) approach, the protocols were audio-recorded and transcribed
verbatim with the students’ agreement. Video recording was not allowed because of restrictions imposed by
the school principal. The analysis is finalised at discussing how the combination of a priori analysis, thinking
aloud, and protocol analysis can work together as instruments for a detailed examination of mathematical
problem solving and of the dynamics of mathematical thinking.

As follows, we provide the full text of Mount Fuji Question 1 with the multiple choice answer:
Mount Fuji is a famous dormant volcano in Japan.

Mount Fuji is only open to the public for climbing from July 1 to August 27 each year. About 200000
people climb Mount Fuji during this period.

On average, how many people climb Mount Fuji each day?

A 340

B 710

C 3400 (correct answer)
D 7100

E 7400

Mathematical a priori analysis of Question 1
Two procedures could be possible to solve the problem (Ferretti & Bolondi, 2021).

The immediate procedure can be described as follows:

- counting days: July (31) +August (27) = 58 or keeping in mind that July and August have both 31 days, but
from August 27 to August 31; 4 days are missing; therefore:  (31x 2) —4 =58

- dividing the number of people who have climbed Mount Fuji during the period for the number of days in
the period 200000 + 58 = 3448.275

- check the correct answer C = 3400 (the number closest to 3448.275)

The backward procedure can be described as follows:

- using the commutative property of the product (3 x 2 = 2 x 3), which is a property that does not apply to
division (12: 4 # 4: 12), the student can, through a series of attempts, seek the exact answer. This is done by
multiplying the total number of days (58) by multiple proposed choices (A, B, C, D, E), and checking when



the result approaches 200000.- in this procedure the students anyway need to count days in the same way as
in the immediate procedure: July (27) +August (31) = 58 or keeping in mind that July and August have both
31 days, but from August 27 to August 31 missing, four days are missing, therefore: (31x 2) —4 =58

- multiplying the number of days for the proposed choices (A, B, C, D, E), and choosing the answer based on
the result of the multiplication, which should be as close as possible to 200000: (A) 58 x 340 = 19720; (B)
58 x 710 = 41180; (C) 58 x 3400 = 197200; (D) 58 x 7100 = 411800; (E) 58 x 7400 = 42920

The correct answer is C = 3400; because the closest number to 200000 is 197200.
The student could thus reach the correct answer avoiding division, which is usually considered more difficult
than multiplication.

Thinking aloud and protocol analysis

What follows is the analysis of the verbal protocols of the students (S) and the researcher (R) extracted from
previous research (Selleri & Carugati, 2018).

Excerpt 1: Student 6, girl, 15 years (first correct answer: 3400; final wrong answer: 7400)

1S. “How many people go up each year?” ((She reads the question aloud; next, she reads the question for
45” again))

2 S. So during this period, from July 1 to August 27 they go up ::: two hundred thousand people =
3R. =Yes, exactly

4 'S. ::onaverage how many people go up Mount Fuji each day ::: so each day :::

5. I have to do from July 1 to August 27 ::: that’s a month ::: and twenty-Six days

6.  Can | have the calculator for a while?

7R. Yes, yes, here!

8 S. Thankyou :::so::it’s been a month, and 26 days, so | have to do ::

9.  ((She thinks and calculates in a low voice for 35"))

10. I have to divide fifty ::: I get 3400

11 R. How did you calculate?

12 S. So, practically, doing the July calculation ::: that is, | added the days of both July :::

13 until August 27

14 R. Okay =

15 S. =then I did, okay, the sum that was divided between 200000 :::

16. and it came to me 7400 :::

17.  okay, but it was approximated because it was :::

18 R. Okay, that is =

19 S. =It was periodic

According to the a priori analysis, Student 6 reaches the first correct answer using the backward procedure,
but after a brief interaction with the researcher she incorrectly changes her answer.

First, student 6 reads aloud the text of Question 1 (turn 1; Polya’s step 1), but she confuses the words “day”
and “year”. Second, in turn 4 she correctly recognise that the question ends with the word “day”. Turn 5 is an
example of Polya’s step 2 (devise a plan); while until turn 10, the student carries out the plan and reaches the
correct answer (Polya’s step 3). The researcher in turn 11 uses a soft conversational nudge to prompt the
student to review aloud the solution path (Polya’s step 4). At that point, the interaction takes an unexpected
turn: the student reconsiders the procedure adopted for solving the problem (turn 12, 13, 15) but reaches a
different, wrong solution (turn 16). She justifies the new answer using the word “approximating ”, probably
considered by her as synonymous of “on average ” in Question 1 (turn 17). The researcher in turn 18

3 Symbols used in transcription (Jefferson, 2004)
= Marks concatenation of two turns
! Marks intonation increase
Marks a pause during the turn
(( )) Marks researchers’ descriptions



intervenes to ask the student to complete her thought, and the student (turn 19) concludes that the result is
periodic. Turns 17-19 are clear cues of the dynamics of the didactic contract. The student tries to address the
researcher’s request for clarifications with a reference to her repertoire of mathematical notions, which was
inappropriate in this case. The analysis of Excerpt 1 allows to show that the dialogic interaction with the
researcher results in the withdrawal of the correct answer and its substitution with a wrong one.

We present another excerpt (Excerpt 2) to discuss further the dialogic and socio-cultural dynamics involved
in this process.

Excerpt 2: Student 9, boy, 14 years (first answer: 7100; final correct answer: 3400)

1S.  ((He reads the question silently for 25"))

2. here it is written that Fuji opens ::: only ::: in July ::: from July 1 to August 27

3. ((He looks at the researcher))

4R. ((He nods))

5S.  and about two thousand people go up ::: two hundred thousand on Fuji, during this period :::

6. on average, how many people go up ::: to Fuji each day?

7. that is, from July 1st to August 27 ::: it is two ::: two months
8 R.  almost two months, yes, July is 31, so =

9S.  =1think 7100 people

10 R. how did you think, that is, how did you get ((this result))?

11S. Todo ::seven for ::: wait

12. (He takes the calculator and does the calculations))

13. for ::: I have to multiply by or divide by ::: Should I do by’ or ‘divide’?

14 R. you have to think about it, don’t worry

15S. by :: two months

16. how many days are two months? mmh... July is 31

17. ((He looks at the researcher))

18 R. ((nods))

19S. 31 and27::it’s 58 days

20. ((He calculates for 20 *))

21. 3400 ::: okay, but it’s 197.000 people, more or less

22 R. okay, it’s approximate, so you practically considered, you took one of the results and tried to
multiply it by the days

As for the a-priori analysis, Student 9 reaches the correct answer using the backward procedure. In the
beginning, from turn 1 to 7, the student tries to understand the task (Polya’s step 1), with several pauses,
underlying the effort of comprehending the question and possibly some difficulties. At the first attempt, he
fails (turn 9), but after the researcher’s soft nudge (turn 10), the student considers different options
(“multiply” or “divide”) and asks for a suggestion (turn 13), which are both actions probably admitted in his
school context, thus in line with the perceived didactic contract. The researcher doesn’t answer (turn 14), but
the student (turn 17) looks at the researcher and reconsiders the data until the correct answer is reached (turn
21). The notion of “average” presented in Question 1, is reworded by the student as more or less.

Excerpt 3: Student 1, boy, 16 years (correct answer: 3400)

1S.  ((He reads the question silently for 60™))

2R. what are you thinking about?

3S. it’shbeen57 days::to::

4 that would be the number of days from July 1 to August 27, okay?

5 200 people a day are ::: ah! ::: not 200.000

6. mmh ::: can | use the calculator?

7R. yes,yes, yes, don’t worry! so, you’ve calculated the days by now, and now you’re seeing,
8S.  butis there the correct answer?

9R. yes,yes, among these, there is the correct answer



As for the a priori analysis, Student 1 reaches the correct answer using the immediate procedure. After an
extended silent reading (Polya’s step 1), the researcher invites him to think aloud (turn 2). Then the student
follows Polya’s steps 2 and 3 (turns 3-5) and asks to use a calculator, a sign of a social practice probably
admitted in the school attended by the student (turn 6). In turn 8, an evident influence of the didactic contract
is shown, according to the norm: math-tasks imply a correct answer (one and only one). Based on this
assumption confirmed by the researcher, the student then provides the correct answer in turn 10.

The three excerpts show how students make sense of the task and look for the correct solution. Student 1, in
line 8, asks himself and the researcher: Is there the correct answer? In our opinion, this student takes for
granted being embedded in the didactic contract evoked by the task, which serves as the basis for searching
for a solution. Student 6 walks in the meadow of the mathematic field, referring, for instance, to periodic
numbers and gets tangled up in understanding the text. Student 9 goes back and forth from the incorrect to
correct answer, reinterpreting on average, as more or less, a typical everyday expression. Even the soft
nudges by the researcher to think quietly, and take time, are interpreted in the framework of the didactic
contract. This influence is apparent when a student changes her answer from correct to incorrect after the soft
researcher’s intervention. These are good examples of how sociocultural processes can be made visible when
using thinking aloud and protocol analysis for documenting the intense activity of managing instructions,
numbers, arithmetic operations, use of the calculator, and the monitoring of one’s activity.

Conclusions

The methodological approach based on the combination of a priori analysis, thinking aloud, and protocol
analysis allows us to conceptualise an extended unit of analysis — socially-and-culturally-mediated-
mathematical-sense-making - and thus to make visible the role of socio-cultural and dialogic dynamics in
mathematical problem solving. In this way, it enables us to re-actualise classical individualistic methods
from a new perspective. The a priori analysis is the framework for mapping the possible procedures for
solving a mathematical task. Thinking aloud, instead, allows making visible the student’s dialogue with
themselves and the researcher, bringing out the interplay of mathematical and everyday notions elicited by
the task and the role of language in this process. Finally, protocol analysis enables researchers to document
the different non-linear journeys toward the solution accomplished by the students.

The combination of the three methods is interconnected with the socio-constructivist theory of students’
learning that several authors have been developing (Carugati & Selleri, 2014; Carugati & Perret-Clermont,
2015). Such entanglement of theoretical and methodological ideas enables researchers to enter the students’
thinking space, eliciting capacities and difficulties, and making visible the representation of the socio-
cultural and mathematical norms experienced during mathematical socialisation (Daroczy et al. 2015). Each
student shows a dynamic shifting involving tentative activities, and fluttering towards a final solution. The
inner dialogue made visible using this combination of methods does echo what has been demonstrated in
experimental socio-constructivist research on the appropriation of cognitive tools, where the dialogue
between cognitive and social norms is at stake (Mugny et al. 1984). Students overcome the first
confrontation with the task and consistently try to make sense of it, using the resources available to fight the
perceived challenges of mathematical tasks. Therefore, the setting of cognitive activities during a
mathematical task is no more “a nuisance variable” (Saljo, 2020) in learning research; it is made visible,
whilst invisible with quantitative methodologies, and a sign of genuine social practices. Reaching a deeper
understanding of what happens between question and answer in mathematical problem solving is possible if
the researcher theoretically conceives cognitive phenomena in situations with their cognitive demands as
specific forms of social practices.

The socio-constructivist theory has emphasised that the individual is not the most valuable unit of analysis in
empirical research (Carugati & Perret-Clermont, 2015), arguing instead that cognitive activities should be the
focus within their social settings. Our suggested methodological innovation echoes Siljié’s recommendation
(2009) when he describes units of analysis as “the choice of a conceptualisation of a phenomenon that
corresponds to a theoretical perspective or framework” (p. 206) (Jornet & Damsa, 2019). In this regard, the
proposed methodology allows to practically conceive an extended unit of analysis in empirical research on



mathematical problem solving, going beyond individualistic approaches and emphasising the social and
cultural aspects involved.

Applied to mathematical learning, this approach treats it as a process of active individual construction and a
process of enculturation (Cobb et al., 1997, p. 152). The combination of methods we propose is a unit of
analysis as it enables researchers to make visible the long-lasting appropriation of norms, beliefs, and
mathematical tools elaborated during the social practices of school socialisation. This qualitative proposal
could offer an avenue for improving the dialogue between these methods and the corresponding theoretical
perspectives, inspiring quantitative research with specific hypothesis testing, and contributing to enriching
the socio-constructivist framework of mathematical thinking (Mason, Burton & Stacey, 2010; Schoenfeld,
2016; Rytila, 2021).
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