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A B S T R A C T   

The present paper aims to provide a contribution in the study of the dynamic response of cracked 
truss-like and frame-like structures with uncertain damage modeled by following a non- 
probabilistic approach. By adopting a finite element model to describe the cracked members 
with fully open cracks, in the framework of the interval analysis, the parameters identifying the 
cracks depths are modeled as uncertain‑but-bounded variables. 

The proposed procedure allows to evaluate lower and upper bounds of the time-varying 
response of multi-cracked trusses and frames subjected to deterministic excitation by applying 
two parallel generalized modal analyses corresponding to two appropriate combinations of the 
endpoints of the interval uncertainties. The method is validated through numerical tests and its 
accuracy is confirmed by the excellent agreement between the response bounds calculated via the 
present approach compared with the exact reference bounds derived by a combinatorial pro-
cedure (vertex method) merged with the Monte Carlo method.   

1. Introduction 

Most of the members of truss and frame structures can undergo to damages or cracks in overstressed zones due to several reasons. 
The presence of a crack in a structural member causes local changes in stiffness, whose entity mainly depends on the location and depth 
of the crack. These variations, in turn, have a significant effect on the dynamic behavior of the whole structure. The scientific research 
dealing with the study of the dynamic behavior of truss and frame structures with cracked elements can be roughly divided into three 
main groups depending on the hypotheses adopted on the extension and/or position of the damage: completely unknown, completely 
known and modeled as random variables. The principal aim of the former group is the identification of damage in terms of its position 
and extension through different dynamic techniques (natural frequency-based methods [1], mode shape-based methods, curva-
ture/strain mode shape-based methods [2] and other methods based on modal parameters [3,4]). 

The second group of methods considers to know exactly the position and/or severity of the damage in a structure and studies how 
the dynamic behavior changes in presence of damage. This topic has been extensively investigated in literature [5–15]. In these 
methods, the modeling of the damage in a member is a key aspect. Usually, the rotational spring model [7,15] or the simple reduction 
of stiffness [8] decreasing the cross-sectional area or the Young’s modulus of the damaged element is adopted. Different models have 
been presented in literature proposing expressions of the spring stiffness equivalent to the crack for a large number of cases, concerning 
different geometry of the cross-section and different crack shapes. In Labib et al. [12], the free vibration of beams and frames with 
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multiple single-edge cracks are studied modeling the crack as a rotational spring with stiffness depending on the crack depth. In Barad 
et al. [11], the problem of crack detection in a cantilever beam is solved modeling the edge crack as a rotational spring whose stiffness 
depends on the crack location and depth, while in [13] a study on axially loaded frames affected by multiple cracks is presented. 

In the aforementioned approaches, the crack depth and position along the element of the structure are considered as deterministic 
quantities, i.e. depth and/or position of the damage are supposed to be known. However, in many structures these quantities are 
unknown and only a hypothesis on their values can be considered due the unavoidable uncertainty affecting the severity and position 
of the damage. In most of the existing studies involving damaged structures in presence of uncertain damage, the most common model 
used to describe the uncertain parameters characterizing the cracks is the probabilistic one according to which the uncertainty is 
defined as a random variable. This model assumes that sufficient experimental data is available in order to properly define an 
appropriate probability density function for the random variable [16]. Several studies have investigated the behavior of single- and 
multi-damaged beams with random cracks parameters in both static [17] and dynamic setting [18–23]. 

The probabilistic characterization of the static response of truss and frame structures with cracked members where the crack depth 
and location are assumed to as uniformly distributed random variables is carried out in Gentilini et al. [24,25]. 

However, data concerning the probability density functions of the damage are not always available and defined. For this case it is 
possible to rely on non-probabilistic models and in particular on interval analysis which represents a suitable alternative for uncertain 
problems with clear boundaries but with deficient data about probability distribution for the involved uncertainties. In the interval 
analysis based on the classical interval algebraic rules introduced firstly by Moore [26], an uncertain variable is represented by an 
interval of numbers, between a lower bound (LB) and an upper bound (UB), which presumably contains the unknown exact value of 
the variable under study and for this reason labelled also as uncertain‑but-bounded variable. 

In many structural problems in presence of uncertain‑but-bounded parameters, several interval analysis methods have been 
proposed. In Kulpa et al. [27], the potentialities of application of interval methods for the analysis of linear mechanical systems with 
uncertain parameters is presented. In particular, the stiffness and the length of member in a structure are considered uncertain, hence 
modelled as interval numbers. In Wei et al. [28], the static response analysis of uncertain structures with unknown but bonded pa-
rameters is presented and in Ma and Li [29], a beam, a 3D truss, and a truck frame are considered to illustrate the accuracy and ef-
ficiency of the method. Aiming to reduce the overestimation (the so-called dependency phenomenon [30,31]) in the interval response 
due to the application of the classical interval analysis, several interval methods have been introduced in the finite element context 
[31] and applied to solve problems with interval coefficients in static and dynamic setting. Among these methods we mention e.g. the 
Taylor series expansion [32,33], the interval perturbation method [34,35], the Chebyshev interval expansion [36], the iterative 
approach [37] and the Interval Rational Series Expansion [38–40]. 

In the framework of cracked structures not many papers deal with the modeling of uncertain crack parameters via interval 
approach. The interval static response of multi-cracked beams in the most general case of simultaneous uncertainty in the size and 
position of the cracks has been evaluated in Santoro et al. [41] and an extensive comparative analysis on multi-damaged beams has 
been conducted in [42] where the parameters characterizing the cracks are modelled as random variables as well as uncer-
tain‑but-bounded parameters. In the frequency domain, the interval response of single and multi-cracked beams has been examined in 
[22,23,43] considering the uncertainty in the amplitude of the crack and resorting to a properly modified finite element centered 
around the crack; the frequency response of multi-cracked beams treated by the classical continuous beam equations with the generic 
crack represented by a massless rotational spring has been calculated in [44] when both the parameters of every crack are described by 
interval variables. Cracked structures with limited uncertain data have been investigated to estimate time-dependent reliability by 
modeling the fatigue crack propagation assuming the crack length as an interval variable and fixing the number of fatigue load cycles 
[45,46]. Recently the dynamic response of multi-cracked beams with cracks depth modelled as interval variables has been evaluated 
both in the framework of continuous beam theory [47] by proposing an explicit formulation and by performing a generalized modal 
analysis adopting a finite element model [48,49]. 

Within this context and building on the latter recent work [49], the present paper deals with the response of linear elastic truss-like 
and frame-like structures with damaged members where crack depths are modeled as uncertain variables. Crack is modelled by 
introducing a local compliance that produces a discontinuity of displacements in correspondence of the cracked section. The 
compliance of the cracked member is obtained by adding the compliance of the intact element to the overall compliance due to the 
crack. Considering the lack of information about probability distribution of the crack severity, damage extent is modeled as an 
uncertain‑but-bounded variable according to the interval analysis. Dynamic governing equations are solved considering the mass 
matrix as a deterministic quantity, while stiffness and damping matrices as uncertain matrices depending on the crack extension. 

The time-varying bounds of the response of the damaged structures are therefore evaluated as the minimum and maximum, at each 
time instant, between the responses calculated by performing two parallel deterministic modal analyses associated to two combina-
tions of the extreme values of interval uncertainties, generally the so-called trivial combinations (fixing all the parameters at their 
upper bounds and lower bounds, respectively) [49]. The two modal analyses require in turn the solution of two generalized eigenvalue 
problems and the step-by-step integration of two corresponding deterministic equations of motion in the modal sub-space. Moreover, 
taking full advantage of the pseudo-static sensitivity analysis recently introduced to treat structures with uncertain‑but-bounded 
mechanical properties [50], a preliminary test is conducted to seek the two most common combinations of the endpoints of the interval 
parameters over the time interval of interest to be eventually used in the modal analysis instead of the trivial ones. 

The proposed approach allows to provide the lower and upper bounds of the selected displacement component with a remarkable 
reduction of the computational cost considering only two deterministic analyses whatever the number of uncertain parameters 
involved. 

Numerical tests on 2D and 3D truss and frame structures with multiple cracks with uncertain‑but-bounded depths and subjected to 
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different excitations highlight the potentialities of the method, considering an increasing level of uncertainty. 
Entering into the details of the exposition, the next section accounts for the governing equations of the problem, in particular the 

crack model description for truss and frame members is reported. The proposed method to handle the interval uncertainties in the 
cracks depths is outlined in Section 3 and in Section 4 the solution procedure is validated through several numerical tests. Conclusions 
are drawn in Section 5. Finally an Appendix is included. 

2. Formulation of the problem 

2.1. Crack model description: truss member 

Consider a linear elastic truss structure subjected to a dynamic load. The displacement vector for the generically oriented i-th bar 
element of length Li, mass density ρ, elastic modulus E, rectangular cross-section Bi × Hi, cross-sectional area Ai, which connects node 1 
to node 2 is given in the global coordinate systems by 

ui(t) = [ u1(t) v1(t) u2(t) v2(t) ]
T (1)  

where the symbol T denotes transpose vector/matrix and u and v represent the displacements in the x and z directions, respectively (see 
Fig. 1). 

The axial compliance of the i-th bar is indicated with ci. Consider that the i-th element of the truss structure is damaged with a crack 
of depth ai (see Fig. 1). In presence of damage in the i-th truss member, an additional axial compliance, named ccrack

i , is added to the 
intact axial one defined by cintact

i . The cintact
i expression for an intact, homogeneous bar with a constant cross-section is given by 

cintact
i = Li

/
(EAi) (2) 

The additional compliance ccrack
i (ai) can be expressed by the following expression: 

ccrack
i (ai) =

2(1 − v2)

E

∫Acrack

0

(
KIN(ai)

N

)2

dAcrack (3)  

where Acrack represents the cracked area, v is the Poisson’s ratio, N is the axial force while KIN is the Mode I stress intensity factor [51] 
given by: 

KIN(ai) =
N

BiHi

̅̅̅̅̅̅̅πai
√

FN(γi) (4)  

with γi = ai /Hi the non dimensional crack depth. 
The term FN(γi) in Eq. (4) is a correction function which takes the following expression (see [52]): 

FN(γi) = 1.12 − 0.23γi + 10.6(γi)
2
− 2.17(γi)

3
+ 30.4(γi)

4 (5) 

Then the total axial compliance of the i-th cracked bar element takes the following form: 

Fig. 1. Planar truss element with an open-edge crack.  
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ci(ai) = cintact
i + ccrack

i (ai) (6)  

and the stiffness matrix of the bar element with an open edge crack is given by: 

Ki(ai) = GT
i ci(ai)

− 1Gi (7)  

where ci(ai)
− 1 is the inverse of the compliance ci(ai) given in Eq. (6), while Gi is the element compatibility matrix expressed as: 

Gi = [ 1 0 − 1 0 ] (8) 

Using the rotation matrix Ri, which takes into account the inclination of the generic bar, the matrices for the truss elements in the 
global coordinate system can be straightforwardly evaluated. 

For three-dimensional truss structures, the displacement vector for the generically oriented i-th bar element (length Li and rect-
angular cross-sectional area Ai) connecting node 1 to node 2 in the global coordinate systems takes the following form: 

ui(t) = [ u1(t) v1(t) w1(t) u2(t) v2(t) w2(t) ]T (9)  

where u, v and w are the three displacements in the x, z and y directions, respectively. 
All of the previously reported steps for evaluating the stiffness matrix of the damaged member are confirmed. The only modification 

to be introduced for the spatial case consists in the passage from the elementary stiffness matrix in local coordinates to the stiffness 
matrix in global coordinates by suitably defining the rotation matrix Ri. 

2.2. Crack model description: frame member 

Consider a generically oriented i-th beam element of length Li, mass density ρ, Young’s modulus E and cross-sectional area Ai, which 
connects node 1 to node 2 (see Fig. 2). The vector of the nodal displacements for the beam element is: 

ui(t) = [ u1(t) v1(t) ψ1(t) u2(t) v2(t) ψ2(t) ]
T (10)  

where at a local node the displacement has two translational components u and v in the x and z directions and a rotational component 
ψ . 

The beam presents a crack of depth ai at distance ξiLi from node 1 (see Fig. 2). The flexibility matrix Ci(ai) of the damaged beam 
element is given by the sum of the flexibility matrix of the intact element Cint

i and an additional flexibility matrix Ccrack
i (ai) given by the 

presence of the crack: 

Ci(ai) = Cint
i + Ccrack

i (ai) (11) 

In particular, the matrix Cint
i has the following form: 

Fig. 2. Planar frame element with an open-edge crack.  
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Cintact
i =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Li

EAi
0 0

0
Li

EIi
0

0 0
Li

3EIi

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(12)  

where Ii is the moment of inertia. The matrix Ccrack
i (ai) is given by: 

Ccrack
i (ai, ξi) =

⎡

⎣
λN λNM (1 − 2ξi)λNM

λNM λM (1 − 2ξi)λM
(1 − 2ξi)λNM (1 − 2ξi)λM (1 − 2ξi)

2λM + (2/Li)
2λS

⎤

⎦ (13) 

For the evaluation of the compliance coefficients λN, λM, λNM and λS see details in Appendix. 
The element stiffness matrix for the damaged beam is therefore given by 

Ki(ai) = GT
i Ci(ai)

− 1Gi (14)  

where Ci(ai) is the matrix given in Eq. (11), while Gi is the element compatibility matrix, which for the case under exam takes the 
following form: 

Gi =

⎡

⎣
− 1 0 0 1 0 0
0 0 − 1 0 0 1
0 − 2/Li − 1 0 2/Li − 1

⎤

⎦ (15) 

Then the rotation matrix Ri for a frame element transforms the 6 × 6 matrix Ki(ai) into another 6 × 6 stiffness matrix of the 
damaged beam defined in the global coordinate system. 

In the three-dimensional setting, the vector of the nodal displacement reads 

ui(t) = [ u1 v1 w1 ψx1 ψz1 ψy1 u2 v2 w2 ψx2 ψz2 ψy2 ]
T (16)  

where the dependence of the all displacement components by the time t is omitted. 
The only difference between a 2D frame element and a 3D frame element consists in the number of DOFs at each node that is six at 

each node, specifically three translational displacements in the x, z and y directions, and three rotations with respect to the x, z and y 
axes. In the local coordinate system the x-axis coincides with the geometrical axis and the z- and y- axes are the principal axes of the 
cross-section. 

In presence of a beam element with an edge crack of depth ai located at a distance ξiLi from the node 1 the flexibility matrix is given 
again by the sum of the two contributions, namely the matrix Cint

i related to the intact beam and the matrix Ccrack
i (ai) accounting for the 

damage (see Eq. (11)). 
For the three-dimensional case, the compatibility matrix Cint

i takes the following form: 

Cintact
i =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Li

GJti
0 0 0 0 0

0
Li

3EIzi

−
Li

6EIzi

0 0 0

0 −
Li

6EIzi

Li

3EIzi

0 0 0

0 0 0
Li

3EIyi

−
Li

6EIyi

0

0 0 0 −
Li

6EIyi

Li

3EIyi

0

0 0 0 0 0
Li

EAi

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(17)  

where GJti/Li is the torsional stiffness of the i-th beam with G shear modulus, EAi/Li is the axial stiffness with E Young modulus, Izi and 
Iyi are the moments of inertia with respect the axes z and y. 

The additional compliance matrix Ccrack
i (ai) is evaluated as: 

Ccrack
i (ai) = TT

i (ξi)Ĉ
crack
i (ai)Ti(ξi) (18) 

In Eq. (18) Ti represents the transformation matrix for the generic i-th frame element depending by the non dimensional crack 
location ξi and has the following expression: 
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Ti =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 1
0 0 0 1/Li 1/Li 0
0 − 1/Li − 1/Li 0 0 0
1 0 0 0 0 0
0 1 − ξi − ξi 0 0 0
0 0 0 ξi − 1 ξi 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(19)  

while the local compliance matrix Ĉ
crack
i (ai) reads: 

Ĉ
crack
i (ai) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

λN 0 0 0 0 λNMy

0 λSz 0 0 0 0
0 0 λSy λSyTx 0 0
0 0 λSyTx λTx 0 0
0 0 0 0 λMz 0

λNMy 0 0 0 0 λMy

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(20)  

where λN, λSz , λSy , λMz , λMy and λTx are the axial compliance related to the axial force N, the shear compliances related to the shear forces 
Sz and Sy, respectively; the bending compliances related to the bending moments Mz and My, respectively; and the torsional compliance 
related to the torque Tx. Moreover in Eq. (20) the coupled compliances λSyTx and λNMy take into account the coupling between the shear 
force Sy and the torque Tx and between the axial force N and the bending moment My. Details on the evaluation of the local com-
pliances appearing in Eq. (20) are reported in Appendix. 

Therefore the local stiffness matrix for the 3D frame element can be still calculated by Eq. (14) where Ci(ai) is the matrix given in 
Eq. (11) whose final form is updated in terms of the two matrices Cint

i as Ccrack
i (ai) as reported in Eqs. (17) and (18) while Gi is the 3D 

frame element compatibility matrix taking the following form: 

Gi =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 − 1 0 0 0 0 0 1 0 0
0 0 − 1/Li 0 1 0 0 0 1/Li 0 0 0
0 0 − 1/Li 0 0 0 0 0 1/Li 0 1 0
0 1/Li 0 0 0 1 0 − 1/Li 0 0 0 0
0 1/Li 0 0 0 0 0 − 1/Li 0 0 0 1
− 1 0 0 0 0 0 1 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(21) 

Then the generic stiffness matrix for the i-th frame element needs to be transformed into the global coordinate system to account for 
the differences in orientation of all the frame members referred to the local coordinate systems. 

2.3. Interval stiffness matrix for the damaged structure 

Following a standard assembling procedure for both the truss-like and frame-like structures, the stiffness matrix K(a) of the whole 
structure with r damaged members depends on the vector a = [ a1 a2 ⋯ ar ]

Tcollecting the r crack depths ai (i = 1,2,…,r). 
Let us now to investigate the case in which the generic i-th crack ai has an uncertain depth modeled as an uncertain‑but-bounded 

variable. 
Generally, following the interval symbolism of the classical interval analysis [26], an interval number αI is represented by: 

αI ∈ [α, ᾱ] = {α|α ≤ α ≤ ᾱ,αi ∈ R} (22)  

where the apex I denotes the interval or uncertain‑but-bounded number and α and ᾱ its lower and upper bounds, respectively. 
Similarly the interval number αI can be expressed as 

αI = α0 + ΔαeI (23) 

Fig. 3. Cracked section with depth of the crack modeled as uncertain-but-bonded variable.  
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in terms of midpoint α0, deviation Δα and unitary interval eI defined, respectively as 

α0 = mid(α) = α + ᾱ
2

; Δα =
ᾱ − α

2
; eI = [ − 1, 1] (24a,b,c) 

By adopting the interval model, the generic crack depth aI
i = [ai, āi] can be expressed in the so-called affine form as 

aI
i = a0,i

(
1+ αI

i

)
= a0,i

(
1+Δαi êI

i

)
(25)  

with the assumption of symmetric fluctuations that implicates αi = − ᾱi and consequently α0,i = 0 (see Eqs. (23) and (24)). Therefore in 
Eq. (25) a0,i represents the deterministic nominal value of the crack depth for the i-th crack, Δαi is the symmetric dimensionless 
fluctuation of the crack depth around its nominal value and ̂eI

i = [− 1,1] represents the so-called extra unitary interval introduced in the 
improved interval analysis by Muscolino and Sofi [53] in order to treat variables with multiple occurrence of the same type as 
dependent ones and reduce the dependency phenomenon. Substituting êi = − 1 in Eq. (25), the lower bound ai of the crack depth is 
obtained, while substituting ¯̂ei = 1 in Eq. (25), the upper bound depth āi is derived (see Fig. 3). In presence of r cracked members, the 
vector a0 = [ a0,1 a0,2 ⋯ a0,r ]

T of order r × 1 collects the nominal values a0,i, while the vector α ∈ αI = [α, ᾱ] with αI =
[

αI
1 αI

2 ⋯ αI
r
]T collects the fluctuations αI

i = Δαi ê
I
i of the uncertain crack depths around their mean values. 

Thus, in turn the global stiffness matrix K(a) becomes an interval matrix depending on the nominal values vector a0 and the 
fluctuations vector αI as: 

K
(
aI) = K

(
a0,αI) (26)  

2.4. Governing equation for structures with cracked members 

The dynamics of a quiescent cracked structure with r damaged members modeled as interval variables under an external excitation 
f(t) is ruled by the following governing equation of motion: 

M ü
(
a0,αI , t

)
+ D

(
a0,αI) u̇

(
a0,αI , t

)
+ K

(
a0,αI)u

(
a0,αI , t

)
= f(t) (27) 

In Eq. (27) M is the deterministic mass matrix of the structure which is not affected by the presence of the cracks and in turn by the 
uncertainty in the cracks depths; based on the previous considerations K(a0,αI) is the stiffness matrix (see Eq. (27)) of the structure, 
depending on the uncertain cracks depths parameters. 

In this paper, a proportional damping matrix (Rayleigh model) is considered so that the matrix D(a0,αI) in Eq. (27) is expressed as a 
linear combination of the mass and stiffness matrices as: 

D
(
a0,αI) = d0 M + d1K

(
a0,αI) (28)  

where d0 and d1are the Rayleigh damping constants to be evaluated. This assumption accounts for the dependence of the damping 
matrix by the uncertainties collected in the vector αI. 

The interval vector u(a0,αI, t) collects the n × 1 nodal displacements, while symbol dot over a variable denotes differentiation with 
respect to time t. 

3. Bounds of the cracked structure response 

Objective of the interval analysis applied to the dynamic problem as expressed in Eq. (27) is the evaluation of the structural 
response in terms of bounds of the interval displacement vector collecting the dynamical response set at each instant, i.e. 

u
(
a0,αI , t

)
= [u(a0, t), ū(a0, t)] (29)  

being u(a0, t) and ū(a0, t) the displacement lower and upper bound, respectively. 
In the following the main steps of the procedure adopted to provide the bounds reported in Eq. (29) are summarized. 
The presence of uncertain‑but-bounded parameters affecting the stiffness matrix K(a0,αI) requires in turn the solution of an in-

terval eigenvalue problem expressed by: 

K
(
a0,αI)ϕj

(
a0,αI) = λj

(
a0,αI)M ϕj

(
a0,αI); (j= 1, 2,⋯,m) (30)  

where λj(a0,αI) = ω2
j (a0,αI) represents the j-th interval eigenvalue equivalent to the squared interval natural frequency and ϕj(a0,αI)

is the associated interval eigenvector. 
Among all possible eigenvalues satisfying Eq. (30) while the matrix K(a0,αI) assumes all possible values within the interval defined 

by 

K
(
a0,αI) = [K(a0), K̄(a0)] =

{
K(a0,α)|kij(a0) ≤ kij(a0) ≤ k̄ij(a0)

}
(31)  
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the first aim is to provide the narrowest eigenvalue interval i.e. [54–56,48,49]: 

λj(a0,α) =
[
λ j(a0), λ̄j(a0)

]
(32)  

where λj(a0) and λ̄j(a0) with (j = 1,2,…,m), represent the LB and UB of the j-th interval eigenvalue. 
The adopted method requires to solve the following two deterministic eigenvalue problems [56,49] defined by: 

K(a0,α)ϕ(LB)
j (a0) = λj(a0)M ϕ(LB)

j (a0); ϕ(LB)
j (a0)

T M ϕ(LB)
k (a0) = Δjk

K(a0, ᾱ)ϕ(UB)
j (a0) = λ̄j(a0)M ϕ(UB)

j (a0); ϕ(UB)
j (a0)

T M ϕ(UB)
k (a0) = Δjk, (j = 1, 2,⋯m).

(33a,b)  

where Δjk is the Kronecker delta, ϕ(LB)
j (a0) and ϕ(UB)

j (a0) are the eigenvectors associated to the eigenproblem in which the two positions 
α = α (LB) and α = ᾱ (UB), are made respectively. The eigenvectors of both eigenproblems are real vectors, while the eigenvalues are 
real and positive quantities due to the circumstance that both the two stiffness matrices K(a0,α) and K(a0, ᾱ) as well as the mass matrix 
M are real, symmetric and positive definite matrices. 

The solution of the double equation of motion provided by splitting Eq. (27) in terms of the combinations α = α and α = ᾱ of the 
uncertain parameters is performed by first introducing the two coordinate transformations in terms of the interval vector of modal 
displacement q(αI, t) as follows: 

u(α, t) = Φ(LB)(a0)q(α, t)
u(ᾱ, t) = Φ(UB)(a0)q(ᾱ, t)

(34a,b)  

where the matrices Φ(LB)(a0) and Φ(UB)(a0) collect in columns the eigenvectors ϕ(LB)
j (a0) and ϕ(UB)

j (a0), respectively. 
The application of these coordinate transformations allows to project the equations of motion in the modal space as: 

q̈(α, t) + Ξ(a0) q̇(α, t) + Ω2(a0)q(α, t) = Φ(LB)(a0)
T f(t)

q̈(ᾱ, t) + Ξ̄(a0) q̇(ᾱ, t) + Ω̄2
(a0)q(ᾱ, t) = Φ(UB)(a0)

T f(t)
(35a,b)  

where Ξ (a0) and Ξ̄ (a0) are the generalized diagonal damping matrices, which according to the Rayleigh model, can be written as: 

Ξ (a0) = d0 Im + d1 Ω2(a0)

Ξ̄ (a0) = d0 Im + d1 Ω̄2
(a0)

(36a,b)  

obtaining a set of decoupled differential equations; Ω2(a0) and Ω̄2
(a0) are diagonal matrices whose j − th element is λj(a0) and ̄λj(a0), 

respectively. 
By solving Eqs. (35a,b) in terms of vectors q(α, t) and q(ᾱ,t), the corresponding nodal responses can be calculated via the coordinate 

transformation previously introduced (Eqs. (34a,b)). 
Lower and upper bounds of the k-th component of the interval dynamic response u(a0,αI, t) can be evaluated by the following 

relationships: 

uk(a0, t) = min{ uk(a0,α, t), uk(a0,α, t)};
ūk(a0, t) = max{ uk(a0,α, t), uk(a0, ᾱ, t)}

(37a,b)  

where the symbols min{ ·} and max{ ·} denote minimum (inferior) and maximum (superior) values, respectively. 
It is worth to note that the two deterministic eigenvalue problems (see Eq. (33a,b)) are solved by selecting simultaneously all the 

uncertain‑but-bounded parameters αI
i for i = 1,…,r at their lower bounds αi collected in the vector α = α (see Eq. (33a)) and at their 

upper bounds ᾱi collected in the vector α = ᾱ (see Eq. (33b)), namely the so-called “trivial combinations”. 
An improvement on the accuracy in the solution of the eigenvalues problems in Eqs. (33) could be achieved by resorting to an 

alternative method recently proposed by Muscolino et al. [50]. Specifically in Ref. [50] it is presented a procedure based on a pre-
liminary pseudo-static sensitivity analysis allowing to identify suitable combinations of the endpoints of the uncertain parameters, 
called “most common combinations”, which can be potentially employ to define the vectors α = α and α = ᾱ in replacement of the 
trivial ones. 

The pseudo-static sensitivity functions of the time-varying displacement with respect to the i-th uncertain parameter are collected 
in the vector su,i(t) evaluated as follows: 

su,i(t) =
∂u(a0, t)

∂αi

⃒
⃒
⃒
⃒

α=0
= − K(a0)Kiu(a0,α, t) with i = 1, 2, ..., r (38)  

where 

Ki =
∂K(a0,α, t)

∂αi

⃒
⃒
⃒
⃒

α=0
(39)  

and u(a0, t) is the nominal displacement vector (i.e. α = 0) solution of the governing equation of motion (see Eq. (27)) where all the 
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matrices are set at their deterministic values, namely D(a0) and K(a0), and provided by performing the classical modal analysis. 
The knowledge of the pseudo-static sensitivities suk,i (t) of the k-th displacement component uk(a0,αI, t) with respect to the i-th 

uncertain parameter at each time instant t allows to estimate the combinations of the extreme values of the i-th uncertain parameter, 
namely α(LB)

k,i (t) and α(UB)
k,i (t) providing the LB and UB of the selected k-th displacement component. 

By analysing the sign of suk,i (t), α
(LB)
k,i (t) and α(UB)

k,i (t) can be evaluated as 

if suk,i (t) > 0, then α(UB)
k,i (t) = ᾱi(t), α(LB)

k,i (t) = αi(t);

if suk,i (t) < 0, then α(UB)
k,i (t) = αi(t), α(LB)

k,i (t) = ᾱi(t), (k = 1,⋯, n; i = 1,⋯, r).
(40a,b) 

Finally, for a fixed k-th displacement component the more effective time independent combinations are evaluated simply by using 
the Mathematica® [57] function “Commonest”: 

α
∼

C, k = Commonest
0≤t≤tF

{
α(LB)

k,1 (t) α(LB)
k,2 (t) ⋯ α(LB)

k,r (t)
}
;

α∼C,k = Commonest
0≤t≤tF

{
α(UB)

k,1 (t) α(UB)
k,2 (t) ⋯ α(UB)

k,r (t)
}
, (k = 1, 2,⋯, n).

(41a,b)  

and then evaluate the eigenproperties and perform the two parallel generalized interval modal analyses (see Eqs. (33)-(35)) associated 
to the most common combinations of the bounds of the interval parameters conveniently updating the combinations α = α and α = ᾱ 
with α = α

∼
C, k and α = α̃C,k. 

Fig. 4. 2D 25-bar truss structure: geometry and load condition.  
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Fig. 5. Time-varying lower and upper bounds of the 9-th node displacement in x-direction (in m) of the 2D multi-cracked truss structure (i = 1,2, 
…,10) subjected to UnitStep functions: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα = 0.2, b) Δα = 0.3 and c) Δα 
= 0.4. 
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4. Numerical applications 

In this section, the performance of the present procedure on uncertain cracked trusses and frames is illustrated through some 
numerical applications. For comparison, the results of a combinatorial procedure, known as vertex method [31,58,59] combined with 
those obtained by the Monte Carlo (MC) method [31,60] are also included. 

The vertex method and the Monte Carlo method as developed in the interval framework are both the reference solutions for analysis 
with uncertainties under the assumption of monotonicity behavior and for the general case of non-monotonic dependence on the 
parameters. 

Specifically, the mentioned vertex method consists in performing 2r deterministic analyses, at each time instant, exploring all 
possible combinations of the extreme values of the r uncertain parameters in input. Despite its computational effort, this method 
represents the most robust procedure to handle problems with interval parameters when the response is a monotonic function of the 
interval uncertainties involved, returning exact bounds of the response function in correspondence to a proper combination (among 
the 2r being r the number of interval parameters). Due to its philosophy, the vertex method does not guarantee accuracy if the behavior 
of the response function is not monotonic with respect to uncertain parameters. Alternatively the MC method considers the uncer-
tain‑but-bounded parameters as uniform distributed variables in their respective intervals. This representation allows to take into 
account also values falling within the range that defines the generic uncertain parameter. 

Thus the combinatorial vertex-MC procedure, referred as the exact one, consists in the evaluation of the minimum and maximum at 
each time instant among the 2r + MC samples combinations, allowing to catch also parameters values within the intervals and 
therefore to take into account the possible no-monotonic behavior with respect to the uncertain parameters of the structural response 
along the time window considered. 

4.1. Truss-like structure with uncertain damage 

The first analysis is conducted on a steel 25-bar truss structure (see Fig. 4) subjected to horizontal forces applied at the nodes 1,3,5,7 
and 9 in the x-direction namely fx,j(t) with j = 1,3,5,7,9. 

All the bars are assumed to have cross-sectional area Ai = A = 0.01 m2 (prismatic section with Bi=Hi=0.1 m ∀i) with i = 1,2,…,25 
and lengths Li deducible from Fig. 4 where L = 5.1 m. Young modulus and Poisson ratio are E = 2.1 × 108 kN/m2 and ν = 0.3 
respectively. 

Furthermore, each node possesses a lumped mass M = 500 kg. All the vertical bars are supposed to be damaged (r = 10) with crack 
depths modeled as interval parameters aI

i = a0,i(1+ΔαieI
i)(i = 1, 2, ...,10) with nominal value a0,i = a0 = 0.4H ∀i and deviation am-

plitudes Δαi = Δα. The effect of the uncertainty in the cracks depth is explored for increasing values of the deviation amplitude 
considering Δαi = Δα = 0.2, 0.3 and 0.4. 

Without loss of generality, the Rayleigh damping constants d0 and d1 were evaluated relating to the damaged mean configuration 
using as reference the mean stiffness matrix defined as K(a0)| = K(a0,α)|α=0, see Eq. (26). As a consequence, in Eq. (28) the values d0 

= 4.09071s− 1 and d1 = 0.000347s are derived in such a way that the modal damping ratio for the first and second modes of the 
nominal structure is ζ0 = 0.05. 

The first results concern the truss structure response subjected to UnitStep functions, namely fx,j(t) = F0U(t) (j = 1,3,5,7,9) with F0 

= 15 kN and U(t) = 1 for t ≥ 0 by focusing the attention on the 9-th node displacement in x-direction, namely uI
9(t).

By applying the pseudo-static sensitivity analysis, the calculated commonest combinations in the considered time window for the 9- 
th node displacement in x-direction component coincide with the trivial combinations for all the uncertain parameters; that is the Eqs. 
(41a,b) in the case under exam take the following forms: 

α
∼

C, u9 =
[

αu9 ,1 αu9 ,2 ⋯ αu9 ,10
]

α∼C,u9 = [ ᾱu9 ,1 ᾱu9 ,2⋯ᾱu9 ,10]

(42a,b) 

Figs. 5a, 5b and 5c show the time-varying bounds of the 9-th node displacement in x-direction, obtained by applying the procedure 
explained in Section 3. 

The bounds provided by the proposed method (continuous lines in Fig. 5) are compared with the bounds of the reference solution 
(dotted lines in Fig. 5) evaluated by combining the results of the vertex method evaluated by the solving 2r=10 = 1024 problems, with 
the results obtained by the MC (1000 samples). It is worth to note the excellent agreement between the bounds evaluated by the two 
procedures for all the levels of uncertainty. 

Analogous results are provided considering the damaged truss structure subjected to impulsive load with fx,j(t) = F0δ(t) (j =
1,3,5,7,9) with F0 = 15 kN and δ(t) the Dirac delta function. 

The parameters combinations provided by applying the preliminary pseudo-sensitivity analysis for this second load scenario and 
the displacement component u9(t) are collected in the following vectors: 

α
∼

C, u9 =
[

αu9 ,1 ⋯ ᾱu9 ,7 ⋯αu9 ,10
]

α∼C,u9 =
[

ᾱu9 ,1 ⋯αu9 ,7⋯ᾱu9 ,10
] (43a,b) 

It is worth to note that the commonest combinations of the uncertain parameters coincide with the trivial ones with the exception of 
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Fig. 6. Time-varying lower and upper bounds of the 9-th node displacement in x-direction (in m) of the 2D multi-cracked truss structure (i = 1,2, 
…,10) subjected to impulsive functions: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα = 0.2, b) Δα = 0.3 and c) Δα 
= 0.4. 
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the seventh uncertain parameter, namely the crack depth in the seventh vertical cracked member (see Fig. 4). 
In Figs. 6a, 6b and 6c the time histories of the LB and UB of the interval nodal displacement uI

9(t) are reported for the three selected 
deviation amplitude values. Once more the bounds provided by applying the proposed procedure are compared with the ones 
calculated via the vertex method (2r=10 = 1024 deterministic dynamic analyses) combined with the MC (1000 samples). The graphs 
show the good accuracy of the proposed procedure also for high level of uncertainty. 

A second application concerns a 3D 26-bar truss structure with 18 DOFs (see Fig. 7) constrained in the x, y and z directions at the 
bottom four corners (namely the nodes 1, 2, 3 and 4). All the truss members have the same rectangular cross-section with B = H = 0.06 
m. Assume the truss structure is made of steel with mechanical properties E = 2.1 × 108 kN/m2 and ν = 0.3, respectively. The ge-
ometry is defined by the L = 6 m dimension in plan and by the H1=3 m and H2=3.5 m dimensions in height as reported in Fig. 7. 

The 3D truss is subjected to a horizontal force in y-direction (yz plane) applied at the node 9, namely fy,9(t). Furthermore, each node 
possesses a lumped mass M = 500 kg. 

The analyzed damage scenario involves the first r = 13 bars as numbered in Fig. 7 with crack depth for the i-th member modeled as 
interval variable aI

i = a0,i(1+ΔαieI
i) with nominal depth a0,i = a0 = 0.4H and deviation amplitude Δαi = Δα ∀i (i = 1,2, ...,13). As in 

the previous case, the values of the Rayleigh damping constants d0 = 12.6971s− 1 and d1 = 0.000197s are derived in such a way that 
the modal damping ratio for the first and second modes of the nominal damaged structure is ζ0 = 0.05. 

First the truss structure response is evaluated considering a UnitStep function acting at node 9, that is fy,9(t) = F0U(t) with F0 =

150 kN and U(t) = 1 for t ≥ 0 and the interval displacement of node 10 in z-direction vI
10(t) is selected as quantity of interest. 

The application of the pseudo-static sensitivity procedure returns for the displacement v10(t) the following commonest combina-
tions: 

α
∼

C, v10 =
[

αv10 ,1 αv10 ,2 ᾱv10 ,3 ⋯ ᾱv10 ,7 ᾱv10 ,8⋯αv10 ,13
]

α∼C,v10 =
[

ᾱv10 ,1 ᾱv10 ,2 αv10 ,3 ⋯ αv10 ,7 αv10 ,8 ⋯ᾱv10 ,13
] (44a,b)  

which differ by the trivial ones for the third, seventh and eighth parameters that are the uncertain crack depths in the damaged 
members 3, 7 and 8, respectively (see Fig. 7). 

LB and UB of v10(t) evaluated as proposed in Section 3 are reported in Figs. 8a, 8b and 8c for increasing values of the deviation 
amplitude (Δαi = Δα = 0.2, 0.3 and 0.4). For comparison purpose LB and UB of v10(t) are also calculated via the reference procedure 
which requires the solution of 2r=13 = 8192 problems to combine with the results obtained by the MC (1000 samples). From the 

Fig. 7. 3D 26-bar truss structure: geometry and load condition.  
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Fig. 8. Time-varying lower and upper bounds of the 10-th node displacement in z-direction (in m) of the 3D multi-cracked truss structure (i = 1,2, 
…,13) subjected to UnitStep function: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα = 0.2, b) Δα = 0.3 and c) Δα 
= 0.4. 
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Fig. 9. Time-varying lower and upper bounds of the 10-th node displacement in y-direction (in m) of the 3D multi-cracked truss structure (i = 1,2, 
…,13) subjected to impulsive function: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα = 0.2, b) Δα = 0.3 and c) Δα 
= 0.4. 
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excellent concordance of the results shown in the graphs especially for the two levels of uncertainty Δα = 0.3 and Δα = 0.4, it is once 
again clear how the proposed procedure is highly competitive also in consideration of the substantial number of the involved uncertain 
parameters (r = 13). 

The interval response of the 3D truss damaged structure has been also evaluated considering as excitation at node 9 an impulsive 
load with fy,9(t) = F0δ(t) where F0 = 150 kN and δ(t) the Dirac delta function and selecting the interval displacement of node 10 in the 
load direction (y-direction) wI

10(t) as quantity of interest. 
In this case the vectors collecting the commonest combinations read: 

α
∼

C,w10 =
[

ᾱw10 ,1 αw10 ,2 ᾱw10 ,3 αw10 ,4ᾱw10 ,5⋯ᾱw10 ,9⋯ᾱw10 ,13
]

α∼C,w10 =
[

αw10 ,1 ᾱw10 ,2 αw10 ,3 ᾱw10 ,4 αw10 ,5⋯αw10 ,9⋯αw10 ,13
] (45a,b)  

where it is worth to note the vectors α
∼

C,w10 and α∼C,w10 collect, respectively, the upper and lower extremes of the uncertain parameters 

with the exception of the parameters 2 and 4. 
Figs. 9a,b and c show the time varying bounds of the interval nodal displacement w10(t) for the three considered levels of deviation 

amplitude provided via the proposed procedure as well as the reference method (vertex method with 2r=13 = 8192 evaluations 
combined with the results of the 1000 samples of the MC). 

Also in this case it can be observed the excellent agreement between the results obtained by applying the two methods considering 
however the fact that in this case study the intervals are very narrow even for high levels of uncertainty. 

It is worth to remark that the proposed method requires only two deterministic dynamic analyses despite the number r of the 
uncertain parameters involved proving its computational efficiency with respect to the reference methods. 

4.2. Frame-like structure with uncertain damage 

A third application concerns a steel three levels multi-cracked frame structure (see Fig. 10) subjected to horizontal forces applied at 
the nodes 2, 3 and 4 in the x–direction labeled as fx,j(t) with j = 2,3,4. All the beams have prismatic cross-sectional areas with Bi = Hi =

0.1 m (Ai = A = 0.01 m2 for i = 1,2,…,15) and same lengths Li = L with L = 5.1 m. Young’s modulus and Poisson’s ratio are fixed in E 
= 2.1 × 108 kN/m2 and ν = 0, respectively. The material unit weight is ρ = 7850 kg/m3. A consistent mass matrix is considered with 
27 DOFs. 

The damage configuration involves again r = 10 beams, specifically seven vertical elements (1,2,3,4,7,8 and 9) and three horizontal 
elements (10,14 and 15). The interval model for the crack depth aI

i = a0,i(1+ΔαieI
i) is therefore adopted for i = 1, 2,3, 4,7, 8, 9,10,14 

and 15 with nominal value a0,i = a0 = 0.4H and deviation amplitudes Δαi = Δα ∀i. 
The mutual positions of the cracks are treated as deterministic quantities and selected as x0,i = ξiLi withξi = 0.1 ∀i (see Fig. 2). The 

Rayleigh damping constants d0 = 0.147197s− 1 and d1 = 0.01684s (see Eq. (28)) have been again calculated with reference to the 
frame damaged configuration with the cracks depths selected to their mean value a0,i = a0 = 0.4H ∀i and derived such that the modal 
damping ratio for the first and second modes of the nominal structure is ζ0 = 0.05. Results in terms of upper and lower bounds are 

Fig. 10. 2D 27-DOFs frame structure: geometry and load condition.  
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Fig. 11. Time-varying lower and upper bounds of the 12-th node displacement in x-direction (in m) of the 2D multi-cracked frame structure (i =
1,2,3,4,7,8,9,10,14 and 15) subjected to UnitStep functions: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα = 0.2, b) 
Δα = 0.3 and c) Δα = 0.4. 

R. Santoro and C. Gentilini                                                                                                                                                                                          



Journal of Sound and Vibration 556 (2023) 117719

18

Fig. 12. Time-varying lower and upper bounds of the 12-th node displacement in x-direction (in m) of the 2D multi-cracked frame structure (i =
1,2,3,4,7,8,9,10,14 and 15) subjected to impulsive functions: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα = 0.2, 
b) Δα = 0.3 and c) Δα = 0.4. 
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provided for increasing values of the deviation amplitude considering Δαi = Δα = 0.2, 0.3 and 0.4 investigated for two cases of 
excitation namely fx,j(t) = F0U(t) and fx,j(t) = F0δ(t) with j = 2,3 and 4 where U(t) and δ(t) have been previously defined. The selected 
response variable of interest is the 12-th node displacement in x-direction, namely uI

12(t). 
Specifically in Fig. 11 the bounds of the response function uI

12(t) are reported for the first load case fx,j(t) = F0U(t) with F0 = 15 kN; 
Fig. 12 show the bounds of the response function uI

12(t) for the second load case fx,j(t) = F0δ(t) with F0 = 5 kN. 
Notice that in both load cases the commonest combinations of the extremes of the uncertain parameters modeling the cracks depths 

for the component displacement u12(t) coincide with the trivial combinations: 

α
∼

C, u12 =
[

αu12 ,1 αu12 ,2 ⋯ αu12 ,10
]

α∼C,u12 = [ ᾱu12 ,1 ᾱu12 ,2⋯ᾱu12 ,10]

(46a,b) 

By observing the graphics in Figs. 11 and 12 the good accuracy of the proposed method is again confirmed: the estimated response 
bounds via the proposed approach almost coincide with the ones calculated via the vertex method combined with the MC (2r=10 =

1024 deterministic dynamic analyses for the vertex method and 1000 samples for the MC). 
Consider finally the multi-cracked three-dimensional frame structure shown in Fig. 13. In the computations the following data E =

3× 1010 N/m2, G = 1.8 × 1010 N/m2 and ν = 0.25 are assumed for the Young’s modulus, the shear modulus and the Poisson’s co-
efficient, respectively. The material unit weight is ρ = 2500 kg/m3. All the beams have same lengths Li = L with L = 3 m and rect-
angular cross-sections Bi × Hi = B × H = 0.2 m × 0.2 m for i = 1,2,…,24.

The three levels frame structure is excited by horizontal forces applied at the nodes 5, 8, 9, 12, 13 and 16 in the x–direction namely 
fx,j(t) with j = 5,8,9,12,13,16. A consistent 72 × 72 mass matrix is considered in the modal analysis. 

The damage scenario consists in r = 10 damaged beams in the vertical elements at the three levels, namely the beams 1,2,3,4 at the 
first level, the beams 9,10,11, 12 at the second level and the beams 18 and 20 at the third level. In the adopted interval model for the 
crack depth aI

i = a0,i(1+ΔαieI
i) for i = 1,2, 3, 4,9, 10,11,12,18 and 20, the nominal values and the deviation amplitudes are again 

selected as a0,i = a0 = 0.4H and Δαi = Δα ∀i. The non-dimensional position of the crack in the i-th beam (see Fig. 2) is fixed in ξi =

0.1 ∀i. 
The Rayleigh damping constants calculated as in the previous cases with reference to the frame nominal damaged configuration 

take the values d0 = 0.84453s− 1 and d1 = 0.00296s such that the modal damping ratio for the first and second modes of the nominal 
structure is ζ0 = 0.05. 

Fig. 13. 3D 72-DOFs frame structure: geometry and load condition.  
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Fig. 14. Time-varying lower and upper bounds of the 7-th node displacement in x-direction (in m) of the 3D multi-cracked frame structure (i =
1,2,3,4,9,10,11,12,18 and 20) subjected to UnitStep functions: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα = 0.2, 
b) Δα = 0.3 and c) Δα = 0.4. 
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Fig. 15. Time-varying lower and upper bounds of the 7-th node displacement in x-direction (in m) of the 3D multi-cracked frame structure (i =
1,2,3,4,9,10,11,12,18 and 20) subjected to impulsive functions: proposed method (continuous lines) and exact solution (dotted lines) for a) Δα =
0.2, b) Δα = 0.3 and c) Δα = 0.4. 
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The damaged frame response for the two cases of excitation previously defined namely fx,j(t) = F0U(t) and fx,j(t) = F0δ(t) with j =
5,8,9,12,13,16 and F0 = 15 kN is investigated. 

The displacement of the 7-th node in x-direction, namely uI
7(t) is selected as response variable of interest and results in terms of 

upper and lower bounds are evaluated for increasing values of the deviation amplitude considering Δαi = Δα = 0.2, 0.3 and 0.4, 
respectively in Figs. 14 and 15. 

It is worth to note that for both the load cases the commonest combinations of the extremes of the uncertain parameters describing 
the cracks depths differ by the trivial combinations. Specifically for both the considered excitations and for the selected displacement 
component u7(t), the vectors α

∼
C, u7 and α∼C,u7 take the following forms: 

α
∼

C, u7 =
[

αu7 ,1 ⋯ ᾱu7 ,10 ᾱu7 ,11 αu7 ,12 ᾱu7 ,18 ᾱu7 ,20
]

α∼C,u7 =
[

ᾱu7 ,1 ⋯αu7 ,10 αu7 ,11 ᾱu7 ,12 αu7 ,18 αu7 ,20
] (47a,b)  

where the parameters α10, α11,α18 and α20 take their upper extreme values in α
∼

C, u7 and their lower extreme values in α∼C,u7 . 

By inspection of the graphics reported in Figs. 14 and 15, it is evident the excellent accuracy of the proposed interval solution 
compared with the reference one regardless the level of uncertainty considered and with a remarkable reduction of the computational 
cost considering only two deterministic analyses whatever the number of uncertain parameters involved. 

5. Conclusions 

An analytical procedure for evaluating lower and upper bounds of the dynamic response of damaged linear elastic structures in 
presence of multiple cracks with uncertain‑but-bounded depths subjected to deterministic excitations has been presented. 

The starting point of the proposed method developed in the time domain is to provide the bounds of the interval eigenvalues as 
solution of two appropriate deterministic eigenvalue problems without requiring any combinatorial procedure. The pseudo-static 
sensitivity analysis allows to identify the most common combinations of the involved uncertain parameters. The time-varying 
upper and lower bounds of the response were calculated for a 2D 25-bar truss structure, a 3D 26-bar truss structure and 2D and 3D 
three levels multi-cracked frame structures with 27-DOFs and 72-DOFs, respectively. 

Effectiveness and efficiency of the present method are validated by comparing the results in terms of response bounds derived via a 
combinatorial procedure (vertex method) combined with the Monte Carlo (MC) method to take into account also the no monotonic 
behavior of the response with respect to the uncertain parameters. The excellent agreement between the two approaches also for high 
level of uncertainty rate revealed the accuracy of the proposed approach in dealing with these type of problems with a considerable 
reduction of the computational cost. 

A further development of this study will concern the analysis of damaged frame structures in presence of cracks with uncertain‑but- 
bounded positions and the effect on the structure response. 
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Appendix 

The local compliance contributions due to the presence of the crack in the 2D frame element (see Eq. (13) in the main text) can be 
evaluated by resorting to the relationship between the additional strain energy and the stress intensity factors. 

The axial compliance λN reads: 

λN =
2(1 − v2)

E

∫Acrack

0

(
KIN(ai)

N

)2

dAcrack (A.1)  

and coincides with the axial flexibility given in Eq. (3). The compliance λM related to the bending moment M, the coupled compliance 
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λNM related to the bending moment M and the axial force N and the compliance λS related to the shear force S are given by: 

λM =
2(1 − v2)

E

∫Acrack

0

(
KIM(ai)

M

)2

dAcrack (A.2)  

λNM =
2(1 − v2)

E

∫Acrack

0

(
KIN(ai)

N

)(
KIM(ai)

M

)

dAcrack (A.3)  

λS =
2(1 − v2)

E

∫Acrack

0

(
KII(ai)

S

)2

dAcrack (A.4) 

The dependence of λN, λM, λNM and λS by the crack depth ai is omitted for the sake of brevity. 
In Eqs.(A.2) and (A.3) KIM(ai) is the mode I stress intensity for flexural moment: 

KIM(ai) =
6M

BiH2
i

̅̅̅̅̅̅̅πai
√

FM(γi) (A.5)  

while in Eq. (A.4) KII(ai) is the mode II stress intensity factor for shear: 

KII(ai) =
S

Bi
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Hi(1 − ai/Hi)

√
̅̅̅̅̅̅̅πai

√
FS(γi) (A.6)  

with FM(γi) and FS(γi) the correction functions given by the following expressions reported in [52]: 

FM(γi) = 1.12 − 1.39γi + 7.32(γi)
2
− 13.1(γi)

3
+ 14(γi)

4 (A.7)  

FS(γi) = 1.993γi + 4.513(γi)
2
− 9.516(γi)

3
+ 4.482(γi)

4 (A.8) 

It is worth to note that the above expressions for correction functions are limited to the ratio γi = ai /Hi = 0.6.
In the three-dimensional setting the local compliance coefficients appearing in Eq. (20) in the main text are again evaluated in 

terms of stress intensity factors via the following simplified formula: 

λrs =
(1 − v2)

E
∂2

∂Pr∂Ps

⎧
⎪⎨

⎪⎩

∫Bi/2

− Bi/2

∫ai

0

[(
KIN + KIMz + KIMy

)2
+K2

IISz
+(1+ ν)

(
KIIISy + KIIITx

)2daidy
]

⎫
⎪⎬

⎪⎭
(A.9)  

where Pr and Ps (as well as the indices r and s) correspond to N, Sz, Sy, Mz,My and Tx, respectively. 
The stress intensity factor KIN for the axial force is 

KIN =
N

BiH
1/2
i

FIN(γi) (A.10)  

with 

FIN(γi) = 0.278

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 + 2γi)
3

γi(1 − γi)
3

√

(A.11) 

For the bending moments Mz and My, the expressions for KIMz [61–63] and KIMy are: 

KIMz =
12Mz

B3
i H1/2

i

yFIMz (γi); KIMy =
6My

BiH3/2
i

FIMy (γi) (A.12a,b)  

with 

FIMz (γi) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
tan(πγi/2)
(πγi/2)

√
̅̅̅̅̅̅πγi

√

cos(πγi/2)

(
0.752+ 2.02γi + 0.37(1 − sin(πγi/2))2

)
(A.13a)  

FIMy (γi) =
0.482
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(1 − γi)
3

√ (A.13b) 

For the shear forces Sz and Sy, the stress factors KIISz [64] and KIIISy [65] take the following forms: 
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KIISz =
Sz

BiH
1/2
i

FIISy (γi); KIIISy =
Sy

BiH
1/2
i

FIIISy (γi) (A.14a,b) 

with 

FIISy (γi) =
1.2841
̅̅̅̅̅̅̅̅̅̅̅̅
1 − γi

√ ; FIIISy (γi) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2tan(πγi/2)

√
(A.15a,b) 

The stress factor KIIITx related to the torque Tx is given by [63]: 

KIIITx =
Tx

BiH
3/2
i

FIIITx (γi) (A.16)  

with 

FIIITx (γi) =
24π3

π5βi − 192β2
i

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2tan
πγi

2

√

(A.17)  

where βi = Bi /Hi. 

It follows that, based on Eq. (A.9), the components of interest in the flexibility matrix Ĉ
crack
i (ai) can be evaluated as: 

λN =
(1 − v2)

E
2

BiHi

∫ai

0

F2
IN(ai)dai (A.18)  

λMz =
(1 − v2)

E
24

B3
i Hi

∫ai

0

F2
IMz

(ai)dai (A.19)  

λMy =
(1 − v2)

E
72

BiH3
i

∫ai

0

F2
IMy

(ai)dai (A.20)  

λSz =
(1 − v2)

E
2

BiHi

∫ai

0

F2
IISz

(ai)dai (A.21)  

λSy =
(1 − v2)(1 + v)

E
2

BiHi

∫ai

0

F2
IIISy

(ai)dai (A.22)  

λTx =
(1 − v2)(1 + v)

E
2

BiH3
i

∫ai

0

F2
IIITx

(ai)dai (A.23)  

λSyTx =
(1 − v2)(1 + v)

E
2

BiH2
i

∫ai

0

FIIISy (ai)FIIITx (ai)dai (A.24)  

λNMy =
(1 − v2)

E
12

BiH2
i

∫ai

0

FIMy (ai)FIN(ai)dai. (A.25)  
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